
SQOLH E.M.F.E 5o EXAMHNO

ARIJMHTIKH ANALUSH II KAI ERGASTHRIO

LUSH 2ης ERGASTHRIAKHS ASKHSHS

JewroÔme to Prìblhma Arqik¸n Tim¸n (Prìblhma 0){
y′(t) = −y(t)− 5e−t sin(5t), t ∈ [t0, tfinal]

y(0) = 1

me pragmatik  lÔsh thn y(t) = cos(5t)e−t.

ERWTHMA 1.

Ja epilujeÐ to Prìblhma 0 arijmhtik� me thn �mesh mèjodo Euler (euler.m), thn

Improved Euler (impeuler.m) kai thn �mesh polubhmatik  mèjodo Runge-Kutta

tess�rwn stadÐwn tet�rthc t�xhc (rk4.m), sto di�sthma [0,3] me stajerì b ma

h = 0.1.

B ma 1:

Dhmiourg¸ sto Matlab ta {function-arqeÐa} tou Probl matoc 0:

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% H diaforik  exÐswsh pr¸tou bajmoÔ f0.m, pou ja epilÔsei h mèjodoc%

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

function yprime = f0(t,y);

yprime=-y-5*exp(-t)*sin(5*t);

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% H pragmatik  lÔsh f0true.m tou Probl matoc 0 %

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

function ytrue = f0true(t);

ytrue =cos(5*t).*exp(-t);

B ma 2:

Dhmiourg¸ sto Matlab to {script-arqeÐo} gia to Prìblhma 0:

%%%%%%%%%%%%%%%%%%%%%%%%

% Driver program run21p0.m %

%%%%%%%%%%%%%%%%%%%%%%%%
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clear all

format long

hold off

clf

% ArqikopoÐhsh tou probl matoc

t0 = 0; tfinal = 3; y0 = 1; h=0.1;

% Arijmhtik  epÐlush tou probl matoc 0 me tic 3 mejìdouc

[tout1, yout1] = euler(’f0’, t0, tfinal, h, y0)

[tout2, yout2] = impeuler(’f0’, t0, tfinal, h, y0)

[tout3, yout3] = rk4(’f0’, t0, tfinal, h, y0)

% DhmiourgÐa pukn c diamèrishc me b ma 0.01 gia thn f0true

tout4=t0:0.01:tfinal;

% Grafik  par�stash twn proseggistik¸n lÔsewn kai thc pragmatik c lÔshc

plot(tout1, yout1, ’o’, tout2, yout2, ’.’, tout3, yout3,’+’,tout4,f0true(tout4), ’-’)

title(’euler, impeuler and rk4 on f0’); xlabel(’t’); ylabel(’y and ytrue’);

ShmeÐwsh: Oi epexhg seic pou dÐnontai met� apì to sÔmbolo % apoteloÔn

sqìlia kai dÐnontai gia dieukrÐnhsh proc ton anagn¸sth.

Grafik  Par�stash:

EmfanÐzetai h parak�tw grafik  par�stash:
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ERWTHMA 2.

QrhsimopoioÔme ta dedomèna tou erwt matoc 1.

%%%%%%%%%%%%%%%%%%%%%%%%

% Driver program run22p0.m %

%%%%%%%%%%%%%%%%%%%%%%%%

clear all

format long

hold off

clf

% ArqikopoÐhsh tou probl matoc

t0 = 0; tfinal = 3; y0 = 1; h=0.1;

% Arijmhtik  epÐlush tou probl matoc 0 me tic 3 mejìdouc

[tout1, yout1] = euler(’f0’, t0, tfinal, h, y0);

[tout2, yout2] = impeuler(’f0’, t0, tfinal, h, y0);

[tout3, yout3] = rk4(’f0’, t0, tfinal, h, y0);

% Apìluto sf�lma se k�je shmeÐo thc diamèrishc gia kajemÐa mèjodo

err1=abs(yout1-f0true(tout1))

err2=abs(yout2-f0true(tout2))

err3=abs(yout3-f0true(tout3))

% AkrÐbeia se k�je shmeÐo thc diamèrishc gia kajemÐa mèjodo

acc1=-log10(err1);

acc2=-log10(err2);

acc3=-log10(err3);

% Grafik  par�stash tou pl jouc twn shmantik¸n dekadik¸n yhfÐwn se k�je

% shmeÐo thc diamèrishc gia tic 3 mejìdouc

plot(tout1, acc1, ’o’, tout2, acc2, ’.’, tout3, acc3, ’+’)

title(’euler, impeuler and rk4 on f0’); xlabel(’t’); ylabel(’accuracy’);
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Grafik  Par�stash:

Ja prèpei na emfanisteÐ to par�katw gr�fhma. ParathreÐste oti h mèjodoc pou

lÔnei to Prìblhma 0 me th megalÔterh akrÐbeia eÐnai h mèjodoc rk4.m. GiatÐ

sumbaÐnei autì?
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ERWTHMA 3.

Ja epilujeÐ to Prìblhma 0 me to zeÔgoc mejìdwn Runge-Kutta èxi stadÐwn t�-

xewn 5(4) (frk45.m) metablhtoÔ b matoc, sto di�sthma [0,8] me timèc paramètrou

anoq c 10−4, 10−5, 10−6.

%%%%%%%%%%%%%%%%%%%%%%%%

% Driver program run23p0.m %

%%%%%%%%%%%%%%%%%%%%%%%%

clear all

format long

hold off

clf

% ArqikopoÐhsh tou probl matoc

t0 = 0; tfinal = 8; y0 = 1;

% Arijmhtik  epÐlush tou probl matoc 0 me tol=10−4

tol = 1e-4;

[tout1, yout1] = frk45(’f0’, t0, tfinal, y0, tol)

% Arijmhtik  epÐlush tou probl matoc 0 me tol=10−5

tol = 1e-5;

[tout2, yout2] = frk45(’f0’, t0, tfinal, y0, tol)

% Arijmhtik  epÐlush tou probl matoc 0 me tol=10−6

tol = 1e-6;

[tout3, yout3] = frk45(’f0’, t0, tfinal, y0, tol)
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ERWTHMA 4.

Ja epilujeÐ to Prìblhma 0, ìpwc kai prin, me thn mèjodo frk45.m sto di�sthma

[0,5] me timèc paramètrou anoq c 10−4, 10−5, 10−6.

%%%%%%%%%%%%%%%%%%%%%%%%

% Driver program run24p0.m %

%%%%%%%%%%%%%%%%%%%%%%%%

clear all

format long

hold off

clf

% ArqikopoÐhsh tou probl matoc

t0 = 0; tfinal = 5; y0 = 1;

% Arijmhtik  epÐlush tou probl matoc 0, apìluto sf�lma kai akrÐbeia se k�je

% shmeÐo thc diamèrishc gia tol=10−4

tol = 1e-4;

[tout1, yout1] = frk45(’f0’, t0, tfinal, y0, tol);

err1=abs(yout1-f0true(tout1))

acc1=-log10(err1);

% 'Omoia gia tol=10−5

tol = 1e-5;

[tout2, yout2] = frk45(’f0’, t0, tfinal, y0, tol);

err2=abs(yout2-f0true(tout2))

acc2=-log10(err2);

% 'Omoia gia tol=10−6

tol = 1e-6;

[tout3, yout3] = frk45(’f0’, t0, tfinal, y0, tol);

err3=abs(yout3-f0true(tout3))

acc3=-log10(err3);

% Grafik  par�stash tou pl jouc twn shmantik¸n dekadik¸n yhfÐwn se k�je

% shmeÐo thc diamèrishc gia tic 3 mejìdouc

plot(tout1, acc1, ’o’, tout2, acc2, ’.’, tout3, acc3, ’+’)

title(’frk4 on f0’); xlabel(’t’); ylabel(’accuracy’);
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Grafik  Par�stash:

Ja prèpei na emfanisteÐ to par�katw gr�fhma. ParathreÐste oti me par�metro

anoq c tol = 10−6, h mèjodoc frk45.m lÔnei to Prìblhma 0 petuqaÐnontac pio

akribeÐc proseggÐseic thc lÔshc.
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Prìblhma 1

'Estw to Prìblhma Arqik¸n Tim¸n (Prìblhma 1)

y′(t) =

{
y(t)(−2t+ 1

t
), t ̸= 0

1, t = 0
, t ∈ [t0, tfinal]

y(0) = 0

me pragmatik  lÔsh thn y(t) = te−t2 . Tìte ta prohgoÔmena erwt mata 1 mèqri

kai 4 apant¸ntai me ton Ðdio trìpo. H mình diafor� eÐnai sthn allag  thc ar-

qik c sunj khc y0 = 0 tou Probl matoc 1 kai sthn dhmiourgÐa twn nèwn arqeÐwn

sunart sewn f1.m kai f1true.m.

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% H diaforik  exÐswsh pr¸tou bajmoÔ f1.m me dÔo kl�douc %

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

function yprime = f1(t,y);

if t==0,

yprime=1;

else

yprime=y*(-2*t+1/t);

end

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% H pragmatik  lÔsh f1true.m tou Probl matoc 1 %

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

function ytrue = f1true(t);

ytrue =t.*exp(-t.̂ 2);
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Prìblhma 2

'Estw to Prìblhma Arqik¸n Tim¸n (Prìblhma 2){
y′′(t) + y(t) = 0, t ∈ [t0, tfinal]

y(0) = 1

me pragmatik  lÔsh thn y(t) = cos(t). H diaforik  exÐswsh eÐnai deÔterhc t�xhc

wc proc y kai gia thn arijmhtik  epÐlus  thc ja prèpei na metasqhmatisteÐ se

èna sÔsthma diaforik¸n exis¸sewn pr¸thc t�xhc. Tìte ergazìmaste wc ex c:

y1(t) = y(t)

y2(t) = y′(t)

}
⇒

y′1(t) = y′(t)

y′2(t) = y′′(t) = −y(t)

}
⇒

y′1(t) = y2(t)

y′2(t) = −y1(t)

}
⇒

[
y′1(t)

y′2(t)

]
=

[
0 1

−1 0

][
y1(t)

y2(t)

]
⇒ Y ′(t) = AY (t) (1)

Opìte h diaforik  exÐswsh tou Probl matoc 2 deÔterhc t�xhc metatrèpetai sto

isodÔnamo sÔsthma (1) pr¸thc t�xhc me pragmatik  lÔsh kai arqik  sunj kh

Y (t) =

[
y1(t)

y2(t)

]
=

[
cos(t)

− sin(t)

]
kai Y (0) =

[
1

0

]
,

antÐstoiqa. AkoloÔjwc, dÐnontai ta arqeÐa sunart sewn tou Probl matoc 2, ta

opoÐa basÐzontai sthn an�lush aut .

%%%%%%%%%%%%%%%%%%%%%%%%%%%

% To diaforikì sÔsthma pr¸tou bajmoÔ f2.m %

%%%%%%%%%%%%%%%%%%%%%%%%%%%

function yprime = f2(t,y);

yprime=[0,1;-1,0]*y;

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% H pragmatik  lÔsh f2true.m tou Probl matoc 2 %

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

function ytrue = f2true(t);

ytrue =[cos(t);-sin(t)];
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%%%%%%%%%%%%%%%%%%%%%%%%

% Driver program run21p2.m %

%%%%%%%%%%%%%%%%%%%%%%%%

clear all

format long

hold off

clf

% ArqikopoÐhsh tou probl matoc

t0 = 0; tfinal = 2*pi; y0 = [1;0]; h=0.2;

% Arijmhtik  epÐlush tou probl matoc 2 me tic 3 mejìdouc

[tout1, yout1] = euler(’f2’, t0, tfinal, h, y0);

[tout2, yout2] = impeuler(’f2’, t0, tfinal, h, y0);

[tout3, yout3] = rk4(’f2’, t0, tfinal, h, y0);

% Prosoq  stic diast�seic twn dianusm�twn yout(:,1) kai f2true, qrei�zetai

% anastrof !!!

ytrue1=f2true(tout1)’;

ytrue2=f2true(tout2)’;

ytrue3=f2true(tout3)’;

% Apìluto sf�lma gia thn pr¸th sunist¸sa thc prosèggishc thc lÔshc se k�je

% shmeÐo thc diamèrishc gia kajemÐa mèjodo

err11=abs(yout1(:,1)-ytrue1(:,1));

err21=abs(yout2(:,1)-ytrue2(:,1));

err31=abs(yout3(:,1)-ytrue3(:,1));

% Apìluto sf�lma gia thn deÔterh sunist¸sa thc prosèggishc thc lÔshc se

% k�je shmeÐo thc diamèrishc gia kajemÐa mèjodo

err12=abs(yout1(:,2)-ytrue1(:,2));

err22=abs(yout2(:,2)-ytrue2(:,2));

err32=abs(yout3(:,2)-ytrue3(:,2));

% AkrÐbeia gia thn pr¸th sunist¸sa thc prosèggishc thc lÔshc se k�je shmeÐo

% thc diamèrishc gia kajemÐa mèjodo

acc11=-log10(err11);

acc21=-log10(err21);

acc31=-log10(err21);
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% AkrÐbeia gia thn deÔterh sunist¸sa thc prosèggishc thc lÔshc se k�je shmeÐo

% thc diamèrishc gia kajemÐa mèjodo

acc12=-log10(err12);

acc22=-log10(err22);

acc32=-log10(err22);

% DhmiourgÐa pukn c diamèrishc me b ma 0.01 gia thn f2true

tout4=t0:0.01:tfinal;

ytrue4=f2true(tout4)’;

% Grafik  par�stash thc pr¸thc sunist¸sac thc prosèggishc thc lÔshc kai

% thc pragmatik c lÔshc

subplot(2,2,1);

plot(tout1, yout1(:,1), ’*’, tout2, yout2(:,1), ’+’, tout3, yout3(:,1), ’o’,

tout4, ytrue4(:,1), ’-’)

% Grafik  par�stash thc deÔterhc sunist¸sac thc prosèggishc thc lÔshc kai

% thc pragmatik c lÔshc

subplot(2,2,2);

plot(tout1, yout1(:,2), ’*’, tout2, yout2(:,2), ’+’, tout3, yout3(:,2), ’o’,

tout4, ytrue4(:,2), ’-’)

% Grafik  par�stash tou pl jouc twn shmantik¸n dekadik¸n yhfÐwn se k�je

% shmeÐo thc diamèrishc thc pr¸thc sunist¸sac thc prosèggishc thc lÔshc

subplot(2,2,3);

plot(tout1, acc11, ’*’, tout2, acc21, ’+’, tout3, acc31, ’o’)

% Grafik  par�stash tou pl jouc twn shmantik¸n dekadik¸n yhfÐwn se k�je

% shmeÐo thc diamèrishc thc deÔterhc sunist¸sac thc prosèggishc thc lÔshc

subplot(2,2,3);

plot(tout1, acc12, ’*’, tout2, acc22, ’+’, tout3, acc32, ’o’)

ShmeÐwsh: Oi diamerÐseic tout1, tout2 kai tout3 eÐnai Ðdiec, efìson to b -

ma paramènei Ðdio (h = 0.2) kai stic treic mejìdouc. Parìla aut� shmei¸nontai

diaforetik�, prokeimènou na mhn up�rxei sÔgqush. Epiplèon, ta orÐsmata thc

entol c plot ja prèpei na brÐskontai sthn Ðdia gramm  (ed¸ den up rqe arketìc

q¸roc).
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Grafik  Par�stash.

EmfanÐzontai ta parak�tw graf mata:
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