Knot theory related to generalized and cyclotomic Hecke algebras of type B

Sofia Lambropoulou Mathematisches Institut, Universität Göttingen

1 Intro duction

After Jones’s construction of the classical by now Jones polynomial for knots in S^3 using Ocneanu’s Markov trace on the associated Hecke algebras of type A, arised questions about similar constructions on other Hecke algebras as well as in other 3-manifolds.

In [12] is established that knot isotopy in a 3-manifoldmay be interpreted in terms of Markov braid equivalence and, also, that the braids related to the 3-manifold form algebraic structures. Moreover, the sets of braids related to the solid torus or to the lens spaces L(p,1) form groups, which are in fact the Artin braid groups of type B. As a consequence,in [12, 13] appeared the first construction ofa Jones-type invariant using Hecke algebras oftype B, and this had a natural interpretation as an isotopy invariant fororiented knots in a solid torus. In a further ‘horizontal’ development and using a different technique we constructed in [8] all such solid torus knot invariants derived from the Hecke algebras of type B. Furthermore, in [7] all Markov traces related to the Hecke algebras of type D were consequently constructed.

In this paper we consider all possible generalizations of the B-type Hecke algebras, namely the cyclotomic and what we call ’generalized’,and we construct Markov traces on each of them, so as to obtain all possible different levelsof homfly-pt analogues in the solid torus related to the (Hecke) algebras of B-type. Our strategy is based on the one in [13], which in turn followed [11]. So, in this sense, the construction in [12, 13] is incorporated here as the most basic level.

In more detail: It is well-understood from Jones’s construction of the homfly-pt (2-variable Jones) polynomial, P_L, in [11], that H_n(q), the Iwahori- Hecke algebra of A_n-type, is a quotient of the braid group algebra ZZ[q^{± 1}]B_n 1

2 S. Lambr opoulou

by factoring out the quadratic relations σ^2_i = (q− 1)σ_i + q and that these relations reflect precisely the skein property of P_L: 1 √ q √ λ P_{L+} − √ q √ λ P_{L−} = ( √ q− 1 √ q )P_{L0}, where L_+ is a regular projection of an oriented link containing a specified positive crossing, L_− the same projection with a negative crossing instead, and L_0 yet the same projection with no crossing.

We do now analogous considerations for the solid torus, which we denote by ST. Let us consider the following Dynkin diagram.

(B_n) t σ_1 σ_2 σ_{n− 1} n ≥ 1 The symbols t, σ_1,...,σ_{n− 1} labelling the nodes correspond to the generators of the Artin braid group of type B_n, which we denote by B_{1,n}. B_{1,n} is defined therefore by the relations σ_1tσ_1t = tσ_1tσ_1

tσ_i = σ_it if i > 1 σ_iσ_j = σ_j σ_i if |i − j| > 1 σ_iσ_{i+1} σ_i = σ_{i+1} σ_iσ_{i+1} if 1 ≤ i ≤ n − 2 Relations of these types will be called braid relations.

B_{1,n} may be seenas the subgroup ofB_{n+1} , the classicalbraid group on n+ 1 strands, the elements ofwhich keep the first strand fixed (this is the reason for having chosen the symbol B_{1,n}). This allows for a geometric interpretation of the elements of B_{1,n} as mixed braids in S^3. Below we illustrate the generators σ_i,t and the element t^′_i = σ_i ...σ_1tσ^{− 1}_1 ...σ^{− 1}_i in B_{1,n}, which plays a crucial role in this work.

Note that the inverses of σ_i,t are represented by the same geometric pictures, but with the opposite crossings.

Knot theor y and B-type Hecke algebras 3

As shown in [12, 13], we can represent oriented knots and links inside ST by elements of the groups B_{1,n}, where the fixed strand represents the complementary solid torus in S^3, and the next n numbered strands represent the knot in ST. Also, that knot isotopy in ST can be translated in terms of equivalence classes in ⋃_∞ n=1 B_{1,n} (Markov theorem), the equivalence being generated by the following two moves.

(i) Conjugation: if α,β ∈ B_{1,n} then α ∼ β^{− 1}αβ. (ii) Markov moves: if α ∈ B_{1,n} then α ∼ ασ_n^{± 1} ∈ B_{1,n+1} .

Consider now the classical Iwahori-Hecke algebra of type B_n, H_n(q,Q), as a quotient of the group algebra ZZ[q^{± 1},Q^{± 1}]B_{1,n} by factoring out the ideal generated by the relations t^2 = (Q − 1)t + Q and g^2_i = (q − 1)g_i + q for all i, where we denote the image of σ_i in H_n(q,Q) by g_i. The idea in [12, 13, 8] was to construct invariants of knots in the solid torus by constructing trace functions τ on ⋃_∞ n=1 H_n(q,Q) which support the Markov property: τ(hg_n) = zτ(h), forz an independent variable in ZZ[q^{± 1},Q^{± 1}]and h ∈ H_n(q,Q). In other words, traces that respect the above braid equivalenceon ⋃_∞ n=1 B_{1,n}. The construction of such traces was only possible because we were able to find an appropriate inductive basis on H_{n+1} (q,Q), every element of which involves the generator g_n or the element t^′_n := g_n ...g_1tg^{− 1}_1 ...g^{− 1}_n at most once (see picture above for the lifting of t^′_i in B_{1,n}). In particular, the trace constructed in [12, 13] was well-defined inductively by the rules: 1) tr(ab) = tr(ba) a,b∈ H_n(q,Q) 2) tr(1) = 1 for all H_n(q,Q) 3) tr(ag_n) = ztr(a) a ∈ H_n(q,Q) 4) tr(at^′_n) = s tr(a) a ∈ H_n(q,Q) If we had not used the elements t^′_n in the above constructions we would have not been able to define the trace with only four simple rules. The intrinsic reason for this is that B_{1,n} splits as a semi-direct product of the classicalbraid group B_n and of its free subgroup P_{1,n} generated precisely by the elements t, t^′_1,...,t^′_{n− 1}: B_{1,n} = P_{1,n}× B_n. The Jones-type invariants in ST constructed from the above traces on ⋃_∞ n=1 H_n(q,Q) satisfy the skein rule related to the quadratic relations g^2_i = (q− 1)g_i + q plus another one reflecting the quadratic relation t^2 = (Q− 1)t+ Q (cf. [12, 13, 8] for an extensive treatment).

4 S. Lambr opoulou

During the work of S.L. and J. Przytycki on the problem of computing the 3rd skein module of the lens spaces L(p,1) following the above strategy, it turned out that the skein rule of the homfly-pt type invariants in [12, 13, 8] related to t was actually ’artificial’, so far that knot invariants in ST were concerned, and that for analogous constructions in L(p,1) it was needed to have constructed first the most generic 2-variable Jones analogue in ST, one that would not satisfy any skein relation involving t.

We drop then the quadratic relation of t, and we consider the quotient of the group algebra ZZ[q^{± 1}]B_{1,n} by factoring out only the relations g^2_i = (q− 1)g_i + q for all i. This is now a new infinite dimensional algebra, which we denote by H_n(q,∞ ) and we shall call it generalized Iwahori-Hecke algebra of type B. By g_i above we denote the image of σ_i in H_n(q,∞ ), whilst the symbol ∞ was chosen to indicate that the generator t satisfies no order relation (since now any power t^k, for k ∈ ZZ may appear, like in B_{1,n}). For connections of these algebras with the affine Hecke algebras of type A see Remark 1.

But we would like now to go one step back and, instead of removing from H_n(q,Q) the quadratic relation for t, to require that t satisfies a relation given by a cyclotomic polynomial of degree d:

(t − u_1)(t − u_2)···(t − u_d) = 0 Then we obtain a finite-dimensional algebra known as cyclotomicHecke algebra of type B, denoted here by H_n(q,d). The corresponding cyclotomicCoxeter group oftype B, which wedenote by W_{n,d} , isobtained as a quotient ofB_{1,n} modulo the relations g^2_i = 1 and t^d = 1. H_n(q,d) may be seen as a ‘d-deformation’ of W_{n,d} : In order to obtain the group algebra we have to substitute the parameters of the cyclotomic polynomial by the d th roots of unity (and not by 1 as in the classical case). These algebras have been introduced and studied independently by two groups of mathematicians in [1, 2, 4, 3]. It follows from the discussion above that the cyclotomic Hecke algebras are also related to the knot theory of the solid torus and, in fact, they make the bridge between H_n(q,Q) and H_n(q,∞ ). Like for the classicalHecke algebras of type B, in order to construct linear Markov traces on ⋃_∞ n=1 H_n(q,∞ ) or on ⋃_∞ n=1 H_n(q,d), we need to find appropriate inductive bases on both types ofthese algebras. The inductive bases are derived from known basic sets. This is the aim and the main result of Section 3. Note that, in the case of H_n(q,Q), we could easily yield such an inductive

Knot theor y and B-type Hecke algebras 5

basis using the results in [6], whilst for H_n(q,d) we use the results in [2], [4]. For H_n(q,∞ ) we study its structure in Section 2 and we construct a basis for it using the structure of the braid group B_{1,n} and the known bases for H_n(q,d).

In Section4weconstruct Markov traces on ⋃_∞ n=1 H_n(q,∞ ) and on ⋃_∞ n=1 H_n(q,d) using the inductive bases of Section 3. Finally in Section 5, we normalize the traces according to the Markov braid theorem in order to derive the corresponding knot invariants in ST, and we also give skein interpretations. The invariant related to H_n(q,∞ ) is the most interesting one for us, and in this sense, this work may be seen as the required fundament for extending such constructions to knots in the lens spaces (see remarks at the end). In the special case of H_n(q,∞ ) the derived knot invariant reproves the structure of the 3rd skein module of the solid torus (cf. [10, 16]). On the other hand, the knot invariants derived from H_n(q,d) are related to submodules of the 3rd skein module of ST. It may be worth noting that introducing and studying H_n(q,∞ ) has been independent of the studies on the cyclotomic analogues.

Our method shows on one hand that the original strategy of [11] can carry through to so complicated structures. On the other hand it unifies the construction for all these different B-type algebras and it highlights the algebraic background underlying these knot invariants in ST. The tedious calculations employed for constructing appropriate bases reflect the tedious arguments of a more combinatorial approach.

It gives the author pleasure to acknowledgeher thanks to V.F.R. Jones for his valuable comments on this work and to T. tom Dieck for discussions and valuable suggestions. Many thanks are also due to M. Geck for discussions, useful comments and for pointing out the literature on the cyclotomic Hecke algebras of type B, and especially to J. Przytycki for our discussions on the structure ofthe generalizedCoxeter groups and Hecke algebras. Finally, financial support by the SFB 170 in Göttingen and the European Union for parts of this work are gratefully acknowledged.

2 Finding a basis for H_n(q,∞ )

We start by introducing in more detail H_n(q,∞ ), H_n(q,d) and their corresponding Coxeter-type groups W_{n,∞} , W_{n,d} .

Definition 1 The generalized Iwahori-Hecke algebra of type B_n is defined as

H_n(q,∞ ) := ZZ[q^{± 1}]B_{1,n} /< σ_i^2 = (q− 1)σ_i + q for all i > .

6 S. Lambr opoulou

The underlying generalized Coxeter group of type B_n is defined as

W_{n,∞} := B_{1,n} /< σ_i^2 = 1 for all i > .

It follows that if g_i denotes the image of σ_i in H_n(q,∞ ), then H_n(q,∞ ) is defined by the generators t, g_1,g_2,...,g_{n− 1} and their relations: tg_1tg_1 = g_1tg_1t

tg_i = g_it for i > 1 g_ig_{i+1} g_i = g_{i+1} g_ig_{i+1} for 1 ≤ i ≤ n − 2 g_ig_j = g_j g_i for |i − j| > 1 g_i^2 = (q− 1)g_i + q for all i H_n(q,∞ ) is an associative algebra with 1. Also, it is easily verified that, if S_n is the symmetric group, then

W_{n,∞} = ZZ^n × S_n ( compare with the structure ofB_{1,n}).

Definition 2 Let R := ZZ[q^{± 1},u^{± 1}_1 ,...,u^{± 1}_d ,...], where q,u_1,...,u_d,... are indeterminates. The cyclotomicIwahori-Heckealgebra oftypeB_n and ofdegree d is defined as H_n(q,d) := R B_{1,n} /< σ_i^2 = (q− 1)σ_i+q all i, (t− u_1)(t− u_2)···(t− u_d) = 0 > . The underlying cyclotomic Coxeter group of type B and of degree d is:

W_{n,d} := B_{1,n} /< σ_i^2 = 1 for all i, t^d = 1, d ∈ IN > .

The relation t^d = 1 is derived by the cyclotomic polynomial by substituting the u_i’s by the d’th roots of unity. Also, the Coxeter group of B_n-type, in our notation W_{n,2}, is the quotient of B_{1,n} over the relations t^2 = σ_i^2 = 1, for all i.

H_n(q,d) is an associative algebra with 1, and it is a freemodule over R ofrank d^n ·n!,which ispreciselythe order ofW_{n,d} (cf. [2],[4]). Ifd = 1 and u_1 = 1, then H_n(q,1) is isomorphic to the Iwahori-Hecke algebra of type A (over ZZ[q^{± 1}]). If d = 2, u_1 = − 1 and u_2 = Q, we recover the familiar relation of H_n(q,Q), the Iwahori-Hecke algebra of type B (over ZZ[q^{± 1},Q^{± 1}]). In H_n(q,d) we have

♠ t^d = a_{d− 1}t^{d− 1} + ···+ a_0, where a_{d− 1} = u_1 + ···+ u_d, a_{d− 2} = − (u_1u_2 + ···+ u_{d− 1}u_d), ..., a_0 = (− 1)^d(u_1 ...u_d); from this we can derive easily a relation for t^{− 1}.

Knot theor y and B-type Hecke algebras 7

W_{n,d} may also be seen as the quotient W_{n,∞} / < t^d = 1 >, d ∈ IN of W_{n,∞} , and it is easily verified that W_{n,d} = ZZ_d^n × S_n Its order is d^n ·n!, whilst W_{n,2} = ZZ_2^n × S_n (compare with the structure ofB_{1,n}).

Note 1 W.l.o.g. we extend the ground ring of H_n(q,∞ ) to R. Then H_n(q,d) may also be obtained from H_n(q,∞ ) by factoring out the cyclotomicrelation. In this senseH_n(q,d) isa ‘bridge’betweenH_n(q,∞ ) and H_n(q,Q), the classical Hecke algebra.

We shall now find a basis for H_n(q,∞ ) as follows: We find first a canonical form for the braid group B_{1,n}, which yieldsa basis for ZZ[q^{± 1}]B_{1,n}. The images ofthese basic elements in H_n(q,∞ ) through the canonical map span H_n(q,∞ ). In [2, 4] bases for H_n(q,d) have been constructed. We then treat the spanning set and using these bases we obtain a basis for H_n(q,∞ ). This approach shows clearlythe relation among the structures ofB_{1,n}, H_n(q,∞ ), H_n(q,d) and W_{n,∞} , W_{n,d} . In order to proceed we need to recall the notion of the pure braid group and Artin’s canonical form for pure braids: The classical pure braid group, P_n, consists of all elements in B_n that induce the identity permutation in S_n; P_n < B_n and P_n is generated by the elements

A_{rs} = σ_r^{− 1}σ_{r+1}^{− 1} ...σ_{s− 2}^{− 1}σ_{s− 1}^2σ_{s− 2} ...σ_{r+1} σ_r

= σ_{s− 1}σ_{s− 2} ...σ_{r+1} σ_r^2σ_{r+1}^{− 1} ...σ_{s− 2}^{− 1}σ_{s− 1}^{− 1}, 1 ≤ r < s ≤ n. Artin’s canonical form says that every element, A, of P_n can be written uniquely in the form: A = U_1U_2 ···U_{n− 1} where each U_i is a uniquely determined product of powers of the A_{ij} using only those with i < j. Geometrically, this means that any pure braid can be ‘combed’i.e. can be written canonicallyas: the pure braiding ofthe first string with the rest, then keep the first string fixed and uncrossed and have the pure braiding of the second string and so on (cf. [J.S. Birman, Braids, Links and Mapping Class Groups, Ann. of Math. Stud. 82, Princeton University Press, Princeton 1974]for a complete treatment).

We find now a canonical form for B_{1,n}. An element w of B_{1,n} induces a permutation σ ∈ S_n of the n numbered strands. We add at the bottom of the braid a standard braid in B_n corresponding to σ^{− 1}, and then we add its 8 S. Lambr opoulou inverse σ. Now, wσ_{− 1} is a pure braid on n + 1 stands (including the first fixed one), and we apply to it Artin’s canonical form. This separates the braiding of the fixed strand from the rest:

The above is in fact the proof of the decomposition of B^{1,n} as a semidirect product:

Prop osition 1 B^{1,n} = P^{1,n}× B^n.

From the uniqueness of Artin’s canonical form, it follows that any w ∈ B^{1,n} can be expressed uniquely as a product v ·σ (‘vector-permutation’), where v is an element of the free group P^{1,n} :

v = t_′^{i1}_{k1}t_′^{i2}_{k2} ...t_′^{ir}_{kr} , k^1,...,k^r ∈ ZZ, where t_′^i_k := σ^i ...σ^1t_kσ_{− 1}^1 ...σ_{− 1}^i , and σ ∈ B^n is written in the induced by P^n canonical form. Thus the set {v·σ} forms a basis for the algebra ZZ[q_{± 1}]B^{1,n}, and, therefore, it spans the quotient

H^n(q,∞ ). On the level of H^n(q,∞ ) we can already improve this spanning set, since on this level σ is a word in H^n(q), the Iwahori-Hecke algebra of

A^{n− 1}-type. So, σ can be written in terms of the standard basis of H^n(q) (cf.

[11]):

{(g^{i1}g^{i1− 1} ...g^{i1− r1})(g^{i2}g^{i2− 1} ...g^{i2− r2})...(g^{ip} g^{ip − 1} ...g^{ip − rp} )}, for 1 ≤ i^1 < ... < i^p ≤ n − 1 and r^j ∈ {0,1,...,i^j − 1}.

Therefore we showed

Prop osition 2 The set

Σ^1 = {t_′^{j1}_{k1}t_′^{j2}_{k2} ...t_′^{jr}_{kr} ·σ}, where t_′^0 := t, t_′^i_k := g^i ...g^1t_kg_{− 1}^1 ...g_{− 1}^i , j^1,...,j^r ∈ {0,1,...,n− 1}, k^1,...,k^r ∈

ZZ and σ a basic element of H^n(q), spans H^n(q,∞ ).

Knot theor y and B-type Hecke algebras 9

Notice that the indices of the ‘vector’ part are not ordered. Also, that the above canonical form for B_{1,n} yields immediately the following canonical form {v ·σ} for W_{n,∞} : {v ·σ} = {t_{j1}^{k1}t_{j2}^{k2} ...t_{jr}^{kr} ·σ}, where t_0 := t, t_i^k := s_i ...s_1t^ks_1 ...s_i, for 0 ≤ j_1 < ... < j_r ≤ n − 1, k_1,...,k_r ∈ ZZ and σ ∈ S_n is an element of the canonical form of S_n (where s_i denotes the image of σ_i in W_{n,∞} ). Thus, this set also forms a basis for the group algebra ZZ[q^{± 1}]W_{n,∞} . Notice here that the indicesofthe ‘vector’ part are ordered. This suggeststhat it may be possibleto order the indices j_1,...,j_r of the words t^′_{j1}^{k1}t^′_{j2}^{k2} ...t^′_{jr}^{kr} in Σ_1, so as to be left with a canonical basis for H_n(q,∞ ). To achieve this straight from Σ_1 is very difficult, because it is hard to get hold of an induction step, even though there are relations among the t^′_i^{ki} ’s. Instead, we change the t^′_i^k’s to the elements t_i^k, where t_0 := t, and t_i := g_i ...g_1tg_1 ...g_i. These elements commute in H_n(q,∞ ).

The following relations hold in H_n(q,∞ ) and in H_n(q,d) and will be used repeatedly in the sequel.

Lemma 1 For ϵ∈ {± 1} the followinghold:

(i) g_i^ϵ = q^ϵ g_i^{− ϵ} + (q^ϵ − 1),

g_i^{2ϵ} = (q^ϵ − 1)g_i^ϵ + q^ϵ, for q ≠ 0. (ii) g_i^ϵ(g_k^{± 1}g^{± 1}_{k− 1} ...g_j^{± 1}) = (g_k^{± 1}g^{± 1}_{k− 1} ...g_j^{± 1})g_{i+1}^ϵ, for k > i ≥ j, g_i^ϵ(g_j^{± 1}g^{± 1}_{j+1} ...g_k^{± 1}) = (g_j^{± 1}g^{± 1}_{j+1} ...g_k^{± 1})g_{i− 1}^ϵ, for k ≥ i > j, where the sign of the ± 1 superscript is the same for all generators.

(iii) g_ig_{i− 1} ...g_{j+1} g_j g_{j+1} ...g_i = g_j g_{j+1} ...g_{i− 1}g_ig_{i− 1} ...g_{j+1} g_j , g_i^{− 1}g^{− 1}_{i− 1} ...g^{− 1}_{j+1} g_j^ϵg_{j+1} ...g_i = g_j g_{j+1} ...g_{i− 1}g_i^ϵg^{− 1}_{i− 1} ...g^{− 1}_{j+1} g_j^{− 1}.

(iv) g_i^ϵ ...g_{n− 1}^ϵg_n^ϵg_n^ϵg_{n− 1}^ϵ ...g_i^ϵ =

(q^ϵ − 1) ∑_{n− i} r=0 q^{ϵr} (g_i^ϵ ...g_{n− r− 1}^ϵg_{n− r}^ϵg_{n− r− 1}^ϵ ...g_i^ϵ) + q^{ϵ(n− i+1)} = ∑_{n− i+1} r=0 (q^ϵ − 1)^{ϵr} q^{ϵr} (g_i^ϵ ...g_{n− r− 1}^ϵg_{n− r}^ϵg_{n− r− 1}^ϵ ...g_i^ϵ), where ϵ_r = 1 if r ≤ n − i and ϵ_{n− i+1} = 0. Similarly, g_i^ϵ ...g_2^ϵg_1^ϵg_1^ϵg_2^ϵ ...g_i^ϵ =

10 S. Lambr opoulou

(q^ϵ − 1) ∑_{i− 1} r=0 q^{ϵr} (g_i^ϵ ...g_{r+2}^ϵg_{r+1}^ϵg_{r+2}^ϵ ...g_i^ϵ) + q^{ϵi} = ∑_i r=0 (q^ϵ − 1)^{ϵr} q^{ϵr} (g_i^ϵ ...g_{r+2}^ϵg_{r+1}^ϵg_{r+2}^ϵ ...g_i^ϵ), where ϵ_r = 1 if r ≤ i − 1 and ϵ_i = 0.

(v) t^λg_1tg_1 = g_1tg_1t^λ for λ ∈ ZZ, g_it_k^ϵ = t_k^ϵg_i for k > i, k < i − 1, g_it_i = qt_{i− 1}g_i + (q− 1)t_i, g_it_{i− 1} = q^{− 1} t_ig_i + (q^{− 1} − 1)t_i, g_it_{i− 1}^{− 1} = qt_i^{− 1}g_i + (q− 1)t_{i− 1}^{− 1}, g_it_i^{− 1} = q^{− 1} t_{i− 1}^{− 1}g_i + (q^{− 1} − 1)t_{i− 1}^{− 1}.

(vi) g_it^′_k^ϵ = t^′_k^ϵg_i for k > i, k < i − 1,

g_it^′_i^ϵ = t^′_{i− 1}^ϵg_i + (q− 1)t^′_i^ϵ + (1 − q)t^′_{i− 1}^ϵ, g_it^′_{i− 1}^ϵ = t^′_i^ϵg_i.

(vii) t_i^kt_j^λ = t_j^λt_i^k for i ≠ j and k,λ ∈ ZZ. (viii) t^′_i^k = g_i ...g_1t^kg_1^{− 1} ...g_i^{− 1} for k ∈ ZZ.

Therefore we have in H_n(q,d): (t^′_i − u_1)(t^′_i − u_2)...(t^′_i − u_d) = 0, whichimplies t^′_i^d = a_{d− 1}t^′_i^{d− 1} + ···+ a_0, and where the a_i’s are given in relation (♠ ) in Section 2.

Proof. We point out first that in the rest ofthe paper and in order to facilitate the reader we underline in the proofs the expressionswhich are crucial for the next step. We alsouse the symbol‘ ∑ ’instead ofthe phrase ‘linearcombination of words of the type’.

Except for (iv), all relations are easy consequensesof the defining relations of H_n(q,∞ ) respectively H_n(q,d). Relation (vii) can be also checked using braid diagrams. We prove (iv) by induction on the length l = n − i + 1 of the word g_ng_{n− 1} ...g_i. For l = 1 we have g_n^2 = (q− 1)g_n + q^1. Assume now (iv) holds up to l = n − i. Then for l = n − i + 1 we have g_ig_{i+1} ...g_ng_n ...g_{i+1} g_i^{induction step}= g_i [(q− 1) ∑_{n− (i+1)} r=0 q^r (g_{i+1} ...g_{n− r− 1}g_{n− r} g_{n− r− 1} ...g_{i+1} ) + q^{n− i}]g_i = (q− 1) ∑_{n− (i+1)} r=0 q^r (g_i ...g_{n− r− 1}g_{n− r} g_{n− r− 1} ...g_i) + q^{n− i}g_i^2 = (q− 1) ∑_{n− (i+1)} r=0 q^r (g_i ...g_{n− r− 1}g_{n− r} g_{n− r− 1} ...g_i)+ (q− 1)q^{n− i}g_i + q^{n− i+1} =

Knot theor y and B-type Hecke algebras 11 (q− 1) ∑_{n− i} r=0 q^r (g_i ...g_{n− r− 1}g_{n− r} g_{n− r− 1} ...g_i) + q^{n− i+1} .

Furthermore note that in the Relations (v) and (vi) a t_i or a t^′_i willnot change to a t_i^{− 1} or a t^′_i^{− 1} respectively and, therefore, these relations preserve the total sum of the exponents of the t_i’s and the t^′_i’s in a word. Note also that for j = i − 1 the relations (iii) boil down to the usual braid relation and its variations with inverses. □

Theorem 1 In H_n(q,∞ ) the set Σ_2 = {t_{i1}^{k1}t_{i2}^{k2} ...t_{ir}^{kr} ·σ} for 0 ≤ i_1 < ... < i_r ≤ n − 1, k_1,...,k_r ∈ ZZ and σ a basic element in H_n(q), forms a basis for H_n(q,∞ ).

Notice that in Σ_2 the indices of the ‘vector’ part are ordered. Proof. To show that Σ_2 spans H_n(q,∞ ) it suffices, by Proposition 2, to show that an element of Σ_1 can be written as a linear combination of elements in Σ_2. Indeed, let

w = t^′_{j1}^{k1}t^′_{j2}^{k2} ...t^′_{jm}^{km} ·σ ∈ Σ_1. We do the proof by induction on ρ = |k_1| + |k_2| + ···+ |k_m|, the absolute number of t’s in w. For ρ = 1 either w = t^′_i ·σ or w = t^′_i^{− 1} ·σ : t^′_i ·σ = g_i ...g_1tg_1^{− 1} ...g_i^{− 1} ·σ =

g_i ...g_1t(g_1 ...g_ig_i^{− 1} ...g_1^{− 1})g_1^{− 1} ...g_i^{− 1} ·σ = t_i ·σ_1, where σ_1 = g_i^{− 1} ...g_1^{− 1}g_1^{− 1} ...g_i^{− 1} ·σ ∈ H_n(q), a linear combination of basic elements of H_n(q).

t^′_i^{− 1} ·σ = g_i ...g_1t^{− 1}g_1^{− 1} ...g_i^{− 1} ·σ =

g_i ...g_1(g_1 ...g_ig_i^{− 1} ...g_1^{− 1})t^{− 1}g_1^{− 1} ...g_i^{− 1} ·σ^{Lemma 1,(iv)}= (q− 1) ∑_{i− 1} r=0 q^r (g_i ...g_{r+2} g_{r+1} g_{r+2} ...g_i)g_i^{− 1} ...g_{r+1}^{− 1}g_r^{− 1} ...g_1^{− 1}t^{− 1}g_1^{− 1} ...

g_i^{− 1} ·σ + q^i t^{− 1}_i ·σ = (q− 1) ∑_{i− 1} r=0 q^r (g_i ...g_{r+2} )g_r^{− 1} ...g_1^{− 1}t^{− 1}g_1^{− 1} ...g_r^{− 1} ...g_i^{− 1}·σ+q^i t^{− 1}_i ·σ = (q− 1) ∑_{i− 1} r=0 q^r t_r^{− 1}(g_i ...g_{r+2} g_{r+1}^{− 1} ...g_i^{− 1} ·σ) + q^i t^{− 1}_i ·σ =

12 S. Lambr opoulou (q− 1) ∑_{i− 1} r=0 q^r t_r^{− 1} ·σ_r + q^i t^{− 1}_i ·σ, where σ_r = g_i ...g_{r+2} g_{r+1}^{− 1} ...g_i^{− 1} ·σ ∈ H_n(q). Suppose now the assumption holds for up to ρ − 1 t’s in w. Then, the induction step holds in particular for all such words with σ = 1. So, for |k_1| + |k_2| + ···+ |k_m| = ρ we have:

t^′_{j1}^{k1} ...t^′_{jm}^{km} ·σ = t^′_{j1}^{k1} ...t^′_{jm}^{km − 1}t^′_{jm} ·σ, if k_m > 0 t^′_{j1}^{k1} ...t^′_{jm}^{km +1} t^′_{jm}^{− 1} ·σ, if k_m < 0 byinduction= Σ t_{i1}^{λ1} ...t_{in}^{λn} ·σ_1 ·t^′_{jm} ·σ, for some σ_1 ∈ H_n(q), Σ t_{μ1}^{ν1} ...t_{μn}^{νn} ·σ_2 ·t^′_{jm}^{− 1} ·σ, for some σ_2 ∈ H_n(q),

1 ≤ i_1 < ... < i_n ≤ n − 1, |λ_1| + ···+ |λ_n| = ρ − 1 1 ≤ μ_1 < ... < μ_n ≤ n − 1, |ν_1| + ···+ |ν_n| = ρ − 1

= Σ t_{i1}^{λ1} ...t_{in}^{λn} ·σ_1 ·t_{jm} (g_{jm}^{− 1} ...g_1^{− 1}g_1^{− 1} ...g_{jm}^{− 1}) ·σ Σ t_{μ1}^{ν1} ...t_{μn}^{νn} ·σ_2 ·(g_{jm} ...g_1g_1 ...g_{jm} )t_{jm}^{− 1} ·σ . We apply Lemma 1,(v) on the underlying expressions in order to shift t_{jm} and t_{jm}^{− 1} to the left and we obtain sums of the words:

Σ t_{i1}^{λ1} ...t_{in}^{λn} ·t_{e1} ·σ^′_1, σ^′_1 ∈ H_n(q), e_1 ∈ {0,1,...,n − 1} Σ t_{μ1}^{ν1} ...t_{μn}^{νn} ·t_{e2}^{− 1} ·σ^′_2, σ^′_2 ∈ H_n(q), e_2 ∈ {0,1,...,n − 1} Lemma 1,(vii) = Σ t_{i1}^{λ1} ...t_{ir}^{λr} ·t_{e1} ·t_{ir +1}^{λr +1} ...t_{in}^{λn} ·σ_iσ^′,i_r < e_1 < i_{r+1} . Σ t_{μ1}^{ν1} ...t_{μk}^{νk} ·t_{e2}^{− 1} ·t_{μk+1}^{ν1} ...t_{μn}^{νn} ·σ^′_iσ,μ_k < e_2 < μ_{k+1} .

I.e. in either case we obtained a linear combination of elements of Σ_2.

We next show linear independency of the elements of Σ_2: Let ∑_m i=1 λ_iw_i = 0 forw_1,w_2,...,w_m ∈ Σ_2. We assume first that the exponents of the t_j ’s in the words w_i are all positive for all i, and we choose d > k ∈ IN, where k is the maximum of the exponents of the t_j ’s in ∑_m i=1 λ_iw_i. Then, the canonical epimorphism of H_n(q,∞ ) onto H_n(q,d) applied on the equation ∑_m i=1 λ_iw_i = 0 in H_n(q,∞ ) yields the equation ∑_m i=1 λ_iw_i = 0 in H_n(q,d).

As shown in [2], Proposition 3.4 and Theorem 3.10, the elements of Σ_2 with 0 < k_1,...,k_r ≤ d − 1 form a basis for H_n(q,d), d ∈ IN. (In [2] d is denoted by r, H_n(q,d) is denoted by H_{n,r} and σ is denoted by a_w.) This implies λ_i = 0, i = 1,...,m.

Knot theor y and B-type Hecke algebras 13

Assume finally that some w_i’s contain t_j ’s with negative exponents. The idea is to resolve the negative exponents and then refer to the previous case. One way is to proceed as above, and after we have projected ∑_m i=1 λ_iw_i = 0 on H_n(q,d), to resolve the t_j ’swith negative exponents usingthe algebra relations; finally, to conclude λ_i = 0, i = 1,...,m, using induction and arguments from linear algebra. But we would rather give a more elegant argument, that was suggested by T. tom Dieck. Namely, let P be the product of all t^k_j , k ∈ IN for all j,k such that t^{− k}_j is in some w_i. Since P is an invertible element of H_n(q,∞ ), we have ∑_m i=1 λ_iw_i = 0 ⇔ P · ∑_m i=1 λ_iw_i = 0. The last equation is eqivalent to ∑_m i=1 λ_iPw_i = 0, where the elements Pw_i are pairwisedifferent and the exponents ofthe t_j ’scontained in each Pw_i are positive for all i. We then refer to the previous case, and the proof of Theorem 1 is now concluded.

Thus Σ_2 is a basis of H_n(q,∞ ), and therefore H_n(q,∞ ) is a free module. □ Remark 1 In [5],(8.23)tom Dieck establishesan isomorphismbetweenH_n(q,∞ ) and the twisted tensor product of the Hecke algebra of the Coxeter group of the affine type Ã_{n− 1}. One can also use the extended affine Hecke algebra of type Ã_{n− 1} and study quotient maps onto H_n(q,d) as defined in [1], Section 2.1. The same map also works for H_n(q,∞ ) and it is in fact an isomorphism.

3 Inductiv e bases for H_n(q,∞ ) and H_n(q,d)

The basis of H_n(q,∞ ) constructed in the previous section as well as the corresponding one for H_n(q,d) yields an inductive basis for H_n(q,∞ ) respectively H_n(q,d), which givesrise to another two inductive bases, the last one beingthe appropriate for constructing Markov traces on these algebras. Here we give these three inductive bases and we conclude this section by giving another basic set for H_n(q,∞ ) respectively H_n(q,d), which is analogous to the set Σ_2, but using t^′_i’s instead of t_i’s.

From nowon we shall denote by H_n both H_n(q,∞ ) and H_n(q,d) and by W_n both W_{n,∞} and W_{n,d} . Also, whenever we refer to k ∈ ZZ respectively k ∈ ZZ_d we shall assume k ≠ 0. We now find the first inductive basis for H_{n+1} . This on the group level is an inductive canonical form, and it provides a set of right coset representatives of W_n into W_{n+1} , which is completely analogous to [6], p. 456 for B-type Coxeter groups.

Lemma 2 For k ∈ ZZthe followingholdin H_{n+1} (q,∞ ) respectivelyH_{n+1} (q,d):

14 S. Lambr opoulou

(i) t_n^kg_n = (q− 1) ∑_{k− 1} j=0 q^j t_{n− 1}^j t_n^{k− j} + q^k g_nt_{n− 1}^k, if k ∈ IN and t_n^kg_n = (1 − q) ∑_{k− 1} j=0 q^j t_{n− 1}^j t_n^{k− j} + q^k g_nt_{n− 1}^k, if k ∈ ZZ − IN. (ii) t_n^kg_ng_{n− 1} ...g_i = (q− 1) ∑_{k− 1} j=0 q^j (t_{n− 1}^j g_{n− 1}g_{n− 2} ...g_i)t_n^{k− j} + (q− 1)q^k ∑_{k− 1} j=0 q^j (t_{n− 2}^j g_{n− 2}g_{n− 3} ...g_i)g_nt_{n− 1}^{k− j} + (q− 1)q^{2k} ∑_{k− 1} j=0 q^j (t_{n− 3}^j g_{n− 3} ...g_i)g_ng_{n− 1}t_{n− 2}^{k− j} + ···+ (q− 1)q^{(n− i)k} ∑_{k− 1} j=0 q^j (t_{i− 1}^j )g_ng_{n− 1} ...g_{i+1} t_i^{k− j} +q^{(n− i+1) k} g_ng_{n− 1} ...g_it_{i− 1}^k, if k ∈ IN, whilst for k ∈ ZZ − IN we have an analogous formula, only (q− 1) is replaced by (1 − q), q^k = q^{−| k|} and |k − j| + |j| = |k|. Proof. We prove (i) forthe casek > 0by induction on k. (For k < 0completely analogous.) For k = 1 we have t_ng_n = (q − 1)t_n + q^1g_nt_{n− 1}. Suppose the assumption holds for k − 1. Then for k we have: t_n^kg_n = t_nt_n^{k− 1}g_n^{byinduction}= t_n [(q− 1) ∑_{k− 2} j=0 q^j t_{n− 1}^j t_n^{k− 1− j} + q^{k− 1} g_nt_{n− 1}^{k− 1}]^{Lemma 1,(vii)}= (q− 1) ∑_{k− 2} j=0 q^j t_{n− 1}^j t_n^{k− j} + q^{k− 1} t_ng_nt_{n− 1}^{k− 1 Lemma 1,(v)}= (q− 1) ∑_{k− 2} j=0 q^j t_{n− 1}^j t_n^{k− j} + q^{k− 1}(q− 1)t_nt_{n− 1}^{k− 1} + q^k g_nt_{n− 1}^{k Lemma 1,(vii)}= (q− 1) ∑_{k− 1} j=0 q^j t_{n− 1}^j t_n^{k− j} + q^k g_nt_{n− 1}^k.

We prove (ii) for the case k > 0 by decreasing induction on i. (For k < 0 completely analogous.) For i = n we have (i). Assume it holds for i + 1 < n (⇔ i ≤ n − 2 ⇔ n − i ≥ 2). Then for i we have: t_n^kg_n ...g_{i+1} g_i^{byinduction}= [(q− 1) ∑_{k− 1} j=0 q^j (t_{n− 1}^j g_{n− 1}g_{n− 2} ...g_{i+1} )t_n^{k− j} ]g_i + ···+ [(q− 1)q^{(n− (i+1)) k} ∑_{k− 1} j=0 q^j (t_i^j )g_ng_{n− 1} ...g_{i+2} t_{i+1}^{k− j} ]g_i+

[q^{(n− i)k} g_ng_{n− 1} ...g_{i+1} t_i^k]g_i^{Lemma1 ,(v)&Lemma2 ,(i)}= (q− 1) ∑_{k− 1} j=0 q^j (t_{n− 1}^j g_{n− 1} ...g_{i+1} g_i)t_n^{k− j} + ···+

Knot theor y and B-type Hecke algebras 15 (q− 1)q^{(n− (i+1)) k} ∑_{k− 1} j=0 q^j (t_i^j g_i)g_ng_{n− 1} ...g_{i+2} t_{i+1}^{k− j} + q^{(n− i)k}(q− 1) ∑_{k− 1} j=0 q^j g_ng_{n− 1} ...g_{i+1} t_{i− 1}^j t_i^{k− j} + q^{(n− i)k}q^k g_ng_{n− 1} ...g_it_{i− 1}^k = (q− 1) ∑_{k− 1} j=0 q^j (t_{n− 1}^j g_{n− 1} ...g_{i+1} g_i)t_n^{k− j} + ···+ (q− 1)q^{(n− (i+1)) k} ∑_{k− 1} j=0 q^j (t_i^j g_i)g_ng_{n− 1} ...g_{i+2} t_{i+1}^{k− j} + q^{(n− i)k}(q− 1) ∑_{k− 1} j=0 q^j (t_{i− 1}^j )g_ng_{n− 1} ...g_{i+1} t_i^{k− j} + q^{(n− i)k}q^k g_ng_{n− 1} ...g_it_{i− 1}^k. □ Theorem 2 Every element of H_{n+1} (q,∞ ) respectively H_n(q,d) is a unique linear combination of words, each of one of the followingtypes:

1) w_{n− 1} 2) w_{n− 1}g_ng_{n− 1} ...g_i 3) w_{n− 1}g_ng_{n− 1} ...g_it_{i− 1}^k, k ∈ ZZ respectivelyk ∈ ZZ_d 4) w_{n− 1}t_n^k, k ∈ ZZ respectivelyk ∈ ZZ_d where w_{n− 1} is some word in H_n(q,∞ ) respectively H_n(q,d). Thus, the above words furnish an inductive basis for H_{n+1} (q,∞ ) respectivelyH_n(q,d).

Proof. By Theorem 1 it suffices to show that every element v·σ_n ∈ Σ_2, where v is a product of t_i’s and σ_n ∈ H_{n+1} (q), can be expressed uniquely in terms of 1), 2), 3) and 4). We prove this by induction on n: For n = 0 there are no g_i’s in the word, so v ·σ_0 = t^k ·1, a word of type 1). Suppose the assertion holds for all basic words in Σ_2 with indices up to n − 1, and let w ∈ Σ_2 such that w contains elements of index n. We examine the different cases: • w = t_{i1}^{k1}t_{i2}^{k2} ...t_{ir}^{kr} t_n^k ·σ_{n− 1}, 1 ≤ i_1 < ... < i_r < n and σ_{n− 1} ∈ H_n(q). Then, by Lemma 1,(v), w = t_{i1}^{k1} ...t_{ir}^{kr} ·σ_{n− 1} ·t_n^k = w_{n− 1}t_n^k, a word of type 4). • w = t_{i1}^{k1}t_{i2}^{k2} ...t_{ir}^{kr} ·σ_n, where i_r < n and σ_n = σ_{n− 1} ·(g_ng_{n− 1} ...g_i) ∈ H_{n+1} (q). Then w = t_{i1}^{k1}t_{i2}^{k2} ...t_{ir}^{kr} ·σ_{n− 1} ·(g_ng_{n− 1} ...g_i) = w_{n− 1}g_ng_{n− 1} ...g_i, a word of type 2). • Finally, let w = t_{i1}^{k1}t_{i2}^{k2} ...t_{ir}^{kr} t_n^k ·σ_n, where σ_n = σ_{n− 1} ·(g_ng_{n− 1} ...g_i) ∈

16 S. Lambr opoulou

H_{n+1} (q). Then w = t_{i1}^{k1} ...t_{ir}^{kr} t_n^k ·σ_{n− 1} ·g_ng_{n− 1} ...g_i^{Lemma 1,(v)}= t_{i1}^{k1} ...t_{ir}^{kr} ·σ_{n− 1} ·t_n^kg_ng_{n− 1} ...g_i^{Lemma 2,(ii)}= w_{n− 1}t_n^{k− j} + Σw_{n− 1}g_ng_{n− 1} ...g_st_{s− 1}^{k− j} , for j = 0,...,k − 1. I.e. w is a sum of words of type 4) and type 3). The uniqueness of these expressions follows from Lemma 1 and Lemma 2. □ Theorem 2 rephrased weaker says that the elements of the inductive basis contain either g_n or t_n^k at most once. But, as explained in the beginning, our aim is to find an inductive basis for H_{n+1} using the elements t^′_i = g_ig_{i− 1} ...g_1tg_1^{− 1} ...g_{i− 1}^{− 1}g_i^{− 1}, as these are the right ones for constructing Markov traces on ⋃_∞ n=1 H_n. We gofromthe t_i’sto the t^′_i’svia the ‘intermediate’ elements

T^k_i := g_ig_{i− 1} ...g_1t^kg_1 ...g_{i− 1}g_i, k ∈ ZZ.

Theorem 3 Every element of H_{n+1} (q,∞ ) respectively H_n(q,d) is a unique linear combination of words, each of one of the followingtypes:

1^′) w_{n− 1} 2^′) w_{n− 1}g_ng_{n− 1} ...g_i 3^′) w_{n− 1}g_ng_{n− 1} ...g_iT^k_{i− 1}, k ∈ ZZ respectivelyk ∈ ZZ_d 4^′) w_{n− 1}T^k_n , k ∈ ZZ respectivelyk ∈ ZZ_d where w_{n− 1} is some word in H_n(q,∞ ) respectivelyH_n(q,d).

Proof. It suffices to show that elements ofthe inductive basis given in Theorem 2 can be expressed uniquely as sums of the above words. For this we need the following three lemmas.

Lemma 3 For k ∈ IN respectivelyk ∈ ZZ_{d− 1} and ϵ∈ {± 1} the followinghold in H_{n+1} (q,∞ ) respectivelyH_{n+1} (q,d):

t_n^{ϵ(k+1)} = ∑_n r_1,...,r_k =0 (q ϵ − 1)^{ϵr 1+ ···+ ϵr k} q^{ϵ(r1+ ···+ rk )}· g_n^ϵg_{n− 1}^ϵ ...g_1^ϵt^ϵ(g_1^ϵ ...g_{n− r1}^ϵ ...g_1^ϵ)t^ϵ ...t^ϵ(g_1^ϵ ...g_{n− rk}^ϵ ...g_1^ϵ)t^ϵg_1^ϵ ...g_{n− 1}^ϵg_n^ϵ,

where ϵ_{ri} = 1 if r_i = 0,...,n − 1, ϵ_n = 0 and g_0^ϵ := 1.

Proof. We show the case ϵ= +1 by induction on k. The proof for ϵ= − 1 is completely analogous. For k = 1 we have:

Knot theor y and B-type Hecke algebras 17

t_n^2 = g_ng_{n− 1} ...g_1tg_1 ...g_{n− 1}g_ng_ng_{n− 1} ...g_1tg_1 ...g_{n− 1}g_n^{Lemma 1,(iv)}= ∑_n r=0 (q− 1)^{ϵr} q^r g_ng_{n− 1} ...g_1t(g_1 ...g_{n− r} ...g_1)tg_1 ...g_{n− 1}g_n.

Assume that the statement holds for any k ∈ IN. Then for k + 1 we have: t_n^{k+1} = t_n^kt_n^{byinduction}= ∑_n r_1,...,r_{k− 1}=0 (q− 1) ϵ_{r 1}+ ···+ ϵ_{r k− 1} qr_1+ ···+ r_{k− 1} g n ...g_1· t(g_1 ...g_{n− r1} ...g_1)t ...t(g_1 ...g_{n− rk− 1} ...g_1)tg_1 ...g_n(g_n ...g_1tg_1 ...g_n) Lemma 1,(iv) = ∑_n r_1,...,r_k =0 (q− 1) ϵ_{r 1}+ ···+ ϵ_{r k} qr_1+ ···+ r_k g n ...g_1· t(g_1 ...g_{n− r1} ...g_1)t ...t(g_1 ...g_{n− rk} ...g_1)tg_1 ...g_n. □

Lemma 4 For k ∈ IN and ϵ ∈ {± 1} the followinghold in H_n(q,∞ ) respectively H_n(q,d):

(i) t^ϵg_1^ϵt^{ϵk}g_1^ϵ = g_1^ϵt^{ϵk}g_1^ϵt^ϵ + (q^ϵ − 1)t^ϵg_1^ϵt^{ϵk} + (1 − q^ϵ)t^{ϵk}g_1^ϵt^ϵ and (ii) t^{− ϵ}g_1^ϵt^{ϵk}g_1^ϵ = g_1^ϵt^{ϵk}g_1^ϵt^{− ϵ} + (q^ϵ − 1)t^{ϵ(k− 1)}g_1^ϵ + (1 − q^ϵ)g_1^ϵt^{ϵ(k− 1)}.

Proof. We only prove (i) for the case ϵ = +1, by induction on k. All other statements are proved similarly. For k = 1 we have tg_1tg_1 = g_1tg_1t. Assume the assertion is correct for k. Then for k + 1 we have: tg_1t^{k+1} g_1 = tg_1t^kg_1g^{− 1}_1 tg_1^{Lemma 1,(i)}=

q^{− 1} tg_1t^kg_1g_1tg_1 + (q^{− 1} − 1)tg_1t^kg_1tg_1^{induction step}= q^{− 1} g_1t^kg_1tg_1tg_1 + q^{− 1}(q− 1)tg_1t^kg_1tg_1 + q^{− 1}(1 − q)t^kg_1tg_1tg_1+ (q^{− 1} − 1)g_1t^kg_1t^2g_1 + (q^{− 1} − 1)(q− 1)tg_1t^{k+1} g_1+ (q^{− 1} − 1)(1 − q)t^kg_1t^2g_1^{rels., induction step}= q^{− 1} g_1t^{k+1} g_1tg^2_1+ (1− q^{− 1})g_1t^kg_1t^2g_1 + (1− q^{− 1})(q− 1)tg_1t^{k+1} g_1 + (1− q^{− 1})(1 − q)t^kg_1t^2g_1+ (q^{− 1} − 1)t^{k+1} g_1tg^2_1 + (q^{− 1} − 1)g_1t^kg_1t^2g_1 + (q^{− 1} − 1)(q− 1)tg_1t^{k+1} g_1+

(q^{− 1} − 1)(1 − q)t^kg_1t^2g_1^{Lemma 1,(i)}= q^{− 1}(q− 1)g_1t^{k+1} g_1tg_1 + g_1t^{k+1} g_1t + (q^{− 1} − 1)(q− 1)t^{k+1} g_1tg_1+

(q^{− 1} − 1)qt^{k+1} g_1t^{Lemma 1,(v)}= (1− q^{− 1})g^2_1tg_1t^{k+1} + g_1t^{k+1} g_1t+ (q^{− 1} − 1)(q− 1)t^{k+1} g_1tg_1 + (1− q)t^{k+1} g_1t = (1 − q^{− 1})(q− 1)g_1tg_1t^{k+1} + (1 − q^{− 1})qtg_1t^{k+1} + g_1t^{k+1} g_1t+

18 S. Lambr opoulou

(q^{− 1} − 1)(q− 1)t^{k+1} g_1tg_1 + (1 − q)t^{k+1} g_1t^{Lemma 1,(v)}= g_1t^{k+1} g_1t + (q− 1)tg_1t^{k+1} + (1 − q)t^{k+1} g_1t. □

Lemma 5 (Fundamen tal Lemma (F.L.)) For i,k ∈ IN and for ϵ∈ {± 1} the followinghold in H_n(q,∞ ) respectivelyH_n(q,d): (i) t^{ϵi}g_1^ϵt^{ϵk}g_1^ϵ = g_1^ϵt^{ϵk}g_1^ϵt^{ϵi}+

(q^ϵ − 1)[t^ϵg_1^ϵt^{ϵ(k+ i− 1)} + t^{2ϵ}g_1^ϵt^{ϵ(k+ i− 2)} + ···+ t^{ϵi}g_1^ϵt^{ϵk}]+ (1 − q^ϵ)[t^{ϵk}g_1^ϵt^{ϵi} + t^{ϵ(k+1)} g_1^ϵt^{ϵ(i− 1)} + ···+ t^{ϵ(k+ i− 1)}g_1^ϵt^ϵ] and (ii) t^{− ϵi}g_1^ϵt^{ϵk}g_1^ϵ = g_1^ϵt^{ϵk}g_1^ϵt^{− ϵi}+

(q^ϵ − 1)[t^{ϵ(k− 1)}g_1^ϵt^{− ϵ(i− 1)} + t^{ϵ(k− 2)}g_1^ϵt^{− ϵ(i− 2)} + ···+ t^{ϵ(k− i)}g_1^ϵ]+ (1 − q^ϵ)[t^{− ϵ(i− 1)}g_1^ϵt^{ϵ(k− 1)} + t^{− ϵ(i− 2)}g_1^ϵt^{ϵ(k− 2)} + ···+ g_1^ϵt^{ϵ(k− i)}].

Proof. We prove (i) for the case ϵ = +1, by induction on i. The proof for ϵ = − 1 is completely analogous. For i = 1 the assertion is true by Lemma 4,(i). Assume it holds for i. Then for i + 1 we have: t^{i+1} g_1t^kg_1 = tt^ig_1t^kg_1^{induction step}= tg_1t^kg_1t^i+

(q− 1)[t^2g_1t^{k+ i− 1} + t^3g_1t^{k+ i− 2} + ···+ t^{i+1} g_1t^k]+ (1 − q)[t^{k+1} g_1t^i + t^{k+2} g_1t^{i− 1} + ···+ t^{k+ i}g_1t]^{Lemma 4,(i)}= g_1t^kg_1t^{i+1} + (q− 1)tg_1t^{k+ i} + (1 − q)t^kg_1t^{i+1} + (q− 1)[t^2g_1t^{k+ i− 1} + t^3g_1t^{k+ i− 2} + ···+ t^{i+1} g_1t^k]+ (1 − q)[t^{k+1} g_1t^i + t^{k+2} g_1t^{i− 1} + ···+ t^{k+ i}g_1t]. □ We go back now to the proof of Theorem 3. By Lemma 3, a typical summand of t_n^{ϵ(k+1)} ∈ H_{n+1} is: g_n^ϵ ...g_1^ϵt^{ϵλ1}(g_1^ϵ ...g_{n− l1}^ϵ ...g_1^ϵ)t^{ϵλ2} ...t^{ϵλN} (g_1^ϵ ...g_{n− lN}^ϵ ...g_1^ϵ)t^{ϵλN +1} g_1^ϵ ...g_n^ϵ, where λ_1,λ_2,...,λ_{N+1} ∈ IN such that λ_1 + ···+ λ_{N+1} = k + 1 and l_i < n for i = 1,...,N (since the cases l_i = n are incorporated in t^{ϵλi} ). In order to prove the theorem we want to show that such a word can be expressedin terms ofwords ofthe form 1^′), 2^′), 3^′) and 4^′). This is a very slow processas we shall readily see. In order to obtain an inductive argument on the number N + 1 of the intermediate powers of t, we show first the following, seemingly more

Knot theor y and B-type Hecke algebras 19

general result, where an unsymmetric expression appears also in the word. It is ’seeminglymore general’ because this unsymmetry of the word appears anyhow in a later stage of the calculations.

Prop osition 3 Let k ∈ IN respectivelyk ∈ ZZ_{d− 1}, ϵ∈ {± 1}, l,m,l_2,...,l_N ≤ n and let λ_1,λ_2,...,λ_{N+1} ∈ IN such that λ_1 + ···+ λ_{N+1} = k + 1. Then it holds in H_{n+1} (q,∞ ) respectivelyH_{n+1} (q,d) that words of the form: w_{n− 1}g_n^ϵ ...g_1^ϵt^{ϵλ1}(g_1^ϵ ...g_l^ϵ)(g_1^ϵ ...g_m^ϵ ...g_1^ϵ)t^{ϵλ2}(g_1^ϵ ...g_{l2}^ϵ ...g_1^ϵ)t^{ϵλ3} ... t^{ϵλN +1} g_1^ϵ ...g_n^ϵ where only between the first two powers of t appears the unsymmetric expression (g_1^ϵ ...g_l^ϵ)(g_1^ϵ ...g_m^ϵ ...g_1^ϵ), can be expressed as sums of words of the form 1^′), 2^′), 3^′) and 4^′). Note that if l = 0 we obtain the generic summand of t_n^{ϵ(k+1)} .

Proof. We prove the statement for ϵ= +1 by induction on the number N + 1 of intermediate powers of t. The proof for ϵ = − 1 is completely analogous. For N = 0 we have w_{n− 1}g_n ...g_1t^{λ1}g_1 ...g_n, where λ_1 = k + 1 i.e. w_{n− 1}T^{k+1}_n . Suppose the assertion holds for N. Then for N + 1 we have: A = w_{n− 1}g_n ...g_1t^λ(g_1 ...g_l)(g_1 ...g_m ...g_1)t^μ(g_1 ...g_{l2} ...g_1)t^{λ3} ...t^{λN +1} g_1 ...g_n = w_{n− 1}g_n ...g_1t^λ(g_1 ...g_l)(g_m ...g_1 ...g_m)t^μ(g_{l2} ...g_1 ...g_{l2})t^{λ3} ...t^{λN +1} g_1 ...g_n. Here we also use the symbol ‘ ∑ ’ to mean ‘linear combination of words of the type’,the symbol ‘w_{n− 1}’ for not always the same word in H_n, and, in order to shorten the words, wesubstitute the expressiong_{l2} ...g_1 ...g_{l2}t^{λ3} ...t^{λN +1} g_1 ...g_n by S.

We proceed by examining the cases l < m, l > m and l = m. • For l < m we have: A = w_{n− 1}g_n ...g_1t^λg_m ...g_2g_1 ...g_m(g_1 ...g_l)t^μ ·S =

w_{n− 1}(g_{m− 1} ...g_1)g_n ...g_1t^λg_1 ...g_mg_1g_2 ...g_lt^μ ·S^{m> 1}= w_{n− 1}(g_{m− 1} ...g_1g_1)g_n ...g_1t^λg_1 ...g_mg_2 ...g_lt^μ ·S = w_{n− 1}(g_{m− 1} ...g^2_1)g_n ...g_1t^λg_1t^μg_2 ...g_mg_2 ...g_l ·S^{F.L.}= w_{n− 1}g_n ...g_2t^μg_1t^λg_1g_2 ...g_mg_2 ...g_l ·S+ ∑ i+ j= λ+ μ wn− 1gn ...g2t ig_1t^j g_2 ...g_mg_2 ...g_l ·S = w_{n− 1}t^μg_n ...g_1t^λg_1 ...g_mg_2 ...g_l ·S+

20 S. Lambr opoulou ∑ i+ j= λ+ μ wn− 1t ig_n ...g_1g_2 ...g_mg_2 ...g_lt^j ·S^{Lemma 1,(ii),l<m}= (w_{n− 1}t^μg_2 ...g_l)g_n ...g_1t^λg_1 ...g_m ·S+ ∑ i+ j= λ+ μ (wn− 1t ig_1 ...g_{m− 1}g_1 ...g_{l− 1})g_n ...g_1t^j ·S = (w_{n− 1}g_n ...g_1t^λg_1 ...g_m ·S + ∑ i+ j= λ+ μ wn− 1gn ...g1t j ·S and the number ofintermediate powers oft has reduced to N in all summands of t_n^{k+1} . • For l > m we have: A = w_{n− 1}g_n ...g_1t^λ(g_1 ...g_l)g_m ...g_1 ...g_mt^μ ·S^{m<l ,Lemma 1,(ii)}=

(w_{n− 1}g_m ...g_1 ...g_m)g_n ...g_1t^λg_1 ...g_lt^μ ·S = w_{n− 1}g_n ...g_1t^λg_1t^μg_2 ...g_l ·S^{F.L.}= w_{n− 1}g_n ...g_2t^μg_1t^λg_1 ...g_l ·S+ ∑ i+ j= λ+ μ wn− 1gn ...g2t ig_1t^j g_2 ...g_l ·S =

w_{n− 1}t^μg_n ...g_1t^λg_1 ...g_l·S+ ∑ i+ j= λ+ μ wn− 1t ig_n ...g_1(g_2 ...g_l)t^j ·S^{Lemma 1,(ii)}= w_{n− 1}g_n ...g_1t^λg_1 ...g_l ·S + ∑ i+ j= λ+ μ (wn− 1t ig_1 ...g_{l− 1})g_n ...g_1t^j ·S = w_{n− 1}g_n ...g_1t^λg_1 ...g_l + ∑ i+ j= λ+ μ wn− 1gn ...g1t j and the number ofintermediate powers oft has reduced to N in all summands of t_n^{k+1} . • Finally if l = m we have: A = w_{n− 1}g_n ...g_1t^λ(g_1 ...g_m)g_m ...g_1 ...g_mt^μ ·S^{Lemma 1,(iv)}=

w_{n− 1}g_n ...g_1t^λg_2 ...g_mt^μ ·S+ ∑_{m− 1} r=0 w_{n− 1}g_n ...g_1t^λ(g_{m− r} ...g_2g_1 ...g_{m− r} )g_2 ...g_mt^μ ·S^{Lemma 1,(ii)}= (w_{n− 1}g_1 ...g_{m− 1})g_n ...g_1t^{λ+ μ} ·S+ ∑_{m− 1} r=0 (w_{n− 1}g_{m− r− 1} ...g_1)g_n ...g_1t^λg_1t^μ(g_2 ...g_{m− r} )g_2 ...g_m ·S^{F.L.}= w_{n− 1}g_n ...g_1t^{λ+ μ} ·S + ∑_{m− 1} r=0 w_{n− 1}g_n ...g_2t^μg_1t^λ(g_1 ...g_{m− r} )g_2 ...g_m ·S+ ∑ i+ j= λ+ μ ∑_{m− 1} r=0 w_{n− 1}g_n ...g_2t^ig_1t^j (g_2 ...g_{m− r} )g_2 ...g_m ·S = w_{n− 1}g_n ...g_1t^{λ+ μ}·S+ ∑_{m− 1} r=0 w_{n− 1}t^μg_n ...g_1t^λ(g_1 ...g_{m− r} )g_2 ...g_{m− r− 1} ...g_m· S + ∑ i+ j= λ+ μ ∑_{m− 1} r=0 w_{n− 1}t^ig_n ...g_1(g_2 ...g_{m− r} )g_2 ...g_mt^j ·S^{Lemma 1,(ii)}=

Knot theor y and B-type Hecke algebras 21

w_{n− 1}g_n ...g_1t^{λ+ μ} ·S+ ∑_{m− 1} r=0 (w_{n− 1}t^μg_2 ...g_{m− r− 1})g_n ...g_1t^λ(g_1 ...g_{m− r− 1}g^2_{m− r} g_{m− r+1} ...g_m) ·S+ ∑ i+ j= λ+ μ ∑_{m− 1} r=0 (w_{n− 1}t^ig_1 ...g_{m− r− 1}g_1 ...g_{m− 1})g_n ...g_1t^j ·S = w_{n− 1}g_n ...g_1t^{λ+ μ} ·S + ∑_{m− 1} r=0 w_{n− 1}g_n ...g_1t^λ(g_1 ...g_{m− r− 1}g_{m− r+1} ...g_m)·S+ ∑_{m− 1} r=0 w_{n− 1}g_n ...g_1t^λ(g_1 ...g_m) ·S + ∑ i+ j= λ+ μ ∑_{m− 1} r=0 w_{n− 1}g_n ...g_1t^j ·S = w_{n− 1}g_n ...g_1t^{λ+ μ} ·S + ∑_{m− 1} r=0 w_{n− 1}g_{m− r+1} ...g_mg_n ...g_1t^λ(g_1 ...g_{m− r− 1})·S+ ∑_{m− 1} r=0 w_{n− 1}g_n ...g_1t^λ(g_1 ...g_m) ·S + ∑ i+ j= λ+ μ ∑_{m− 1} r=0 w_{n− 1}g_n ...g_1t^j ·S = w_{n− 1}g_n ...g_1t^{λ+ μ} ·S + ∑_{m− 1} r=0 w_{n− 1}g_n ...g_1t^λ(g_1 ...g_{m− r− 1}) ·S+ ∑_{m− 1} r=0 w_{n− 1}g_n ...g_1t^λ(g_1 ...g_m) ·S + ∑ i+ j= λ+ μ ∑_{m− 1} r=0 w_{n− 1}g_n ...g_1t^j ·S and the number of the intermediate powers of t has reduced to N in all summands of t_n^{k+1} . □ Wecan nowconcludethe proofofTheorem 3, sinceforthe different possibilities of a word w ∈ H_{n+1} we have:

Case 1. If w = w_{n− 1} or w = w_{n− 1}g_n ...g_i for i = 0,...,n there is nothing to show.

Case 2. If w = w_{n− 1}t^k_n, k ∈ ZZ respectively ZZ_d, then by Proposition 3, w is a unique linear combination of words of type 1^′), 2^′), 3^′) and 4^′).

Case 3. Finally, if w = w_{n− 1}g_n ...g_{i+1} t^k_i , k ∈ ZZ respectively ZZ_d, by Proposition 3, t^k_i is written in terms of words w_{i− 1}, w_{i− 1}g_i ...g_r for r ≤ i, w_{i− 1}g_i ...g_{r+1} T^k_r and w_{i− 1}T^k_i . Therefore w can be written uniquely in terms of the words

w_{n− 1}g_n ...g_{i+1} w_{i− 1}g_i ...g_r for r = 0,...,i,

w_{n− 1}g_n ...g_{i+1} w_{i− 1}g_i ...g_{r+1} T^k_r and

w_{n− 1}g_n ...g_{i+1} w_{i− 1}T^k_i .

w_{i− 1} commutes with g_n ...g_{i+1} , unless i = 0, where the word is already arranged in a trivial manner. So the above words reduce to the types w_{n− 1}g_n ...g_r or w_{n− 1}g_n ...g_{j+1} T^k_j . □

22 S. Lambr opoulou

Theorem 3 rephrased weaker says that the elements of the inductive basis contain either g_n or T^k_n at most once. We can now pass easily to the inductive basis that we need for constructing Markov traces on ⋃_∞ n=1 H_n. Indeed we have the following: Theorem 4 Every element of H_{n+1} (q,∞ ) respectivelyH_{n+1} (q,d) can be written uniquely as a linear combination of words, each of one of the following types:

1^{′′}) w_{n− 1} 2^{′′}) w_{n− 1}g_ng_{n− 1} ...g_i 3^{′′}) w_{n− 1}g_ng_{n− 1} ...g_{i+1} t^′_i^k,k ∈ ZZ respectivelyZZ_d 4^{′′}) w_{n− 1}t^′_n^k,k ∈ ZZ respectivelyZZ_d where w_{n− 1} is some word in H_n(q,∞ ) respectivelyH_n(q,d).

Proof. By Theorem 3 it suffices to show that expressions of the forms 3^′) and 4^′) can be written (uniquely) in terms of 1^{′′}), 2^{′′}), 3^{′′}) and 4^{′′}). Indeed, for k ∈ ZZ, let w = w_{n− 1}g_ng_{n− 1} ...g_{i+1} T^k_i = w_{n− 1}g_ng_{n− 1} ...g_{i+1} g_i ...g_1t^kg_1 ...g_i. We apply the relation g_r = q·g^{− 1}_r + (q− 1)·1 to all letters of the word g_1 ...g_i to get: w = w_{n− 1}g_n ...g_{i+1} g_i ...g_1t^kg^{− 1}_1 ...g^{− 1}_i + ∑ w_{n− 1}g_n ...g_1t^kg^{− 1}_{j1} ...g^{− 1}_{jk} , wherein the words g^{− 1}_{j1} ...g^{− 1}_{jk} there are possiblegaps ofindices. Let the closest to t^k gap occur at the index ρ; then w = w_{n− 1}g_n ...g_{i+1} t^′_i^k + ∑ w_{n− 1}g_n ...g_1t^kg^{− 1}_1 ...g^{− 1}_{ρ− 1}g^{− 1}_{ρ+1} ...g^{− 1}_{jk} = w_{n− 1}g_n ...g_{i+1} t^′_i^k + ∑ (w_{n− 1}g^{− 1}_ρ ...g^{− 1}_{jk − 1})g_n ...g_1t^kg^{− 1}_1 ...g^{− 1}_{ρ− 1} = w_{n− 1}g_n ...g_{i+1} t^′_i^k + ∑ w_{n− 1}g_n ...g_ρt^′_{ρ− 1}^k.

Hence w is a sum of words of type 3^{′′}. In the case where w = w_{n− 1}T^k_n , k ∈ ZZ, we apply the same reasoning as above. □ Theorem 4 rephrased weaker says that the elements of the inductive basis contain either g_n or t^′_n^k at most once. Notice also that if we were working on the level of the Iwahori-Hecke algebra H_n(q,Q), we would omit Theorem 3. Remark 2 All three inductive bases of H_{n+1} (q,∞ ) respectively H_{n+1} (q,d) given in Theorems 2, 3 and 4 induce the same complete set of right coset

Knot theor y and B-type Hecke algebras 23

representatives, S_{n+1} , ofW_{n,∞} respectivelyW_{n,d} in W_{n+1 ,∞} respectivelyW_{n+1 ,d}, namely: S_{n+1} := {s_ns_{n− 1} ...s_i |i = 1,...,n} ⋃ {s_ns_{n− 1} ...s_1t^ks_1 ...s_i |i = 1,...,n − 1, k ∈ ZZ respectively k ∈ ZZ_d,k ≠ 0} ⋃ {t_n^k |k ∈ ZZ respectively k ∈ ZZ_d}. We now give the final result of this section, namely, a basic set of H_{n+1} which is a proper subset of Σ_1. Theorem 5 The set Σ = {t^′_{i1}^{k1}t^′_{i2}^{k2} ...t^′_{ir}^{kr} ·σ} for 1 ≤ i_1 < i_2 < ... < i_r ≤ n, k_1,...,k_r ∈ ZZ respectivelyZZ_d and σ ∈ H_{n+1} (q) forms a basis in H_{n+1} (q,∞ ) respectivelyH_{n+1} (q,d). Proof. By Theorem 4 it suffices to show that words in the inductive basis 1^{′′}), 2^{′′}), 3^{′′}) and 4^{′′}) can be written in terms ofelements ofΣ. Indeed, by induction on n we have: if n = 0 the only non-empty words are powers of t, which are of type 4^{′′}) and which are elements of Σ trivially. Assume the result holds for n − 1. Then for n we have:

Case 1. If w = w_{n− 1} there is nothing to show (by induction). Case 2. If w = w_{n− 1}g_n ...g_i, then, by induction w_{n− 1} = t^′_{i1}^{k1} ...t^′_{ir}^{kr} ·σ, a word of Σ restricted on H_n. Thus w = t^′_{i1}^{k1} ...t^′_{ir}^{kr} ·σ ·g_n ...g_i ∈ Σ, since σ ·g_n ...g_i is an element of the canonical basis of H_{n+1} (q).

Case 3. If w = w_{n− 1}g_n ...g_{i+1} t^′_i^k, then, by induction step w_{n− 1} = t^′_{i1}^{k1} ...t^′_{ir}^{kr} ·σ, a word of Σ restricted on H_n, so w = t^′_{i1}^{k1} ...t^′_{ir}^{kr} ·σ ·g_n ...g_{i+1} t^′_i^{k Lemma 1,(vi)}= t^′_{i1}^{k1} ...t^′_{ir}^{kr} ·σ ·t^′_n^kg_n ...g_{i+1}^{Lemma 1,(vi)}= t^′_{i1}^{k1} ...t^′_{ir}^{kr} t^′_n^k ·σ ·g_n ...g_i. Now σ ·g_n ...g_i is a basic element of H_{n+1} (q), thus w ∈ Σ.

Case 4. Finally, ifw = w_{n− 1}t^′_n^k,by induction step wehavew_{n− 1} = t^′_{i1}^{k1} ...t^′_{ir}^{kr} ·σ, a word of Σ restricted on H_n. Then w = t^′_{i1}^{k1} ...t^′_{ir}^{kr} ·σ ·t^′_n^{k Lemma 1,(vi)}= t^′_{i1}^{k1} ...t^′_{ir}^{kr} t^′_n^k ·σ ∈ Σ. □

24 S. Lambr opoulou

4 Construction of Mark ov traces

The aim of this section is to construct Markov linear traces on the generalized and on each level of the cyclotomic Iwahori-Hecke algebras of B-type. As these algebras are quotients of the braid groups, the constructed traces will actually attach to each braid a Laurent polynomial. The traces as well as the strategy of their construction are based on and include as special case the one constructed on the classical B-type Hecke algebras in [12], [13] (Theorem 5), which in turn was based on Ocneanu’s trace on Hecke algebras of A-type, cf. [11] (Theorem 5.1). In the next section we combine these results with the Markov braid equivalence for knots in a solid torus, so as to obtain analogues of the homfly-pt polynomial for the solid torus.

Let R = ZZ[q^{± 1},u^{± 1}_1 ,...,u^{± 1}_d ,...] and let H_n denote either H_n(q,∞ ) or H_n(q,d). Note that the natural inclusion of the group B_{1,n} into B_{1,n+1} (geometrically, by adding onemorestrand at the end ofthe braid) inducesa natural inclusionofH_n into H_{n+1} . Therefore it makes senseto considerB := ⋃_∞ n=1 B_{1,n} and H := ⋃_∞ n=1 H_n. Then we have the following result:

Theorem 6 Given z,s_k, specified elements in R with k ∈ ZZ respectively ZZ_d and k ≠ 0, there exists a unique linear trace function tr : H := ∞⋃ n=1 H_n −→ R(z,s_k), k ∈ ZZ respectivelyZZ_d determined by the rules: 1) tr(ab) = tr(ba) a,b∈ H_n 2) tr(1) = 1 for all H_n 3) tr(ag_n) = ztr(a) a ∈ H_n 4) tr(at^′_n^k) = s_k tr(a) a ∈ H_n, k ∈ ZZ respectivelyZZ_d Proof. The idea of the proof of Theorem 6 is to construct tr on ⋃_∞ n=1 H_n inductively using Theorem 4 and the two last rules of the statement above. For this we need the following lemma. In order to avoid confusion with the indices we introduce here the symbol ‘Z’ to mean ‘ZZ’ or ‘ZZ_d’ respectively.

Lemma 6 The map

c_n : (H_n ⨂ H_{n − 1} Hn) ⨁ k∈Z H_n −→ H_{n+1} given by c_n(a ⊗ b⊕_k e_k) := ag_nb+ ∑ k∈Z e_kt^′_n^k is an isomorphism of (H_n,H_n)-bimodules.

Knot theor y and B-type Hecke algebras 25

Proof. It follows from Theorem 4 that the set L_n below provides a basis of H_n as a free H_{n− 1}-module (compare with Remark 2 for W_{n+1} ): L_n := {g_{n− 1}g_{n− 2} ...g_i |i = 1,...,n − 1} ⋃ {t^′_{n− 1}^k |k ∈ Z} ⋃ {g_{n− 1}g_{n− 2} ...g_1t^kg_1^1 ...g_i^1 |i = 1,...,n − 2, k ∈ Z, k ≠ 0}.

Then we have: H_n = ⨁ b∈L_n Hn− 1 ·b, and using the universal property of tensor product we obtain: H_n ⨂ H_{n − 1} Hn = Hn ⨂ H_{n − 1}( ⨁ b∈L_n Hn− 1 ·b) = ⨁ b∈L_n (Hn ⨂ H_{n − 1} Hn− 1 ·b) = ⨁ b∈L_n Hn ·b. Therefore: H_n ⨂ H_{n − 1} Hn ⨁ k∈Z H_n = ⨁ b∈L_n Hn ·b ⨁ k∈Z H_n. Applyingnowthe same reasoningas above, the set L_{n+1} belowprovidesa basis of H_{n+1} as a free H_n-module: L_{n+1} := {g_ng_{n− 1} ...g_i |i = 1,...,n} ⋃ {t^′_n^k |k ∈ Z} ⋃ {g_ng_{n− 1} ...g_1t^kg_1^{− 1} ...g_i^{− 1} |i = 1,...,n − 1, k ∈ Z, k ≠ 0}.

The latter isomorphism then proves that c_n is indeed an isomorphism of (H_n,H_n)-bimodules, sinceit corresponds bijectivelybasic elements to elements of the set L_{n+1} . □ We can now define inductively a trace, tr, on H = ⋃_∞ n=1 H_n as follows:

assume tr is defined on H_n and let x ∈ H_{n+1} be an arbitrary element. By Lemma 6 there exist a,b,e_k ∈ H_n, k ∈ Z, such that x := c_n(a ⊗ b⊕_k e_k). Define now: tr(x) := z ·tr(ab) + tr(e_0) + ∑ k∈Z s_k ·tr(e_k). Then tr is well-defined. Furthermore, it satisfies the rules 2), 3) and 4) of the statement of Theorem 6. Rule 3) reflects the Markov property (recall the discussion in Introduction), and therefore, if the function tr is a trace then it is in particular a Markov trace. In fact one can check easily using induction and linearity, that tr satisfies the following seeminglystronger condition:

26 S. Lambr opoulou

(3^′) tr(ag_nb) = ztr(ab), for any a,b∈ H_n. In order to prove the existence of tr, it remain to prove the conjugation property, i.e. that tr is indeed a trace. We show this by examining case by case the different possibilities. Beforecontinuing with the proof, we note that having proved the existence, the uniqueness of tr follows immediately, since for any x ∈ H_{n+1} , tr(x) can be clearly computed inductively using rules 1), 2), 3), 4) and linearity. We now proceed with checking that tr(ax) = tr(xa) for all a,x ∈ H. Since tr is defined inductivelythe assumption holds forall a,x ∈ H_n, and we shall show that tr(ax) = tr(xa) for a,x ∈ H_{n+1} . For this it suffices to consider a ∈ H_{n+1} arbitrary and x one of the generators of H_{n+1} . I.e. it suffices to show: tr(ag_i) = tr(g_ia) a ∈ H_{n+1} , i = 1,...,n tr(at) = tr(ta) a ∈ H_{n+1} . By Theorem 4, a is of one of the following types:

i) a = w_{n− 1} ii) a = w_{n− 1}g_ng_{n− 1} ...g_i iii) a = w_{n− 1}g_ng_{n− 1} ...g_{i+1} t^′_i^k,k ∈ ZZ respectively ZZ_d iv) a = w_{n− 1}t^′_n^k,k ∈ ZZ respectively ZZ_d, where w_{n− 1} is some word in H_n.

If a = w_{n− 1} and x = t or x = g_i for i = 1,...,n − 1 the assumption holds from the induction step, whilst for x = g_n it follows from (3^′) that tr(w_{n− 1}g_n) = ztr(a) = tr(g_nw_{n− 1}). If a is oftype ii) or oftype iii) and x = t or x = g_i for i = 1,...,n− 1 we apply the same reasoning as above using rule (3^′). So we have to check still the cases where a = w_{n− 1}g_ng_{n− 1} ...g_i or a = w_{n− 1}g_ng_{n− 1} ...g_{i+1} t^′_i^k and x = g_n, i.e. tr(w_{n− 1}g_n ...g_ig_n) = tr(g_nw_{n− 1}g_n ...g_i) tr(w_{n− 1}g_n ...g_{i+1} t^′_i^kg_n) = tr(g_nw_{n− 1}g_n ...g_{i+1} t^′_i^k) (∗) If a is of type iv) and x = t or x = g_i for i = 1,...,n − 1 we have to check: tr(w_{n− 1}t^′_n^kt) = tr(tw_{n− 1}t^′_n^k) tr(w_{n− 1}t^′_n^kg_i) = tr(g_iw_{n− 1}t^′_n^k) (∗∗)

Knot theor y and B-type Hecke algebras 27

Finally, if a is of type iv) and x = g_n we have to check: tr(w_{n− 1}t^′_n^kg_n) = tr(g_nw_{n− 1}t^′_n^k) (∗∗∗) Before checking (∗),(∗∗) and (∗∗∗) we need the following:

Lemma 7 The function tr satisfies the followingstronger version of rule 4): (4^′) tr(xt^′_n^ky) = s_k tr(xy), for any x,y ∈ H_n, k ∈ ZZ respectivelyZZ_d. Proof. It suffices to prove (4^′) for the case that y is of the form y = y_1t^λy_2, where y_1is a product of the g_i’s for i = 1,...,n − 1, λ ∈ ZZ respectively ZZ_d and y_2 an arbitrary word in H_n. Indeed we have: tr(xt^′_n^ky) = tr(xt^′_n^ky_1t^λy_2)^{Lemma 1,(vi)}= tr(xy_1t^′_n^kt^λy_2) = tr(xy_1g_n ...g_1t^kg_1^{− 1}g_2^{− 1} ...g_n^{− 1}t^λy_2)^{Lemma 1,(vi)}= = tr(xy_1g_n ...g_1t^kg_1^{− 1}t^λg_2^{− 1} ...g_n^{− 1}) = A The latter underlined expressionsays that we have to considerfour possibilities depending on k,λ being positive or negative. We show here the case where both k,λ are positive. The rest are proved completely analogously. For k,λ positive, Lemma 5,(i) says:

g_1t^kg_1^{− 1}t^λ = t^λg_1t^kg_1^{− 1} + (q^{− 1} − 1)[t^{λ− 1}g_1t^{k+1} + ···+ g_1t^{k+ λ}] + (1 − q^{− 1})[t^kg_1t^λ + ···+ t^{k+ λ− 1}g_1t].

We substitute then in A to obtain: A = tr(xy_1g_n ...g_2t^λg_1t^kg_1^{− 1} ...g_n^{− 1}y_2)

+( q^{− 1} − 1)[tr(xy_1g_n ...g_2t^{λ− 1}g_1t^{k+1} g_2^{− 1} ...g_n^{− 1}y_2) + ··· +tr(xy_1g_n ...g_1t^{k+ λ}g_2^{− 1} ...g_n^{− 1}y_2)] +(1 − q^{− 1})[tr(xy_1g_n ...g_2t^kg_1t^λg_2^{− 1} ...g_n^{− 1}y_2) + ···

+tr(xy_1g_n ...g_2t^{k+ λ− 1}g_1tg_2^{− 1} ...g_n^{− 1}y_2)]^{Lemma 1,(vi)}= = tr(xy_1t^λt^′_n^ky_2) +( q^{− 1} − 1)[tr(xy_1t^{λ− 1}g_n ...g_1g_2^{− 1} ...g_n^{− 1}t^{k+1} y_2) + ··· +tr(xy_1g_n ...g_1g_2^{− 1} ...g_n^{− 1}t^{k+ λ}y_2)]

28 S. Lambr opoulou

+(1 − q^{− 1})[tr(xy_1t^kg_n ...g_1g_2^{− 1} ...g_n^{− 1}t^λy_2) + ···

+tr(xy_1t^{k+ λ− 1}g_n ...g_1g_2^{− 1} ...g_n^{− 1}ty_2)]^{Lemma 1,(iii )}= = tr(xy_1t^λt^′_n^ky_2) +( q^{− 1} − 1)[tr(xy_1t^{λ− 1}g_1^{− 1} ...g_{n− 1}^{− 1}g_n ...g_1t^{k+1} y_2) + ··· +tr(xy_1g_1^{− 1} ...g_{n− 1}^{− 1}g_n ...g_1t^{k+ λ}y_2)] +(1 − q^{− 1})[tr(xy_1t^kg_1^{− 1} ...g_{n− 1}^{− 1}g_n ...g_1t^λy_2) + ···

+tr(xy_1t^{k+ λ− 1}g_1^{− 1} ...g_{n− 1}^{− 1}g_n ...g_1ty_2)]^{(3′)}= = tr(xy_1t^λt^′_n^ky_2) + (q^{− 1} − 1)z[tr(xy_1t^{λ+ k}y_2) + (1 − q^{− 1})z[tr(xy_1t^{k+ λ}y_2) = tr(xy_1t^λt^′_n^ky_2). □ The relations (∗∗) follow now immediately from Lemma 7, since: tr(w_{n− 1}t^′_n^kg_i)^{(4′)}= s_k tr(w_{n− 1}g_i)^{induction step}= s_k tr(g_iw_{n− 1}) = tr(g_iw_{n− 1}t^′_n^k), for all i < n, and similarly for x = t.

We next show (∗) for a = w_{n− 1}g_n ...g_i. The case a = w_{n− 1}g_n ...g_{i+1} t^′_i^k is shown similarly. On the one hand we have:

tr(w_{n− 1}g_ng_{n− 1}...g_ig_n) = tr(w_{n− 1}g_ng_{n− 1}g_ng_{n− 2} ...g_i)

= tr(w_{n− 1}g_{n− 1}g_ng_{n− 1}g_{n− 2} ...g_i)^{(3′)}= ztr(w_{n− 1}g_{n− 1}^2g_{n− 2} ...g_i) = (q− 1)ztr(w_{n− 1}g_{n− 1} ...g_i) + qztr(w_{n− 1}g_{n− 2} ...g_i).

On the other hand in order to calculate tr(g_nw_{n− 1}g_n ...g_i) we examine the different possibilities for w_{n− 1}: – If w_{n− 1} ∈ H_{n− 1}, then tr(g_nw_{n− 1}g_n ...g_i) = tr(w_{n− 1}g_n^2g_{n− 1} ...g_i) = (q− 1)ztr(w_{n− 1}g_{n− 1} ...g_i) + qztr(w_{n− 1}g_{n− 2} ...g_i).

– If w_{n− 1} = bg_{n− 1}c, where b, c ∈ H_{n− 1}, then tr(g_nbg_{n− 1}cg_ng_{n− 1} ...g_i)

= tr(bg_{n− 1}g_ng_{n− 1}cg_{n− 1} ...g_i)^{(3′)}= ztr(bg_{n− 1}^2cg_{n− 1} ...g_i) = (q− 1)ztr(bg_{n− 1}cg_{n− 1} ...g_i) + qztr(bcg_{n− 1} ...g_i) = (q− 1)ztr(bg_{n− 1}cg_{n− 1} ...g_i) + qz^2 tr(bcg_{n− 2} ...g_i) = (q− 1)ztr(bg_{n− 1}cg_{n− 1} ...g_i) + qztr(bg_{n− 1}cg_{n− 2} ...g_i)

Knot theor y and B-type Hecke algebras 29

= (q− 1)ztr(w_{n− 1}g_{n− 1} ...g_i) + qztr(w_{n− 1}g_{n− 2} ...g_i). – Finally, if w_{n− 1} = bt^′_{n− 1}^k, where b,∈ H_{n− 1}, then

tr(g_nbt^′_{n− 1}^kg_n ...g_i) = tr(bg_nt^′_{n− 1}^kg_n ...g_i)

= qtr(bt^′_n^kg_{n− 1} ...g_i) + (q− 1)tr(bg_nt^′_{n− 1}^kg_{n− 1} ...g_i)^{(4′),(3′)}= = qztr(bt^′_{n− 1}^kg_{n− 2} ...g_i) + (q− 1)ztr(bt^′_{n− 1}^kg_{n− 1} ...g_i) = qztr(w_{n− 1}g_{n− 2} ...g_i) + (q− 1)ztr(w_{n− 1}g_{n− 1} ...g_i).

Note 2 The relations (∗) imply that tr(xg_nyg_n) = tr(g_nxg_ny) for any x, y ∈ H_n.

It remains now to show (∗∗∗). On the one hand we have: tr(w_{n− 1}t^′_n^kg_n)^{Lemma 1,(vi)}= tr(w_{n− 1}g_nt^′_{n− 1}^k)^{(3′)}= ztr(w_{n− 1}t^′_{n− 1}^k). On the other hand in order to calculate tr(g_nw_{n− 1}t^′_n^k) we examine the different possibilities for w_{n− 1}: – If w_{n− 1} ∈ H_{n− 1}, then tr(g_nw_{n− 1}t^′_n^k) = tr(w_{n− 1}g_n^2t^′_{n− 1}^kg_n^{− 1})

= (q− 1)tr(w_{n− 1}t^′_n^k) + qtr(w_{n− 1}t^′_{n− 1}^kg_n^{− 1}) = (q− 1)tr(w_{n− 1}t^′_{n− 1}^k) +ztr(w_{n− 1}t^′_{n− 1}^k) + (1 − q)tr(w_{n− 1}t^′_{n− 1}^k) = ztr(w_{n− 1}t^′_{n− 1}^k). – If w_{n− 1} = ag_{n− 1}b,where a, b∈ H_{n− 1}, then tr(g_nag_{n− 1}bt^′_n^k) = tr(ag_ng_{n− 1}g_nbt^′_{n− 1}^kg_n^{− 1} = q^{− 1} tr(ag_{n− 1}g_ng_{n− 1}bt^′_{n− 1}^kg_n) + (q^{− 1} − 1)tr(ag_{n− 1}g_ng_{n− 1}bt^′_{n− 1}^k) = (applying Note 2 for x = ag_{n− 1} and y = g_{n− 1}bt^′_{n− 1}^k) = q^{− 1} tr(g_nag_{n− 1}g_ng_{n− 1}bt^′_{n− 1}^k) + (q^{− 1} − 1)ztr(ag_{n− 1}^2bt^′_{n− 1}^k) = q^{− 1} tr(ag_{n− 1}g_ng_{n− 1}^2bt^′_{n− 1}^k) + (q^{− 1} − 1)ztr(ag_{n− 1}^2bt^′_{n− 1}^k) = q^{− 1}z(q^2 − q+ 1)tr(ag_{n− 1}bt^′_{n− 1}^k) + q^{− 1}zq(q− 1)tr(abt^′_{n− 1}^k) +( q^{− 1}− 1)z(q− 1)tr(ag_{n− 1}bt^′_{n− 1}^k)+( q^{− 1}− 1)zqtr(abt^′_{n− 1}^k) = ztr(w_{n− 1}t^′_{n− 1}^k). Beforeproving the last case we need to deform the expressiont^′_{n− 1}^lt^′_n^k. Indeed we have: t^′_{n− 1}^lt^′_n^k = g_{n− 1} ...g_1t^lg_1^{− 1} ...g_{n− 1}^{− 1}g_n ...g_1t^kg_1^{− 1} ...g_n^{− 1}

30 S. Lambr opoulou

= g_{n− 1} ...g_1t^lg_n ...g_2g_1g_2^{− 1} ...g_n^{− 1}t^kg_1^{− 1} ...g_n^{− 1} = (g_{n− 1}g_n)...(g_1g_2)t^lg_1t^k(g_2^{− 1}g_1^{− 1})...(g_n^{− 1}g_{n− 1}^{− 1})g_n^{− 1} = (g_{n− 1}g_n)...(g_1g_2)t^lg_1t^kg_1^{− 1}(g_2^{− 1}g_1^{− 1})...(g_n^{− 1}g_{n− 1}^{− 1}) = q^{− 1} (g_{n− 1}g_n)...(g_1g_2)t^lg_1t^kg_1(g_2^{− 1}g_1^{− 1})...(g_n^{− 1}g_{n− 1}^{− 1})

+( q^{− 1} − 1)(g_{n− 1}g_n)...(g_1g_2)t^lg_1t^kg_1(g_2^{− 1}g_1^{− 1})...(g_n^{− 1}g_{n− 1}^{− 1})^{Lemma 5,(i)}= = q^{− 1} (g_{n− 1}g_n)...(g_1g_2)g_1t^kg_1t^l(g_2^{− 1}g_1^{− 1})...(g_n^{− 1}g_{n− 1}^{− 1}) +(1 − q^{− 1})[(g_{n− 1}g_n)...(g_1g_2)tg_1t^{k+ l− 1}(g_2^{− 1}g_1^{− 1})...(g_n^{− 1}g_{n− 1}^{− 1}) + ··· +( g_{n− 1}g_n)...(g_1g_2)t^lg_1t^k(g_2^{− 1}g_1^{− 1})...(g_n^{− 1}g_{n− 1}^{− 1})] +( q^{− 1} − 1)[(g_{n− 1}g_n)...(g_1g_2)t^kg_1t^l(g_2^{− 1}g_1^{− 1})...(g_n^{− 1}g_{n− 1}^{− 1}) + ··· +( g_{n− 1}g_n)...(g_1g_2)t^{k+ l− 1}g_1t(g_2^{− 1}g_1^{− 1})...(g_n^{− 1}g_{n− 1}^{− 1})] +( q^{− 1} − 1)(g_{n− 1}g_n)...(g_1g_2)t^lg_1t^k(g_2^{− 1}g_1^{− 1})...(g_n^{− 1}g_{n− 1}^{− 1}) = q^{− 1} g_ng_{n− 1} ...g_1t^kg_n ...g_1g_2^{− 1} ...g_n^{− 1}t^lg_1^{− 1} ...g_{n− 1}^{− 1} +(1 − q^{− 1})[g_{n− 1} ...g_1tg_n ...g_1g_2^{− 1} ...g_n^{− 1}t^{k+ l− 1}g_1^{− 1} ...g_{n− 1}^{− 1} + ··· +g_{n− 1} ...g_1t^lg_n ...g_1g_2^{− 1} ...g_n^{− 1}t^kg_1^{− 1} ...g_{n− 1}^{− 1}] +( q^{− 1} − 1)[g_{n− 1} ...g_1t^kg_n ...g_1g_2^{− 1} ...g_n^{− 1}t^lg_1^{− 1} ...g_{n− 1}^{− 1} + ··· +g_{n− 1} ...g_1t^{k+ l− 1}g_n ...g_1g_2^{− 1} ...g_n^{− 1}tg_1^{− 1} ...g_{n− 1}^{− 1}] +( q^{− 1} − 1)g_{n− 1} ...g_1t^lg_n ...g_1g_2^{− 1} ...g_n^{− 1}t^kg_1^{− 1} ...g_{n− 1}^{− 1} = q^{− 1} g_n ...g_1t^kg_1^{− 1} ...g_{n− 1}^{− 1}lg_n ...g_1t^lg_1^{− 1} ...g_{n− 1}^{− 1} +(1 − q^{− 1})[g_{n− 1} ...g_1tg_1^{− 1} ...g_{n− 1}^{− 1}g_n ...g_1t^{k+ l− 1}g_1^{− 1} ...g_{n− 1}^{− 1} + ··· +g_{n− 1} ...g_1t^{l− 1}g_1^{− 1} ...g_{n− 1}^{− 1}g_n ...g_1t^{k+1} g_1^{− 1} ...g_{n− 1}^{− 1}] +( q^{− 1} − 1)[g_{n− 1} ...g_1t^kg_1^{− 1} ...g_{n− 1}^{− 1}g_n ...g_1t^lg_1^{− 1} ...g_{n− 1}^{− 1} + ··· +g_{n− 1} ...g_1t^{k+ l− 1}g_1^{− 1} ...g_{n− 1}^{− 1}g_n ...g_1tg_1^{− 1} ...g_{n− 1}^{− 1}] = g_n ...g_1t^kg_1^{− 1} ...g^{− 1}_n g_{n− 1} ...g_1t^lg_1^{− 1} ...g_{n− 1}^{− 1} +(1 − q^{− 1})g_n ...g_1t^{k+ l}g_1^{− 1} ...g_{n− 1}^{− 1} +(1 − q^{− 1})[g_{n− 1} ...g_1tg_1^{− 1} ...g_{n− 1}^{− 1}g_n ...g_1t^{k+ l− 1}g_1^{− 1} ...g_{n− 1}^{− 1} + ··· +g_{n− 1} ...g_1t^{l− 1}g_1^{− 1} ...g_{n− 1}^{− 1}g_n ...g_1t^{k+1} g_1^{− 1} ...g_{n− 1}^{− 1}] +( q^{− 1} − 1)[g_{n− 1} ...g_1t^kg_1^{− 1} ...g_{n− 1}^{− 1}g_n ...g_1t^lg_1^{− 1} ...g_{n− 1}^{− 1} + ···

Knot theor y and B-type Hecke algebras 31

+g_{n− 1} ...g_1t^{k+ l− 1}g_1^{− 1} ...g_{n− 1}^{− 1}g_n ...g_1tg_1^{− 1} ...g_{n− 1}^{− 1}]. Notice that with applying the other cases of Lemma 5 we obtain analogous results.

– If, finally, w_{n− 1} = bt^′_{n− 1}^l, where b∈ H_{n− 1}, we have: tr(g_nbt^′_{n− 1}^lt^′_n^k) = tr(bg_n^2g_{n− 1} ...g_1t^kg_1^{− 1} ...g^{− 1}_n g_{n− 1} ...g_1t^lg_1^{− 1} ...g_{n− 1}^{− 1}) +(1 − q^{− 1})tr(bg_n^2g_{n− 1} ...g_1t^{k+ l}g_1^{− 1} ...g_{n− 1}^{− 1}) +(1 − q^{− 1})[tr(bg_ng_{n− 1} ...g_1tg_1^{− 1} ...g_{n− 1}^{− 1}g_n ...g_1t^{k+ l− 1}g_1^{− 1} ...g_{n− 1}^{− 1}) + ···+ tr(bg_ng_{n− 1} ...g_1t^{l− 1}g_1^{− 1} ...g_{n− 1}^{− 1}g_n ...g_1t^{k+1} g_1^{− 1} ...g_{n− 1}^{− 1})] +( q^{− 1} − 1)[tr(bg_ng_{n− 1} ...g_1t^kg_1^{− 1} ...g_{n− 1}^{− 1}g_n ...g_1t^lg_1^{− 1} ...g_{n− 1}^{− 1}) + ··· +tr(g_{n− 1} ...g_1t^{k+ l− 1}g_1^{− 1} ...g_{n− 1}^{− 1}g_n ...g_1tg_1^{− 1} ...g_{n− 1}^{− 1})] = (q− 1)tr(bt^′_n^kt^′_{n− 1}^l)+ qtr(bt^′_{n− 1}^kg_n^{− 1}t^′_{n− 1}^l)+(1− q^{− 1})[(q− 1)z+q]tr(bt^′_{n− 1}^{k+ l}) +(1 − q^{− 1})[qtr(bt^′_nt^′_{n− 1}^{k+ l− 1}) + (q− 1)ztr(bt^′_{n− 1}^{k+ l}) + ··· +qtr(bt^′_n^{l− 1}t^′_{n− 1}^{k+1} ) + (q− 1)ztr(bt^′_{n− 1}^{k+ l})] +( q^{− 1} − 1)[qtr(bt^′_n^kt^′_{n− 1}^l) + (q− 1)ztr(bt^′_{n− 1}^{k+ l}) + ··· +qtr(bt^′_n^{k+ l− 1}t^′_{n− 1}) + (q− 1)ztr(bt^′_{n− 1}^{k+ l})] = (q− 1)s_ks_l tr(b) + q[q^{− 1}z + (q^{− 1} − 1)]tr(bt^′_{n− 1}^{k+ l})+ [(q+ q^{− 1} − 2)z + (q− 1)]tr(bt^′_{n− 1}^{k+ l}) + (q^{− 1} − 1)(q− 1)ztr(t^′_{n− 1}^{k+ l})tr(b) +( q− 1)s_1 tr(t^′_{n− 1}^{k+ l− 1})tr(b) + ···+ (q− 1)s_{l− 1} tr(t^′_{n− 1}^{k+1} )tr(b) +(1 − q)tr(t^′_n^k)s_l tr(b) + ···+ (1 − q)tr(t^′_n^{k+ l− 1})s_1 tr(b). And since tr(t^′_n^i) = tr(t^′_{n− 1}^i) in all algebras H_n, we conclude that tr(g_nbt^′_{n− 1}^lt^′_n^k) = ztr(bt^′_{n− 1}^{k+ l}) = ztr(bt^′_{n− 1}^lt^′_{n− 1}^k) = ztr(w_{n− 1}t^′_{n− 1}^k). The proof of Theorem 6 is now concluded. □ As already mentioned in the Introduction, we can define tr with so few rules, because the elements t^k,...,t^′_i^k in rule 4) are all conjugate, and this reflects the fact that B_{1,n} splits as a semi-direct product of the classical braid group B_n and of its free subgroup P_{1,n} generated precisely by the elements t, t^′_1,...,t^′_{n− 1}: B_{1,n} = P_{1,n}× B_n.

32 S. Lambr opoulou

Note that if k ∈ ZZ_2 we are in the case of the classical Iwahori-Hecke algebras oftype B, and from the above construction we recover the trace given in [12, 13]. Moreover, if a word x ∈ H_n does not contain any t’s (that is, if x is an element of the Iwahori-Hecke algebra of type A_n), then tr(x) can be computed using only rules 1), 2), and 3) of Theorem 6, and in this case tr agrees with Ocneanu’s trace (cf. [11]).

Remark 3 A word seen as an element of different B-type Hecke algebras will aquire in principle different values for the different traces. This difference consists in substituting – if necessary – the parameters s_i according to the defining relation (♠ ) of H_n(q,d) : t^d = a_{d− 1}t^{d− 1} + ···+ a_0. So, in H_n(q,d) we have: tr(t^′_n^k) = s_k for k ∈ ZZ_d and tr(t^′_n^d) = a_{d− 1}s_{d− 1} + ···+ a_0.

For example in H_n(q,∞ ) and in H_n(q,d) for d > 5 we have tr(t^5) = s_5. In H_n(q,5) is tr(t^5) = a_4s_4 + ···+ a_0, whilst in H_n(q,3) is tr(t^5) = (a_2^3 + 2a_1a_2 + a_0)s_2 + (a_1^2 + a_1a_2^2 + a_0a_2)s_1 + (a_0a_1 + a_0a_2^2).

In order to calculate the trace of a word in H_n we bring it to the canonical form of Theorem 5 applying at the same time the rules of the trace. As an example we calculate below tr(g_2g_1t^3g^{− 1}_1 g_3g_2g_3). We have: tr(g_2g_1t^3g^{− 1}_1 g_3g_2g_3) = tr(g_2g_1t^3g^{− 1}_1 g_2g_3g_2) = ztr(g_2g_1t^3g^{− 1}_1 g_2^2)

= z(q− 1)tr(g_2g_1t^3g^{− 1}_1 g_2) + zqtr(g_2g_1t^3g^{− 1}_1 ) = z(q− 1)qtr(t^′_2^3) + z(q− 1)^2 tr(g_2g_1t^3g^{− 1}_1 ) + zqtr(g_2g_1t^3g^{− 1}_1 ) = q(q− 1)ztr(t^′_2^3) + z^2(q^2 − q+ 1)tr(t^′_1^3).

5 Invarian ts of knots in the solid torus

The aim of this section is to construct all analogues of the 2-variable Jones polynomial homfly-pt) for oriented knots in the solid torus derived from the cyclotomicand generalizedHecke algebras oftype B, usingtheir Markov equivalence and the Markov traces constructed in Theorem 6. All knots/links will be assumed to be oriented, and we shall say ‘knots’ for both knots and links.

As mentioned in the Introduction the elements of the braid groups B_{1,n}, which we call ‘mixed braids’, are represented geometrically by braids in n + 1 strands in S^3, which keep the first strand fixed. The closure of a mixed braid represents a knot inside the oriented solid torus, ST, where the fixed strand represents the complementary solid torus in S^3, and the next n numbered Knot theor y and B-type Hecke algebras 33 strands represent the knot in ST. Below we illustrate a mixed braid in B^{1,5} and a knot in ST.

Moreover, it has been well-understood that all knots in ST may be represented by mixed braids, and their isotopy in ST is reflected by equivalence classesof braids in ⋃^∞ n=1 B^{1,n} through the following:

Theorem 7 (cf. [13], Theorem 3.)

Let L^1, L^2 be two oriented links in ST and β^1, β^2 be mixed braids in ⋃^∞ n=1 B^{1,n} corresponding to L^1, L^2. Then L^1 is isotopic to L^2 in ST if and only if β^1 is equivalentto β^2 in ⋃^∞ n=1 B^{1,n} under equivalence generated bythe braid relations together with the followingtwo moves:

(i) Conjugation: If α,β ∈ B^{1,n} then α ∼ β_{− 1}αβ.

(ii) Markov moves: If α ∈ B^{1,n} then α ∼ ασ^n_{± 1} ∈ B^{1,n+1} .

Let now π denote the canonical quotient map B^{1,n} −→ H^n given in

Definition 1, and consider the trace constructed in Theorem 6 for a specified algebra H^n. Then a braid in B^{1,n} can be mapped through tr ∘π to an expression in the variables q,u_{± 1}^1 ,...,u_{± 1}^d ,...,z,(s^k), k ∈ ZZ respectively ZZ^d. Let also ^α denote the knot obtained by closingthe mixed braid α. Theorem 7 combined with Theorem 6 say that in order to obtain a knot invariant X in ST from any specified trace of Theorem 6 we have to normalize first g^i to √ λg^i so that tr(a( √ λg^n)) = tr(a(( √ λg^n)_{− 1})) for a ∈ H^n.

This normalization has been done in [13], (5.1), where Jones’s normalization of Ocneanu’s trace (cf. [11]) was followed, and it yields λ := z + 1− q qz , z := 1− q qλ − 1 . Then we have to normalize tr so that X(^α) = X( ^ασ^n) = X( ^ασ_{− 1}^n ). 34 S. Lambr opoulou

Let finally A be the field ofrational functions over QI in indeterminates √ λ, √ q, a_{d− 1},...,a_0,...,(s_k), k ∈ ZZ respectively ZZ_d. (The reason for having square root of q becomes clear in the recursive formula † below.) Then the normalizations result the following

Definition 3 (cf. [13], Definition 1.) For α, tr, π as above let X^_α = X^_α (q,a_{d− 1},...,a_0, √ λ,s_1,s_2,...) := [ − 1− λq √ λ(1 − q) ]_{n− 1} ( √ λ)^e tr(π(α)), where e is the exponent sum of the σ_i’s that appear in α. (Note that the t^′_i’s do not affect the estimation of e, so they can be ignored.) Then X_{α̂} depends only on the isotopy class of the mixed knot ^α, which represents an oriented knot in ST. (For example, in H_n(q,d) and for k ∈ ZZ_d we have: α = t^k, then X_{α̂} = s_k.)

Note that if a knot in ST can be enclosedin a 3-ball then it may be seen as a knot in S^3 and there exists a mixed braid representative, α, which does not contain t^′_i’s. Then X_{α̂} has the same value as the 2-variable Jones polynomial (homfly-pt) as given in [11], Definition 6.1. On the lower level of H_n(q,Q) X yields the invariants constructed in [13], Section 5 and [8], Section 5.

Remark 4 Note furthermore that one could also define H_n(q,d) as a quotient of B_{1,n} by sending the generator t of B_{1,n} to t^{− 1} of H_n(q,d). Then the traces and the knot invariants in ST constructed above exhaust the whole range of such constructions related to all possibleHecke and Hecke-related algebras of type B.

On recursiv e form ulae: We shall now show how to interpret the above in terms of knot diagrams, and how to calculate alternatively the above knot invariants in ST by applying recursive skein relations and initial conditions on the mixed link diagrams. Let L_+ ,L_− ,L_0 be oriented mixed link diagrams that are identical, except in one crossing, where they are as depicted below:

With analogous reasoning as in [13], (5.2) (cf. also [11]) the defining quadratic relation of H_n induces the invariant X to satisfy the following recursive linear formula, which is the well-known skein rule used for the evaluation of the homfly-pt polynomial.

Knot theor y and B-type Hecke algebras 35

1 √ q √ λ X_{L+} − √ q √ λ X_{L−} = ( √ q− 1 √ q )X_{L0} †

In the case of H_n(q,∞ ) there is no other skein relation that X satisfies. In the case of H_n(q,d), let M_d,M_{d− 1},...,M_0 be oriented mixed link diagrams that are identical, except in the regions depicted below:

Using conjugation we may assume that M_d = ^α t^′_i^d,M_{d− 1} = ^α t^′_i^{d− 1},...,M_0 = ^α for some α ∈ B_{1,n}. And so by Lemma 1, (viii) we obtain: tr(π(α t^′_i^d)) = a_{d− 1} tr(π(α t^′_i^{d− 1})) + ···+ a_0 tr(π(α)), If we multiply now the above equation by [ − 1− λq √ λ(1 − q) ]_{n− 1} ( √ λ)^e we obtain the following skein relation for X: X^_{αt ′i d} = a_{d− 1} X ^_{αt ′i d− 1} + ···+ a_0 X_{M0} ‡ (compare with Remark 3). We next find the initial conditions that are also needed for evaluating X for any knot diagram in ST using the skein relations † and ‡. Clearly X_{unk not} = 1 should be one of them. Recall now the canonical basis of H_{n+1} given in Theorem 5. With appropriate changes of crossings (using the quadratic relations for the g_i’s) this basis yields a canonical enumeration of descending diagrams related to B_{1,n+1} . Let now α be such a descending diagram. Applying tr on α means geometrically that we close the braid α and we apply the Markov moves. Using Rule (4) we extract and re-insert tr(t^′_i^k) so as to obtain: X^_α = X ^ t^′_{i1}^{k1}t^′_{i2}^{k2}...t^′_{ir}^{kr} .

36 S. Lambr opoulou

This provides the second set of initial conditions, namely the values of X at all links consisting of stucks of loops of different twists with same orientation around the ‘axis’solid torus. If X is derived by the cyclotomic Hecke algebra H_n(q,d) the number of twists of each loop cannot exceedd− 1. In the case of H_n(q,∞ ) the number of twists is arbitrary. We illustrate below an example of a descendingdiagram with the starting point at the top of the last strand, the basic link t^4t_1t_2^{− 1} and the projection of t^3 on a punctured disc.

We conclude with some remarks.

Remarks (i) On the level of H_n(q,∞ ),X is defined by all initial conditions (with unrestricted number oftwists) and only by the first skein rule. Therefore the set of mixed links of the form ^t^′_{i1}^{k1}t^′_{i2}^{k2} ...t^′_{ir}^{kr} , for k_1,...,k_r ∈ ZZ forms the basis of the 3rd skein module of the solid torus. Thus the result of J.Hoste and M.Kidwell in [10], and of V.Turaev in [16] is recovered with this method. If X is derived by the cyclotomic Hecke algebras H_n(q,d) the set of mixed links of the form ^t^′_{i1}^{k1}t^′_{i2}^{k2} ...t^′_{ir}^{kr} , for k_1,...,k_r ∈ ZZ_d forms the basis of the corresponding submodule of the 3rd skein module of ST. In [15] the algebra H_n(q,∞ ) has been studied independently and the corresponding ST-invariant has been constructed using similar methods.

(ii) If on the level of H_n(q,∞ ) we use the skein rule 1 t Y_{L+} − t Y_{L−} = ( √ t − 1 √ t )Y_{L0} instead of †, and the initial conditions Y_{unk not} = 1 and Y^_t = s we obtain an analogue of the Jones polynomial for oriented knots in the oriented ST. If ST is unoriented we have to allow an extra isotopy move for knots in ST, namely to flip over the diagram around the x-axis, where the knot diagram is projected on a punctured disc. The invariant Y is preserved under the flipping over move, so Y is the analogue of the Jones polynomial in the orientable ST. For details and for the Kauffman bracket approach of this invariant see [9].

Knot theor y and B-type Hecke algebras 37

(iii) The invariant X related to H_n(q,∞ ) is the appropriate one for extending the results to the lens spaces L(p,1). The combinatorial setup is similar to the one for ST, only the Markov braid equivalence includes one more move, which reflects the surgery description of L(p,1). So, in order to construct a homfly-pt analogue for knots in L(p,1) or, equivalently, in order to compute for L(p,1) the 3rd skein module and its quotients we have to normalize the ST-invariants further so that X^_α = X_{sl(}^_{α)}, for α ∈ B_{1,n}, forall possibleslidingsofα. This isthe subject of[S.Lambropoulou, J. Przytycki, Hecke algebra approach to the skein module oflensspaces, in preparation]. (iv) Analogouscombinatorial setup, Markov braid equivalenceand braid structures in arbitrary c.c.o. 3-manifolds and knot complements has already been done in [14],[S.Lambropoulou, Braid structures in 3-manifolds, to appear in JKTR]. Therefore it is possiblein principle to extend such algebraic constructions to other 3-manifolds, by means of constructing appropriate quotient algebras and Markov traces on them, followed by appropriate normalizing, in order to derive knot invariants.

References

[1] S. Ariki, On the decomposition numbers of G(m,1,n), J. math. Kyoto Univ. 36, 789–808(1996).

[2] S. Ariki, K. Koike, A Hecke algebra of ZZ/rZZ≀S_n and construction of its irreducible representations, Advances in Math. 106, 216–243(1994).

[3] K. Bremke, G. Malle,Reduced words and a length function forG(e,1,n), to appear in the Indagationes Mathematicae.

[4] M. Broué, G. Malle, Zyklotomische Heckealgebren, Astérisque 212, 119– 203 (1993).

[5] T. tom Dieck, On tensor representation of knot algebras, Mathematica Gottingensis Schriftenreihe Heft 45 (1995).

[6] R. Dipper, G.D. James, Representations of Hecke algebras of type B_n, Journal of algebra 146, 454–481(1992).

[7] M. Geck, Trace functions on Iwahori–Hecke algebras, Banach Center Publications, Vol. 42, 87–109(1998).

38 S. Lambr opoulou

[8] M. Geck, S. Lambropoulou, Markov traces and knot invariants related to Iwahori-Hecke algebras of type B, J. für die reine und angewandte Mathematik 482, 191–213(1997).

[9] J. Hoste, J. Przytycki, An invariant of dichromatic links, Proc. of the AMS 105, No. 4, 1003–1007(1989).

[10] J. Hoste, M. Kidwell, Dichromatic link invariants, Trans. Amer. Math.

Soc. 321(1), 197–229 (1990); see also the preliminary version of this paper: Invariants of colored links, preprint March 1987.

[11] V. F. R. Jones, Hecke algebra representations of braid groups and link polynomials, Ann. Math. 126, 335–388(1987).

[12] S. Lambropoulou, “A study ofbraids in 3-manifolds”,Ph.D. thesis, Warwick, 1993.

[13] S. Lambropoulou, Solid torus links and Hecke algebras of B-type, Proceedings of the Conference on Quantum Topology, D. N. Yetter ed., World Scientific Press, 1994.

[14] S. Lambropoulou, C.P. Rourke, Markov’stheorem in 3-manifolds,Topology and its Applications 78, 95–122(1997).

[15] J. Park Kim, A polynomial invariant of links in a solid torus, Ph.D.

thesis, Louisiana State University, Dec. 1996. [16] V.G. Turaev, The Conway and Kauffman modulesofthe solidtorus, Zap.

Nauchn. Sem. Lomi 167, 79–89 (1988). English translation: J. Soviet Math., 2799–2805(1990).

S.L.: 3–5 Bunsenstrasse, Mathema tisches Institut, Göttingen Universit ät, 37073 Göttingen, Germany. E-mail: sofia@cf ga uss.unimath.gwdg.de