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The dynamics of dark spatial soliton beams and their interaction under the presence of a continuous wave
�CW�, which dynamically induces a photonic lattice, are investigated. It is shown that appropriate selection of
the characteristic parameters of the CW result in controllable steering of a single soliton as well as controllable
interaction between two solitons. Depending on the CW parameters, the soliton angle of propagation can be
changed drastically, while two-soliton interaction can be either enhanced or reduced, suggesting a reconfig-
urable soliton control mechanism. Our analytical approach, based on the variational perturbation method,
provides a dynamical system for the dark soliton evolution parameters. Analytical results are shown in good
agreement with direct numerical simulations.
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I. INTRODUCTION

Spatial and temporal dark solitons in planar waveguides
and bulk media have been the subject of intense theoretical
and experimental studies in recent years �1–3�. Dark solitons
can be formed in optical media having opposite sign of dis-
persion or diffraction and Kerr nonlinearity, as the effects of
these two mechanisms on the pulse or beam shape, under
propagation, are balanced, resulting in robust dark soliton
evolution. In comparison with bright ones, spatial dark soli-
tons provide an alternative potentiality in photon manage-
ment applications, since they have qualitatively different
properties �i.e., phase jump in beam center constitutes an
additional invariant of the dark soliton propagation� �1�. In
the context of all-optical processing, and more specifically in
switching and controlled beam steering applications, dark
solitons exhibit advantageous performance in comparison
with bright ones under the presence of material loss, noise,
or perturbations. Moreover, the interaction forces between
dark solitons appear to be less drastic than those of bright
beams, resulting in stable two-soliton evolution �1,2,4�.

The underlying model of spatial soliton propagation in a
Kerr-type defocusing medium is the nonlinear Schrödinger
�NLS� equation,
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�Z
+
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�2u

�X2 − �u�2u = 0, �1�

where X and Z are the transverse and the longitudinal dimen-
sions normalized to the characteristic size of the beam and to
the diffraction distance, respectively, while u is the normal-
ized beam amplitude.

Dark soliton solutions of the integrable Eq. �1� �known as
NLS+� have been derived with utilization of the inverse scat-
tering transform �IST� method for the cases of single �5� and
multiple �6� soliton propagation. Additionally, quite recent
studies are focused on the analysis of perturbation-induced
dynamics of dark solitons as well as on the development of
perturbation methods including Hamiltonian approaches �7�,
direct perturbation analysis �8–14�, variational approaches
�15�, and IST-based methods �16�.

On the other hand, the research interest in the propagation
of dark solitary waves and localized excitations in nonlinear

photonic lattices and waveguide arrays have significantly in-
creased during the last years, from both the theoretical
�17–21� and the experimental point of view �22–25�, as the
evolution of spatial beams in periodic materials has a rich set
of interesting features that have no counterpart in the case of
homogeneous waveguides, e.g., dark excitations have been
experimentally observed in the normal diffraction regime in
self-focusing optical lattices �22�. Furthermore, dynamically
induced photonic lattices �periodic structures modulated by a
control optical signal� have been recently proposed
�22,24,26,27� for applications related to reconfigurable dy-
namical control of dark soliton beams. Moreover, the control
signal, which forms the periodic potential, can also affect the
mutual interaction �attractive or repulsive� force of two dark
beams propagating in the same medium. Quite recently,
bright soliton dynamics under the presence of a linear peri-
odic wave were studied �28–31� analytically and numerically
in planar �28,30,31� and bulk �29� media. In the aforemen-
tioned studies, a control signal in the form of either a con-
tinuous wave �CW� or a more general linear dispersive peri-
odic wave �PW� has been considered.

In this work, we study dark soliton dynamics and interac-
tions under the presence of a CW, which dynamically modu-
lates the properties of the defocusing nonlinear waveguide
through the intensity-dependent refractive index. We demon-
strate that efficient beam steering is achieved by the injection
of the original dark soliton beam in an appropriately de-
signed CW-induced photonic lattice, while we underline the
qualitatively different performance of dark beams propagat-
ing in a periodic lattice, with respect to bright ones. Our
analytical results are based on a variational perturbation
method using the Lagrangian formalism �15�. The analytical
results are shown in remarkable agreement with the corre-
sponding direct numerical simulations. Radiation modes are
not included in our analysis, as they appear in limited cases
�under strong perturbation or for the case of a CW with zero
transverse velocity�. In addition, different evolution sce-
narios of two initially well-separated dark soliton beams un-
der the presence of a CW show that the presence of the CW
control signal crucially determines �enhances or reduces� the
mutual interaction between the two beams.
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II. SINGLE SOLITON DYNAMICS

The NLS+ Eq. �1� for self-defocusing media has the stable
CW solution

u = u0 exp�− iu0
2Z� �2�

while the same equation admits the well-known dark soliton
solution

us�X,Z� = u0�B tanh�u0B�X − �Z�� + iA�exp�− iu0
2Z� , �3�

where A=� /u0 and A2+B2=1. On the other hand, a low am-
plitude CW having the following form:

ucw�X,Z� = a exp�− i�kXX + �1/2�kX
2Z + ��� , �4�

is a solution of the linear Schrödinger equation,

i
�ucw

�Z
+

1

2

�2ucw

�X2 = 0, �5�

where the nonlinear term is considered negligible. Following
the same approach as in Refs. �28–31�, the superposition of
the dark soliton and the CW is considered,

u = us + ucw. �6�

It is worth mentioning that, for the case of self-defocusing
medium, a constant amplitude wave is modulationally stable,
under propagation. Hence we may consider that the CW con-
trol signal remains unaffected by the presence of the dark
soliton, while it is the dark soliton evolution that is modified
due to the CW. The latter is also confirmed by the direct
numerical simulations shown in the following sections.

The substitution of Eq. �6� in the NLS+ Eq. �1� results in
a nonlinear term of the form

�u�2u = �us�2us + us
2ucw

� + 2�us�2ucw + 2us�ucw�2 + ucw
2 us

�

+ �ucw�2ucw. �7�

By considering a CW having small amplitude �e.g., smaller
than 10% of the soliton dark deep�, we can neglect terms that
are second and third order in ucw, and obtain the following
perturbed NLS+ equation:

i
�us

�Z
+

1

2

�2us

�X2 − �us�2us = R�us,ucw� , �8�

where

R�us,ucw� = �us
2ucw

� + 2�us�2ucw� �9�

is the perturbation term, which takes into account the modi-
fication of dark soliton propagation due to the presence of a
CW. Next, in the perturbed NLS+ Eq. �8� we substitute the
renormalized wave field with u0�0:

us = u0� exp�− iu0
2Z� , �10�

and we obtain the perturbed NLS+ equation in a renormal-
ized form. Setting u0=1, the renormalized NLS+ equation
can be written as

i
��

�Z
+

1

2

�2�

�X2 − ����2 − 1�� = R��,ucw� , �11�

where

R��,ucw� = a�exp�i�1��2 + 2 exp�− i�1����2� �12�

with �1=kXX+ � 1
2kX

2 −1�Z+�.
In order to study the perturbed NLS+ equation, we apply a

variational method based on the Lagrangian formalism of
Ref. �15�. Accordingly, the total Lagrangian density L can be
expressed as L���=L0���+�L���, where

L0��� =
i
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�Z
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−
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����2 − 1�2

�13�

and

�L��� = 2a Re�exp�i�1������2. �14�

By using the following ansatz:

��X,Z� = �B tanh�B�X − X0�� + iA� , �15�

with B�0, the averaged Lagrangian density L���
=�−�

+�L���dX takes the form

L��� = 2
dX0

dZ
�− AB + tan−1�B

A
	
 −

4

3
B3

+ 2a
� sin �2

sinh��kX/�2B��
�kX

2/2 + AkX − 1�

− 4aA���kX�sin��2� , �16�

where �2=kXX0+ � 1
2kX

2 −1�Z+�.
The term of Eq. �16�, containing the Dirac’s delta function

��kX�, results from the integration of a term of the L func-
tion, which depends sinusoidally on the transverse coordi-
nate X. For the calculation of this diverging integral, the
Cauchy principal value has been taken into account; the va-
lidity of such a consideration is shown to be confirmed by
the following numerical simulations of the original Eq. �1�.
This singular dependence of the averaged Lagrangian density
on the transverse velocity of the CW �kX� represents a reso-
nance between the transverse wave numbers of the CW and
the dark soliton, with the latter considered as being zero
through this work, without loss of generality. This drastic
dependence of the averaged Lagrangian on the resonance
condition excludes the range of values of the transverse wave
number of the CW �kX� around zero from the domain of
applicability of the variational method. A qualitative differ-
entiation of the results of perturbation analysis, in the vicin-
ity of resonances, is a common feature of perturbation meth-
ods used in many physical problems and actually it also
occurs in the related problem of bright soliton interactions
with CW, where it has been shown that the dynamical system
governing the evolution of the soliton’s parameters under
propagation have a reduced number of degrees of freedom
for the resonant case kX=0 �30�, in comparison to the dy-
namical system obtained for the case kX�0 �28�.

A. Nonzero transverse velocity CW „kXÅ0…

In this case we can neglect the ��kX� term of Eq. �16�, and
the application of the Euler-Lagrange equations to the aver-
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aged Lagrangian L, utilizing also the relation A2+B2=1,
leads to the following dynamical system, governing the evo-
lution of the dark soliton’s parameters, under propagation:

dA

dZ
=

− 2a�kX cos �2

4B
� kX

2/2 + AkX − 1

sinh��w� 
 , �17�

dX0

dZ
= A −

Aa� sin �2

2B2 � − B/AkX

sinh��w�
+

�kX

2B2 �kX
2/2 + AkX − 1�

tanh��w�sinh��w�



�18�

with w=kX / �2B�, �2=kXX0+ � 1
2kX

2 −1�Z+�, and kX, A�0,
and B�0. This is a nonlinear, nonautonomous system de-
rived under no assumption on the length scales of the beam
width and the CW period similarly to the bright soliton-CW
interaction case �28�. The equations describing the transverse
velocity and the beam center displacement of the soliton are
coupled in contrast to previous studies �32�, where length
scale separation resulted in a simplified system. The results
of the variational perturbation method are obtain directly
from the dynamical system �17� and �18�, while the numeri-
cal results, presented in the following, are obtained by con-
sidering as an initial condition �Z=0� the superposition of
both the original dark soliton beam of Eq. �3� and the control
signal of Eq. �4�.

As it has been demonstrated in previous works �28,29,31�,
from the point of view of potential applications to reconfig-
urable soliton control, a nonzero transverse velocity kX�0 of
the CW control signal offers advanced potentiality in optical
processing. In this case, the CW transfers momentum to the
dark soliton leading to controllable drift and steering of the
latter, as in the bright soliton-CW �or -PW� interaction case

(a)

(b)

FIG. 1. Displacement of a dark soliton �beam steering� in a
CW-induced photonic lattice with kX=1, a=0.05 and phase �a� �
=� /2 and �b� �=−� /2. The thick line depicts results from the
variational method.

FIG. 2. Dependence of the soliton mean transverse velocity �	�
on the CW phase �. The solid line depicts results from the varia-
tional method, while black dots represent results from direct simu-
lations; X0=0, kX=1, a=0.05.

FIG. 3. Dependence of the soliton mean transverse velocity �	�
on the CW transverse velocity kX; X0=0, �=� /2, a=0.05.

FIG. 4. Dependence of the soliton mean transverse velocity �	�
on the CW transverse velocity kX; X0=3.5, �=0, a=0.05.
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�28,29,31�. In the following, the dependence of the CW-
induced soliton mean transverse velocity on the CW param-
eters �amplitude �a�, transverse velocity �kX�, and phase ����
is investigated. Additionally, the qualitative differences be-
tween dark and bright beam propagation in dynamically
photoinduced lattices are emphasized. In the examples that
follow, we choose appropriate values for the parameters of
the CW and/or the initial soliton position, with respect to the
CW, corresponding to maximum soliton beam displacement.

Figure 1 depicts the propagation of a dark soliton �we use
the initial conditions of a black soliton: B=1, A=0, u0=1,
X0=0 at Z=0� for the cases of a CW having amplitude a
=0.05, transverse velocity kX=1, and phase �a� �=� /2, and
�b� �=−� /2. The contour plots of Figs. 1�a� and 1�b�, ob-
tained from direct numerical integration of the NLS Eq. �1�,
depict the absolute value of the amplitude of the superposi-
tion of both soliton beam and CW ��u��, while the thick lines,
provided by the variational approximation, depict the dis-
placement of the dark soliton beam under propagation �X0�.
It is evident that numerical and analytical results are in
agreement, showing that efficient beam steering is achieved
by varying the phase difference between the dark beam and

the control signal. It is worth mentioning that, even though
fast amplitude �and width� beam oscillations are observed �as
in the bright soliton-CW �or -PW� interaction case�, both
numerical and analytical results provide constant transverse
velocity with no small scale oscillations.

Moreover, as shown in Fig. 2, the mean soliton transverse
velocity �	�=X0�Zmax� /Zmax, related to the total displacement
of the center X0 of the spatial soliton beam �28�, depends
strongly on the initial phase difference between the dark soli-
ton and the CW control signal. The latter can be practically
controlled, for example, by changing the difference of the
optical paths of the two waves from a common source to the
launching point where they are superimposed. The corre-
sponding curve is symmetric with respect to the origin �odd
function� and has a sinusoidal profile with period 2�, show-
ing that an appropriate choice of the CW phase determines
both the sign and the magnitude of �	�. A similar plot may be
obtained by keeping the CW parameters fixed and varying
the initial soliton position X0.

As it is already known for the case of bright solitons
�28,29,31�, the transverse velocity �kX� of the CW is also
crucial for the mean induced velocity �	� of the dark soliton.
However, unlike bright soliton-CW interactions, in the case
of dark solitons with a zero initial position �X0�Z=0�=0�, the
corresponding curve is symmetric with respect to the kX=0
vertical axis, meaning that by varying only the transverse
velocity of the CW, we may control only the angle of soliton
beam center displacement, but not its direction �Fig. 3�.
Maximum transverse velocity of the dark soliton occurs
around kX=0. However, this is also the range of values of kX,
where the maximum divergence between analytical and nu-
merical results takes place, as expected due to the presence
of the singular term ��kX� in the averaged Lagrangian �16�.
Actually, the presence of this singular term excludes a small
area around kX=0 from the domain of applicability of the
dynamical system �17� and �18�; as a result the correspond-
ing curve consists of two branches which decrease rapidly as
approaching kX=0. Also, note that the local jumps of this
curve at the points kX= ±�2 manifest a bifurcation of the

FIG. 5. Dependence of the soliton mean transverse velocity �	�
on the CW amplitude a; X0=0, kX=1 and �=� /2.

(a) (b)

FIG. 6. By varying the CW phase from �a� �=0 to �b� �=� /2 the dark soliton beam obtains different mean transverse velocity �	�;
kX=0, a=0.10.
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underlying dynamical system: for these specific values of kX
�kX= ±�2 for u0=1�, the Z dependence of the phase param-
eter �2 of Eqs. �17� and �18� is eliminated resulting in a
lower degree of freedom dynamical system for the evolution
parameters.

By selecting a nonzero initial value for the soliton beam
center �X0�Z=0��0�, and varying CW transverse velocity
�kX�, we may control both the sign and the magnitude of
soliton velocity �	�, as it can be seen in Fig. 4. This curve is
antisymmetric with respect to the origin. Similar results have
been found in bright soliton-CW interactions �having zero
initial position� in one-dimensional �28� and two-
dimensional �29� self-focusing media, but in the case of a
dark soliton several local extrema are present, while the sign
of the dark beam velocity can be different even for two CW
velocities having the same sign. Hence soliton velocity �	�
dependence on kX for a dark beam with nonzero initial posi-
tion resembles the case of a bright soliton �with zero initial
position� propagating in a PW-induced lattice �31�.

Finally, by keeping all CW parameters fixed and varying
the amplitude of the control signal, as expected, we can only
control the magnitude of the resulting soliton mean trans-
verse velocity �Fig. 5�. The �	� dependence on CW ampli-
tude �a� is linear and the slope of the corresponding curve is
determined by the remaining CW parameters.

B. Zero transverse velocity CW „kX=0…

We investigate this case by applying numerical integration
of the original Eq. �1� and using a dark soliton beam with
zero initial transverse velocity �A=0�, unitary background
�u0=1�, and amplitude �B=1�, and zero initial beam center
position �X0=0�. Our numerical investigation indicates that
the dark soliton beam, under the presence of a CW with kX
=0, evolves as a breathing type dark solitary wave undergo-
ing amplitude �width� and chirp oscillations. This behavior is
similar to the one bright solitons interacting with linear
waves exhibit �28,30,31�. On the other hand, unlike bright
solitons, dark beams interacting with CW obtain a constant
nonzero mean transverse velocity �	� �Fig. 6�, which de-
pends strongly on the CW parameters.

As expected, the amplitude of the CW �a� can only deter-
mine the magnitude of the soliton mean transverse velocity,
while the phase of the CW ��� may affect both the direction
and the magnitude of dark beam center displacement in a
sinusoidal way �Fig. 7� with a constant phase period of 2�.

FIG. 7. Dependence of soliton mean transverse velocity �	� on
the CW phase ���; kX=0, a=0.10. (a)

(b)

(c)

FIG. 8. Propagation of a dark soliton under the presence of a
moderate perturbation due to a CW with amplitude a=0.24, trans-
verse velocity kX=0, and phase �a� �=−� /4, �b� �=0, and �c� �
= +� /4.
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The curve of Fig. 7 is antisymetric with respect to ��k� ,��
= �0,� /4�, while it remains unaffected when the initial beam
center position varies �X0�0�, as there is no transverse de-
pendence on the CW-induced periodic potential �see Eq. �4�
with kX=0�.

In order to compare the robustness of bright and dark
spatial beams under the presence of a CW perturbation, we
performed several numerical experiments by increasing the
amplitude of the control signal up to a=0.24 and using dif-
ferent phase angles for the CW parameter �. In all these
cases, the system is strongly perturbed and cannot be consid-
ered as near-integrable. It is known that such problems lead
to strong emission of radiation and excitation of nonlinear
modes that cannot be described by any adiabatic approxima-
tion of the initial solution of the unperturbed problem �e.g.,
the beam or the pulse may be destroyed by the effect of
moderate perturbation�. Note that for the case of interaction
between a bright soliton and a CW having such a large am-
plitude �a=0.24�, the modulational instability of the back-
ground results in the formation of periodic series of second-
ary beams as shown in Figs. 2–4 of Ref. �30�. In our
problem, as expected �2,4�, the results show that dark beams
exhibit significant robustness in comparison with their bright
counterparts �30�, as it can be seen in Fig. 8. In this case, the
initial superposition of the CW and the dark soliton results in
different asymptotic values of the total field amplitude due to
the phase difference of the respective asymptotic values of
the dark soliton �±� at ±��. However, in a short propagation
distance and after emitting radiation, the beam transforms to
a steadily breathing gray soliton having a constant and sym-
metric background and a nonzero mean transverse velocity.

III. TWO-SOLITON INTERACTIONS

In this section, we are focusing on the cases where inter-
action phenomena between two dark spatial solitons can be
modified due to the presence of a CW in a controllable fash-
ion. As mentioned above, dark solitons exhibit different in-

teraction features with respect to their bright counterparts
�4�. According to the results presented in the previous sec-
tion, for the case of zero CW transverse velocity kX=0, un-
like bright soliton-PW interactions, the CW may lead to a
qualitative differentiation of dark soliton interactions, as dark
beams obtain nonzero transverse velocity even in cases
where kX=0. However, by using a CW control signal with
nonzero transverse velocity, we may affect dark soliton in-
teractions in a more flexible manner. Thus in the following
examples we use CW-induced lattices with kX�0, while the
dark soliton background is set to unity. The initial positions
as well as the initial transverse velocities of both dark beams
are selected appropriately in order to demonstrate the drastic
effect of CW control signal on dark soliton interaction phe-
nomena. All results are obtained by direct numerical integra-
tion of the original NLS equation by using as initial condi-
tions the superposition of both dark beams and the CW. It is
worth mentioning that the mutual interaction forces �repul-
sive for dark beams of opposite phase or attractive for dark
beams with equal phase� between dark solitons are small as
is well known �4�. As a result, we expect that the CW control
signal will modify dark soliton interaction by affecting
mainly the mean transverse velocity of each beam almost
independently, so that we can utilize the analytical results,
obtained for the single dark soliton case �Sec. II A�.

The case of two dark solitons, initially located at X0
�1�,�2�

= �−5,1.71� with initial transverse velocities A�1,2�= �−0.05,
+0.05�, and equal �zero� initial phases, is shown in Fig. 9�a�
propagating in a homogeneous �no CW is injected� defocus-
ing medium. In this example, both dark beams �gray soli-
tons� approach each other and elastic collision occurs after a
short propagation distance. Note that the well-known bound
state of two bright solitons does not apply to dark ones,
while the dark soliton approach is mainly a result of the
selection of nonzero initial beam transverse velocity �attrac-
tion forces are small�. Hence in Fig. 9�a� after the collision
point, dark beams evolve almost unaffected with opposite
constant transverse velocities. However, the same beams in-

(a) (b)

FIG. 9. Co-propagation of two dark �gray� solitons with initial positions X0
�1,2�=−5,1.71, initial velocities A�1,2�=−0.05, +0.05, and zero

initial phase difference. The background is set to unity �u0=1�. �a� No CW is induced �homogeneous medium�. �b� Collision suppression is
achieved under the presence of a CW with a=0.08, kX=1, and �=0.
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jected into a CW-induced photonic lattice, with CW param-
eters a=0.08, kX=1, and �=0, may evolve almost unaffected
as breathing gray solitons with zero mean transverse veloc-
ity, as can be seen in Fig. 9�b�. It is noticeable, in this spe-
cific scenario, that collision suppression was easily achieved,
as the control signal primarily altered the initial nonzero
transverse velocity of both beams and second reduced the
mutual soliton attraction force, which is small in general. On
the other hand, in bright soliton interaction cases, the CW-
induced potential had to balance the strong attraction forces
between bright beams �31�. As a result, complete collision
suppression of bright solitons may not lead to constant trans-
verse velocity beam propagation; in the respective dark soli-
ton collision suppression scenario, dark beams evolve with
zero mean transverse velocity. Furthermore, by increasing
the amplitude of the CW, we may not only prevent dark
soliton collision, but induce soliton deviation �with opposite
soliton velocities� as well.

Similarly to the case of bright soliton interactions, a CW
control signal may cause symmetric �Fig. 10� or asymmetric
�Fig. 11� dark soliton attraction depending strongly on the
relative initial beam positions, with respect to the origin.
Practically, by using a fixed CW with parameters a=0.1,
kX=1, and �=0, and injecting two well-separated black spa-
tial beams with zero initial transverse velocities, we may

control both soliton velocities almost simultaneously by
varying appropriately their initial position. Note that in these
examples �Figs. 10 and 11�, the dark beams have an initial
phase difference � �4�. Thus the repulsive force between
them may be compensated by the CW control signal.

IV. SUMMARY AND CONCLUSIONS

In conclusion, dark spatial soliton dynamics in optically
induced photonic lattices have been studied. The evolution of
a dark beam has been shown to be affected drastically by the
CW-induced potential, while the mean transverse velocity of
the dark soliton has been shown to depend strongly on the
parameters of the CW such as the amplitude, the transverse
velocity, and the phase. This dependence suggests a dynami-
cally reconfigurable control mechanism for beam steering
and switching applications. Our analytical approach based on
the variational perturbation method provided a dynamical
system of the adiabatic evolution of the soliton parameters,
and the results were shown to be in remarkable agreement
with the direct numerical simulations.

In comparison with bright beams, dark solitons exhibit

(a)

(b)

FIG. 10. Co-propagation of two dark �black� solitons with initial
positions X0

�1,2�=−3� /2 ,5� /2, zero initial transverse velocities, and
initial phase difference �. The background is set to unity �u0=1�.
�a� No CW is induced �homogeneous medium�. �b� Symmetric soli-
ton attraction is achieved under the presence of a CW with a=0.1,
kX=1, and �=0.

(a)

(b)

FIG. 11. Co-propagation of two dark �black� solitons with initial
positions X0

�1,2�=−� ,5� /2, zero initial transverse velocities, and
initial phase difference �. Background is set to unity �u0=1�. �a� No
CW is induced �homogeneous medium�. �b� Asymmetric soliton
attraction is achieved under the presence of a CW with a=0.1, kX

=1, and �=0.
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qualitatively different evolution characteristics when propa-
gating in CW-induced periodic lattices �e.g., robustness in
strong CW perturbations�. Moreover, the interaction of two
solitons propagating in a CW-induced lattice has been inves-
tigated, and it has been shown that the features of the inter-
action can be determined by appropriate parameter selection
for the CW, so that collisions can be enhanced or suppressed.
Both results for spatial single- and two-dark soliton propaga-
tion are applicable to temporal dark solitons as well, while
the results of the variational method may be directly ex-
tended in cases of dark soliton interaction with a PW control
signal, forming a photonic lattice having a general periodic
wave form.
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