Interlaced linear-nonlinear
optical waveguide arrays

Kyriakos Hizanidis, ™" Yannis K ominis,* and NikolaosK . Efremidis’

1 school of Electrical and Computer Engineering, National Technical University of Athens, Athens, Greece

2 Department of Applied Mathematics, University of Crete, Crete, Greece
"Corresponding author: kyriakos@central.ntua.gr

Abstract: The system of coupled discrete equations describing a two-
component superlattice with interlaced linear and nonlinear constituents is
studied as a basis for investigating binary waveguide arrays, such as ribbed
AlGaAs structures, among others. Compared to the single nonlinear lattice,
the interlaced system exhibits an extra band-gap controlled by the, suitably
chosen by design, relative detuning. In more general physics settings, this
system represents a discretization scheme for the single-equation-based
continuous models in media with transversely modulated linear and
nonlinear properties. Continuous wave solutions and the associated
modulational instability are fully analytically investigated and numerically
tested for focusing and defocusing nonlinearity. The propagation dynamics
and the stability of periodic modes are also anaytically investigated for the
case of zero Bloch momentum. In the band-gaps a variety of stable discrete
solitary modes, dipole or otherwise, in-phase or of staggered type are found
and discussed.
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1. Introduction

Periodic photonic structures in nonlinear dielectric media are a subject of intense theoretical
and experimental research in our days. The formation of self-trapped localized solitary modes,
among others, is of major importance. %3 Such solitons have eigenvalues inside the gaps of
the band structure and their existence is due to the interplay between the effective lattice
diffraction and nonlinearity. A major attribute of theirs, that facilitates their experimental
observation®, is their robustness under propagation. This attribute makes the periodic photonic
structures ideal for applications in integrated photonic devices and waveguide arrays, such as
multiport beam coupling, steering, and switching.>™ Furthermore, the related field of Bose—
Einstein condensates loaded in optical lattices™ ™ is of increasing scientific interest and, thus,
both fields progress in parallel as far as the theoretical investigation is concerned. The latter
and, more specifically, the study of the formation and propagation of spatialy localized
modes in photonic structures, has been mostly based of either the tight-binding approximation
or the coupled-mode theory, thus, rendering simplified discrete models.*>?° However, these
approximations provide accurate modeling only under the corresponding assumptions. A more
general model is the nonlinear Schrodinger equation (NLSE) with spatially periodic
coefficients, where the longest transverse dimension, y, has been integrated out by appropriate
averaging, namely,

iaE 1 9°E

$+2—ﬁow+koAn(x)E+kon2(x)|E|zE=0, D
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where E isthe y-averaged envelope electric field intensity, ko=27/2 (4 is the wavelength of the
carrier), fo= ko<n(X)> (<n(x)> is the mean value of the linear refractive index), ny(X) models
the periodic nonlinear refractive index in (mV)? and 4n(x) models the periodic modulation of
the linear refractive index. Such photonic structures where both linear and nonlinear refractive
indices are transversely modulated are of increasing interest lately due to specia properties
they possess.”! The particular cases of periodic functions in the form of periodic sequences of
Dirac functions® %% or piecewise-constant coefficients™%’ (nonlinear Kronig-Penney model)
have previously been considered. Apart of particular cases as the latter, Eq. (1) is not
amenable to a straightforward and conclusive analytical treatment.

In the present work the discrete re-casting of Eq. (1) is revisited. The investigation is
aiming towards a model of a binary optica waveguide array®® amenable to a thorough
analytical treatment and, thus, predictable and controllable as far as the functions of the
conceptual device it models are concerned. The main incentive is the experimental
observation of discrete gap solitons in such AlGaAs binary arrays™. Periodic modulation of
both refractive indices can be conceptually achieved in ribbed AlGaAs waveguides. In Fig. 1
such a configuration is illustrated: The mole fraction of the aluminum in the substrate (S is
higher than the respective one in the guiding ribbed region (W); that leads to a relatively
higher refractive index in the latter. The modulated rib structure, on the other hand, renders

_almost linear (n,)

nonlinear (ny)
1

Al Gars As y
X ®

Fig. 1. A binary ribbed AlGaAs structure (W and S are Aluminum mole fraction respectively in
the ribbed and the substrate regions). The shaded areas sketch coupled beams of light.

the effective linear refractive index in the ribs piece-wise constant with higher value (n.) in
the transversely (i.e., iny) and longitudinaly (i.e., in X) wider segment and lower (ny) in the
transversely narrower one. However, there exist a geometric refractive index contrast between
each rib and the region that separates them from the neighboring uneven ribs. Thus, light can
be guided in the region under both the families of ribs. On the other hand, the effective
nonlinear refractive index is also piece-wise constant attaining a considerably higher value in
the narrower segment. Eventually, focusing will enable light to be efficiently guided in the
small ribs while, at the same time, the much higher linear refractive index contrast of the large
ribs will ensure the capability of guiding light by them too. However, relatively speaking, the
wider segment can be considered almost linear as we will show shortly. Similar binary arrays
can, conceptualy at least, be thought in slica (of considerably lower nonlinearity than
AlGaAs): A planar arrangement of two interlaced silica waveguides of relatively large and
small diameters embedded in asilica cladding of slightly lower refractive index.

For a system such as the one illustrated in Fig. 1 and for optical propagation inside the
first band of the band structure, Eq. (1) can readily be replaced by a pair of discrete nonlinear
Schrodinger equations (DNLSES) via a tight-binding approximation performed on the binary
structure involved. By choosing even (odd) node-indices for the set of the relatively small
(large) segments one readily obtains,

i dAZ_m"' Ceven (AZm—l + A2m+1) +VevenA2m + Geven |'A\2m|2 Azm = O
dz @

CdA, L
I Aé;_l +Cog (AZm + A2m12)+vodd Az + G |A2mil|2 Aoy =0
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where Cqen and Coq are the coupling coefficients (in m), the magnitude of A, (related to the
power of the beam) isin W2, Ggyen and Goyq are the respective nonlinear coefficientsin Wim
and Veen and Vogq are the respecnve de-tuning. For example, for TE (TM) polarization,
$=0.195, W=0.18, w,=10um, we=2um, h,=5um, he=1um, b=2um, L=5um, 1=1.55um and
with the nonlinear refractive index for AlGaAs considered as polarization indePendent and
equal to 1.5x 10" cn?/W, one obtains, C=1.23 mm*(1.22 mm™), Veyn=10.10 mm* (10.33 mm
b, Vog=12.75 mm* (13.00 mM™), Geen=97.49 W'm'(97.92 W'm™), Goee=1.81 W' m* (1.81
W!m?): that is, Gogq<<Gewen and the DNLSE system, Eq. (2), for all practical purposes, is
almost polarlzaruon independent. By normalizing the propagation distance via {=2Cz, with
C= (Ca,enCodd) and applym%the transformation, Agn = yom (2C /Ge\,m)”zexp(lo and Age1=
Woms1 (Codd/Cevm) (2C IGeven)?exp(i¢) one readily obtains,

i Ao
d; 2('//2m—1 l//2m+1 Zl/jzm) C |l//2m| l//2m -
©)
dy,,, 1 \/
I dz,l +E(l/lzm T Wormeo — 21//2mtl) oc l//2m+l + Gev:1 |l//2m+1 Wome =0

where, the nonlinear term in the second DNL SE can be ighored since Gogd/ Gever=1.8% for the
aforementioned example. The latter ratio is usually less than 1% to 2%, depending upon the
geometrical details of the optical arrays in hand such as the ones based on ribbed AlGaAs
configurations. Equations of the type of Eq. (3) are the subject matter of this work. This
system of coupled discrete equations corresponds to a two-component superlattice that has
aso been previously proposed.®*: It provides a generalization of the DNLS theory with a
wider applicability than the tight-binding approximation and its importance has been
explicitly stressed. It represents, therefore, a suitable discretization scheme for the continuous
NLS model in media with transversely modulated linear and nonlinear. However, its apparent
complexity (compared with previous single DNLS models) was considered in the past as a
drawback for further pursuing it.

In the present work it is shown that, due to the effectively linear character of the second
DNLSE (practically, a discrete linear Schrédinger equation), the system is actually amenable
to analytical investigation of its behavior to a considerable extent. Thus, useful conclusions
could be obtained as far as properties, functionality and controllability of devices of the type
discussed are concerned. It must be emphasized that the investigation presented is not
exhaustive since the problem in hand has a multitude of aspects which worth further
investigation. However, the findings and the conclusions of the present study provide a firm
analytical basisfor this endeavor.

The paper is organized as follows: The model and the corresponding nonlinear diffraction
relation along with the comparison of the transmission spectrum of propagating continuous
wave modes with the single DNLS are presented in Section Il. In Section |11, the equation-
condition for the modulational instability (MI) of these modes is derived and the latter are
investigated at the base, the edge and inside the Brillouin zone as far as their stability and their
characteristic features are concerned. In Section 1V, the propagation dynamics of the
continuous wave solutions of zero transverse momentum are anayticaly investigated and
discussed. In Section V, numerically found solitary solutions are presented. Finally, in Section
V1 the main conclusions are summarized.

2. Themodd

In the following we consider Eg. (3) within a more general perspective, namely we alow for
defocusing nonlinearity as well:
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Ao
V/2 (l//2m 1 + l//2m+l 2l//2m ) + gevml//2m + o-l//2m |l//2m| =0

d 2
d; 1 0
i- d?ﬁl + 2 (Wamez + Wom = Womaa ) + ExqaWom = 0

where 6=%1. The phase shift parameters sqen and g, from the point of view of optical
configurations as discussed in the Introduction are respectively the normalized detuning
parameters Ve,en/2C and V! 2C. In a broader perspective, however, they may vary in a wide
range of values.

It is worth mentioning that independently of the context of the present work, the
continuum limit of Eq. (4) [yam— U(x.C), ¥omeitwem1i— 2V(,¢) and  womeo+ Wom2-2Wom—
£9°u/dy® where ¢ is a spatial scale parameter] readily leads to a semi-linear system of two

linearly coupled equations:

ia—u+(se,m—1)u+v+au|u|2=0
e
2 (43)
iﬂ+(g —1)v+u+£a—=0
o 497°

This system reminds of a recently investigated the semi-linear system®. However, there exist
a special feature: The linearly evolving mode v(y,{) is affected by the spatial structure of the
nonlinearly evolving mode u(y,{). This feature makes Eq. (4a) worth investigating further.
However, this goes beyond the aiming of the present work.

Going back to our model, Eq. (4), the nonlinear spatia dispersion (diffraction) condition
for the existence of propagating modes can be found by assigning to y, the form

W= VreXp(ikg)

om-1 V2m+l) +0oV,, |V2m|2 =0

1
—(kz+1—ga,en)v2m+5(v

. )
_(kz +1-¢€yy )Vzmﬂ +§(V2mt2 +V2m) =0
This system renders the following expression for the even sites:
K r1-e,, R S, +M+o—v2m|\,2m|2:o (6)

2(k, +1-q) | " A(K, +1-Eny)

for continuous (plain) wave solutions (CW) for the even-site lattice of the form v,,=Aexp(-
imq), where the transverse (Bloch) momentum q is g=2kD with D being the common spatial
period of the lattice. Then, the odd-site lattice also supports CW solution of the form Vo=
Vom (1+ /€Y [2(kc+ Ag)], where Ae=geen-coaa IS the normalized relanve detuning (for optical
configurations as such as in Fig. 1, usualy negative) and x = K+ 1-gqpe, iS related to the
propagation constant. In order for such periodic solutions to exist |A° must be positive.
Therefore, the following condition must hold:

2(2e- ) o 20 Q

2 K+Ag

Note that for a single nonlinear lattice of spatial period 2D the respective condition is
fundamentally different,

o(x—cosq)=|A" >0 (8)
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Fig. 2. Diffraction condition for the existence of propagating modes DD(shaded areas) for self-
focusing (first row) and self-de focusing (second row) nonlinearity, for interlaced lattices (a, b,
d, e) and single nonlinear (c, f).

In Fig. 2 various examples for both cases and for both signs of o and 4¢ are presented. The
curves that separate the white from the gray areas constitute the linear bandgap spectrum. At
the base (g=0) and the edge (g==) of the Brillouin zone the group velocity, d«/dg, vanishes.
The respective Ae-dependent pairs of x's (characterizing diatomic lattices) are Ae/2+
(4&%14+ 1) and A&+ | A¢12]. In contrast, the single nonlinear lattice of spatial period 2D the
respective single x's are 1 and -1. More importantly, there is a fundamental difference
between the diatomic lattice and the single nonlinear lattice: There exist two transmission
bands, namely: max(-4¢,0)0<k<(de?/4+1)Y2-Ae12 and -(4e/4+ 1) V% Ael2<i<min(-4¢,0). For
Ae=0 these transmission bands are reduced to the familiar one of the DNLS, -1<x<1.

In the shades areas in Fig. 2, either inside the transmission bands or in the band-gaps, the
aforementioned nonlinear diatomic CW solutions can be supported. Furthermore, solitary
solutions outside the transmission bands are also expected as we are going to show in Section
V. Equation (6) can also be exploited for the investigation of various families of stationary
solutions of transverse even-wise periodicity 1, 2, 3 and so on. This is an extensively
investigated area in the scientific literature since Eq. (6) is the stationary version of a DNLS
for the even sites. However, the propagation dynamics of the interlaced system, Eq.(4), is
qualitatively and quantitatively different than a system posed by a single z-depended DNLS.

3. Modulational instability of the CW solution
Perturbing the amplitude and the phase of a CW solution Vo= Aexp(-ima), Vam«1=Var| 1+exp(-
iq)]/[2(rc+ 4¢)], with A obeying Eq. (7), as

Vom = [A+ uel 7y g M) J glietmm), (9)

where u and ware functionally independent small amplitude perturbations, /" the propagation
constant and Q is their respective spatial frequency. One can easily obtain the following
expression for the respective linear response by solving the second linear equation in Eq.(4),

(10)

1+ e U 1+ ei(r ;—2mQ)+ W 1+ e—i(r‘{—zrnQ) gkes=m)
K+Ae  K+Ae+T K+Ae-T" 2

Vomu = |:A
Utilizing Egs.(9) and (10) in Eq.(4) and linearizing, one readily obtains,
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| 1+cos(g+2 i oo
0 = —K—F+—(q Q)+20A2 u +oAw L2
2(k+Ae+T )

(11)

| . l+cos(q—-2 . | (e
+4| —x+T +¢(?)+20'A2 w +oa Le'lmeml
2(/(+Ag—l" )

The MI-condition equation can be easily obtained from Eq.(11),

1
T4 +cos(q+2Q)
2(k+Ae+T)

1+cos(q-2Q)

+20 A || -k +T+—Mm~ —=7
2(k+Ae-T)

+ ZGAZ} =A. (12

On the basis of Eq. (12), a genera remark one can make is that the stability character is
unique for fixed values of ox and ode: That is, [IM[/(x, 4¢)]| for focusing media (o=1)
coincides with |ImM[I'(-x, -4¢)]| for the defocusing ones (o=-1). Therefore, without loss of
generality, one may fix the signs of & (say, s=1) and 4¢ and investigate the associated growth
rates of the MI over the entire x-region (-wo<x<o0). In the following, the investigation
concerns the upper and the lower edges of the Brillouin zone as well as an indicative case
within that zone.

q=n, 6=1, Ae=-1

00

Fig. 3. Gray scale diagram of the M| growth rate for the upper edge of the
Brillouin zone (g==) as function of the effective propagation constant of the
original modulationally unstable CW, «, and the spatial frequency of the
modulation Q for self-focusing nonlinearity (¢=1) and Ae=-1.

In Fig. 3, the growth rate of MI, Im(/), is shown for the upper edge of the Brillouin zone
(g==) in gray scale diagram as function of the effective propagation constant of the original
modulationally unstable CW, «, and the spatial frequency of the modulation Q. It is worth
mentioning that, at this edge, the ingtability region in x is bounded as shown in Fig. 3. The
solid gray curve traces this region which consists of a main lobe extending over the entire
range of Q and of two secondary lobes in the vicinity of Q=0, . In Fig. 4, the growth rates for
two, manifestly unstable choices of «, that is, x=0.5, 2 (respectively within the secondary and
the main lobes) are shown [Fig. 4(a,c)] along with their respective propagation constants,
Re(7) [Fig. 4(b,d)]. In the latter, the unstable modes are shown in gray. The unstable modes
within the secondary lobes [Fig. 4(ab)] are co-moving with the CW, that is, they are
characterized Re(/)=0 for MI. In Fig. 5a, the propagation of a perturbed mode corresponding
to Fig. 4(c,d) (with k=2, that is, within the ingtability region) is shown. In contrast, in
Fig.5(b), the propagation of a perturbed mode with k=4 (that is, within the stability region) is
also presented. The initial ((=0) amplitudes in both cases satisfy the condition Eq.(7). The
perturbations on the amplitude and phase (=0 are random within £5%. The maximum
propagation distance ({=50) corresponds to about z.x = 2 cm for an AlGaAs type of
configuration as in Fig. 1 (A=1.55x, TE polarization) with w,=10um, we=2um, h,=5um,
he=1um, b=2um, L=5um; this distance is quite large for all practical purposes. For the this
edge of the Brillouin zone (upper edge) and according to the aforementioned symmetries of
the MI-condition equation [i.e., EQ.(12)] it is clear that for the opposite sign of 4z (i.e., 4e=1),
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CW modes exist for x>0 (as, indeed, it is the case for 4e=-1 and x<0) and they are all MI-
stable for self-focusing media.

k=0.5, q=n, 0=1, Ae=-1 =0.5, g=r, 6=1, Ag=-1 k=2, q=n, 6=1, Ae=-1 k=2, q=1, 6=1, Ae=-1

02 /\ /\ 1 05 /—\ 1

0.1 N

o1\ ]

02 A
x

Im(I)

Re(I)
o
) Im(T)
S
o o
Re(I)

0% néz 0 néZ i 0 n(SZ Ed 0 ng n
(@ (b) (© (d)

Fig. 4. (a), (c): Growth rates for k=0.5, 2 (respectively within the secondary and the main lobes
shown in Fig. 3). (b), (d): The respective propagation constants; the unstable modes shown in

gray.

For self-defocusing media, on the other hand, and 4e=-1, CW modes exist for <0 and
they are all MI-stable, while for 4¢=1 the behavior iswell described by Figs. 3-5 with k—-«.

k=2, q=7, o=1, Ag=-1 k=4, q=m, 6=1, Ae=-1

(b)

Fig. 5. Propagation of two perturbed modes with initial ((=0) amplitudes satisfying Eq.(7). The
perturbations on the amplitude and phase at (=0 are random within +5%.: (a) corresponding to
Fig. 4c-d with x=2 (within the instability region); (b) stable propagation of a perturbed mode
with x=4 (beyond the instability region shown in Fig. 3).

At the lower edge of the Brillouin zone (q=0), MI exhibits quite different qualitative
features: The instability occurs within a semi-bounded region in x. For self-focusing media
CW modes exist for -4e/2-[1+(4e/2)]|*?<c <1 and -Ael2+[ 1+ (4e/2)%) Y2<k< 0. The latter
semi-bounded region exhibits M1, while the former one is MI-gtable. For self-defocusing
media, on the other hand, the bounded and the semi-bounded regions become respectively,
1<k<-Ael2+[ 1+ (4e/2)) Y% which is M| -stable, and -x0< x<-Ael2-[ 1+ (4e/2)%] Y2 where M1 is

q=0, 0=1, Ae=-1

Fig. 6. Gray scale diagram of the M| growth rate for the lower edge of the Brillouin zone (g=0)
as function of the effective propagation constant of the original modulationally unstable CW, &,
and the spatial frequency of the modulation Q for self-focusing nonlinearity (¢=1) and 4e=-1.

expected to develop. In Fig. 6 the region of instability is shown for self-focusing media and
Ae=-1. InFig. 7, the growth rates for two, manifestly unstable choices of , that is, k=1.7, 3.5
(respectively near the edge and in the bulk of the instability region) are shown [Fig. 7(a,c)]
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along with their respective propagation constants, Re(/") [Fig. 7(b,d)] where the unstable
modes are shown in gray.

It is worth mentioning, at this point, that in the case of a single DNLS lattice the steady
state solutions at the lower edge of the Brillouin zone (the so-called unstaggered modes) are
always MI-unstable (MI-stable) for self-focusing (self-defocusing) media. However, in the

¥=1.7, q=0, 6=1, Ag=-1 x-1 7, g=0, 6=1, Ae=-1 K—3 5, q=0, =1, Ae=-1 x=3.5, q=0, 6=1, Ae=-1
01—

2 1

H H : = >
s : @ £ g° ‘
4 2 |
) ] /2 n

Q Q

@ (d)

Fig. 7. (@), (c): Growth rates for k~=1.7, 3.5 (respectlvely near the edge and in the bulk of the
instability region shown in Fig. 6). (b), (d): The respective propagation constants; the unstable
modes shown in gray.

interlaced model in hand, at the lower edge of the Brillouin zone, there always co-exist M1-
stable (MI-unstable) CW modes for self-focusing (self-defocusing) media within an isolated
region in k-space. In Figs. 8(a,b), the propagation of two perturbed modes corresponding to
Figs. 7(a-d) are shown The perturbations on the amplitude and phase at the launching point
(¢=0) are random within +5% as previoudly. In Fig. 8(c) the propagation of a perturbed mode
with x=0.4, that is within the stability region, is aso shown. The short scale amplitude

k=17, =0, o=1, Ae=-1 x=3.5, q=0, =1, Ae=-1 x=0.4, q=0, 0=1, Ae=-1

Fig. 8. Propagation of three perturbed modes [the perturbations on the amplitude and phase at
the launching point ((=0) are random within £5%.]: (a), (b): unstable, corresponding to Fig. 7;
(c) stable propagation of a perturbed mode with xk=0.4 (that is, beyond the instability region
shownin Fig. 6).

variations are intrinsic to the particular choice of the amplitude a (=0 and they are going to
be elucidated in the next Section. The sustained longer scale amplitude variations are due to
the random amplitude and phase perturbations initially imposed.

Within the Brillouin zone MI attains different characteristics. To qualitatively illustrate
this point two examples are provided: For self-focusing media, 4¢=-1 and g=2x/3 (that is near
the upper edge), the instability remains bounded (as in the case g==) and it is shown in Fig.9a
The solid gray curve traces this region which consists of a main lobe extending over the entire
range of Q while the two secondary lobes in the vicinity of Q=0, =, which previously
characterized the upper edge of the Brillouin zone (in Fig. 3), now coalesce in asingle digoint
region of instability.

On the other hand, for 4e=1 and for self-focusing media MI-stable CW modes now exist
for all positive «'s in the semi-bounded region [ 1/4+ (A(o/2)2] Y2_fel2<kc (the lower bound was
0 for g=n). However, a bounded second region of existence appears for -Ae/2-
[L/4+ (Ae/2)2)] Y244 <-1. All CW modesiin the latter region are weakly MI-unstable [that is,
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q=2n/3, 6=1, Ae=-1 q=2n/3, 6=-1, Ae=-1

0. .
-050 050

@ (b)

Fig. 9. Gray scale diagram of the M| growth rate within the Brillouin zone [near the upper edge
of (g=2x/3)] as function of the effective propagation constant of the original modulationally
unstable CW, , and the spatial frequency of the modulation Q for 4¢=-1 and: (a) o=1, (b) o=-
1

[Im(Z")] is comparatively very small in this region]. For self-defocusing media, stable CW
modes exist for all negative values of « in the semi-bounded region x <-[ 1/4+ (4e/2) l”z As/2
while unstable ones appear in the positive bounded region 1<x <-Ae&/2+[ 14+ (del2) 1Y

the second example (again, g=2#/3), the instability region for a self-defocusing medium and
Ae=-1isshown [Fig. 9(b)]. This case is equivalent (upon xk —> -x) to a case of a self-focusing
medium, as in the previous example, with, 4s=1.

4. Propagation dynamics of the CW solutions at the lower edge of the Brillouin zone

Starting from the origina system, Eq. (4), for a continuous wave solutions (CW) of zero
transverse momentum [that is, CW modes launched transversely to the (x)y) plane, or,
equivalently, those with g=0] one may set,

Yoma =Voi (£) = Powa (g)eXp[i%dd (;)J’ Yom = Veen (§) = Paen ({)exp[iqja,m (é/):| (13)

Thus, the original system, in polar form, becomes,

dp, . d P, .
even _ SnAg, —food __ SnA
dé/ podd ¢ d; peven ¢
dA¢:£p"‘“ —pe"e“]005A¢+A,9+op§,en (14)
A P Pous

AP= Py — Bogr AE=Epy = Eoiys S= Pl + Pog =CONStaNt =S >0

It is clear that the combined intensity is a constant of the motion (S). By introducing a new
combined dynamical variable D= p’uerp o, the previous system becomes,
dAp D
d{ pevmpodd

dD
df = 4PqenPocy SINAP (15)
, S+D , S-D

even — 2 J odd T

COsA@+Ae+0op’,

By eliminating pogs @d peven ONE finally gets,

dag___—2D ————COSAP+AE+— (Sb+D) dD—Z./Sb D?sinAg (16)

d¢g 1/ 2 _ D2 d¢
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Notice that, for the case of asingle lattice, this system reduces to the following one:

%:g+o‘p2, 07 :%:constant, w(S) :pexp[i (‘9+O’p2)d (7

dg
The fixed points [D =D(¢=0), 4p=4¢p({=0)=0,7] of the system in Eq. (16) can be found by
solving the equation:

Ag:icosmo—%(som) (18)

For fixed values of 4¢ and S (constant of propagation) one or three fixed points exist (i.e., one
or three distinct values of D) as shown in Fig. 10. The transition from one to three occurs only
for ocoq4¢((=0)]>0 [that is, for focusing (defocusing) nonlinearity and phase difference O
(7), asin Fig. 15a where beyond some value of S, D(S) becomes multi-valued function]. In
Fig. 10 contours of congtant 4¢ are shown. The red line corresponds to 4¢=0. One may easily
show that the value of D at the transition point can then be expressed in terms of & asfollows:

50 cos[A(C=0)]<0

" \
0 1.75 35
0
(b)
Fig. 10. D-S, diagram of the fixed pointsloci for various values of 4e. The red line corresponds
to A1e=0. (a): for acog1¢((=0)]>0 [that is, for focusing (defocusing) nonlinearity and phase
difference 0 (7)] there exist three fixed points beyond a particular value of the constant of

propagation, S; (b): for ocog[A¢({=0)]<0 [that is, for focusing (defocusing) nonlinearity and
phase difference 7 (0)] D(S) thereis always a single fixed point.

% aaASf:O:D:iSbm /%/3_24/3

The dynamical system exhibits Hamiltonian structure:

%(D,A¢)=2,/S - D? cosA¢+[Ag+%SojD+%D2 =constant =H,

(19)
dag _o¥x  dD _ 0%
d¢ oD’ d¢  9A¢
Therefore, the system can be integrated in terms of elliptic functions,
£=+J'D(§) dw
47060 faraw-a,w —aw - wt
a,=16(4S —H;), a =16H,0(S, +20A¢) (20)

a, =4S, (S, +40Ae) +8(8+2A¢° —oH, ), a, =4(S, +20A¢)
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where the sign in front of the integral is determined by A4¢({=0). Only periodic or bounded
Jacobi elliptic functions are acceptable. Therefore, proper conditions on the choice of
Ap(E=0), peven($=0), poaa(¢=0) must be met. However there is plenty of flexibility available
because one has three parameters to adjust.

The stability of the fixed points involved for a particular choice of the parameters 4¢ and
S is controlled viathe sign of the parameter 4 (4>0: stable, 4<0: unstable) at the fixed points,

(21)

_ow % (9%
oD 0A¢®* | 0DOA¢

In the Figs. 11(af), the parameter regions the nature and the number of fixed points are
depicted. For zero phase difference between the odd and the even sites (4p=0, first column)
and for focusing nonlinearity there exist both stable (elliptic) and unstable (hyperbolic) fixed
points while for defocusing nonlinearity there exist only one elliptic fixed point. On the other
hand, for phase difference A¢p=7 (second column) for focusing nonlinearity there exist only

Elliptic A¢=0, =1 Hyperbolic A$=0, =1 EIIlptlc A$=0, o=-1
10, 10,
5 5
g0 g0
-5) -5
191 2 3 4 5 112345 10012345
si2
@ (b) (C)
Elliptic A¢=r, 6=1 Elliptic A¢p=n, o=-1 Hyperbolic A¢=n, 6=-1
10
5 5
w w
< 0 < 0 .
-5 5
> 1% 2,3 45 R 2,345
Sy So Sy
(d) (e) ()

Fig. 11. Ae-S, diagram for the nature and the number of fixed points. (a), (b): 4¢9=0, o=1 (both
dliptic and hyperbolic fixed points exist); (c) 4¢=0, o=-1 (only dliptic fixed points exist); (d)
Ap=x, 0=1 (only elliptic fixed points exist); (€), (f): Ap==, 6=-1 (only hyperbolic point exist).

one elliptic point, while for defocusing nonlinearity there exist both stable (elliptic) and
unstable (hyperbolic) fixed points. In the vicinity of the eliptic points stable and periodic in
CW solutions exist possessing not necessarily the same amplitude in the odd and even sites.
This periodic in ¢ behavior is visible, for example, in Fig. 8(c): Due to the random
perturbation imposed at (=0, the CW modes exhibit short scale stable variations in  since the
system has been dlightly displaced from its stable fixed point configuration.

In Fig. 12 a case of three fixed points for o=1, 4¢p({=0)=0, 4¢=-2.7, two dlliptic (O, red
and green) and one hyperbolic (X) is shown. The constant of propagation is set to $=5.76,
while the other constant of propagation, namely the Hamiltonian, Hy, acquires the values
indicated. For 11.431<Hy<11.648 two families of {-periodic modes, separately encircling the
two dlliptic points, exist. For 11.648 <Hy<12.99, only one family of {-periodic modes exists
encircling the upper elliptic point. On the other hand, for Ho<11.431 there is a new family of
¢-periodic modes which encircles all three fixed points; the red contour is the separatrix which
separates the latter family for the innermost {-periodic modes. It should be emphasized that
the separatrix corresponds to afamily of unstable modes with infinite period in {: If they were
stable, they could preserve indefinitely the initially chosen 4¢ and D or, equivaently, the
same amplitudes in even and odd lattice sides and the same difference in their respective
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H)=12.990

Hy=11.648 Hy=11.431

6=1,8)=5.76, Ae=-2.7
A S AG  WE w4

Fig. 12. A case of three fixed points for o=1, 4¢({=0)=0, 4e=-2.7, two dliptic (O, red and
green) and one hyperbolic (X). The constant of propagation is set to $=5.76, while the other
constant of propagation, namely the Hamiltonian, Hy, acquires the values indicated. The red
contour is the separatrix.

phases. One final important remark: There are no amplitude-only-stationary CW solutions
with g=0, that is, solutions of the form as in Eq. (13) with constant amplitude and periodic
phase variation. That is, the single lattice respective modes, asin Eq. (17) cannot be extended
to the interlaced lattice model.

For CW solutions with nonzero transverse momentum (g#0) a multitude of possibilities
opens up among which there exist modes of transverse period 1, 2, etc in each sub-lattice.
However, asfar asthe particular underlying dynamical system is concerned several degrees of
freedom may now be involved that render the system non-integrable in the general case. This,
of course, goes beyond the scope of the present work.

5. Solitons

We have shown in Section |1 that the band structure of the interlaced lattice system is different
than the one for the single nonlinear lattice case: There is a third bounded band-gap between
the two semi-infinite band-gaps, that is, located between the acoustic and the optical branches.
Because of this extra gap, the comparison with the DNLS of the single lattice becomes rather
tedious and, therefore, in this Section we will limit ourselves in a few basic remarks.
Characterigtic cases of solitary modes with propagation constants inside these three band gaps
will be presented. All solitary solutions have been found via the Newton's iteration method
employed on Eq.(6). Furthermore, in all cases shown, the maximum propagation distance
(¢=100) corresponds to about Z.x = 4 cm [for an AlGaAs type of configuration asin Fig. 1
(A=1.554, TE polarization) with w,=10um, we=2um, h,=5um, he=1um, b=2um, L=5um],
quite large for all practical purposes.

In Fig. 13 two cases with propagation constant located in the upper semi-infinite band gap
(that is, above the acoustic branch) are shown: The casein Fig. 13(a,c) correspondsto an in-
phase fundamental solution, while the one in Fig. 18(b,d) represents a bound state with
dipole-like initial profile. Both cases refer to a self-focusing nonlinearity with x=0.8 and
Ae=1.15. The transmission bands for this choice of 4e, are -1.73<x<-1.15and 0<x<0.58). In
both cases, the initial (at {=0) profile is perturbed randomly in amplitude and phase by 10%.

In the lower semi-infinite band gap (that is, below the optical branch) one expects
localized solutions only for self-defocusing nonlinearity (¢=-1). Indeed, in Fig. 14 two such
cases with propagation constant, x=-3, located in the lower semi-infinite band gap (for the
same choice of 4¢ as in Fig. 13) are shown. The case in Fig. 14(a,c) corresponds to an in-
phase fundamental solution, while the one in Fig. 14(b,d) represents a bound state with
dipole-like staggered initial profile. In both cases, the initial (at {=0) profile is perturbed
randomly in amplitude and phase within 5%.
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Fig. 13. Localized modes with propagation constant above the acoustic branch (x=0.85) for
Ae=1.15 and self-focusing nonlinearity. (a,b): intensity profile upon propagation, (c,d): initial
(at £=0) profiles; The latter are perturbed randomly in amplitude and phase within 10%.

Finally, two characteristic cases with « laying inside the extra gap are shown in Fig. 15 for
self-focusing nonlinearity (¢=1) and 4¢=-1.15 (for this choice of 4¢ the transmission bands
are -0.58<x<0 and 1.15<x<1.73). The propagation constant is x=0.46. The case in Fig.
15(a,c) correspondsto a staggered type of solution (apart of the central sites, the sign flips for

o=-1, k=-3, Ae=1.15 o=-1, k=-3, Ae=1.15

(b)
5 2=0, 6=-1, k=-3, Ae=1.15 ».2=0, o=-1, x=-3, Ae=1.15
2 2
1.5 1 ‘
V! P N I

0 oot | —

0.5/ A ‘

T 100102104106 108 64 o8 102 106 110

(© (d)

Fig. 14. Localized modes with propagation constant below the optical branch (xk=-3) for
Ae=1.15 and self-defocusing nonlinearity. (a,b): intensity profile upon propagation, (c,d):
initial (at (=0) profiles; The latter are perturbed randomly in amplitude and phase within 5%.

even and odd ones separately), while the onein Fig. 15(b,d) represents abound state with an
initial profile which is dipole-like and staggered too. In both cases, the initial (at (=0) profile
is perturbed randomly in amplitude and phase within 5%. Comparatively speaking (Fig. 15 vs.
Fig. 14, though for different sign in the nonlinearity) the numerical investigation have shown
that the extra gap is populated by more structurally rich localized modes, that is, modes with
several sites appreciably active.
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Fig. 15. Localized modes with propagation constant inside the bounded band-gap (x=0.46) for
Ae=-1.15 and self-focusing nonlinearity. (a,b): intensity profile upon propagation, (c,d): initial
(at £=0) profiles; The latter are perturbed randomly in amplitude and phase within 5%.

6. Summary and conclusions

In this Section the main observations and new features that the interlaced lattice model
introduces are summarized. The model is basically a diatomic one and it is characterized by
two coupled DNL SEs. However, due to the effectively linear character of the second DNLSE,
it was possible to analytically investigate the behavior of the system to a considerable extent.
However, the present investigation was not exhaustive since the problem in hand has a
multitude of aspects which worth further investigation. However, the findings and the
conclusions of this study provide afirm analytical basisfor further investigation.

An important design parameter for the lattice which can be suitably chosen is the
normalized relative detuning Ae which dictates the existence of two distinct CW modes at
each constituent lattice. For self-focusing media CW modes exist for values of the effective
propagation constant, «, of the CW inside the two disjoint regions -Ae/2-[ 1+ (de/2)?] Y2<k< 1
and -Ael2+[ 1+ (4e/2)%]| ¥?<k< 0. For self-defocusing media, on the other hand, these regions
are 1<k<-Ael2+[ 1+ (4e/2)?)¥? and -so<x<-Ael2-[ 1+ (1el2)]] V2.

As far as the modulational instability of the CW modes is concerned, several observations
can be made: The stability character is unique for fixed values of the 6k and cAe (o iSthe sign
of the cubic nonlinearity). Therefore, without loss of generality, one may fix the signs of the
cubic nonlinearity and the sign of the design parameter Ae and investigate the associated
growth rates of the MI over the entire x-region (-o<x<o0). At the upper edge of the Brillouin
zone, namely for Bloch momentum g=r, the instability region in x is bounded. This region
consists of a main lobe extending over the entire range of the values of modulation frequency,
Q, and of two secondary lobes in the vicinity of Q=0, z. The unstable modes within the
secondary lobes are co-moving with the CW, that is, their respective real part of the exponent
I for Ml is zero. On the other hand, at the lower edge of the Brillouin zone (g=0), MI exhibits
quite different qualitative features: For self-focusing media, the instability occurs only within
the semi-bounded region in k. while the bounded one is MI-stable. The same applies for self-
defocusing media where M1 is expected to develop within the respective semi-bounded
solutions at the lower edge of the Brillouin zone (the so-called unstaggered modes) are aways
region. It is worth mentioning that, in the case of a single DNLS lattice, the steady state MI-
unstable (MI-stable) for self-focusing (self-defocusing) media. In contrast, in the interlaced
model in hand, at the lower edge of the Brillouin zone, there always co-exist MI-stable (M1-
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unstable) CW modes for self-focusing (self-defocusing) media within an isolated region in -
space. Within the Brillouin zone M1 is modified accordingly: For instance, for self-focusing
media and near the upper edge, the instability remains bounded in the main lobe, while the
two aforementioned secondary lobes coalesce in a single digoint region of instability.
However, near the same edge, for self defocusing media, M1 spreads now inside the bounded
region as well.

The propagation dynamics of CW modes at the lower edge of the Brillouin zone has also
been investigated since, at this edge, the behavior is amenable to a rather straightforward
analytical treatment. Additionally, from the practical point of view, these modes are
fundamental: That is, they represent CW modes launched transversely onto the face of the
lattice sides. It is worth mentioning that there are no amplitude-only-stationary CW solutions
in this case, that is, solutions with constant amplitude and periodic phase variation. The
corresponding dynamical system has two evolving in z dynamica variables, namely, the
common phase difference among the sites of the constituent lattices and the difference of their
respective squared amplitudes (i.e., their intensities). The system exhibits Hamiltonian
structure, it possesses two constants of the motion (propagation invariants), namely the
Hamiltonian function itself [Eq.(19)] and the sum of the squares of the respective amplitudes.
The equations of motion are readily integrated and, therefore the dynamical variables are
expressed in terms of elliptic functions. The stability of these CW modes is tightly associated
with the existence and the character of the fixed point of this underlying dynamical system.
The character and the number of these pointsis controlled by the design parameter A¢, which
dictates the M| as we have aready shown, and the common sum of the intensities of adjacent
sites (as illustrated in Fig. 11). It is worth mentioning that, for focusing (defocusing)
nonlinearity and phase difference O (x) [that is, for in-phase (staggered-type)] among adjacent
sites, there exist three fixed points beyond a particular value of this common sum (which is
conserved upon propagation). In such a case, two of the fixed points are elliptic and one is
hyperbolic. In the vicinity of the eliptic points there exist stable and periodic in z CW modes
possessing not necessarily the same amplitude in the odd and even sites. On the other hand,
through the hyperbolic point passes a separatrix. The latter separates three families of periodic
in z modes: Periodic CWs which encircle al three fixed points and CWSs in the vicinity of
each elliptic point. The former one represents modes with respective amplitudes and phasesin
adjacent sites varying in a considerably wider range.

The existence and the form of stable localized solutions were also investigated. However,
the presence of an extra gap (controlled by the design parameter A¢), in aregion which is
basically a transmission region for the single DNLS lattice, renders the comparison with the
latter quite tedious. Therefore, the investigation was limited to afew characteristic casesin all
three band-gaps. In the upper semi-infinite band-gap, that is, beyond the acoustic branch, in-
phase discrete solitons were found for self-focusing materials. In this band-gap, there exist a
variety of both fundamental (center-peaked) localized solutions as well as dipole ones. Inside
the extra gap, there also exist both previous types. They are, however of a staggered sort of
type. None in phase stable localized modes were found in this gap. Finaly, in the semi-
infinite band-gap below the optical branch, localized modes were found for self-defocusing
media, as expected. They are, too, of staggered sort of type, fundamental or dipole ones. In
conclusion, by choosing the propagation constant x, and accordingly adjusting the design
parameter A&, a multitude of localized modes can, thus, be generated. There is evidence that
the extra gap is populated by more rich structurally (severa sites are active) localized modes.

The appearance and the controllability, by design, of the extra gap in the interlaced lattice
model presented in this work, lead to richness in both the form and the dynamics of the stable
modes which are supported. These attributes, the interlaced lattice system possesses, may
decisively contribute to an enhanced functionality of devices of the type discussed.
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