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Design optimization of distribution transformers based
on mixed integer programming methodology
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In this paper, an effective optimization method is proposed with the aim of minimizing the active part cost of wound core
distribution transformers, taking into account constraints imposed both by international specifications and customer needs.
In order to achieve so, Mixed Integer Programming in conjunction with the Branch and Bound technique are employed. The
proposed methodology is compared with a heuristic optimization methodology of the transformer manufacturing industry
and the results demonstrate the robustness and the superiority of this new approach.
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1. Introduction

With the rapid development of digital computers,
transformer designers are released from the drudgery of
routine calculations. Within a matter of a few minutes,
today’s computers can work out a number of different
transformer designs (by varying flux density, core
dimensions, current density, type of magnetic material and
so on) and come up with an optimum design. In the
literature, a number of different transformer design
methodologies have been proposed [1][2].

The difficulty in achieving the optimum balance
between the transformer cost and performance is
becoming even more complicated nowadays, as the main
materials used in transformer manufacturing (copper or
aluminium for transformer windings, steel for magnetic
circuit) are variable stock exchange commodities and their
prices are modified on a daily basis. Techniques that
include mathematical models employing analytical
formulas, based on design constants and approximations
for the calculation of the transformer parameters are often
the base of the design process adopted by transformer
manufacturers [3]. However, the relevant technical
literature comprises a variety of other approaches in order
to cope with the complex problem of transformer design
optimization, based on stochastic optimization methods
such as genetic algorithms (GAs) that have been used for
transformer  cost minimization [4], performance
optimization of cast-resin distribution transformers with
stack core technology [5] or toroidal core transformers [6].
The computational complexity of artificial intelligence
(AI) methods becomes quite considerable due to numerous
iterations that may be required in order to achieve overall
transformer optimization. Thus, AI methods cannot be
easily applied in overall transformer optimization and they
are usually focusing on certain aspects of transformer
designs, as in [7] and [8], where artificial intelligence
techniques are used for winding material selection and

prediction of transformer losses and reactance,
respectively. Moreover, the optimality of the solution
provided by GAs and other stochastic methods cannot be
guaranteed [9] and multiple runs may result to different
suboptimal solutions, with a significant difference between
the worst and the best one. On the other hand,
deterministic methods may provide more robust solutions
to the transformer design optimization problem. In this
context, the deterministic method of geometric
programming has been proposed in [10] in order to deal
with the design optimization problem of low frequency as
well as high frequency transformers. However, the overall
manufacturing cost optimization is scarcely addressed in
the technical literature, and the main approaches deal with
the optimization of specific cost components such as the
magnetic material weight [11] or certain performance
parameters as the output power [12].

This work introduces the use of Mixed Integer
Programming (MIP) in conjunction with the Branch and
Bound (BB) technique so as to minimize the transformer
active part cost while meeting international standards and
customer needs. The deterministic MIP technique is
successfully applied to the overall active part cost
minimization, overcoming the deficiencies of complexity
of stochastic methods. Moreover, the proposed method
finds the global optimum transformer design by
minimizing the active part cost while simultaneously
satisfying all the constraints imposed by international
standards and transformer user needs, instead of focusing
on the optimization of only one parameter of transformer
performance (e.g., no-load losses or short-circuit
impedance). Using the proposed technique, a user-friendly
software package is developed that combines transformer
design with analysis and optimization tools, useful for
both design optimization and educational purposes. The
method is applied for the design of distribution
transformers of several ratings and loss categories and the
results are compared with a heuristic transformer design
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optimization methodology, resulting to significant cost
savings.

The paper is organized as follows: Section 2 presents
the basics of mixed integer programming as well as the
proposed transformer design optimization methodology.
The results of the proposed method are presented in
Section 3. Finally, Section 4 concludes the paper.

2. Proposed methodology

2.1 Mixed Integer Programming

In order to find the global optimum of a constrained
multivariable function, MIP implements the BB algorithm
[13]. The standard form of a nonlinear objective function

Z=f(x) with n design variables x; to be minimized by MIP
is:

Z:minz()_c)ZIniCinZn:Cj'fj(J_‘) ey

subject to the following constraints:

au'xj_b,, i=12,...m ®))

Jj=
x;20, j=12,.,n 3)
X, EN for all or some j=12,...n @)
b, <x:<ub, j=12,.,n (5)

J
where f'is a nx1 matrix of objective functions f;, ¢ is a nx1
matrix of objective function coefficients ¢;, x is a nxl
matrix of design variables x;, @ is a mxn matrix of

constraints coefficients, b is a mx1 matrix of the upper
values of the constraints, N refers to the set {0, 1, ...} ,
and /b and ub are nxl matrices of lower and upper

bounds on x, respectively. The objective functions f; are

calculated through a number of intermediate formulas,
which are used for the derivation of the performance
parameters influencing the cost of the transformer
components. These formulas may be expressed as a single
compound objective function, resulting to an overall
convex nonlinear optimization problem, expressed with
the use of equation (1).

2.2 The Branch and Bound Method

The BB method solves MIP by solving a sequence of
linear programming problems obtained by relaxing
integrality conditions and including additional constraints.
Six steps are used by BB technique in order to deal with
MIP problem [13], as follows:

1% step: Set up upper bound () and lower bound (- )
of the optimal solution. Solve the initial MIP relaxing
integrality conditions. If the relaxed problem is infeasible,

the original MIP is infeasible as well and there is no
solution. If the attained solution satisfies integrality
conditions it is optimal. Otherwise, the lower bound is
updated with the value of the optimal solution attained.

2" step: Using an integer-to-be variable x; that is not an
integer, two branching problems from the original one are
generated as follows. If x; is a non-integer value such as
a.b, where a and b are its integer and fractional parts, the
first branch problem is the relaxed original MIP plus the
constrained x;<a and the second branch problem is the
relaxed original MIP plus the complementary constraint
Xg2a+1. Both problems are placed in a processing list and
are considered sequentially or parallel. It is important to
note that this strategy completely covers the solution
space.

3"step: Solve next problem in the processing list.

4™ step: If the solution of the current problem satisfies
integrality conditions and its corresponding objective
function value is smaller than the current upper bound, the
upper bound is updated to the current objective function
value and the current minimizer is stored as the best
candidate to minimizer. On the other hand, if the solution
does not satisfy integrality conditions and the objective
function value is in between upper and lower bounds, the
lower bound is updated to the objective function value, the
current problem is branched, and the generated problems
are added to the processing list.

5" step: If the solution provided by the current problem
satisfies integrality conditions, no further branching is
possible. The branch is therefore cut as a result of
integrality. If the solution does not satisfy integrality
conditions and the objective value is greater than the
current upper bound, no better solution can be obtained
further along that branch and therefore it is cut due to
bounds. If the current problem is infeasible, no further
branching is possible through that branch and it is cut due
to infeasibility.

6™ step: If the processing list is not empty, we continue
with step 3. Otherwise, the procedure terminates.

2.3 Proposed Algorithm

In order to find the global optimum design of a
distribution transformer, MIP in conjunction with the BB
technique are used. The goal of the proposed optimization
method is to find a set of integer variables linked to a set
of continuous variables that minimize the objective
function (active part cost) and meet the restrictions
imposed on the transformer design problem. Under the
previous definitions, a mixed integer nonlinear problem
for optimizing the transformer design is based on the
minimization of the cost of the transformer active part:

4
min > c; - f,(x) (©)
P

where ¢, is the primary winding unit cost (€/kg), f; is the
primary winding weight (kg), ¢ is the secondary winding
unit cost (€/kg), f> is the secondary winding weight (kg), c;
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is the magnetic material unit cost (€/kg), f; is the magnetic
material weight (kg), ¢, is the insulating paper unit cost
(€/kg), 14 is the insulating paper weight (kg), and x is the

vector of the four design variables, namely the number of
secondary winding turns, the width of core leg (D), the
core window height (G), and the magnetic flux density
(B).

The minimization of the cost of the transformer active
part is subject to the following constraints:

DNLL +DLL—(1+T,,)-(GNLL+GLL) <0 7)
DNLL—(1+T,,,)-GNLL < 0 (8)
DLL—(1+T,,)-GLL <0 )
(1-7,)-GU <DU <(1+7T,))-GU (10)

where:

DNLL: designed no-load losses (W)

DLL: designed load losses (W)

DU: designed short-circuit impedance (%)

GNLL: guaranteed no-load losses (W)

GLL: guaranteed load losses (W)

GU: guaranteed short-circuit impedance (%)

Tior: tolerance for the sum of no-load losses and
load losses (defined as a percentage of
GNLL+GLL)

Twir: tolerance for the no-load losses (defined as a
percentage of GNLL)

Tir: tolerance for the load losses (defined as a
percentage of GLL)

Ty: tolerance for the short-circuit impedance

(defined as a percentage of GU).

It should be noted that functions f;, f5, f3, f; appearing
in the objective function (6) are composite functions of the

design variables x, e.g., f, = f, (g1 (hl ()_c))), that is why

the transformer design optimization problem is a hard
optimization problem in terms of both modeling and
solving.

2.4 Software Design

The aforementioned methodology is implemented by
a software package, which has a graphical, user-friendly,
interface separated into two main steps, requiring 26 input
parameters.

During the first step, the user must set 14 technical
characteristics of the transformer design (such as the rated
power, the rated voltage of the primary and secondary
windings, the magnetic material of the core, the vector
group, the guaranteed no-load and load losses (the user can
choose them either based on CENELEC standard [14] or
by his choice), the frequency, and so on (Fig. 1)). As can
be observed in Fig.1, the user can either define directly the
secondary and primary winding current density, which is
used for the conductors’ cross-section calculation, or let

the program calculate the minimum acceptable cross-
section according to thermal short circuit test method.

During the second step (located in the lower section of
the form of Fig. 1, entitled “Mixed Integer Programming
Input Parameters”), the user must define the initial value
of each of the four design variables, as well as the upper
and the lower bound value for the four design variables,
which are the number of turns of the secondary winding as
well as the width and the height of the core leg, and the
magnetic flux density (Fig. 1). The total amount of the
input MIP design variables is 12. It is important to note
that all the design variables can assume not only
continuous values but also integer values, by enabling the
appropriate Integer check-box (Fig. 1).

Having accomplished these two steps, the proposed
methodology is used so as to find the design with the
minimum active part cost that meets international
standards as well as customer needs. MATLAB was
chosen as the programming language for the software as it
combines an easy-to-use environment for designing
Graphic User Interface (GUI) intensive packages. In order
to increase the software flexibility, the user is also allowed
to modify other parameters, such as the unit cost of the
materials of the transformer active part (primary winding,
secondary winding, magnetic material, and insulating
paper unit cost) selecting the Specifications menu in the
menu bar, opening an additional form with default values
of input parameters, which may be altered by the user.
Moreover, through the Specifications form, the user can
modify the load loss tolerances, no-load loss tolerances,
total loss tolerances and short-circuit impedance tolerance,
as well as some crucial parameters of the MIP method
(e.g. maximum allowable number of function evaluations
and termination tolerance on the objective function, the
design vector or the constraint violation).

) Transformer Design Optimization {TDO)

File Specifications ~

Input Parameters
— Conductors cross-section calculstion

Ratedd poseer (kv a) 1000
Secondary winding material Copper v () Thermal Short Circuit Test Method
Primary winding material Copper @ Current Density Methzd
Secondary winding voltage: (V400 Secondary winding (Afmm) 3.5
Primary winding voltage (%) 20000 Primary winding (e/mm 2j 36
Secondary vwinding contection a
Primary winding connection |p | Guaranteed load and no-load losses
Secondary winding type Shest v (5) CENELEC ¢ AC hd
Prirmary weinding type Wire “ O User  Load loss ()
Frequency (Hz) 50 v
Magnetic core material HiB w logeaclizali]
Mixed Integer Programming Input Parameters
Yariables for optirmization
initial value lower bound upper bound
Secondary winding turns 12 10 19 Irtecer
‘Wicth of the core leg Chim) 200 200 son | [ integer
Height of the core window (rmrm) 200 200 500 | [Jinteger
Magnetic flux density (Gauss) 16000 14000 18000 |:| Integer
Set default values
Exit | Run ‘

Fig. 1. The initial screen of the transformer design
optimization program.
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Once the input parameters have been chosen by the
user, the optimization is started. The output results are
saved in a text file, which contains all the appropriate
transformer characteristics, such as the designed load
losses, designed no-load losses, the conductors
dimensions, the number of turns of the primary and
secondary winding, the number of layers of the primary
and secondary winding, the total cost of the active part,
etc. A two-dimensional cross-section along the symmetry
plane of the distribution transformer active part (Fig. 2),
corresponding to the optimal solution, is designed as
shown in Fig. 3. It should be noted that, due to symmetry,
only the left half of the cross-section is shown in Fig. 3.

Small core
Large core

Coils

Fig. 2. Active part configuration of the three-phase
wound core power transformer considered.
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Fig. 3. The 2D cross-section of the active part

corresponding to the optimal solution, generated by the

computer program using the input parameters shown in

Fig. 1. The small and the large core are shown in dark

red, while the primary and secondary winding are shown
in yellow and orange, respectively.

3. Results and discussion

The robustness of the proposed methodology is
verified through comparison with that of heuristic
optimization methodology [3], which is already applied in
a transformer manufacturing industry. The next paragraphs
present the comparison of the results of the proposed
method and the heuristic optimization method, as well as a
comparison of their performance characteristics, further

enhancing the advantages of the developed methodology
and software.

3.1 Case Studies

Six actual transformer designs are considered, using a
mix of two different loss categories, i.e. BA’ and AC’
according to CENELEC harmonization document HD
428.1 S1:1992 (Table I). The common technical
characteristics of these six designs are: the rated primary
and secondary voltages are 20/0.4 kV, the vector group is
Dynl1, apart from the 50 kVA power rating transformer
where the connection group is Yzn5, and the frequency is
50 Hz. The tolerances for the losses and short-circuit
impedance are 7,~10%, Ty;=15%, T;;=15% and
Ty=10%, based on the tolerances specified by IEC 60076-
1[15].

Table 1. Technical characteristics of the considered
distribution transformers.

Rated Loss Load No-load Short-
Power  Category losses  Losses circuit
(kVA) W) (W) impedance
(%)

50 BA' 1350 190 4

160 BA' 3100 460 4
400 BA' 6000 930 4
1000 BA’ 13000 1700 6
1600 BA’ 20000 2600 6
1600 AC’ 17000 1700 6

Table 2 compares the solutions obtained a) by the
proposed methodology, and b) by the current methodology
[3] that is based on a heuristic optimization technique.
Table 2 shows that the proposed methodology converges
to an optimum solution that has on average a 2.67% lower
active part cost than the heuristic optimization
methodology used by the manufacturer. The difference in
the active part cost between the two methods is due to the
difference in the permissible range of the design
variables, which is confined in the heuristic optimization
methodology to discrete steps of the variables instead of
the complete intervals used in the proposed methodology.

Table 2. Active part cost comparison of optimum designs
provided by the proposed and the heuristic transformer design

methodology.
Rated Active part Active part Active part
Power cost of the cost of the  cost reduction
(kVA) — proposed heuristic vs. heuristic
Loss methodology  optimization optimization
category (€) methodology methodology
© (%)
50-BA’ 697 699 0.29
160-BA’ 1390 1429 2.73
400-BA’ 2854 2994 4.68
1000-BA’ 5299 5351 0.97
1600-BA’ 6565 6842 4.05
1600-AC’ 7214 7461 3.31
Mean average 2.67 %
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Fig. 4 presents the comparison of technical
characteristics of the optimum designs provided by the
proposed and the heuristic optimization method, for all the

Sunraniesd valse

considered case studies. Table III presents the optimal
value of the design vector for each transformer according
to the results of the proposed method.
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Fig. 4. Comparison of characteristics of the optimum designs provided by the proposed and the heuristic
transformer design methodology, for the a) 50 kVA — BA' loss category, b) 160 kVA — BA' loss category, c) 400 kVA
—BA' loss category, d) 1000 kVA — BA' loss category, e) 1600 kVA — BA' loss category, f) 1600 kVA — AC' loss category.

Table 3. Transformer design optimization results.

Rate Number D G B
Power of turns  (mm) (mm) (Gauss)
(kVA) —
Loss
category
50-BA’ 57 155 155 18000
160-BA’ 30 184 196 18000
400-BA’ 18 255 255 18000
1000-BA’ 13 287 296 18000
1600-BA’ 10 314 314 18000
1600-AC’ 10 325 325 17900

3.1 Performance characteristics of the proposed
software

Table IV shows the differences between the two
methodologies illustrating the advantages of the
proposed methodology. The attractive features of the
proposed software are that it uses 26 essential input
parameters (14 input parameters concerning the
transformer characteristics and 12 input parameters
concerning the MIP variables) in order to design an
optimum transformer, always in less than 90 seconds,
necessitating no previous transformer design experience,
in contrast with the current software (based on the
heuristic technique) that needs 134 input parameters so
as to find a possible optimum transformer design in

approximately 3 hours, and requires a lot of experience in
transformer design. Moreover, the number of iterations that
are required by the proposed program in order to compute an
optimum transformer design varies between 10 and 100 (on
average, according to the convergence tolerances specified
by the user), in comparison with the current program that
requires up to 20" iterations (depending on users’ choices for
the number of discrete steps of the input parameters).
Finally, using the proposed method, it is easy to design an
optimum transformer that is approximately 2.67% cheaper
than the current technique.

4. Conclusion

In the present paper, a MIP technique using the BB
algorithm is proposed for the solution of the distribution
transformer design optimization problem. The proposed
method is very effective because of its robustness, its high
execution speed and its ability to effectively search the large
solution space. Moreover, the global optimum obtained by
the proposed method is not satisfactorily approached by
continuous variable optimization techniques. The validity of
the proposed method is clearly illustrated by its application
to a wide spectrum of actual transformers, of different power
ratings and losses, resulting to optimum designs with an
average cost saving of 2.67% in comparison with the
existing heuristic methodology used by a transformer
manufacturer. Furthermore, the development of user-
friendly software based on this method provides significant
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improvements in the
manufacturing industry.

design

process of the

Table 4. Comparison between the two methods.

Proposed Sofiware Current Software
1. 26 essential input 1. 134 input parameters.
parameters.

2. Average number of
iterations 10-100
(according to convergence
tolerance).

3. An optimum solution is
always found.

4. Less than 90 seconds
are required to optimize
the transformer design
(with a common PC and
an average number of
iterations).

5. Low experience is
required.

2. Variable number of
iterations (1 to 20*
loops).

3. All the candidate
solutions might be
rejected.

4. Approximately 3 hours
are required (multiple
executions of the
software by the
transformer designer).

5. Expertise in
transformer design is
required.

6. The proposed software finds an optimum solution
that is on average 2.67% cheaper than the current

software.
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