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ABSTRACT

In the present work the probabilistic charactersstof the long-time (when dynamic statistical
equilibrium has been reached), steady-state respohs half oscillator, subject to a colored,
asymptotically stationary, Gaussian or non Gaus&abic Gaussian) excitation, are derived by
means of the Response-Excitation (RE) theory, iimMsbduced by Athanassoulis & Sapsis (2006).
RE theory permits us to derive an evolution equata the joint Response-Excitation Probability
Density Function (REPDF) of any dynamical systerthypiolynomial nonlinearities under arbitrary
stochastic excitation. This evolution equation isrieed by projecting an exact, infinite
dimensional, Functional Differential Equation, ftle joint response-excitation characteristic
functional, to finite dimensions. Application ofishtheory to the ship roll motion has been
presented by Athanassoudisal (2009). The joint REPDF evolution equation is alyer equation,
involving two times (one for the excitation and doe the response), and two sets of probability
arguments (one for the excitation variables, aratteer one for the response variables), and partial
derivatives only with respect to the response teme the response probability arguments. In
general it is not uniquely solvable and, thus,eeds to be completed by an appropriate closure
scheme. In this paper we present a closure tecanigulocalized linear problems, and a numerical
solution to the steady-state case, providing tihg-ime, statistical equilibrium PDFs. The method
of numerical solution is based on a representadiothe sought-for REPDF by means of kernel
density functions, and a Galerkin-type numericdlesge. The obtained PDFs are compared with
results from Monte Carlo simulation for the samelpem. The method can be extended to treat full
nonlinear oscillators, with polynomial nonlineas#i subjected to Gaussian or non Gaussian
excitation.

Keywords: Probabilistic characterization of responses, non markovian responses, non gaussian excitation, stochastic modeling of
non-linear systems, half oscillator.

1. INTRODUCTION ated with ship responses is straightforward as
far as the assumption of linearity is (approxi-
Wave loads on ships are generally modelledmately) valid, and the excitation can be simpli-
as colored (smoothly-correlated) stochasticfied as Gaussian. When strong nonlinearities
processes (in contrast to delta-correlated pro-are present, and the excitation cannot be consi-
cesses, which are commonly used in stochasticlered neither Gaussian nor delta correlated, as
dynamic analysis; see e.g., Naess (2000), lourtin the case of roll motion, the classical theory
chenko (2003), Pirrotta (2007)). Thus, ship of diffusion processes and tkekker-Planck-
responses are also smoothly-correlated stochak olmogorov (FPK) equation is not applicable
stic processes, lacking to obey the Markovian(see e.g. Nevest al, 2011, for a compre-
property, which essentially simplifies the ana- hensive review on issues involving dynamic
lysis of stochastic systems. The determinationbehaviour and probabilistic nature of extreme
of probability density functions (PDFs) associ- events in a seaway). In such cases, the proba-
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bilistic characterization of the responses is aresponse-excitation characteristic functional,
difficult problem, calling for specific modelling which is an infinite-dimensional mathematical
techniques and advanced mathematical tools. object modelling the complete probabilistic
structure of the involved stochastic processes,
In cases where the correlation time of thewithout any simplifying assumptions. See Hopf
excitation is small, in comparison with the (1952), who introduced the characteristic
relaxation time of the dynamical system, it is functional for the study of turbulent flows, and
possible to reformulate the problem as anits extensions to other stochastic dynamical
averaged Ito SDE and advance to theproblems presented by Beran (1968). A Hopf-
corresponding averaged FPK. This techniquetype functional differential equation (FDE)
known asthe stochastic averaging method, governing the evolution of the joint, response-
was first introduced by Stratonovitch (1963) excitation characteristic functional for quite
and made rigorous by Khasminkii (1966). general stochastic differential equations is easy
Variants of this methodology have beento obtain. Since, however, the numerical
applied to the ship rolling problem by Roberts solution of infinite-dimensional FDEs is not
(1982), Roberts and Vasta (2000), where alsdeasible (at least, for the time being), the goal
an extensive survey of the previous works isof this approach is to come back to
presented, Kreuzer and Sichermann (2007).  probabilistic equations for finite-dimensional
PDFs, by appropriate projections of the FDE.
An approach which can resolve the non- For example, if we assume that the ship roll
Markovian character of the response, keeping anotion obeys the following dynamical equa-
close connection with the standard treatment oftion (see, e.g., Belenky & Sevastianov, 2003).
stochastic differential equations, is fikering y . 3
approach. This method is implemented by (1 AX() +ByX(t) +baX' (1) +
making the colored excitation to be the output  +Kx(t)+ KX (t) = Y(t) 1)
of.a_n appropriat.e linear filter, coupled with the where Y(t) is the external stochastic
original dynamic system. In this way, an . o
augmented stochastic system is obtained€Xcitation, the ~Response-Excitation ~(RE)
which can be treated by means of a FPKiheory_ developeq in[1,2] Iead_s to the following
equation involving the state-space variables of€volution equation for the joint Response-
the original system and the filter (Spanos, Excitation, Probability Density Function
1986, Muscolino, 1995, Pugachev and (REPDF) f, e (@ az:8) (3 (t)=x(1),
Sinithsyn,h2_001)l-| The metgod has been app“ildxz(t): x,(t); see [2] for a detailed description
to the ship roll motion by Francescutto an - P )
Naito (2004) and others. It is rather general andOf all coefficients appearing in equ. (1)):
effective as far as the excitation is Gaussian—f, .. s (alaz, ﬂ)‘ +
and the appropriate filter is of low order. ot

s—t

Hybrid techniques, combining some of the L, o B (@ @2 B) +
above methods have also been developed (Di asarz OTOYD
Paola & Floris, 2008). n ,(38 fx1(1)x2(1)y<1) (“1“2'ﬂ> -0 (2a)

Jda

2

Another generic approach, applicable to . .
quite general dynamical systems under coloredUPPlemented by the marginal compatibility
stochastic excitation, introduced in 2006 condition
(Athanassoulis & Sapsis, 2006), further _ _
developed in Sapsis & Athanassoulis (2008) v (6)_f2f fxl(t)xz(t)y(s)(al’az’ﬁ>da1da2_
(hereafter referred to as [1]), and applied to "
ship rolling motion by Athanassoulist al
(2009) (hereafter referred to as [2]). This and the initial condition.
approach is based on the use of the joint,

= known density function, Vs>t (2b)
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Fe o)Xt (0!1,0!2) = known density function  (2C) evaluated, because there is no way to separate
e o o the effect of the response timdrom the effect
L e, (+), appearing in (2a), is a linear of the excitation times, without knowing the

differential operator given by specific form of f, .. wys(@.a,.8). This

fact calls for a kind of priori approximation
b1+3b3a§azai+ of the term lim ot i, gye(arazf)/ot,
a,

I+ A

o, 0,

before any attempt to formulate a numerical

+K, aliJr K, aali tba, 9 n scheme for solving.
da, Ja, a,
5 5 5 In the present paper we develqpaapriori
+ by —+ ba,— + bg} () (3) closure technique, for the long-time, steady-
Oa, Oa, Oa, state REPDF evolution equation, by formula-

ting and using localized linear problems. Up to

Equ. (2a) is a peculiar equation, involving now, this, improved, response-excitation theory
two times and three probability arguments (onehas been developed only for first-order dyna-
for the excitation, one for the motion and one mical systems, that is, half-oscillators, under
for the velocity), and partial derivatives only Gaussian excitation. (Athanassouliet al,
with respect to one (response) time and two2012). Accordingly, we shall present herewith
(motion-velocity) probability arguments. This the method of closure, the scheme of the
peculiarity gives rise to fundamental questionsnumerical solution, and numerical results for a
regarding both the well-posedness of thehalf-oscillator of the form:
problem (2a,b,c) and the methods of its _ . ) ,
numerical solution. Recently, our approach re- X(t:0) = H (X(t’9)> * \P(y(t'g» (42)
examined by Venturiet al (2012), using a X(0;6)=x(0) (4b)
different (but essentially equivalent) method.
They confirmed the validity of equation
derived in [1] (and, thus, indirectly, of equation _ _ _ _
(2a), derived in [2]), and answered in negative Polynomial functions, andy(t;#) is a given,
the question regarding the well-posedness ofsmoothly correlated, asymptotically stationary,
problem (2), by presenting a simple example inGaussian stochastic process (regular colored
which our equation is valid but it does not noise). Accordingly, the polynomial excitation
ensures uniqueness. ACCO(dineg, it becomes\y(y(t;g)) can model (strongly) non-Gaussian
_clear that a kind of completion of problem (2) rocesses. We shall focus on the long-time,
Is necessary. The type of completion propose teady-state response of equ. (4), assuming that

by Venturiet al (2012) results in a much more . _ :
complicated equation, including the entire the Gaussian procesy(t;¢), shaping the

history of the response process in a functionaXxcitation, becomes quickly stationary, as
integral form, which cannot be considered ast—oc. Then, the evolution equation for the
an attractive alternative. long time steady state REPDFE, ), (c.f),
. . _ Which is valid in the limits—t (for s andt in

The crucial problem with the equ. (2a) is the long-time regime) and for every point
that the joInt-REPDFL, .y (a1.@2.8) 1S (a,8)e R* of the RE phase space, reads as
differentiated only with respect to the responsefollows:
time t. However, since the function
fxl(t)xz(t)y(s)(al,az,ﬂ) is unknown, the partial- It fx(t)y(s) (047@

time (called hereafterhalf-time) derivative
9t e (@1 @5, 8) 10t cannot be properly + %[(H (o) + ‘P(ﬁ)). frove (a,ﬂ)‘ Sﬁt] =0

where ¢ is the stochastic argument (the
sample-point indicator)H (+) and ¥(.) are

+ (59)

s—t

81



Proceedings of the 11™ International Conference on the Stability of Ships and Ocean Vehicles
23-28 September 2012, Athens, Greece.

supplemented by the marginal-compatibility To ensure stability we always assume that
constraint, H’(x) < 0. The localized excitatiory,, (t; )

is considered Gaussian (g ;#)), with mean

f fX(t)y(s)(O“ﬁ)da: value m, =y, and an appropriate
aER (5b) ‘°°

= fy (8) = a known pdf autocovariance functionc,  (t;s). Since
we are interested in the long-time regime, we

ensuring thatf, . (a.,3) complies with the  choose a scaled version of the long-time limit
given marginal, as well as by the conditions: ~of the global autocovariance function

cl (t—s), that is C, , (t—s)=
fX(t))’(s)(a’ﬁ)Zo’ (5¢) o (t=9) Voo v (L= S)

o2 .Cl¥)(t—s)/o?. However, the long-time

f f frovs (@:8)dBda = 1. (5d)  correlation matrix of the local linear problem is

BERaER scaled uniformly byo? /o7, and we can

No initial condition needs to be assumed Slnceassumeg — 0-5 and introduce the Sca"ng
in the long-time statistical equilibrium system’s

response is no longer dependent on the initiafater on.

conditions. ) ) L .
The localized, linear, stochastic differential
equation (7) is readily solved analytically. The
2 LOCAL DESCRIPTION OF THE long-time  covariances C(“)ym(w) and
RESPONSE-EXCITATION cP). (w) are given by the formulae:
CORRELATION STRUCTURE foc “oc
(c0) — i _ —
In order to implement oua priori closure Cchwoc(W) N tILmoo Cryee (LT=W) =

w = const

scheme for equ. (5a), we define and solve

. : . . ~ 8)
localized linear problems, providing us with (%) (4w (
information  concerning the local RE- = ¥ (%)- f € TMCy ey (W) du,
correlation structure. Focusing on a (any) -w
specific pointy, of the excitation state space, and
we find the corresponding (deterministic) long- N 2
time equilibrium pointx, in the response state C,*~, (w) = m X
space, by solving the equatiorH (x,)= - (9)
—¥(y,). Introducing a localized, around the y f C,_,. (v)-e" %o)-v=ul gy
point (x,,Y,), linear approximation of the V=" e
right-hand side of equ.(4a), we get: We shall now specialize the results (8) and
X(t;0) ~ H’(xo).(x(t;e)_xo) + (9) for the covariance function

6 ~
‘P’(yo).(y(t;ﬁ)—yo> ©) S (t—s) = Ci/y)(t_s) = (10)
and formulate the followintpcalized version = o} exp(—a(t - 3)2)
of equ. (4a):

The integrals appearing in the right-hand side
Xo0e (15 0) = H’(xo)-(xgOC (t; 0)—x0) + of equs. (8) and (9) can be calculated explicitly.
, _ (7) The results read as follows:
¥ (yo)'(y/oc (t ) 0)_ yO)
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- N of embedding the acquired local conditions
oy (1) = 2_\/5'% ' (¥o) shall be introduced. On the basis of the above
) 5 and previous (successful) experience in
XexpM+H/(xo).(t_s) % repre_senting _PDFS by superpo_sition of k_ernel
4-a density functions (Athanassoulis and Belibas-
H'(%,) sakis 2002, Athanassoulis and Gavriliadis
x{erf[\/a-(t—s) o) +1} (11) 2002), the following Kernel Density Represen-
2-/a tation (KDR) is adopted:
p/ 1
Cn (t=8) = —H(/)&))) 5 frove (@:0) =
o - 12 . 14
o g P STl es) O
X {CX/‘ocyloc (t o S) + CXIOCY/‘OC (S_t)} b

h LB, G,))ezZxZ, i i f
Using equ. (11) we are able to determine the'" -ere _(a' Oi)(1)eZxz, is a gnd o
points in the state spac@x R , each(«;,(3;)

partial-time derivative ofC{® (t—s) with
oo serving as the center of ti@aussian kernel

respect to the excitation time. After some density function K (a3, -,+), while

algebraic manipulations, the final result reads

as follows: C,, (0) C,, (t—s)
S (t-s)=|_ ™ i (15)
aC > (t—S) - C“iﬁi (t—s) Cﬂjﬁj (0)
Xsoc Y roc -
ot - (13) is the covariance matrix oK (a,8;-,-,¢). TO
:H/(Xo)'Cijfc)ym(t—S)+‘P/(yo)'c§°ﬁ;)ym(t—5) ensure that (14) is a Iegltlmate_ PDF, the
following constraints need to be imposed on

The derived auxiliary conditions (11)-(13), the unknown coefficients;;, (i,j)e Zx 2
provide the local correlation structure between
X(t;0) and y(s;8), ass—t, in the vicinity of 0<p; and Z]: Pi=1 (16a,b)
the RE phase space poit, ) = (%,,Y,). This
information will be exploited in the next

section, in order to implement the long time the whole plane R x k. For computational
limit lim & f (a 6)/& reasons, we focus on its form in its essential
st XY \" '

support D, conventionally defined as the
subset of RxR where f, (a,3)> e~

In principle, fx(t)y(t)(a,ﬁ) iSs supported on

3. KERNEL DENSITY 10°°- max{ f,, @ 3 }. This choice, restricts the
REPRESENTATION FOR THE JOINT  approximation in a compact subdomain
RESPONSE-EXCITATION AND D,, = [amin'amax]x[ﬂmin’ﬂmax]’ of RxR,

MARGINAL PDFS _ _
such thatD.CD,, (tail questions are not

The target of the numerical solution to equ. considered herewith), and the indiggsj) run

(5a)a_sur3ple(rr:ent3d k()jy all ap%r)op_riate ?_wgliar:yover the finite set N(1)xAN(J), where
conditions (already discussed), is to find the _ . .
time-independent (statistical equilibrium) joint N(_I) {12|} _and M) is s_lm.llarly
REPDF f,(a,0) = fX(t)y(t) (a,3). However, defl.ne.d. Sln.ceD%S |§ no.t known a prlerl some
in order to cope with the appearance of theprellmlnarylnformatlon IS necessary in order to

unusual, response-time (half-time) derivative in choose the computational domam, ;. This
equ. (5a), a representation of the lag-timeinformation is provided by the essential support
dependent joint REPDF, o (o, 8) capable of the known excitationf, (3) , in conjunction
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with an estimate of the total response variance,A ,(a,8) and [\)_(5) (see Athanassouli al
approximated by solving a global moment ’ .

problem using Gaussian closure. 2012) we obtain the following linear system for

p;; coefficients:

Introducing the KDR in equs. (5a) (the
constitutive conditions, equs. (5c,d) are <4
automatically satisfied thanks to the defining . . . .
properties of the KDR), we obtain the Zpij'Gj(i)’j:g;\j(fy)! vielN (L) (18ab)
following reformulation of problem (5a,c,d): b "
where G,

Pij"Gijer =0, V(k,2)eN(K)xN(L),
j

G are integrals of Gaussian

P ijcd j(i)./i

Z Pi; EK(aﬁ LB E i g (t—s)) + functions (calculated analytically) and
] s—t B

9 9. (f,)= | f,(8)-A;(8)dB.
+8—{(H(a)—|— ¥(3))x Al( 2 1713[ y g

@ (17a)
% K(a,ﬁ;a-,ﬂ- s (0))‘ H -0 On the basis of the above discussion, the

PRI st problem of calculating the expansion coef-

under the marginal compatibility constraint ficients p;; of the joint-REPDF takes the fol-

>R K (85 By o5 ) — fy(8)=0 (17b) lowing form:
b ProblemP : Find p;;, (i.j)e N (1)xN(J),

where K, (88,419, ¢)) = satisfying the homogeneous equation (18a),

under the marginal compatibility constraint

= f K(a,ﬂ:ai,ﬁj,ﬁai,ﬁj (tfs))da (18b) and the constitutive constraints (16a,b).
a€R

Note that, the half-time derivative

OK(-+ /5, (t=8))/ ot, appearing in equ. RESULTS- SOLUTION OF THE

HALF-OSCILLATOR PROBLEM
(17a), is now reduced to the corresponding In this section numerical results will be

derivative  of , th? COYar,'a”C? matrix presented for the special case of equ. (4a),
%1 (t—5), which is a priori estimated by describing a cubic half-oscillator under cubic
means of the results of the previous section.  excitation:

X(t;0) = (yl + y2~x(t;9)2)-x(t;0)+

(19)
(s + 0 y(6:0)°) y(6:0)

4. GALERKINTYPE
DISCRETIZATION OF THE

PROBLEM where y(t; ) is a Gaussian stochastic process,
with long-time correlation function given by
equ. (10). Two cases have been considered: the

case of a linear half-oscillator under non

has l_)gen reduced_ t9 the determination of theGaussian (cubic) excitation, with parameter
coefficients p;;, (i,j)eN(1)xN(J), from values u, ——1, 1,=0, x,=0, K,=1,

the system of equs. (17a,b). This problem Can(hereby callecCase 1) and the case of a non-
be solved using a Galerkin type, weighted-

) . linear half-oscillator under Gaussian excitation,
residual method (Kantorovich and Krylov,

1964, Zeidler, 1990) to find a discrete systeleth parameter valuesu, = u; =1, Kl:_l’
of equations, approximately equivalent to equs. x> =0 (hereby callecCase 2). The correlation
(17a,b). Using Gaussian Galerkin Kernels time of the Gaussian excitation procegt ; 6)

On the basis of the KDR, equ. (14), the
determination of the sought-for joint REPDF
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step is exploited in order to estimate the
essential supportD to redistribute the

=0.5\/z/a, while the relaxation time of the kernels, and redefine the kernel parameters.
system is estimated by the linear relaxationWithin usually one or two iterations of step 3,
time 7™ —1 (which is an overestimation the essential support converges, and the final

relax . .
: solution f .3) is extracted.
regarding Case 2). Two methods have been w (@)

used for the derivation of the joint REPDF
fry(a.3) and the marginal PDFy (). The

s given, by ¢~ [ "¢, (r)dr/c, (0) -

ess !

The Monte Carlo simulation is obtained by
) i . _ . generating 4000 samples of the excitation
numerical solution of the constraint optimi- process y(t;6), using the 1-D random-phase
zatlon problemP (hereby .referred to aBE model. Equ. (19) (with zero initial condition) is
solution), and a conventional Monte Carlo ¢gyed using ODE45, a MATLAB® imple-
scheme (hereby referred toM< simulation).  yeniation of the Dormant-Prince method
Systematic comparisons of the results Obtained(Dormand and Prince 1980), based on an

by the two methods are also presented. explicit Runge-Kutta (4,5) formula. The MC
PDF estimations are computed using the kernel
In the context of the RE theory, Problé™  gensity estimation via diffusion, introduced by

is solved numerically in three steps. In firest Botev et al (2010) and coded in MATLAB®
step, representation kernels and Galerkin functions by the same author.

kernels are identified. Their centers;, s,

icN(I),jeN(J), are placed on a regularly Results are presented for two different

spaced grid over the computational domainvalues of é)_arar?etea,_tnat\_melya: I3t'andt'7,
- corresponding to excitation correlation time:
D,;. The kemel variancesC,, ,C,, are P 9

i v _ i i
adjusted toD,, and the resolution of the grid, Teorr = 051 and 0.33 respectively. Since the

aiming at a certain degree of overlapping nonlinearity of equ. (19) contributes to damp-

: ing terms, the relaxation time of Case 2 is
between contiguous kernels. The kernel g

: . smaller than that of Case 1, for which
covariancesC, , , are defined by means of the
v Treax = L. Thus, the valuesa= 3 and 7

lax
formula C,, = p(0).\/C,. -./]C,, , where -
s, = P (0)Ca(Can correspond tol = (¥ /74 = 0.51,0.33. In
the local correlation coefficientp>(0) is

calculated from the localized linear problem.
The long-time limit of the half-time derivative In Figures 1 and 5, the joint REPDF is

0C,p = lIMOC, , (t—s)/0t, necessary in  ghown, as calculated by the MC simulation for
Case 1 and 2 respectively. The corresponding

) _ ] %% calculations using RE theory are illustrated in
is estimated from the localized approximation, Figures 2 and 6. The latter Figures also depict

equ. (13). The Galerkin kernels have beenyhe marginals obtained by the two methods.
selected to be Gaussian kernels, identical withrhe apsolute difference between the MC and
the representation ones. With these choices alke method is shown in Figure 3 for Case 1,

coefficients of equs. (18) are fully specified gng Figure 7 for case 2. This difference is, in
and thus we can proceed to teeond Step,  general, less than 5% in both Cases, except for
namely, the numerical sollutlon of problem P. i high probability areas in the strongly
This is performed using LSQLIN, the cgiored examples = 3), where it locally
constrained least squares MATLAB® function.  o5cnes a maximum of 20%. The latter. local
The solution yieldsp;, from which a first  high mismatch should be associated with the
estimate of the joint-REPDF is obtained. In the local steepness of the corresponding PDFs. In
third step the solution obtained in the second general, the PDFs shapes, as obtained by the

apB "

all case50y2 =1.

order to fully specify the coefficient§; ; .,
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two methods, are very similar, as can be seemethods, compare very satisfactorily in both
from Figs. 1, 2 and 5, 6. In addition, the Cases, regardless of the color strength
response marginal PDFs calculated by the two

| ,Re,sp,bnse PDF .

probability mass
probability mass

Figure 1: (Color online). REPDFs as calculatedM({a solution for Case 1 and= 3, 7. The
projections depict the marginal PDFs.

o

[oe]
o
(o]

g
o2}

Response PDF

o
»

o
o

probability mass
probability mass

o

Figure 2: (Color online). REPDFs as calculated gisiie RE solution for Case 1 aad=3, 7. The
marginal projections depict both MC (solid linesleRE solutions (dashed lines).

0.06

0.04

0.02

abs. difference
abs. difference

Figure 3: (Color online). The absolute differenegviieen RE and MC solutions: Caseal 3, 7.
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=09, =093
e o = 3,0, A = 0.51
o =5.0, A=0.40 ||
o=7.0, A=0.33

T [sec]
Figure 4: (Color online). The RE covariance
function for Case 1.

It is interesting to notice the strong
deviations of the calculated PDFs from the
“equivalent” 2D Gaussian distributions, for

both examined cases. The same also holds for

the response densities, as intuitively expected
Apart from the examples shown here, the RE
solution is also applicable for higher values of
ratio 2, as shown in recent work (Athanas-
soulis et al, 2012), where the joint REPDF

becomes bi-modal, although the examined
system is mono-stable (regarding the bi-
modality of bi-stable systems see also Grigolini
et al, 1988, Jung & Risken, 1985).

In Figs. 4 and 8, the response-excitation co-
variancecC, (r) for Cases 1 and 2 is plotted, as

obtained by MC simulationz <0 corresponds

to future lag values (excitation in advance of
response). In contrast to cases of delta-
correlated excitation, there is a correlation
between the current response value and the
future excitation. It is interesting to point out

that, after a rescalingcC,, () has a very

similar shape for both examined cases, when
values are equal.

probability mass

probability mass

Figure 5: (Color online). REPDFs as calculatedM({a solution for Case 2 and= 3, 7. The
projections depict the marginal PDFs.
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probability mass
probability mass

Figure 6: (Color online). REPDFs as calculated gisiie RE solution for Case 2 aad= 3, 7. The
marginal projections depict both MC (solid linesplaRE solutions (dashed lines).

abs. difference
abs. difference

Figure 7: (Color online). The absolute differenedreen RE and MC solutions: Casea2; 3, 7.

a=09, A=0.93

@=30, 1=051 | 6. CONCLUSIONS

s o = 5.0, A = 0.40
0=7.0, A=0.33

0.4r

C,, 0

In this paper we present, for the first time,
an a priori closure scheme, and a method for
numerical solution of the joint REPDF evolu-
tion equation, introduced in [1] and applied to

< [sec] ship rolling motion in [2]. The method is used
Figure 8: (Color online). The RE covariance to solve numerically two examples, a linear
function for Case 2. half-oscillator excited by a non-Gaussian ran-
dom process, and a non-linear half-oscillator
excited by Gaussian noise (see also Athanas-
soulis et al, 2012). The numerical results
obtained have been confirmed via MC simula-
tion. It is clear that the present method can be

0.2r
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is currently under investigation. Vehicles St. Petersburg , Russia, pp. 661 —
672 .
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