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Summary. In this paper a new mesh update technique is proposed and a numerical study for 
this method and other three spring analogy methods is conducted. For the solution of the 
moving mesh update problem a PCG-based algorithm is used, combined with the proposed 
mesh update technique. The PCG-based algorithm is also applied to the other three mesh 
update techniques, namely the torsional, the semi-torsional and the ball-vertex spring analogy 
schemes. The robustness of these four spring analogy methods is evaluated and their 
computational efficiencies are compared in 3D benchmark problems, including the AGARD 
wing 445.6. It is demonstrated that the ortho-semi-torsional spring analogy concept, in 
conjunction with a PCG type method for the solution of fictitious elasticity problems, 
provides robustness for substantially distorted meshes and computational efficiency for large 
scale problems. 
 

1. INTRODUCTION 
 

The numerical simulation of the dynamically updated unstructured three-dimensional 
meshes arises in many engineering applications i.e. moving boundary problems, bio-fluid 
mechanics (blood flow in human arteries), including fluid-structure interaction (FSI) problems 
like dynamic parachute air interaction, airfoil oscillation, flutter prediction, hydrodynamic 
design and other aeroelastic instability problems. In such applications, when some of the fluid 
domain boundaries undergo a motion with large amplitude, it becomes necessary to solve the 
flow equation based upon a regenerated or a moving mesh. If the mesh is not regenerated then 
it has to be dynamically updated.  
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2. THE SPRING ANALOGY CONCEPT 

2.1 Torsional spring analogy method 
The basic disadvantage of the linear spring analogy method is the lack of controlling 

collapse mechanisms due to the fact that the linear spring stiffness coefficients are not 
affected by angular or by volume changes of the element. To prevent element inversion on a 
2D triangle, three torsional springs where attached, one at each vertex of the triangle and their 
stiffness coefficients were depended on the angle θ of the corresponding vertex. This method 
was extended to 3D applications by Farhat and Degand [1], where in order to control the 
volume of a tetrahedral, 12 triangles (three for each tetrahedral vertex) were implemented. 
 

2.2 The ball-vertex spring analogy method 
The ball-vertex spring analogy method considers the same linear springs with the linear spring 
analogy method. The basic idea of this method is to introduce additional linear springs that 
resist the motion of a mesh vertex towards its opposed face [2].  
 

2.3 Semi-Torsional spring analogy method 

The semi-torsional spring analogy method also considers the same springs with the linear 
spring analogy method along the edges. In this case, the stiffness coefficient of each linear 
spring is equal to the torsional stiffness coefficient of the facing angle. For 2D triangular 
elements, a semi-torsional stiffness coefficient of an edge i-j was proposed by Blom [3].  For 
the deformation of 3D unstructured meshes, Zeng and Ethier [4] proposed recently a semi-
torsional spring analogy model of which its edge’s stiffness is defined as the sum of its linear 
and semi-torsional stiffness. 
 

2.4 The Ortho-Semi-Torsional spring analogy method (OST) 

In the proposed OST spring analogy method we consider four additional imaginary linear 
springs as shown in Fig. 1, in addition to the springs of the semi-torsional method. Every 
tetrahedral node is projected on the opposite face and the distance of the corresponding 
projection forms a linear spring with its stiffness coefficient given by equation (1). This linear 
stiffness coefficient is subsequently transferred to the neighboring edge springs in such a way 
that the shortest linear spring benefits more from this imaginary spring. The additional 
stiffness coefficient ksi corresponding to node s is equal to: 

1
si

si

k
l

=  (1)

where sil  is the length of distance si. This additional stiffness coefficient is divided into three 
parts (with the help of three linear distribution parameters), one for each neighboring edge. 
The linear allocation parameters are given by: 
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where . Following the calculation of the three distribution parameters total qs ps rsl l l= + + l

,  of the vertex g , , ,   1, 2,3gi j p q r s and jλ = = , the additional edge stiffness coefficients 
corresponding to each neighboring edge of node s, are obtained by: 
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where  is given by equation (1) and κortho
sik 1 is a coefficient related to the closeness of the 

projection si to the neighboring edges. The total stiffness coefficient of the qs edge of the 
element is: 

( ) ( )

2

1 1
,1 ,1

orthoortho
qitotal S T Lsi

qs qs qs

si qi

kkk k

κ

κ κ
λ λ

−
⎡ ⎤⎛ ⎞⎛ ⎞
⎢ ⎥⎜ ⎟⎜ ⎟= + +
⎢ ⎥⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠⎣ ⎦

k+  (4)

where coefficient κ2 affects the contribution of the additional linear spring stiffness 
coefficients correspondingly to the total stiffness of the edge.  The coefficient κ1 is 
implemented to the shortest edge of the corresponding node. For almost equal edge lengths, 
then κ1 is applied to all three edges. This is controlled by a tolerance parameter lε : 
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Figure 1: Projection of node s on the opposite face – Creation of the ksi imaginary linear 
spring coefficient. 

If lε  tolerance parameter is satisfied then the ratio importance coefficient κ1 is implemented 
to the corresponding linear springs. In sections 3, of the numerical results, the following 
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values are implemented:  κ1 =2, κ2 = 1.5 and lε  = 5%. 
 

3. NUMERICAL APPLICATIONS 
In this section, the superiority of the proposed OST spring analogy method and the 

computational performance of the adopted PCG-SSOR algorithm were studied. For this 
purpose, two 3D benchmark problems were considered. The first test problems consisted of 
unevenly structured grids of tetrahedral elements and were used to compare the computational 
efficiency of the proposed algorithm and the implementation adopted in [4], as well as to 
compare the computational performances of the four spring analogy methods. The 2nd 
benchmark problem was the AGARD wing 445.6.  
 

4. CONCLUSIONS 
In this work, an improved mesh update technique has been presented, the ortho-semi-

torsional (OST) spring analogy method, which combines the simplicity of the semi-torsional 
spring analogy method and the robustness of the torsional spring analogy method. The 
proposed mesh update technique retains the advantages of both previously mentioned mesh 
update techniques without inheriting their weaknesses. Furthermore, a SSOR-PCG algorithm 
is implemented for the solution of the fictitious elastostatic problem. This solution algorithm 
was proved capable in improving the convergence properties for all four mesh update 
methods and performed considerably better than previously implemented solution methods 
for the mesh update problem. The importance of implementing a well formulated 
preconditioning scheme for solving iteratively a multi-step elastostatic problem, was also 
shown.  
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