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MOTIVATION
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Motivation

e General Relativity has proven to be an extremely accurate theory,
but something is missing: spin.

e Spinisafundamental quantity in Quantum theories. In fact, the
positive energy irreducible representations of the Poincaré group,
which are associated with particles, are indexed by mass and spin
(Schwichtenberg 2018).

e Inorderto get one step closer to Quantum Gravity: Search for a
minimal extension of General Relativity that incorporates spin.

e Theanswer is simple: Assume a non-vanishing torsion!
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Vielbeins

e The theory in which torsion doesn't vanish is called
Einstein-Cartan. Itis vastly useful, if not necessary, to reformulate
using "vielbeins" (Carroll 2019).

e Imagine constructing an orthonormal basis of vectors ¢,|, at each
point of the manifold. Spacetime is locally flat, and thus:

g(/e\ax/e\b) = Nab (1)
Latin indices — flat spacetime (tangent space)!

e Thus, we have passed from a general basis€, = 9,, = 52 toan
X
N\ . .
orthonormal one, ¢, called a vierbein or tetrad. The two bases are
connected via the transformation law:

e, =e,"%, (2)

The transformation matrix?u“ is called a vierbein field.
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Vielbeins

e Thevierbein fields satisfy the orthogonality relations:

/éua/e\ub =9, (3)

e, e =8y )
e We can alsoidentify: 2" = dx* and thus:

dx* =7e", ¢ (5)

wheree*, is the inverse of ¢,,“.

e Through the condition (1) the metric, initially given as
g = Ju~vdx*dx", can be expressed in terms of the vierbein fields

as:
b

(6)

_ A an
Juv = Nav€u €y
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Coordinate Transformations & Spin Connection

e Greek indices transform with General Coordinate
Transformations (GCT), while Latin indices transform with Local
Lorentz Transformations (LLT). Example:

ot ’ ax axv

an b ap
T v A a i /\ a v/T bv (7)
e The covariant derivative in General Relativity is given as:
V¥ =030 +T v 6)

We claim that, for a vector expressed in Latin indices, a similar
equation holds:

Vo' =00 + @, %V 9)

The quantity @, “; defines the so-called spin connection (Carroll
2019), which is anti-symmetricin a, b.
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Spin Connection

e The spin connection coefficients are given in terms of the I’
symbols:

(T)uab = /ev‘b/e\va F:}\ —/e\7‘b ’c)u@)\“ (10)
e The covariant derivative of a tetrad field vanishes:

N

Ve, = 0,8, =8, T, + @.%8," =0 (1)

This is called the tetrad postulate.

e The spin connection coefficients transform as (Yepez 2011):

!

(T)ua y = (T)ucb /\bb//\a e= /\bb/au/\“ b (12)

and thus do not form a tensor, much like the I" symbols.
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Differential Forms Viewpoint

e Differential Forms: Fully anti-symmetric lower index tensors.
Examples: X, isal-form, A, where W, v anti-symmetricis a
2-form and so on. What about mixed-index objects like X,,*?

e Fundamental change of viewpoint: View mixed-index tensors as
tensor-valued differential forms. Examples: X,* is a vector-valued
differential form. It’s a differential form for each value of a.

e Thisviewpointis useful because we can suppress the Greek
indices by writing the objects in differential form notation. For
example:

w’y, = (T)uub dx™ (13)
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Exterior Covariant Derivative

e The derivative operator for scalar-valued differential forms (no
Latin indices) is the exterior derivative:

(dX) vy = 0,Xy — 0,X,, (14)

e This derivative operator is not suitable for tensor-valued
differential forms, as the result does not transform properly

under LLTs. To amend, we define the Exterior Covariant Derivative
operator:

(DX)uva - (dX)uva + ((T) /\X)uva
=0,X," — 0,X," + @, X" — @, %X,"  (15)
=V.X," =V, X,
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Exterior Covariant Derivative

e |ndifferential form notation, we can write this as:

(DX)* = (DX") = dX"* + @, N X" (16)

e Fora general tensor-valued p-form, the exterior covariant
derivative is given as (Duncan, Kaloper, and Olive 1992):

(DX)*,. = (dX)* . + (@ AKX )+ - — ()P (XS ANy —--- (17)

10
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Cartan’s Structure Equations

e From the metric compatibility condition Vg = O we get that the
spin connection coefficients are anti-symmetric in their Latin
indices:

wuab - _wuba (18)

e Expressing the torsion and curvature tensors in terms of the
vierbeins and spin connection coefficients leads to Cartan’s
Structure equations (Duncan, Kaloper, and Olive 1992):

T° = D&* = de&* + @, \¢ (19)
Rab =dw”", + 0’ N\ w4, (20)
where T* = T? ,, dx* /\ dx" is the torsion 2-form and torsion is

. : =A
defined in terms of affine connection as T* ,, = 21", and
R", = R"}vdx* A dx" is the curvature 2-form.

1
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Bianchi Identities

e Taking the exterior covariant derivatives of Cartan’s Structure
equations leads to the Bianchi identities:

DT* = D& =R, N\ 1)

DR*, =0 (22)
e These correspond to the familiar Bianchi identities (Carroll 2019):

Rp[gmd =0 (23)
VR gjuv = 0 (24)

12
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Contorsion

e The contorted I' symbols can be split into parts with and without
torsion (Nakahara 2003):

= 1
ri\tv = FSV + E(T)\LW + THAV + TV}\H) (25)
where the Fﬁv are the familiar Christoffel symbols.

e We define the contorsion tensor:

1
Ky = E(Tﬁw + T N+ T ) (26)

suchthat T, =T, + K*,.y.

e The torsion tensor is anti-symmetricin its lower indices,
T* v = —T*, . and thus the contorsion tensor is anti-symmetric
inits firstand third indices:

Knpv = —Ky (27)

13
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Contorsion & Spin Connection

e The contorsion tensor can also be used to split the spin
connection into two parts with and without torsion:

W’y =wh+ K)o, =w,",+ Ky (28)
e The torsionless partis defined such that:
De* = de* + w AN =0 (29)
where D is a torsionless exterior covariant derivative and
D =D+ KA (30)

e Furthermore, the torsionless spin connection coefficients are also
anti-symmetric:
Wyp = — Wiy, €1);

14
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Contorsion & Cartan’s Structure Equations

e The first of Cartan’s Structure equations becomes:
T = K, \& (32)
e By definingatorsionless curvature tensor:
R*, = dw’, + w’ A\ w4, (33)

which obviously satisfies the Bianchi identity DR?, = 0, the
second of Cartan’s Structure equations becomes:

R", = R% + DK% + K°. \ K, (34)

15
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Einstein-Cartan Action

e The Einstein-Cartan Action describing contorted spacetime is
simply (Duncan, Kaloper, and Olive 1992):

1 _
S¢ = —— | R\/—gd*x 35
¢ 167IGJ g 2
e Itisuseful towriteitin differential form notation (Gasperini
2017):
1 _
Sg = —— | Ry AN %(&* N& 36
¢ = s |Ra @ AR 39
e After some computations, we end up with:
S (R+A)\/—gdix 37
¢ = Iem GJ + 37)
where Ais a scalar produced by contractions of the contorsion
tensor.

16
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Einstein-Cartan Action

e The contorsion tensor has 24 independent components and can
be decomposed into a vector part containing 4 of them and a
tensor part containing the other 20 (Cvitanovi¢ 2008):

1 A
Kape = ieabcdsd + Kane (38)

e This, inturn, leads to the splitting of the scalar term A in two
parts:

3 N
A= isdsd +A (39)

e Therefore, the Einstein-Cartan action can be written as:
1 _
Sc = —— | R\/—gd'x
¢~ 161G J g

(40)
. 4
167TGJR+AM gd'x+ GJS/\*S

17
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QED in Contorted Spacetime

18
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Spinor Covariant Derivative & Action Terms

e We define the spinor covariant derivative as (Duncan, Kaloper,
and Olive 1992):

DY =dp — ;@Wx0™p & DY =dp + ;Daho” (41)

where g% h/ Y.

e To getthe fermionicaction, we take the one used for free
fermions in flat spacetime and replace the partial derivative with
a covariant derivative D, = D, — ieA,, thus getting:

[~ , —
sgrts s — 2 [y (D) +he)y/gd'x (62

19
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Spinor & Electromagnetic Action

e Considering that the fermionic axial current is defined as:
o = VYYD (43)

the fermionic action can be expanded and finally written as:

sgrpisorin — | [iwwnm - iwuwww} N »
+ eJ(lbv“tl)Au) V—gd'x— z JS N #f?
e We also add the (minimal) action for the EM field:
Sem = —i JFWFW\/ng“x = —; JF/\ *xF (45

20
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The Equations of Motion

e Byvarying the total action with respect to the fields A, S, 1, P
&g we get the equations of motion.

e Variation with respectto A, (term (45)) gives us the Maxwell

equations:
dF=0 & dxF=xj (46)

e Next, we vary with respectto S,,. The relevantaction is:

3 3
Storsion = T——— JS /\ %8 — — JS VAN *js 47)
321G 4

and the resulting equation of motion is
S = 4nGj° (48)

21
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The Equations of Motion

e Variation of the fermionic action (44) with respect to 1 results in
the modified Dirac equation:

. 3
iy D — st”vsll) =0 (49)

e Furthermore, the axial current 3, is classically conserved, i.e.
d % j° = 0. As a consequence (from the Equations of Motion),
torsion is also conserved classically:

dxS=0 (50)

e Finally, variation with respect to the metric gives the Einstein
equations:
Gl = G o (51

22
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The Equations of Motion

e There are three distinct contributions to the stress-energy tensor:

Tuy =Ty + T + TS, (52)
e These are given as:
A A 1 Ap
Ty = FuaFy" — ZguVFApF (53)
3 1
v = ~ 7o (SuSv — 5887 (54)

1| _
Tﬂ)\/ = E q)Y(u@v)ll) - (p(ull))Yv)ll) -
55

3
+ ;s(uxwvwsw

23
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Anomaly and Axions

e When we pass onto a Quantum theory, the axial currentis no
longer conserved due to an anomaly in the one-loop level:
2

5 4

%T[Ztr(ﬁ /AR) (56)

Does this mean that the torsion S isn’t conserved either?

e Itisimpossible to know the full quantum properties of torsion.
We will hypothesize that these quantum properties are such that
a suitable counterterm that maintainsd * § = O ata quantum
level exists.

e We can enforce this equation as a constraint in the path integral
as a delta functional:

Z$=[DSo(d*S)exp|i[ (525 [SA*S—2 [SAP)| (57)

24




QUANTUM ELECTRODYNAMICS IN CONTORTED CURVED SPACETIME
000000080

Anomaly and Axions

e This delta functional can be written as:
5(dx8) = JD@eiTq’”’*s (58)

where @ is a scalar field.

e The resulting partition function is:
:J%exp{if <f§(au¢)( hd) = P — 5 (04) )rd“ ] (59)
where @ = |/ Z-dandf, = ——.
e The statictorsion field has thus been replaced by a pseudoscalar

axion field which has a dynamical behaviour (Duncan, Kaloper,
and Olive 1992).

e Effectively, QED on contorted spacetime is equivalent to QED in
torsionless spacetime coupled to an axion. 25
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Outlook on Einstein-Cartan Theories

e There are many different paths to explore from here. For example,
we may consider non-minimal models where the EM field
couples to torsion classically.

e Current hot topics include Cosmological models with torsion
(Mavromatos, Pais, and lorio 2023). These models predict that
instead of a Big Bang, there was a Big Bounce. Similarly, black
holes do not form singularities but reach a bounce and new
universes are formed inside the event horizon (Poptawski 2012).
Research is ongoing!

26
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String-Inspired Inflation Due To
Torsion

27
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String Theory Essentials

e String theory (Polchinski1998; Green, Schwarz, and Witten 2012)
predicts three massless gravitational fields (gravitational
multiplet): the spin-0 Dilaton @, the spin-1 antisymmetric
Kalb-Ramond field B, and the spin-2 graviton g, .

e The Kalb-Ramond field has a U(1) gauge symmetry:
Byv = Buv + a[uev} (60)

e Inthe low energy regime, the action depends on the strength of
the Kalb-Ramond field:

Huyvp = 01uBvo1 & H= dB (61)

28
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String Theory Essentials

e Due to the presence of anomalies and our desire of their
cancellation, the field strength of the Kalb-Ramond field has to

be modified as:

a/
H=dB+ &(QsL — Qsy) (62)
where 57, O,y are the Lorentz and gauge Chern-Simons terms
respectively.

e The Bianchi identity that results from this equation is:

dH::—KTr(R/\R—F/\F) ©63)

29




STRING-INSPIRED INFLATION DUE TO TORSION
000@00000000000

String Theory Essentials
e Inindex notation, this becomes:

nahcuvug—cahc = ﬁ\/ -9 (RuvpoRuva - Fuvﬁpv) = —gg(CU,A) (64)
where is the Levi-Civita tensor and R, F are the dual quantities

defined as:

2 1
Ruvpcr - inu\O\KR}\KpO' (65)

= 1
Fuv — inuvaFpU (66)

e After compactification, the effective string action in four
spacetime dimensions is:

1 1
Sp = J <2|<2R — 65—CMW1H7‘“V) V—gd'x (67)
where we have assumed the Dilaton to be irrelevant, ® ~ 0 and

J_C?\uv = KilH)\uV. 30
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Torsion Induced Axion

e Comparison with the Einstein-Cartan action
Sg = ﬁ J(R + A)\/—g d*xindicates that the Kalb-Ramond
field strength plays the role of torsion in this effective field theory.
A contorted connection can thus be defined as:
FA A K am
My =T+ %9{ iy (68)
e We can enforce the Bianchi identity in the partition function of
this action, just like in Einstein-Cartan theory:

Zy = [ DHrunSMHYPIV  Hy oo — G(w, A) e 703 V=38 (69)

e Theresulting action is characterized by the replacement of the
Kalb-Ramond field strength with an axion b:

192k

SB = f <ﬁR - %6Hb a“b — a’\/ib (RHVDO_RHVPU _ Fuvﬁ'uv)) \/jgd4x (70)
31




STRING-INSPIRED INFLATION DUE TO TORSION
0O0000e000000000

The Cotton & Stress-Energy Tensors

e We study the inflationary period, so the gauge part of the
anomaly vanishes.

e The presence of the anomaly term, which couples to the axion
field, leads to the modification of the Einstein equations.

e There exists the usual matter (axion) stress-energy tensot:

Thy = oo = 0ub0yb — 19,,8,00°b (7))

e However, thereis also another tensor, called the Cotton tensor,
which comes from the anomaly term:

G},LV — _4\/1jg gqicv (72)
where _
Sc = [ bRyvpoR*YPO\/—gd*x (73)

32
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The Cotton & Stress-Energy Tensors

e Thus, the Einstein equations take the form:

1 a'k\/2

R¥Y — —g"VR = ——C*¥ 4+ *T}Y (74)
2 24
e The matter stress-energy tensor Ti* is no longer conserved
because: .
V.CHY = —gaVbR"MKRpMK (75)

e This happens because the axion is coupled to the gravitational
field and there is an exchange of energy between them.

e Thus, we define a new, generalized stress-energy tensor:

ZT}/LV o a \/>

total —

CHY + KT} (76)

such that:
v Ttoml (77) 33
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Running Vacuum Model

e The RVM serves as an alternative to ACDM.

e Inthe ACDM model, the vacuum energy density is:

A

= — 78
PA 5G (78)

e Inthe RVM model itis assumed to be a sum of even powers of the
Hubble constant:

A(H?) 3
8nG  8nG

4
Prvm(H) = (Co + vH* + f3 o > 79)

where ¢y, v, B are real constants, H; ~ 10 °Mp; is the inflationary
scale and Mp; is the Planck mass.

34
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Gravitational Wave Condensate

e We consider (Dorlis, Mavromatos, and Vlachos 2024) tensor
perturbations (gravitational waves) of the FLRW metric:

ds* = —dt* + a*(t) (8 + hy)dx'dod (80)

e Assume an action of the form:

s :J (R — 2 (3,)(3"D) AbRCS> J gl @)

2K2

where Rcg = prgR“VpU is the gravitational Chern-Simons
a'\/2

192k °

termand A =

35
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Gravitational Wave Condensate
e Inthelinear polarization basis,
hij = hy ei(jH + hy ei(jx) (82)

and we can write the pertubation tensor as:

h. hy, O
h=|hy —h, © (83)
O 0 O

e We can switch to the chiral basis,

hLR—i h+:|:lh ) (84)

3

36
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Gravitational Wave Condensate

e Inthatcase, the linearized Einstein equations become:

Ohy = —42< (24 + ab) 0,0,k — HAKD29 b, + 48253 (85)

Ohy =+ (24b — ab) 8,0.hy + 452020,y — 452530, (86)

e Therefore, left and right handed gravitational waves behave
differently. As such, the Chern-Simons term does not vanish:

Rgs = {(aZh 0,0.hy + a202h;0,0:hy + aadhy0,0,hy) — (L < R)| + O(h*)  (87)

37
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Gravitational Wave Condensate

e We can now quantize these gravitational waves and calculate the
condensate (Rcs); during inflation:

(Res)1 = —Np b1H§ (88)

where N7 is the density of gravitational wave sources during
inflation and pis the UV energy cutoff of the effective field theory
we're working with, while b; symbolizes the axion field during the
inflation era.

e Approximately, we have that (Basilakos, Mavromatos, and Sola
Peracaula 2020a): .
b[ ~ 1\ ZeMleI (89)

where € is a phenomenological parameter that we fix as
€ ~ 10~ 2. Therefore, (Rcs); ~ Hj.

38
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Vacuum Energy Density

e The axion stress-energy tensor and cotton tensor each contribute
a~ H7 term to the vacuum energy density:

Pb + Pycs = —0.496e My HY (90)

e Post-quantization, the action can be written as:

5= (& — 20ub)(0"D) — 2B RyvpoRH*7); — B B(©)Rpo7 1) gtz (91)

192k

e This new linear axion potential adds an additional term to the
vacuum energy density, of order ~ Hf, because of the condensate:

bO)l ..
Pl
e The total vacuum energy density is then:

PA = 8.6 x 10°°/e (92)

Pvac(H) = Py + Pyes + PA = —3€eMEH> + 8.6 X 1010\/5‘%—23% (93)

39
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Inflation

e We have a RVM-type expression for the vacuum energy density
with constantsc¢, = 0,v < Oand 3 > O.

e The conservation of the total stress-energy tensor of vacuum

matter and radiation (Mavromatos 2022) leads to the differential
equation:

H+3(1+w JH* (1 —v BHZ =0 (94)

2 " H:)
where w,, = % and the subscript "m" refers to both matter and
radiation.

40
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Inflation

e We can solve this and get:

SIE

1—v HI
H(a) = (95)
B \/Da3(1_v) (1+wm) + 1

where D > Ois an integration constant.

e Sincev < 0and w,, = 0inthe vacuum, the power of a in the
superscript is positive. In the early universe, a < 1and thus
Da*1-") 0+ @n) 1 which means that the Hubble parameter is
mostly constant:

e Therefore, inflation appears naturally in this model (no need for
inflaton!).

41
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Outlook

e The effects of torsion in the evolution of our universe do not end
in the inflationary era (Basilakos, Mavromatos, and
Sola Peracaula 2020b).

e The Kalb-Ramond axion field can be used to explain the
matter/antimatter asymettry observed in our universe.

e |talso breaks CPT and Lorentz symmetry.

e In later stages of the universe, the axion can also acquire a mass,
making it a candidate for Dark Matter.

e This means that if torsion exists, then it potentially plays a huge
role in the evolution of the universe as we know it today.

42
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