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ABSTRACT

The vertical displacements of control points ,which are inaccessible using

the classical method of geometric levelling ,can be

determined using the

method of Trigonometric lLevelling .In this article ,the errors appeared in

determining vertical displacements with this method
special reference is made to the error caused by the
ction coefficient .Using the proposed solution ,the
vertical displacements and the determinstion of the
ction coefficient can be done simultanecusly.

are discussed .Also,
chenge of the refra-
determination of the
change of the refra—
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1. DETERMINATION OF VERTICAL DISPLACEMENTS USING TRIGONOMETRIC
LEVELLING.

The method of Trigonometric Levelling gives us meny possibilities in de—
termining the vertical displacements of control points in constructions,
where the use of classical geometric levelling is not possible.

In this method, if the vertical angles (Z),the horizontal distances (D) the
vertical position of the instrument (I) Fig. 1. and the refraction coeffi-
cient (K) are changed between two epoques of measurements ,then the verti-
cal displacement of a control point can be calculated from the equation:

1+tan?Z D2
Ah=D ———— AZ + tanZ AD — ——— AK + AI (1)
cC 2R
o}

where:
D= horizontal distance between
instrument point and control point.
Z= vertical angle.
AZ= the vertical angle's change.
AD= the distance's change.
AI= the instrument point's change
in vertical position.
AK= the refraction coefficient's change.
R= earth's radius.
©=636620. FIGURE 1

The influence of each term in the equation (1) at the value of Ah depends
on the durstion of work and the kind of displacements.

The dursation of the field work can be related to:

— Short-term measurements,during which the instrument point has no displa—

cement.
— Long—term messurements , during which the instrument point has displa-

cement .

In both cases , the control point , may be influenced only by veitical
displacements or by both vertical and horizontal displacements . In this
article both cases are examined.

2. ERRORS IN THE TRIGONOMETRIC LEVELLING DUE TO THE DURATION CF FIELD
WORK AND THE KIND OF DISPLACEMENTS.

2.1 First csse : The observation are sort-term while the control points
have only vertical displacements.

In this case the accurscy of the vertical displacements' determination is
influenced ,by the error in the vertical angle's measurement ,the error in
the change of the refraction coefficient's value and the error in the di-
stance's measurement to the control points.



In Fig. 2. we can see the mean square error in the determination of verti—
cal displacements when measuring distances and vertical angles 1in two or

three pericds
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FIGURE 2 :Mean square error of vertical displacements' determinstion
caused by the error in measurement of the vertical angle.

Combining both the influence of the vertical angle's measurement error and
the refraction coefficient's determination error ,we can compute the mean
square errors in determining the vertical displacements. In Fig. 3. we can
see the changes in the mean square errors of the vertical displacements'
determination when the measurements have been taken from only one standing

point.
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FIGURE 3 :Change in the mean square errors of the vertical displacements'
determination for the first case.



2.2 BSecond case: The observations are long—term,while the control points
are influenced only by vertical displacements.

In this case 311 the terms of equation (1) influence the accuracy of the
vertical displacements' determination.

The instrument's vertical position change (AI) between two epoques of mea—
rements ,can be determined from the vertical angles' measurement towards
four or more reference points.

D
Al = - —c (1+tan?Z) AZ (2)
(D,z from instrument point to the reference points).
g
If 2Z=0 then:

D

cC
o)

Al =— AZ (3)

The error oAl can be calculated from the distance D and the number of re—
ference points (ni) according the equation:

D
oAI=cAh = e olAZ (4)
p <ni
cC

In Fig.4. we can see the dependence of oAh from D and ni,if oAZ = += 3.00
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FIGURE 4: Dependence of the oAh error from the distance measurement and
the number of the reference points.

Combining all the corrections mentioned above we can draw the curves show-
ing the mean square errors of the wvertical displacements' determination
which appear in Fig.5.
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FIGURE 5 :Mean square errors of the vertical displacements' determination
for the second case.

2.3 Third case: The observations are short—term while the control points
have vertical and horizontal displacements .

The accuracy in determining vertical displacements in this case will be
influenced by the first case's errors plus the error in the determination
of the change in distances between the instrument point and control points.
The horizontal points' displacements are easily determined by interse—
ctionz Fig. 6.

FIGURE 6 : Errors due to the change in distances.



The errors due to the change in distance will be:

gha
oldl= ————— d2 (5)
pccs ind

cla
oAdll= —— 41l (6)

0°Csins

From the above equations ,if dl= d2= D the error in the vertical displace-
ment 's determination is:

olha
oAh= ————— D tanZ (7)

pccsinS

The error oAa in equation (7) , which is the error in the angle's change
will depend on:

—The error in the directions' measurement at the primitive and the current
period of the observations.

~The error of the deflection of the preeminent axis of theodolite.

The influence of the horizontal displacement's error in determining accu-—
rately the vertical displacements is about 15% smaller ,using multiple in—
tersection from three points than when using a8 single intersection . In

Fig.7. we can see the curves showing the mesn square errors ,for this case.
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FIGURE 7 : Mean square errors of the third case.
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2.4 Fourth case : The observations are long-term while the control points
have wvertical and horizontal displacements .

The accuracy in determining vertical displacements deperds on all the pre—
viously mentioned errors,sush as:

— Vertical angle measurement's error.

— The refraction coefficient change determination's error.

— Distance determination's error.

— The error in determining the change of the vertical position of the in-
strument point.

The curves showing the wvalue of the mean square errors of the vertical
displacements' determination that concern the fourth case ,appear in the

disgram of Fig. 8.
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FIGURE 8 : Mean square errors of the wvertical displacements' determi-
nation for the fourth case.

3. INFLUENCE OF THE CHANGE IN THE REFRACTION COEFFICIENT IN THE CALCULATION
OF VERTICAL DISPLACEMENTS.

The change of the refraction coefficient introduces a8 correction in the
calculating value of Ah for all the above cases of work.This correction is

given from the equation:



D2
(8)

Ahk = (K'—XK)
2R

where : K,K' the mean refraction coefficient's value along the intended
line ,at the begining and the end of the measurements correspondly.

The refraction coefficient in each point of the lighting ray takes the va—
lue:

P
K = 668.7 === (0.0342 + T) cosZ ' (9)

T‘Z

where :

P=atmospheric pressure in mmHg

T=temperature in °K

T=temperature gradient in °C/m

Z=vertical angle

Analyzing equation (9) we can see is that the vertical tempersature gro—
dient has the maximum influence in the value of refraction coefficient.The
value of the wvertical temperature gradient at an ordinary height is de—
termined from the equstion:

dT B
T = =ah (10)

dh

The coefficient a is the vertical tempersture gradient st 1m height
above the earth's surface.The value of coefficient B during noon hours on
8 sunny day is about -1 while ,during night hours ,is about —0.9 . So ,we
can accepted that :

= B (11)

The tempersture gradient depends on conditions like : the season of the
year,the altimeter,the degree of cloudness and surroundings .The value of
tempersture gradient for an ordinary height can be determined from the =T
which are measured in the field. According to equation (10) ,by messuring
the temperatures To and Th at corresponding heights ho and h ,we have:

Th - To
T = —— 12)
h
1n
ho

Considering that the temperatures Th and To are measured at the altimeter
h=3m and ho=0.5m,with an error of oT=t0.1°C, we have the mean square error
of the tempersture gradient determination equal to : ov=+0.08°C/m.



4 .DETERMINATION COF THE INFLUENCE OF THE TEMPERATURE GRADIENT'S CHANGE IN
THE COMPUTATION OF VERTICAL DISPLACEMENTS.

The value of the refraction coefficient is influenced from the value of
the temperature gradient near the instrument point and the wvalue of the
temperature gradient at the control point . In trigonometric levelling the
control points are ususlly inaccessible ,so the value of temperature gra—
dient at this point must be determined from equation (11).According to (9)
the refraction coefficients at instrument point i and at control point
j .have the form:

Pi
Ki = 668.7 (0.0342 + Ti) cos(Z+u) ' (13)
Ti?
Pj
Kj = 668.7 (0.0342 + Tj) cos(Z+u) (14)
Tj2

where u = the ground's inclination angle towards the intended line.The va-—
“lues of the temperature gradient =i and =Tj are:

T T
T = —= T = —= (15)
hi hj

So ,the mean refraction coefficient slong the intended line is given from
the equation:

Pi T Pj T
K=668.7 [3 — (0.0342+ ——) + — (0.0342+ —)] cos(Z+u) (16)
T1% hi T3* hj

If Pi=P3=P and Ti=Ti=T we hove :

P 3hj+hi
K=167.2 [ 0.1368 + T (———)] cos(Z+u) (17)
= S
And correspordly:
P’ 3hj+hi
K'=167.2 —— [ 0.1368 + T' (=——)] cos(Z+u) (18)
It = By ki

If we determine the refraction coefficients K and K' from the equations
(17) ,(18) we can determine the correction of the change of the refraction

coefficient using equation (8).

The mean square error of the calculated correction is:



D2

ohAhk = * oAK (19)

2R

If P=P' and T=T',then:

P 3hj+hi
AK = 167.2 —— (T" —T ) ( } cos (Z+u) (20)
T2 2 . hj hi

From equations (19) and (20) we have:

P 3hj+hi D2
chhk = + 167.2 (: ) cos(Z+u) olt (21)
T3 hj hi 2R

g
And for P=760 mmHg , T=290°K , Z+u =100 and hi = 1.5 m then:

=7 :
ohhk = £ 1.186 (2 + — ) d? oAt (22)
hj

If we insert into the calculations the correction Ahk ,which can be cal-
culated from measured or calculated values of T and T' we can not elli-
minate absolutely the influnce of the refraction ,but only minimite it .In
Fig. 9. the errors ,inserted into the calculations due to the differences
At ,appear for various conditions.
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FIGURE 9 : Errors inserted intoc the calculations if we don't take into
consideration the differences At for various conditions.

5.SIMULTANEQUS DETERMINATION OF THE VERTICAL DISPLACEMENTS AND THE CHANGES
OF THE REFRACTION COEFFICIENT.

Using the above equations we can calculate the influence of the refraction
in the determination of the vertical displacements ,even when the observa—



5.SIMULTANEOUS DETERMINATION OF THE VERTICAL DISPLACEMENTS AND THE CHANGES
OF THE REFRACTION COEFFICIENT.

Using the above equations we can calculate the influence of the refraction
in the determination of the vertical displacements ,even when the observe—

tion are taken from one station only . If the observations sre taken from
two or more stations,then we can insert the change of the refraction coef-
ficient as one more unknown parsmetre in the observation equations. If the
number of exceeding observstions (network's freedom degree) is small then
only one value for the refraction coefficient's change for whole network
can be determined.

If the number of exceeding observations is large and the distances of the
intended lines are varified,then we can determine the change of the refra-
ction coefficient for each instrument point .Using the basic trigonometric
levelling equation for the determination of vertical displacements ,we ma—
ke the below observation equations:

— for the measured values of vertical angles to the control point:

oo cC e
P P p Dij
Ahag = ATi + AKij =
Dij(1l+tan?Zij) Dij(1+tan2Zij) 2R(1+tan?Zij)
ADij - cc
=(AZij + g sin2Zij) + UAMij (23)
2Dij
— for the measured values of vertical angles to the reference point :
ce EC
P p = - Bik
- AIi + AKik =
Dik(1+tan?Zik) 2R(1+tan?Zik)
ADik cc
= AZik + p sin2Zik + UAZik (24)

2Dik
where: .
i =instrument point.
j =control point .
Kk =reference point.
D =the horizontal distance between the points.
Z =the vertical angle between the points.

Inserting the simplifications:

CC 5 cc
P o
Aij= - Bik= (23)
Dij(1+tan2Zij) Dik(1+tan?*Zik)

ADij cc
(AZ)ij = AZij + = p sin2Zij (26)

2Dij

ADik cC
(AZ)ik = AZik + P sinZik (27)

2Dik



the equations (23) and (24) take the forms:

D213
Alj ahy — A33 811 + Adj AKij = (AZ)ij + UAZij (28)
2R
D2ik
~Bik AIi + Bik AKik = (AZ)ixk + UAZik (29)
2R

The change of the refraction coefficient for each intended line ,which is
different for each instrument point ,must be expressed with one common va-—
lue (AKo).This value mey be the change of the refraction coefficient for
an intended line parsllel with the ground level and st a3 height equal to
the instrument's height .From equation (20) we have:

3hj+hi
(=) sin(Z+u)
AK hi hj 3hj+hi
= = ( ) cos(Z+u) (30)
AKo 3hj+hi 4hj
hi?
3hi+hi

or AK = AKo ( ) cos(Z+u) 31}

4hj

Replacing equation (31) to the equations (28) and (29) we have the fi-
nal form of the observation equations:
— for the measured values of vertical angles to the control point:

2 o R R g
A23 Mhj — A3 Afi + Rij ( ) cos(Z+u)ij AKoi =
8R hj

=(AZ)ij + UAZij (32D
— for the messured values of vertical angles to the reference point:
D?2ik  3hk+hi

—-Bik AIi + Bik ( ) cos(Z+u)ik AKoi =
-8R hk

= (AZ)ik + UAZik (33)

With the solution anslyzed above we can get as results ,the verticsl dis-—
placements of the control points Ahj , the vertical displacement of the
instrument point AIi and the change of the refraction coefficient AKoi
for each station .If the network's freedom degree is small ,we can deter—
mine only one common value of the change of the refraction coefficient AKo
for the whole network.



5.1 APPLICATION

Using the solution analyzed above,the vertical displacements and the chan—
ge of the refraction coefficient of the Geodetic vertical control network
established &t the '"Peace and Friendship " Stadium of Pirseus were dete—
rmined. The special consolidation and the geological unstable around area
of the Stadium ,which is a big technical construction ,make the determi-
nation of its deformations necessary.

In this application we have two networks each one consisted of 4 station
points, 2 control points and 4 reference points Fig.10.

Two phases of measurements were carried out during s yesr (June 1988 —June
1989) . The results of two different adjustment using Least Squsre Method
appear at tables 1 and 2.

The first adjustment was done using the classical model of trigonometric
levelling and the second one using the model discribed at chapter 5.




As we can see from the results,the two methods give slmost the same magni-
tude of the control points' height changes . Additionaly, the second adju—
stment (using the method of simultaneous determinstion) gives an estimstion

Classical Methed of
Trigonometric |[Simultanecus
Method Determination
Points| ahi othi Ahi odhi
(mm) | (mm) | (mm) (mm)
1.4 | 0.5 1.8 | 0.8
1.9 0.5 1.8 0.8
11 |-0.5 #0.5 |-1.2 +0.8
14 |-1.1 #0.5 J-l1.1 0.9
15 |-3.4 #0.5 |-3.1 0.8
16 |-1.5 | 0.5 |-2.1 0.8
AK=0.53
glK=10.34
go =+ 0.72 go =+ 1.03
TAELE 1

Classicsl Method of
Trigonometric |Simultaneous
Method Determination
Points| ahi ghhi dhi chhi
(mm) | (mm) (mm}) (mm)
c |-2.3 0.5 |-1.9 +0.9
D |-1.9 #.3 (-2.1 +0.9
12 0.5 +0.5 1.2 +1.0
13 0.8 0.5 0.3 +1.0
17 1.4 +0.5 2.1 *1.0
18 25 +3.5 237 +1.0
AK=0.53
ohAK=+0,39
o= £:0.72 oo =+ 1.47
TABLE 2

of the change of the refraction coefficient.
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