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Abstract

This thesis explores gravitational theories with the presence of torsion. In the first chapter, after
a brief introduction to the tetrad and differential forms formalisms, the Einstein-Cartan theory is
developed. The Einstein-Cartan theory is a minimal extension of General Relativity that assumes a
non-vanishing torsion. In the second chapter, the theory of Quantum Electrodynamics is considered
in contorted spacetimes, with a dual purpose. The first is to show that in such a theory, spin is
connected to torsion, much like mass is connected to curvature in General Relativity. The second
is to show that, by making a reasonable assumption, torsion can be physically realized as an axion
due to the anomaly present in the axial current in Quantum Electrodynamics. Finally, in the
third chapter we consider a string-inspired model, in which the field strength of the Kalb-Ramond
field takes on the role of torsion and thus behaves analogously with the torsion in Einstein-Cartan
theory, producing an axionic degree of freedom. This theory is explored further, showing how, due
to the anomalies present in the string theory, gravitational wave condensates in the early universe
can explain inflation. This is done through an alternative cosmological model to A-Cold Dark Matter
(ACDM), called the Running Vacuum Model.

Keywords

Torsion, contorsion, tetrads, spin connection, differential forms, Cartan equations, Einstein-Cartan
theory, Quantum Electrodynamics (QED) in contorted spacetime, anomaly, axions, strings, Kalb-
Ramond field, Hirzebruch-Pontryagin topological density, Cotton tensor, gravitational wave conden-
sate, running vacuum model, inflation.




Acknowledgments

I would like to thank everyone that has contributed to my efforts to complete this thesis and there-
fore my undergraduate degree. First and foremost, my parents, Rena and Yiannis, who satisfied
my curiosity about the world as a child, supported my interest in science unconditionally and en-
abled me to fully focus on my undergraduate studies. Secondly, my supervisor Professor Nikolaos
Mavromatos, for introducing me to this fascinating topic for a thesis and his invaluable guidance
through all the unfamiliar knowledge in this field. Lastly, I would like to thank my friends and
fellow students, with whom I shared this five-year journey of learning and growth. Our discussions,
collaborations, and their constructive feedback have been instrumental in shaping my development
as a physicist.

ii



Contents Contents

Contents

Abstract i
Keywords i
Acknowledgments ii
1 Curved Spacetime with Torsion 1
1.1 Tetrad Formalism . . . . . . . . . . . . e e 1
1.1.1 Tetrads . . . . . . . . e e e e 2

1.1.2 Local Lorentz Transformations . . . . . . . . .. .. .. .. .. ... ... ..... 3

1.1.3 The Spin Connection . . . . . . . . . . . . . . i v it 3

1.2 Differential Forms Viewpoint . . . . . . . . . . . .. .. . .. . e e 5
1.3 The Cartan Structure Equations . . . . . . . . . . . .. ... . o o .. 6
1.3.1 Metric Compatibility . . . . . . .. .. ... e 6

1.3.2 Torsion . . . . . . o o o e e e e e 6

1.3.3 Curvature . . . . . . . . . L e e e e e 7

1.3.4 The Bianchi Identities . . . . . . . . . .. .. ... .. .. . 9

1.4 The Contorsion Tensor . . . . . . . . . . . . . . i i i ittt et 10
1.5 Lagrangian Formulation of Einstein-Cartan Theory. . . . . . . .. ... ... ... .... 12

2 Quantum Electrodynamics in Contorted Curved Spacetime 15
2.1 The Contorted QED Action . . . . . . . . . . . . . . e e e e e e e e e 15
2.1.1 The Gravitational Covariant Derivative of Spinors . . . . . . . ... ... ... ... 15

2.1.2 Action for Spinors in Contorted Curved Spacetime . . . ... ... ... ...... 15

2.1.3 The Electromagnetic Field Action . . . . ... ... ... ... ... ... ..., 17

2.1.4 The Gravitational Action . . . . . . . . . .. L 18

2.2 The Equations of Motion . . . . . . . . . . . . e e 18
2.2.1 The Maxwell Equations . . . . . . . . . . . ... .. e 19

2.2.2 The Torsion Equation of Motion . . . . . ... ... ... ... ... ... ..... 19

2.2.3 The Modified Dirac Equation . . . . ... ... . ... ... ... .. .. ... 20

2.2.4 The Einstein Equations & the Stress-Energy Tensor . . . ... ... ... .. ... 22

2.3 Anomaly and AXIONS . . . . . . . . . L e e e e e e e e e e e e e e 27
2.4 SUIINATY . . . . . ottt ot e e e e e e e e e e e e e e e e e e e e 30

3 String-inspired Inflation due to Torsion 31
3.1 The Effective String Action . . . . . . . . . . . . . L e 31
3.1.1 Kalb-Ramond Field and Torsion . . . . . .. .. .. ... ... ... ...... 31

3.1.2 Torsion Induced AXion . . . . . . . . . . . . e e e 32

3.1.3 The Hirzebruch-Pontryagin Topological Density . . . . . ... ... ... .. .... 33

3.1.4 The Cotton & Stress-Energy Tensors . . . . . . .. .. ... 34

3.2 Gravitational Wave Condensate Induced Inflation . . . . . . . ... ... ... ... .... 35
3.2.1 Running Vacuum Model . . . . . . . . . .. ... L e 35

3.2.2 Gravitational Wave Condensate . . . .. ... ... ... ... ... ... ..., 35

3.2.3 Vacuum Energy Density . . . . . . .. ... o Lo 37

3.2.4 Inflation . . . . . . . . L e e e e 38

3.3 Summary & Conclusion . . . . . . . . . . L e e e 40

iii



Chapter 1. Curved Spacetime with Torsion

Chapter 1

Curved Spacetime with Torsion

The theory of General Relativity has proven itself to be one of the most successful physical theories
we have. Today, more than a hundred years after its initial formulation, the predictions of General
Relativity are still being confirmed experimentally to stunning accuracy. However, there is still a
big drawback to this theory: it is not Quantum. General Relativity is a purely classical theory. It is
widely believed that there is an underlying theory in which even gravity is quantized, and General
Relativity is nothing but the macroscopic limit of that theory. There are many attempts to construct
a quantum theory of gravity, such as String Theory, Loop Quantum Gravity etc. These are great
efforts with a lot of depth and will someday be experimentally tested. A more minimalistic approach,
or rather, a small step in reconciling General Relativity with Quantum Field Theory is to generalize
Einstein’s theory. How? Well, in our standard theory of curved spacetime, only the mass/energy of
the objects considered plays a role. However, we know that there are more intrinsic properties to
matter. The most important and obvious one is the spin of the particles. In fact, spin arises as a
quantum number from the representations of the Poincaré group which describes the symmetries
of Minkowski (flat) spacetime [1]. It is logical, then, to try to minimally extend the General Theory
of Relativity to include spin. This chapter will be an introduction to such a theory, called Einstein-
Cartan theory, where spin is minimally included by assuming that the torsion, unlike General
Relativity, is non-zero.

1.1 Tetrad Formalism

In order to incorporate torsion in our existing theory of General Relativity, it is useful to express
it in a different, yet equivalent formalism, called the tetrad or vielbein' formalism, which involves
constructing an orthonormal four-vector basis at each point on the spacetime manifold. Let (M, g)
be the spacetime Riemannian manifold with metric g. The standard expression for the metric in a
chart U C M (a local "patch" of spacetime) with local coordinates {z*} is

g= guudl‘”d‘ru [111)

where g, are the component functions of the metric g and dz#dz” is the symmetric product® of
dz* and dz”, which are the one-forms of the coordinate coframe (dz*). In general, the component
functions of the metric are dependent on the local coordinates z* of spacetime, i.e. g,, = g ().
Knowing that spacetime is locally flat, however, makes it possible to find an alternative formalism in
which the expression of the metric is dependent on the Minkowski metric® 7,; of the tangent space
of the manifold at each point. This is the so-called tetrad formalism.

1Vielbein comes from the German words "viele" ("'many") and "beine" ("legs"). In four spacetime dimensions, vierbein is
sometimes used instead, where vier ("four") replaces viele.
2The symmetric product is defined to be
1
dztdz” = §(da:” ® dz¥ + dz¥ @ dzt)

where ® is the tensor product of two tensors. We can then do a quick manipulation and renaming of indices to show that

1
g = guvdztda” = 5(gl“,dx“ ® da¥ + gupda” ® dat) = gupdat ® da¥

3The convention 7,;, = diag(—1,+1,+1, +1) is used, like in most texts dealing with General Relativity.
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1.1.1 Tetrads

The tetrad formalism is essentially a change of basis from the coordinate frame to a general or-
thonormal frame on our manifold. Following [2], we can imagine setting up an orthonormal basis
of vectors é,|, at each point p € M on the spacetime manifold. Since the basis is orthonormal
and spacetime is locally flat, at each point we have that the component functions in this basis are
nothing more than the Minkowski metric components:

g(éa|pv éb|p) = 77ab|p

By repeating this process at all points of the chart we're on we get an orthonormal frame é, and the
above condition becomes

g(éq,ép) = (1.1.2)

|
3
)
>

We have followed standard notational conventions and use Latin indices a,b,¢,d,... etc when flat
spacetime is considered. The coordinate frame is labeled as ¢, = 0, = 52 and is connected to this
new frame é, via a basis transformation:

by =," ¢4 (1.1.3)

The new basis (frame) é, is called a tetrad or vierbein basis, while the transformation matrix é," =
é,"(x) (which is dependent on spacetime points z) is called a tetrad field or vierbein field. The inverse
of the tetrad field is denoted by (¢,*)~! = é*, and satisfies the orthogonality conditions

(1.1.4)

> D>

hS =
Q
>
hS

S] [~

I Il
=2
TOV;" S

0 €y (1.1.5)
where ¢ denotes the Kronecker delta. By the vector-covector duality the dual of (1.1.3) is
a€’ (1.1.6)

D
=
|

¥
2

9]

where é* = dz* are the coordinate coframe one-forms, i.e.
dz? = et e* (1.1.7)

Therefore, the metric can be written as (eq. (1.1.1))

AV A

A
9]
=
D
N~—
)
=
]
SN
¥
IS)
(9]
=
N
—
(9]
(9]

g= guu(éua éa)
By applying condition (1.1.2), we get that

PN ~ AU aa Ab A A
g(eay eb) :g;weﬂa 6Vb ére €q €p = Tab =

PO ~ ~ b ~ ~
= g(€a,€p) = G0 €465 6 = Nap = 9u€"a b = Nap

By inverting this last relation we get that the components of the metric can be expressed as

uv = nabépu éub (1 18)

The tetrad fields ¢,“(x) can be considered as components of a (1,1) tensor e on a "mixed" frame with
both curved and flat spacetime components:

e =¢, da" @ ¢, (1.1.9)
If we consider a vector v we can express it into either the curved or the flat basis:
v=okeé
- (1.1.10)

v =v%,

By acting into either of these with the tetrad tensor e, we get the same vector but in the different
basis. Thus, the tetrad tensor is actually the identity map. The vector transformation law (and its
inverse) that occur are

(1.1.11)
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1.1.2 Local Lorentz Transformations

We can also consider coordinate transformations between different tetrad bases. The only require-
ment that needs to be fulfilled is that the transformation must preserve orthogonality. Since tetrads
are considered locally in patches of flat spacetime with the Minkowski metric, Lorentz transforma-
tions are exactly the type of transformations we're looking for. As such, we have that a change of
tetrad basis can be expressed as

ba = N (2)éq (1.1.12)

where A%, (z) denote the component functions of the Lorentz transformation tensor. Of course, the
Minkowski metric remains invariant under Lorentz transformations:

b
Aaa/A b Nab = MNa'b’

Due to the local nature of these Lorentz transformations, we call these Local Lorentz Transforma-
tions. Essentially, we now have a "rule" to transform both (upper and lower) Latin and Greek indices.
Therefore, assuming we have a tensor 7%, with all 4 types of indices, it transforms as

’ 8[E'ul Ab axl'

i
Ta H VI — Aa
b'v a Okt b’ 8.’1}1/

T%y, (1.1.13)

The curved spacetime (Greek indices) coordinates changes are called General Coordinate Transfor-
mations.

1.1.3 The Spin Connection

We know that the covariant derivative of a vector expressed in the curved basis is

V" = 00" + T 0 (1.1.14)

where the bar on top of the symbol fz , 1s used to indicate that this is not the usual Christoffel
symbol of the Levi-Civita connection as it is not symmetric, i.e.

v -
Fu,)\ - Fu)\ 7£ 0

which means that there is a non-vanishing torsion and we consider a general affine connection.
Similarly, the bar over the derivative symbol V indicates that the torsion-full (from here on, con-
torted) connection is being considered. Now, suppose that the vector v is expressed in the flat basis.
We can assume that there is a different connection such that the covariant derivative is expressed

in the same way as before, i.e. as

Vvt = 0,0" + @, 0" (1.1.15)

This new connection coefficient &, that is related to the Latin indices is called the spin connection®.
The bar indicates the presence of torsion as before. We can express the spin connection coefficients
in terms of the I' symbols by expressing the tensor Vv in the two different bases. For the curved
basis, we have that

Vo= (?Mv”)dx“ ® 0, = (00" + f;/\ v’\)daj“ ® 0, (1.1.16)

For the flat basis, we have that
Vo = (V,0)dat @ é, = (9,0 + @,%v°)dat @ &, (1.1.17)
We know that é, = é°,¢é, = €, 0, and v* = é,“v” and thus Equation (1.1.17) becomes

Vo = [0,(6,"0") + ©,% (8,°0")]da @ (60, )

which gives us
Vv = (076° 80,6, + 00" + @,% 6,07 ¢, )dat ® 8,

4The placement of the index p is purely conventional. A different notational convention would be to place it on the right,
i.e. to have W%, instead.
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where we have done the contraction é,¢,” = §2. By relabeling the indices p — v — )\ we get that
Vo = (9,07 + 01" 40,82 +@,% éx"v*e” ,)da" @ 9, (1.1.18)

Then, by comparing equations (1.1.16) and (1.1.18) we find that

R A PN ~a — a 5 b Asv
Loavt =07¢",0u6\" +@,% ex"v"eé",

and since this must hold for every v*, we have that the relation between the affine and spin con-
nection coefficients is:

=V

T = €a0u6r" + @, 62", (1.1.19)

We can easily invert this and solve for the spin connection coefficients:

B =6, — €,0,8\" (1.1.20)

Now, if we multiply both sides with é,” we get that

— a » b A~ aas bRV A~ b A a ~ a Y A a
Wb =€pe," er Iy — € éq ouer* =é, I‘M—aﬂeg

By rearranging the terms in one side we get

Oueo — 6, Ty + @, 0" = 0
We may recognize this relation as a covariant derivative of the tetrad field é,°, i.e.

Ve, =06, — T, + @8,

where we have relabeled the indices v < o. The term "covariant derivative" is used not to refer
the usual covariant derivative encountered in General Relativity, which only considers the affine
connection I in relation to Greek indices, but in a broader/generalized sense where Latin indices are
considered with regards to the spin connection &. Therefore, we have that the covariant derivative
of the tetrad field vanishes:

Vs = 0,6, —6,°T ), +@,"6," =0 (1.1.21)

The above relation can be used as an initial assumption which ultimately acts as a defining relation
for the spin connection. That’s why it is called the tetrad postulate. As our starting point was differ-
ent, however, this result is somehow expected, since ¢, are the components of the tensor ¢, which
as we saw is the identity map. Another important question regarding the spin connection coeffi-
cients is the way they transform. Just like the I' symbols, which arise from the affine connection,
we do not expect the spin connection coefficients to be the components of a tensor. Our starting
point to find this transformation law is the fact that the covariant derivative of a vector v in the flat
basis must be Lorentz invariant [3]. Therefore, if

v a __ a — a b
V0 = 0uv® + o, v

then

’ ’

%va =A° ﬁ,ﬂﬂ (1.1.22)

must hold. We have that
ﬁuval = @(Aa'a v?) = (ﬁﬂAa/a)va + Aa’aﬁuva,

and thus the only way for our Lorentz invariance condition to hold is if

VA" o =0 (1.1.23)

We know how to take covariant derivatives of (1,1)-tensors (and, in general, (k,!)-tensors) and so we
calculate the covariant derivative of A? ,, which we know should be zero:

VA = 0,A% y +@,% A — @, %A% . =0 (1.1.24)




Chapter 1. Curved Spacetime with Torsion 1.2. Differential Forms Viewpoint

where the upper index has a positive correction term and the lower index has a negative one. We
multiply with A%, and get
Aly A, ATy + @, Ay A — @, APy AY = 0 =
v pu b , o /b b w b b/ (1125)
Abb’a;LAa b+ w;ta v a)ucb Abb’Aa c=0

and thus

B,y =@, Ay A — A9, A7, (1.1.26)

It can be seen clearly that the spin connection coefficients must not transform like a tensor in order
for the covariant derivative of a vector to transform properly.

1.2 Differential Forms Viewpoint

Our new formulation, involving Latin (flat) indices, allows us to employ a very powerful computa-
tional tool: the exterior algebra of differential forms. We know that an object like X, is a one-form,
an anti-symmetric object like A4,,, is a 2-form and so on. But what about an object like X,,“? At first
glance, one would say that this is not a differential form. However, the fact that « is a Latin (flat)
index allows us to make a very important change in viewpoint: We can see X,“ as a vector-valued
one-form! For each value of the lower index p, X, is a four-vector by its second, upper flat index
a. In this spirit, any tensor that has any number of lower Greek indices that are completely anti-
symmetric and any number of Latin indices can be viewed as a tensor-valued differential form. For
example, the tensor A,,“,, where p, v are antisymmetric, can be thought of as a (1, 1)-tensor valued
2-form. As such, "ordinary" differential forms like X, are simply scalar-valued differential forms. By
application of this "rule", the spin connection coefficients @,“, are (1, 1)-tensor-valued one-forms.
This means that we can "suppress" the Greek index by writing the spin connection coefficient as a
one-form®

&% =@, da” (1.2.1)

where the bold symbol has been used to indicate the one-form as a geometric object and not as
simply its component functions. We know that the exterior derivative of a one-form X, is a 2-form
given by:

(dX) =0, X, — 0, X,

and so for a four-vector valued one-form X,“ we have that

(AX),0" = 0,X," — 0,X,," (1.2.2)

However, this derivative does not suit our needs. That’s because, while it transforms like a 2-form
under General Coordinate Transformations (Greek indices), it does not transform like a four-vector
under Local Lorentz Transformations (Latin indices). To amend this, we must introduce a new
derivative operator, the exterior covariant derivative, which is defined to be

(DX)® = (dX) 0 + (@A X) 0 = 0, X, — 0, X, +@,X," —0,%X,.° (1.2.3)

where A symbolizes the wedge product of differential forms and the bar indicates a connection for a
non-vanishing torsion is used. We can show that this is equal to

(DX)" =V, X, — ¥V, X,,° (1.2.4)

In bold notation, suppressing the Greek indices, the exterior covariant derivative of a vector-valued
p-form is expressed as:

(DX)* = (DX") =dX" +@% A X" (1.2.5)

This definition of the exterior covariant derivative can be extended to any tensor-valued p-form
X%, ., as given in [4]:

(DX)* . = (dX)% A+ (@ AX )= (P (X% ADY) — - (1.2.6)

To sum up, we have done two things:

5Since the index p gets contracted anyway, it becomes clearer why there are different notations for its placement. In most
cases, we'll be using the contracted forms of the connection coefficients.
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1. We have changed our viewpoint, by viewing tensors of mixed Greek and Latin indices as tensor-
valued differential forms of Greek indices. This allows us to unclutter our notation and keep
only the Latin (flat) indices by representing these differential forms as geometric objects and
not as their component functions (thus suppressing all Greek indices).

2. We have defined a suitable derivative operator (the exterior covariant derivative) for tensor-
valued differential forms that incorporates the spin connection.

We will thoroughly use the notation and tools introduced above in the rest of the text.

1.3 The Cartan Structure Equations

Now that we have established our formalism in terms of vierbeins and differential forms, we can go
ahead and express many notions of General Relativity we're familiar with in these new terms.

1.3.1 Metric Compatibility

The metric compatibility condition of General Relativity is expressed as the vanishing of the covari-

ant derivative of the metric
15

In vielbein notation, this is expressed as

_ _ 0
Dnab =0= vunab :W_ (D;Lca Tleb — wucb Nac = —Wpab — Wpba = 0

which translates to the two Latin indices being antisymmetric:

122
159

or, equivalently

1.3.2 Torsion

We know that torsion in General Relativity is a tensor with components®

T™,, =T, —T), (1.3.4)
We want to express this in terms of Latin indices. We have”:
T)\uu = ékaTap,V [135)
From equation (1.1.19) we have that
=A A\ A a | — a 5 Ca
r,=e a0u, +©,%6,°€%,
and thus
T = 200,68, +©,% 6,6 g — 62 0,6," —©,% 6,6, =
Iz Iz M Iz Iz (1.3.6)

A A P ~ a — a 5 C — a 4 C
T = €0 (0ué," — 0,8, + @, 6, — 0, €,°)

6Since the connection coefficients T' aren’t tensors, we typically do not adhere strictly to index notation and write the top
index directly above the first lower index. However, as the difference of these two T’ symbols is a tensor, we are obliged to
choose a placement for the upper index. Here, we follow the convention of placing it in the left side, rather than the right
side.

7In other sources, T w = —er, T wv is used instead. This conventional minus can be traced back to the convention
used by the author in the covariant derivative definition. More specifically, while here we use V,w, = Opw, — Ffww A other
sources use V,w, = Opwy — F,i‘#w » instead. To preserve the final result (Equation (1.3.8)), the introduction of this minus is
necessary.




Chapter 1. Curved Spacetime with Torsion 1.3. The Cartan Structure Equations

By comparing equations (1.3.5) and (1.3.6) we find that

]T“W = 0,6, — 0,8," +@,% 6, — 3,%¢,° (1.3.7)

We recognize this as the exterior covariant derivative of the vector-valued one-form é* (see Equation
(1.2.3)). Thus, we can write

|7 = Dé* — de" + @, né’| (1.3.8)

This is called Cartan’s first structure equation.

1.3.3 Curvature

We can work similarly with the curvature tensor. In General Relativity, the curvature tensor is given
by

R = 0,10, — 0,10 + 0T, — T, (1.3.9)

We can change two of the indices to flat and express the curvature in terms of the spin connection
as

—-a — a — a — a — C - a — C
Ry = 000" — 0@, " 4+ 0% 0,y — 0,% 0, % (1.3.10)

Proof

We know that we can pass onto flat indices by using the vielbeins:

Rpauu = épa éob Rabp,y (1311)

Now, by using Equation (1.1.19) we get that:
P 5 s a — 5 @5
Ol e = 0u(€°00,65" + 0,7 €,°€°,) =
= (04€°4)(00€5") + €°4(0,0,65") + (0,0, %) €5°€P 4 + @, % (0u€5°)EP ¢ + @0, % €5°(0,€°,)
and
=P . . — @ A @
Ol = 0,(€700ués" + @, €,°€F5) =
~ A a ~ ~ a = A Ca = A C\ A = ~ C N
= (0,€°4)(0.65") + €°0(0,0,65") + (0w, ") €5°€Pq + @0, (0165°)EP o + W0, c €5°(0L€°,)
as well as
=P oA N ~a , — A Cca A\ A~ b | — b s di)
F#/\FVU = (epaaHeA +w#ac ex epa) (e 20ves + @, g€,
A R A b ap A d AN — ~
= epae/\baueﬂal,eg +er, e, 0,0 Ouér"+
5 CaN ap — A b scCsh sp sd—a — b
4= G T B Oy s T & T Ty e By =
=o¢ —o¢
20 2N s an s by osp s dsh — A a, ap ~ A~ b ap 2 d= a ~
:epaekbap,e/\aaueo' +6pa €o e)\bwubdap,e)\a'i_epaw#abauea +epa €o w,uabwubd
and
5P = o A a , — A Ca A\ A~ b | — b s dsh
FV)\F#U = (€P,0,6)" + @0, €1°€°,) (e vO0uo + 0, a€s"€%
sp sA s an s by osp s dar — A a | sp ~ s b sp s d— a ~
:epaeAbﬁue)\“aﬂec, +éP, e, eAbw#bdaue)\a+epawl,“b8uea + éPuéy wy“bwltbd
and so we have that
—p A 3 o o )
I s = (0,87 s ™) =k BB T ()3, 6 ) € =k 85 s (@i s 4 @5 &5 (8107
o . _ NS N A
— (0,€°4)(0,€5") — €2a(0:87E57) — (0,0u%c) €6°€Pq — W% (01€5°)€Pq — W% €5°(0,€°,)
20 2A g 208 2 by oo A dir ~ A a | ap ~ b, 2p 2d= a ~
+ 6P 200,827 060" + €P4 e0 M 0,00 0,80 + 8P B, 00, 60° + €°4 650D, % @0

D AR ACHAD D A =D AAC D = OAAD RO @ = B
— eP€7p0,€x 8,u€a —elqe. e bWy a0\t —elqw, ba,uea = @ Cr" @y bWy d
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After rearranging some terms and renaming some indices, we get

Rpo'm/ - epa eab |:6qu b _auwp b+UJN cwu b _WV cwp, b:| + |:(a )(8 eo ) (auAp )(8;1,é a :|

|:WV c(ap,e a) _Wu c 8 e’ a +W+W

+éPqé b{(a ex")(0nes") — (0uex")(0uéo )} +érge,% e b{wy 4 (062" — 0,4 (8,62" }

To proceed with the computations, we require a useful identity. We have that
Du(*a8:") = (0,6:")ENs + €:%(0,™0)

but also
aﬂ(ékaé‘ra) = au(;:-\ =

and thus

(046, ") e = —6,%(0,60) (1.3.12)

which means that we can exchange vielbeins in the derivative while getting a minus sign. Having
this in mind, we have that

0| €20(0,62") (00es”) — (0,67 ") (Dués’) | = €74 { — e2"(0,8%)(Dé,") + éA“(a,,éAb)(a,Léo")}

= 6§ - (8p,é)\b)(auéab) + (aué/\b)(aﬂéab)- = |:_ (3Mépb)(3yégb) + (8yépb)(aﬂé0b):|

Similarly, we have that

épa eo-d é)\b @l,bd (8ﬂé)\a) — éAb (D#bd (8yéA“) = épa égd |: — é)\a@ybd (aué)\b) + é)\a D#bd (6yé>\b):|

=58 e, { — 3,84 (0,6) + @,%4 (8,6%) | = &, { — @,%4 (0,6%) + @, (auépb):l

and so if we replace back in the expression for the curvature tensor we get

p A b|a _ - ® = @ =
R opy = €y ey |:6,uwl/ab - 6VW/Lab + W/Lac @y — W% Wp,cb:|
+ (8uépa)(aué ¢ ve€ a)(auéaa)

+éac wl/ac (aue a G, (8uépa)

+ {— (0,6°1) (O ,,épb)(auégb)]
P éad — Wy d ,ué W bd (auépb)
We observe that all terms besides the first equal zero and thus
R’ oy = €°068(8,@,% — 8,8, % + @%@,y — @, %e@,,%) (1.3.13)
Therefore, by direct comparison of Equations (1.3.11) and (1.3.13) we get that
Rab,uu = ,ua)uab - at/("j,u,ab + ‘:J,uacwucb - (Duacaj,ucb

This is the desired result.
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We recognize the first two terms of the curvature relation as the exterior derivative of @ and the last
two terms as the wedge product of @ with itself. Thus, we have an equivalent expression of

R, = do% 4+ @% A &% (1.3.14)

This is called Cartam’s second structure equation.

1.3.4 The Bianchi Identities

By taking multiple exterior covariant derivatives of the tetrad one-form, we get the Bianchi identities,
known from General Relativity, in our new formalism. The exterior covariant derivative of the torsion

form is - . - -
DT® = D" é* = Ddé® + D(@ A &)

We have that 0
Dde® :;19@{+ @% A dé® = @% A dé’

and
D@ A e =d(@y AéY) + @ AT A éEC=da% N e — &% A deb + @ ADY N E°

and so

DT® = %~ de + da®, A &’ — 3%~ de’ + % A’ A é°

=da® N e+ @ AND°, A é° = (do%y + @ AD°,) A é°

By relabeling the indices b <+ ¢ we arrive at the relation

DT = D’¢% = R A é" (1.3.15)

This is in fact Bianchi’s first identity of General Relativity [2]:

Rl o) = 0 (1.3.16)

Note that the proof of the first Bianchi identity presented above made no assumptions about é*
besides it being a vector-valued differential form. Therefore, the formula is valid for any vector
valued p-form A\*:

DAY = R AN (1.3.17)

Now, consider taking an additional exterior covariant derivative, i.e. calculating D*A°. We can
calculate this in two different ways. First,

DX = D(D*A%) = D(R% A AY) = (DR A AY) + (R A DAY) (1.3.18)

However, we also have )
D’x* = D*(DA") = R A DAY (1.3.19)

where we used D) instead of A on Equation (1.3.17). By comparing Equations (1.3.18) and
(1.3.19) we conclude that L
DR AX' =0

Since A® can be an arbitrary vector value p-form, we choose it to be a vector valued 0-form, i.e. a
vector field A = X*. By doing this, the wedge product simplifies to an ordinary product:

(DR")X" =0
Since this equality must hold for an arbitrary such vector field, we conclude that
DR%, =0

must hold. By using the exterior covariant derivative formula, we get that this relation is:

ERab = dRab—FLTJaC/\RCb —Rac/\wcb =0 (1.3.20)
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which is in fact Bianchi’s second (differential) identity of General Relativity [2]:

ViR oy =0 (1.3.21)

We can calculate DR%:
DR%, = D(d&“, + &%, A\ &) = D(dw",) + D(&°. A &%)
We have that

D(d&“y) M+ (@ AN dD%) — (do®. N@%) = (@% A d@®%) — (d°. AN &%) = d(@%: A @©%)
and
D(@% A@%) = d(@% AN@%) + (@%% AN@°q A@%y) + (@% A &g A@dy)
= d(@%% A@%) +2(@% A&y A @)

and thus we get L
DR", = 2d(@" . AN @) + 2(@% A@°g A©%)

Bianchi’s second identity can therefore be written as

DR, = d(@% A &%) + (@%% A&y A@%y) =0 (1.3.22)

1.4 The Contorsion Tensor

Assuming a contorted connection ffw it is possible to show that [5]

T 1 A A
Low =T+ 5 (M + T + T2) (1.4.1)

where the F;)V are the Christoffel symbols of conventional General Relativity which do not include
torsion:

r,=I, (1.4.2)

and T*,, are the components of the torsion tensor. Therefore, it is is possible to split the affine
connection in two parts, a torsion free part FZ\W and a contorted part K* v

L), =Th, + K., (1.4.3)

where the contorted part K* uv 1s a tensor (as it is defined in terms of the torsion tensor), which we
call the contorsion tensor®

1
K)\HV - §(T n% + TL v+ TVAM) [1.4‘4)

81t turns out that there are four different expressions for the contorsion tensor, which are based into two conventional
choices:

i The choice of the definition of the covariant derivative: Either V,w, = d,w, —Ff;l,w,\ (Choice (1a)) or V wy, = Ouwy —F},‘Lw N
(Choice (1b))
ii The choice of the definition of the torsion tensor: Either T, = f‘?w — fiu (Choice (2a)) or T* ., = f‘iu — f:u (Choice (2b))

Then, according to our combination of conventional choices, we get different expressions for the contorsion tensor compo-
nents:

i (la) & (2a): Ky = %(TAW + Ty + Tyxy,) & anti-symmetric in 1st and 3rd indices: K),, = —K,,x (We're using this
one)
ii (1a) & (2b): Ky, = —%(T)\W + Tuxe + Tyap) & anti-symmetric in 1st and 3rd indices: Ky, = —K, x
iii (1b) & (2a): Ky, = %(Tx;w — Tuxe — Tuny,) & anti-symmetric in 1st and 2nd indices: Ky, = =K .
%( wxv + Tuap — Tapw) & anti-symmetric in 2nd and 3rd indices: K, = —Kx,,

iv (1b) & (2b): Ky, =

10
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The torsion tensor is antisymmetric in its lower indices:

T/\,uu = _T)\Vy, (145)

and based on that we can easily show that the contorsion tensor is anti-symmetric in its first and
third indices:

K = =Ky (1.4.6)

Analogously, the contorted spin connection @%, can be split it into a torsionless part w®, and a part
K*“, containing all the information about the torsion:

’Qab =w + K% #@Hab Zwﬂab-‘rKaMb (1.4.7)

where K“, is again the contorsion, this time expressed using Latin indices. The torsionless part is
defined to be such that

| Dé* = de" + w'y e’ =0 (1.4.8)

i.e. the torsion contribution from w¢, is zero. It is easy then to show that

|D=D+ K| (1.4.9)

Note that we have defined a bar-less exterior covariant derivative D, which is defined like D, but
with w?®, instead of @%,. This, in turn, gives us that w,; is anti-symmetric:

(1.4.10

by the metric compatibility condition, as before. The torsion one-form is defined by the contraction®

K = K%.é" = K%,.dz" (1.4.11)

where the components K%, are given by:

1
Kabc = i(Tabc + Tbac + Tcab) (14 12)

Since the first and third indices are antisymmetric,
Kope = —Kepa (1413)
it follows that the components of the contorsion one-form are anti-symmetric:

(1.4.14)

Furthermore, by the defining Equation (1.3.8) for torsion and Equation (1.4.8) it is trivial to show
that

T = K0 & (1.4.15)

thus confirming that the information about the torsion is contained entirely in the contortion.
Furthermore, we have that

2([(abc - Kacb) = Tabc + Tbac + Tcab - Tacb - Tcab - Tbac = 2Tabc

and thus we get the property

’Tabc = 2K = (K% — K%) ‘ (1.4.16)

Having all of the above in mind, we can define a torsionless curvature 2-form as [4]

’ R, = dwp + w%. A w%

(1.4.17)

9The index contracted is the one that doesn’t possess any symmetry. Similarly, in the other conventions we described,
the contorsion one-form is defined by contracting the lower index that doesn’t have any symmetries.

11
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which (obviously) satisfies the Bianchi identity
DR, =0 (1.4.18)
By expanding Equation (1.3.14) we get that

R, = d(w% + K%) + (W% + K%) A (w% + K)
=dw® + W AW +dK% + W . NK + K. AN, +K*. N K€,

=R%, DK%

and thus the contorted curvature 2-form can be expressed in terms of the torsionless curvature
2-form and the contorsion one-form:

|R', = R", + DK, + K°. A\ K* (1.4.19)

1.5 Lagrangian Formulation of Einstein-Cartan Theory

In General Relativity, the Einstein Equations in the absence of matter are derived from the so-called
Einstein-Hilbert action:

_ 1 — 4
Sg_g = ].67TG/R\/ gdz (1.5.1)

where R is the (torsionless) Ricci scalar and G is Newton’s constant of gravitation. In our contorted
theory, it makes sense to simply replace the torsionless Ricci scalar with the contorted Ricci scalar
R. Therefore, the starting point for the action in a contorted gravity theory is

1

Sa = 167G

/Rﬁd‘lx (1.5.2)

We will show (by following [6]) that this term can be rewritten in differential form notation as

_ 1 D ~q ~b
SG = m/Rab/\*(e Neé ) (1.5.3)

Proof

First of all, we have that the curvature form can be written as the contraction of the Riemann
curvature tensor:

_ 1-
R, = §Rabwjdl“u A dz”

Furthermore, the asterisk denotes the Hodge dual, which for a p-form A in D-dimensional space
is defined to be

1
A= ———Abrbr dzhr+t Ao A dxHP 1.5.4
& (D _ p)! nﬂlu'l"p*-'ﬂD £ 4 ( )
where 7 is used to denote the Levi-Civita tensor
Mpy..owp = V=9 €u1...up (1.5.5)
Therefore, we can see that .
x(e* N eéb) = §é“péb"npm,\ dx® A da

and thus we get

1
167
1

1 1
8¢ =15 / [QRadex“ A dm”} A [Qéapéb"npm dz" A da?

1-—
~ e / ZRabwé“péb"nmmdx“ Adz” A dz® A dx?
s

12
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1.5. Lagrangian Formulation of Einstein-Cartan Theory

Then, by using the relation

‘ dxz*r A -+ - A dxHP = \/Tgnm-.-up de
we get that

(1.5.6)

1 17ab 5 P50 VR
Sa = 167G / ZR a6 Nposa™* V/—g d'z
For the contraction of the Levi-Civita tensors, we have the identity

Morvp 1P = (D = p)Logi D (1.5.7)
where we have adopted the convention ep123 = +1 and 6/} /'P
symbol defined as the determinant:

VYD

is the generalized Kronecker delta

H1 M1
op] (5%
H1.--UD
51/1...1/[) -

ST (1.5.8)
Jip ... gk

Having this in mind, we get that

77/)0&/\77“’”;)\ = 2(61565 - 6g55)
and thus the action can be written as

fL lfab 5 Pp O(SHSY _ SHSV — 47L lib s usv s busp .

% = 167TG/2R uv€a” " (8,05 606[))\/7qu = 167G 2R av(€aPép” — €, et )/ —gdix
R Oy S

_167TG/2(R w = BN )Vogdie = 15 [ Bav-gde

We can recognize R*,, as the Ricci curvature scalar:

R = Rub’r]ab _ Rcacbnab — RCbcb
and thus we have shown that

1 B 4

— — 1.5.

Sc 167TG/R\/ gd*z (1.5.9)
as desired.
By expanding the curvature 2-form in Equation (1.5.3), we get three terms:
1
=— % +DK" + K" NK° 6" N e’ 1.5.10
Sa e (R, + b+ N KC) A (e N e%) ( )
The first term is the familiar Einstein-Hilbert action from General Relativity:
5. _g 1 /Ra A (8% A &) (1.5.11)
G T PE-H = 767 b e"Ne .5.
The second term turns out to be a surface term
1
Sa, = /DK“,, Ax(e* N eéb) = /d(K“b Ax(e* A eé)) = / (K% A x(e% A é%)) (1.5.12)
167TG OM
and thus doesn’t contribute to the equations of motion and can be ignored. The last term contains
all torsion-related information
1 a c sa 5b
Sa, = 167TG/(K cNK) Ax(é*NEéY) (1.5.13)
If we return to our previous notation, this term can be written as
1
=—— [ Ay/=gd 1.5.14
56 167TG/ gd'w (1.5.19)

13
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where A is a factor that comes from contractions of the contorsion tensor'®. Therefore, the full
gravitational action is

_ 1 —
Sa = 1620 /(R—&—A)\/ gdx (1.5.15)

In the next chapter, we’ll see that this A factor can be further split up and only part of it is important
for our theory.

10Using the convention #ii as presented in footnote 7, this term is

1 1
A= KX K = K K> = TV T = ST 3T ST n T

14



Chapter 2. Quantum Electrodynamics in Contorted Curved Spacetime

Chapter 2

Quantum Electrodynamics in
Contorted Curved Spacetime

In this chapter, we will study Quantum Electrodynamics in curved spacetime with non-vanishing
torsion. We already have a description (the action) for an Einstein-Cartan spacetime with torsion. In
this chapter, we’ll add an electromagnetic field alongside a fermion field coupled to it while it’s in a
contorted and curved background spacetime. We’ll then proceed to find the equations of motion and
see that the presence of torsion modifies the Dirac equation. Finally, by making some additional
assumptions we’ll see how torsion can give rise to an axion with which the fermion interacts.

2.1 The Contorted QED Action

In the previous chapter, we presented the gravitational action that describes a contorted curved
spacetime. To describe Quantum Electrodynamics (QED) in such a background spacetime, we
need to add two more action terms: A term that couples the fermions to the electromagnetic field
in a contorted and curved spacetime, and a term describing the electromagnetic field itself. To do
this, however, we must define a suitable covariant derivative that acts on spinors.

2.1.1 The Gravitational Covariant Derivative of Spinors

The proper covariant derivative for spinors is called the gravitational covariant derivative and is
defined as [4]:

_ i — i
Dy =dy — Zwabaabw & Dy =0, — Z‘Duabaabw (2.1.1)

DY = di + %aabfpa“b & D =0,0+ %wwb@aab (2.1.2)

where 0% is defined in terms of the v matrices in flat space!!:

ab — 2.['y“,vb] (2.1.3)

7 T3

2.1.2 Action for Spinors in Contorted Curved Spacetime

To express a spinor field coupled to the electromagnetic field in a contorted curved spacetime back-
ground, we just need to adjust the known action of free fermion fields in Minkowski spacetime,
given as,

1

Shih = 3 / (@7 0,1 — 8,0 ) die = / %(mwaﬂ,w +he)d's 2.1.4)

!lThese are the familiar gamma matrices used in Quantum Field Theories. Gamma matrices with Greek indices, which
will be encountered later in the text, are dependent on the spacetime coordinates, unlike the Latin index ones, which are
constant.

15
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to account for the coupling to the electromagnetic field and the gravitational background. This is
done simply by replacing the partial derivative with a covariant derivative:

D, =D, —icA, (2.1.5)

where D, is the gravitational covariant derivative, 4, is the photon field and e = 4ra, where «
is the fine structure constant (the coupling constant of QED). Finally, we need to replace d*x with
/—gd*z in order to have diffeomorphism invariance. Therefore, our QED in contorted spacetime
reads as

. 1 -
SoEp T = / (i7" (Dpp) + h.c.)y/=gd'z (2.1.6)

When we expand this, we get

SCurved-‘rTo’rsion _
QED -

—

_Z-q}y#[(f)u —ieA,)Y] + h.c} V—gdiz

i@y‘l’Duw + efpv“’z/}AN + h.c} V—gdz

I
N = N = N =
\\

D - DB | vgatat e [(Brrva,)=gds

We can now split the gravitational covariant derivative into the parts with and without torsion. More
specifically, for @, = wyas + Ko €quations (2.1.1) and (2.1.2) become:

— i
Dy =D, — ZKWW“% (2.1.7)
— - - i

D¢ = D, + Zwaqpaab (2.1.8)

The resulting action after the split therefore can easily be shown to have the following three terms:

) 1 _ _ _
Sapp T =5 / [iwvﬂDuw - z‘(mew} Vogd'zte / (P A,) =g d'
1 _
+5 [P0 0 oKy g

By using the identity [4]

{76, 0%} = 2¢%0¢ 95 (2.1.9)

we find that
urve orsion 1 - . - L s
Seep " = 5/ {“W Dy — i(Dytp)y! 1/)] V—gdiz + e/(wv“wAu)Jfgd4x
1/ -
+7 / e Py Y P Ko/ =g d'a

The first two terms are the action terms for QED in curved spacetime without torsion:

: 1 - - —
SoEp™ =5 / [z‘wmw - i(mew} Vogd'ate / (y"pA,) /=g d's (2.1.10)

We now focus on the third term that contains the torsion, SH¥5" = § [ €4y Y Kaep/—g d'a.
The Levi-Civita symbol is contracted with the contorsion tensor and thus only the completely anti-
symmetric part of the contorsion has a non-zero contribution, i.e. it is K[, that couples to the
spinor. We can show that

Tract) = —2K[act) (2.1.11)
Thus, by defining the torsion 3-form
1 R b . ac
T:§Tabcea/\e’/\ec (2.1.12)

16
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we observe that the quantity

1
Sq= ge“bchabc (2.1.13)

is a one-form that’s the Hodge dual of the torsion 3-form

(2.1.14)

We have that

1 2
b ach
gea( dTacb 3|€ dT[acb] _56 K[acb] = € dK[acb] = _3Sd

Having in mind all of the above, the last term in the above action can be written as
1 abc 7 5 1 abe T 3 —
i / by Y Ko/ =g d's = 5 / e aPy YKo V=g d'e = = / S,y S/ —gdx

Furthermore, we recognize

(GO =Py (2.1.15)

as the fermionic axial current. Therefore, the action term that contains the coupling of the fermions
to the torsion can be written as

/S#wwww\/id‘ix——f/S “Fd‘lx——f/S/\*g

Proof

We want to show that the term involving the torsion can be written in differential form notation
as indicated above. To do that, we’ll first use the definition for the Hodge dual (Equation (1.5.4)):

—f/S/\*g = —f/S dat A 3| §°)P Npvradz” A dzFda?
= — /3,Su( °)P Noveadx! A dx” A dz"da?
=/=gnrvEidig
3 1 -5\ p 2PN 4
= _1 QSN(J ) NpvrT] V _gd xz
=644
_ 3 S -5\ 11 d4
) u(] )i/ —gdiz
and we have thus proven what we wanted.
and so the action becomes
. 3 i
Sg%%)ed—O—Torszon _ Sg%r[l)}ed + SgoEr[s)wn — Sg%%)ed o 1‘/‘Sv A *_75 (2116)

2.1.3 The Electromagnetic Field Action

We must now consider the action for the electromagnetic field. Here, we’ll choose the same action
as the one used for regular QED. This amounts to hypothesizing that the photon does not couple to
the torsion. We are, therefore, dealing with a minimal description of the electromagnetic field. The
action we consider is

Sem = —E/FWF’“’\/ d*x (2.1.17)

which can be rewritten in terms of differential forms as

1
SEm = _i/F/\*F (2.1.18)

17
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2.1.4 The Gravitational Action

In the previous chapter we saw that the torsion part of the gravitational action is expressed through
the scalar A. Similarly, we saw that the torsion part of the fermionic action can be expressed
through the tensor Sy, which is a contraction of the torsion tensor. The contorsion tensor is a four-
dimensional rank-3 tensor with 48 components. Its antisymmetry in the first and third components
dictates that the number of independent components of the contorsion tensor is 24. That is because,
for K. there are 16 total combinations of a and ¢ and only 6 of these are independent because of the
antisymmetry in those indices. For each of those, we have 4 components (different b values) for a
total of 4 x 6 = 24 components!2. We can check (through Young Tableaux!®) that the decomposition
of the contorsion tensor in irreducible parts is [7]

6QR4=44DP20=44D4p D16 (2.1.19)

where we have labeled the two different 4 parts of the decomposition to discern them. The vector Sy
turns out to be the 4, component and thus we can say that

1 .
Kope = ieabcds’d + Kabe (2.1.20)

where eabcdS is the 4 part and Kape is the 20 part, which is not given as it will not be relevant in
the future This, in turn, results in A being able to be expressed as

A= gsdsdJrA (2.1.21)

where A is given by the same formula as A only with K replacing K, i.e. from the contractions of
the 20 part of the contorsion tensor. With this in mind, the gravitational action breaks up into three
components:

Sa =

167rG 321G

/R+A Fd4x+—/sdsd\ﬁd4 (2.1.22)

The last term can be rewritten as
/Sde\/—g dz = /S A %S

and thus the gravitational action is

/R+A V= d4x+—/5/\*s (2.1.23)

Sa = 327G

1671'G

2.2 The Equations of Motion

We can now write the full action that includes the background gravity, the electromagnetic field and
the fermion interacting with both:

- 1
167G

w5 [ [ D - ipdyre|vmadie s [Groasvaaie -3 [s s

/(R+A)\ﬁd4x+ 5 S/\*Sfl/F/\*F
327G 2 2.2.1)

By varying with respect to A4,,, S, %, and the metric we get the Maxwell equations, an equation of
motion for torsion, a modified Dirac equation and modified Einstein equations.

12 Another way to consider this is to view K,;,. as an anti-symmetric 2-tensor for each value of . Each anti-symmetric
2-tensor has 6 independent components, and thus four of them (one for each value of b) have 4 x 6 = 24 independent
components.

13Since we're decomposing in SO(1, 3) there are additional rules we must take into account [7].
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2.2.1 The Maxwell Equations

Let us initially consider varying the action with respect to the electromagnetic field A,,. Most terms
do not contain such terms and thus their variation is zero. The only terms that contribute are
— 1
SMazwell = e/(wv“z/)Au)\/—g d*z — = /F A % F
(2.2.2)
= e/(wfy“z/)A W—gdtz — = /F S/ —gdtx

Variation of this action gives the usual Maxwell equations, which in differential form notation are

written as [4]
(2.2.3)

d* F = xj (2.2.4)

is the four-current, i.e. the Noether current of QED.

where

2.2.2 The Torsion Equation of Motion

Now, let us vary the total action S with respect to the torsion S,,. Again, only the terms containing
a torsion contribute and therefore the action that has non-zero variation with respect to S, is

__3 3 :5
STorsion—%/S/\*S—Z/S/\*J
LG / S, St/ —gd*z — Z / Sy S/ —g dta (2.2.6)
3
g"" S, S,/ —gdte — f/s,ﬂm Yo/ —gdx

~ 327G
By varying this action with respect to S, we get the torsion equation of motion:

Sy = ArGpy, Y = 4n G, (2.2.7)

In differential form notation, this can be written as

028

Now, let us prove this result.

Proof

We start with the action
3 3 = =
. _ iy — 4., 2 JTS) S 4
STorswn 327G /g S,uSl/\/ gd xz 4 /S;ﬂ/)’y 0 1/) gd z
The variation of Storsion With respect to S, is given by

5STorsion = STorsion [Su + 55};} - STorsion [Su}

where the square brackets indicate the functional dependence of the action on the torsion func-
tion S,,. We, therefore, ought to calculate Storsion[S, + 05,

3 3 _
StorsionSy + 65, = 7= / 9"(S, + 5su)(sy +68,)/gdis — > / (S, + 8S,) T P v/=g d'a
= ) /—“’ 4
SrorsionlSul + 5o / (Su3S, + 5,55,) /=g d*z

3 _
i /55,#)7”7 pv/—gd*z + O(85°)

19



Chapter 2. Quantum Electrodynamics in Contorted Curved Spacetime 2.2. The Equations of Motion

We ignore terms that are of second order in the variation of the torsion, and thus we have

0STorsion = % /QW(SH(SSV + 5,05,V —9g d'z — %/5*9#17”7”’751/1\/ —gd'x

3 3 _
= M e 1593 — 74
167TG/S 0SuV/—gd z 4/5*9#1/’7 Y hy/—gd x

3 R
- _ ZahAHAD —— 4
/[WTGS;L 4¢7 ¥ 1455“\/ gd'x

The variational principle dictates that

55Torsion
5ST07*si(m _/(SSIJCSS“

with the equations of motion being:

5STorsion -0
08,
In our case, e
Torsion 3 3 5
= S _— Il’
55, TerG o~ 4V 1Y
and thus the equation of motion for torsion is:
3 =
TS — ZuAHAt =0
TonG r ~4¥7 T Y

This can be simplified to give B
Sy = ArGYry, Y = 4nGj)

which is the desired relation.

This formula encapsulates the relation between spin and gravity that is characteristic of Einstein-
Cartan theories. On the left hand of the equation we have the one-form S, a geometric quantity
related to torsion, and on the right hand side we have axial fermionic current, which contains
spinors, i.e. the spin % representations of the Lorentz group.

2.2.3 The Modified Dirac Equation

Next, varying with respect to the spinor field ought to give us the equation of motion for this kind
of field. We, of course, expect this equation to be a generalized form of the Dirac equation that
accounts for the curvature and torsion present. We will vary with respect to ¢, as is usually done,
in order to get this equation. Of course, only the terms of the action containing v contribute to the
variation and therefore the relevant action is

SFermion = %/ {W'Y“DM/) - lD;ﬂ/W”?ﬂ] \/jgd4x + e/(&’y‘uwAM)\/jgdALm - Z/S A *jS

(2.2.9)
1 = = _ 3 _
=3 / [MW Dyip — ZDMW’”P} V=gd'z+e /(wv“wAu)\/—g d'e = / Sy /=g d'z
By varying with respect to 1) we get the modified Dirac equation
, 3 S
D = 5 =0 (2.2.10)

We will now show the derivation of this equation.

Proof

Once again, variation with respect to v is given by

5SFermion = SFerm?ﬁon [17} + 577}] - SW’]
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and

5SFerm7;On = /M6QZ
oY

and we demand that
5SFermz'on

oY

Let us perform the computations. We have that

Seermion®+ 71 = 3. [ [iGh+ 6017 Dy ~ (DT + 8Ds | V=g '
+e [@+ 500 odngdie— ] [ Su@+ 800 ev=gdis
— Seminli] + 5 [ 137Dy — (D040 | V=g '
+e [oprvangate -3 [ s.50Peygdts

For the term involving the covariant derivative of the variation v, we can do a partial integration:

0
—5 [ DB ey s = ;W +3 [iDu0)v=gats

where the total derivative term cancels as it can be show to be a boundary term through Stokes
theorem, and therefore we have that

’

55Fermion = % / {Z&M’MD;W + ZDIL (7”1/))51/1] \/jgd4x
e / 5 A/ gd's — / 8,607 Sy =g die

We have that
Du('yuw) = (D;ﬂ/“)w + 'YHDMp

It is possible to show, using the metric compatibility condition, that [8]

@21

D,(v*) = ¥*Duyp

and therefore the variation of the action becomes

and thus we get that

’ 3 -
5SFermion = / Z’YMD;L@D + 67“¢Au - 4S,LL’YH’701/):| 5¢\/jgd4$

- . . 5 )
= / iV Dyap — tey piA, — 4Su7“75¢] 0/—g d*z

[ ) 3 7 -
= / YDy — ES,ﬂ’ 751/)] S/ —gdz
Demanding that the variation of the action vanishes we get the modified Dirac equation

. 3 5
ZWQMfZ&W7¢:0

which is the desired result.
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2.2.4 The Einstein Equations & the Stress-Energy Tensor

Finally, varying with respect to the metric gives us the Einstein equations

G = 87GT,, (2.2.12)

with the difference with the usual General Relativity formulation being that the stress-energy tensor
T,,, now contains additional terms due to the presence of torsion. More specifically, we have [4]

Ty =Th, + T}, + TS,
where [9]

1
T/fy = Fp,/\Fl/A - ZguuF)\pF)\p (2.2.13)

is the familiar stress-energy tensor for the electromagnetic field from torsion-less gravity. Moreover,

1] .- - 3. -
T, = -5 WY Doyt — (D) | + ZSW%W% (2.2.14)

is the symmetric stress-energy tensor for an on-shell fermion, which includes a torsion contribution.
We shall derive this result.

Proof

The derivation of the on-shell fermion part of the stress-energy tensor comes from the part of
the action that contains the spinor ¢, i.e. from the same part that gave us the modified Dirac
equation:

1 ([~ _ _ 3 _
SFermion = 5/ [“/W“DM/’ - ZDH’L/}FYMw:| \/jgd‘lx + e/(w’yuwA#)\/jgdélm - Z /Suw,-ylhy5w\/jgd4m

The stress-energy tensor for an on-shell fermion is defined as

2 6SFermion
TV — - _-ermion 2.2.1
b= =g (2.2.15)

and thus to derive the stress-energy tensor we must find the variation of Sgemion With respect to
ogh¥. Before taking the variation of this action, we expand the gravitational covariant derivatives
according to (2.1.1) and (2.1.2) and get that

1 ([~ - 1
SFermion = 5 / [“/)’Yuauw - za#/(b’yud] + 11/} {,YH7 w#} w:| vV—g d4£C
_ 3 _
+e [@GroAgvTsdia-3 [ sdrPevgdis

where w,, = w,,0?°. We must now take the variation with respect to the metric. The presence of
spinors inevitably leads to a dependence on the metric through vielbeins. Therefore, to vary with
the metric it is necessary to have knowledge of the variation of the vielbeins with respect to the
metric. That dependence is quite complicated and given as a series in powers of the variation of
the metric. In first order approximation, that dependence is [10]:

5(@“11) == %gupépadglw (2.2.16)

1
0(en”) = 59"7€,"0gu (2.2.17)

One might be tempted to use the metric to raise/lower an index of the varied metric. However,
that would be a grave mistake as in such a process the variation of the metric used to raise/lower
an index is ignored. As such, we stress that g,,0¢"” # dg*,. This fact should become obvious if we
point out that g#, = 6! = dg*, = 0. Thus, if the metric could lower/raise indices on the variation
of the metric we would get §(é#,) = 0, which of course is inconsistent. We therefore understand
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that only quantities that have a vanishing variation (such as Kronocker’s § and the Levi-Civita
symbol ¢) can act on the variation of the metric. Another quantity dependent on the metric is the
volume element /—¢g, which transforms as [2]

1
ov/—g = ix/jgg“l'(SgW (2.2.18)

Finally, the gamma matrices with curved indices actually have a dependence from the metric as

well:

7” = éﬂa’)/a

where ¢ are the flat spacetime gamma matrices that are constant and thus

1 1
ot ="6e"s = <2gupé”a5g“”> = 509"

and therefore the gamma matrices in curved spacetime are varied as

1
oyt = 5%69‘” (2.2.19)

Having the above in mind we can vary the fermionic action with respect to the metric:
1 T o I 7 o T
oS termion = 5 [ | (60,0 - 0,007 ) =g+ (G700 = i0,01#% ) 64=9)| '

+5 [ [Pt e+ Bn wpeeyn) ate

ve [WV”)‘”ANTQ + WwAﬂW—fq)} a
- z/ {5u¢(57“)75¢\/7g+ 5/L¢7“v5w(6ﬂ)} de

By expanding (§,/—g) we notice that the terms proportional to the variation of the volume element
can be expressed in terms of the fermionic lagrangian £:

5 [ 000 =5 [ (#5700 - 05rv) 0v=a)| ato+ 3 [ 5|00 wev=a] dte

+e / [1#7“1&14“(5\/—79)} d'z — g / [Suww“w5w(5\/fg)]d4w

where

o
|

T D = D, 0] VG + T DA - 35,00
'L‘J}’YM(D;L - ieA;L)¢ - i(D;L + ieA;LW”/”?#] \/jg - ZSN;ZJ'YM’YS@/}\/TQ

_ _ 3 _
1D = (DD | V=5 - 35,V

N~ N~ N

It is trivial to show that £ vanishes "on-shell", i.e. if the equations of motion (the modified Dirac
equation) hold and therefore this term is zero for on-shell fermions, which is exactly what we're
interested in. Thus, the varied action (now considering on-shell fermions) is

6SFermion = %/ [“/1(5’}’”)3H¢ - Zaﬂ?’((s’)’“)lﬁ + %715({7”,0%})1/’ \/jgd‘lx

+e [@Empasgas -3 [ 8500 vy=gdis
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The next step is calculating 6({v*,w,}). We have that
{7“7 W;L} = VMwuabJab + Wuabaab'yu
and thus its variation is
s({*, wut) = {(57M)Wﬁmb‘7ab +* (éwuab)aab + (5w#ab)0abv“ + Wuabaab(‘hu)]

= {7 0wt + {07, wu}

By replacing this expression into the varied action we get that
(- e . B o Ziem 1 (-, .,
oS termion = [ |5 (001D = iR, B)0r")w) = §8, 561w | v=gata g [T 0m 00} vvgate

We now need to calculate the variation of the spin connection, dw, = (éw,q)0?. From Equation
(1.1.20) we know that

Wpab = nacéAb él/C FZ)\ - nacéAb aué)\c
To take the variation of the spin connection we must know the variation of the Christoffel symbols
with respect to the metric. This is given as [2]

1
5FZ)\ = igup vuag)\p + V/\(SQM) - Vpagu)\ (2.2.20)

The important information regarding to the variation of the Christoffel symbols is that that it’s
a tensor symmetric in its two lower indices. Having this in mind, we can go ahead and vary the
spin connection:

Swpab = Tac(66*)8,° T + Nace™s (56, )% + Nac €66, (6T75) — Nac(66™s) (01°) — Nace™s 0, (6€1°)

where we have used the fact that partial derivatives commute with functional derivatives. Let us
focus on the last term. We have that

A A C A 1 ops C
_nace)\b 8;1,(56)\ ) = _nacekb aﬂ(ig pep 69)\0)
1 A op\as C o s C ops C
= _Qﬁace)\b (0.9°7)€o(0gx0) + 977 (0u€,°)(69r0) + 977 €,°0u(6gro)
By also expanding the vielbeins variations in the rest of the terms, we get that

1 S S . o
0wuab = 5Mace’s &, T3 (9op09™) + 577(106% e ThA(97P0Gu0) + Nac €66, (5T%,)

1 A ~ C o 1 o ~ C o 1 - 2 @ o

- *nacepb(auek )(90959)\ )_ *nace)\b €p (6ug p)(dgx\a)_*nacekb(ﬁuep )(g P(Sg/\a)
2 2 2
1 A s Cc oo

- §nace>\b €p g pa,u(ég)\a)

Now, we focus on the underbraced term. We will use the very useful property:

‘5.9/)0 = _gaugpuaglw ‘ (2.2.21)

This result is easy to show and follows from the fact that §(¢*"g,,) = 6(65) = 0. Therefore, we have
that

1 ~ A C o 1 A E o K 1 2} 5 @ K
—§nace%(3u6p )(97P0gr0) = +§77ac€>\b(8uep )(97° 9oegrndg™) = inace%(%@p )(0£97n0g" )
1

~ ~ P 1 ~ ~cC K
= 577(106)\b(8u6p )(gkndg p) = 577acepb(aue/\ )(gmpég A)
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where in the last step we renamed the indices A <+ p. Having this in mind, we rewrite the variation
of the spin connection,

1 A ~ v o 1 2 3 v (o LA v
5W;Lab = inacepb eyc FH)\(gop(sg/\ ) + inace)\b epcrﬂ)\(g pagua) + Nac eAbeuc (5]-—‘#)\)

1. . e S 1 5 "
- *nacep gapég)\ ) - inaceAb €p (aug p)(ag)\a) + *nacep gnp(sg )\)

1 A s cC oo
- inacekb €p g pay«((sgka)

and observe that the two terms involving the partial derivative of the vielbein cancel out. We can
then regroup the remaining terms as

1.y . e o o [ o N
&Uuab = —Tac |:26>\b €p ((aug p)((;g)\g) +g pau(ég)\a)> _Eepb (& FuA(QUp(Sg/\ ) - 56/\17 €p Fu)\(g p(sguo)]

=0,(97°9x0)

+ Nac é>\l7él/c (5FZA)

The inverse of Equation (2.2.21) is

KA

=—97"9"89,0 (2.2.22)

dg

We use this relation to lower the indices of the variation on the second term:

1 ~ ~ C 174 g 1 A ~ C 174 K O 1A ~ C 174 K
=5 e TiA(90p09™7) = 5 €, T}1\(90pg™ " 97 0gne) = 5% & TA (559 " 00c)
1 A ~ C v K
= iepb ey ;m(g/\ 69sp)

and therefore the variation of the spin connection is

1 ~ A C o 1 Ap A CTW K 1 ~ A CTW o
5Wuab = — TNac |:26>\b €p au(g pég)\a) + §€pb €y Fp)\(gk 5g/€p) - iekb €p F/J/\(g p(sgua)]

vierp & Ak VK

+ Tac éAbéVc (6FZA)

We now make the index renaming indicated in the underbraces above. We get that

Lox g c o 1 AV 5 C K 1. cPrk o
dWpab = — Mac {26)\5 €p°0u (97 0gxs) + 56 b€p Ffm(!f\ 0gxn) — 56)\1) €p u,\(g p(;gm)]

Ao Vo

+ Nae €8, (OT%3)

Another renaming of indices (indicated above) results in

1 ~ A c o 1 AU A C oK 1 ~ 5 C o
&Uuab = — Tac |:26/\b €p 6;1«(9 pag/\a) + 56 b€p Ffm(g 6901/) _iekb €p Z)\(g p(sgna):l

VA

+ Nac é)\béuc (5FZ)\)

A final renaming of indices results in

1.y . . L.y . o Lo e oo
5wyab = — Nac |:26)\b epca,u(g p(sg)\a) + §6Abepc Ffm(g 590)\) - 56/\17 epc ,uA(g pégno)]

:%ékb épcvu (gap‘;gAU)

+ Nac éAbéuc (5FZ)\)
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where we observe that the quantity in the brackets is the covariant derivative of (¢°?dg),). By
making use of the metric compatibility condition, the metric commutes with the covariant deriva-
tive and thus the final expression for the variation of the spin connection is

T .. A 5 y
SWpap = _iﬂaceAb €,°97°V 1 (69x0) + Nac e, C (6T 5) (2.2.23)

We are now ready to calculate the term ¢ {y*,éw, } 1/\/—g. We have that

Y {v", dwut v/ =g = ¥ {7, 0} et 6wpuan/—9g
After using identity (2.1.9) we get

Y {7, dwu} Y=g = 2 by P 1pér Lowpany/—9g
We replace the expression for the variation of the spin connection and get

P {7", 6w} 9v/=g = — € aby VP ame s 8,977V (8920 )V =9
+ 2e%° gy IO Yer cham €46, ™ (ST%\)V/—g
It is quite easy to perform the contractions with the vielbeins and the metrics and get
b {7, 8w} Yv/=g = — €M 4 Py’ YV, (69r0) V=9
+ 26, Py (8T, ) V=g
N—~— ~———
We know that both the variation of the metric and the variation of the Christoffel symbols are

symmetric under exchange of their indices. Therefore, contraction with the Levi-Civita symbol
results in the vanishin of both terms,

P {v*, dwu} /=g =0 (2.2.24)

and thus the term that includes the variation of the spin connection does not contribute at all.
We can now go back and rewrite the varied action:

38 termion = [ |5 (10061)D,0 ~ iR, B)6v)w ) - §8,006v 70| V=g o
where we now replace the variation of the gamma matrices and get
o8 eermion = [ 3|5 (1812wt = 0, B110) = S50 vgog dto
It is now useful to notice that if 4, is an arbitrary tensor and B*" is a symmetric tensor, then
A B" = % (AWBW + AWBW) = % (AWBW + AVMBW) = % (AW + Aw) B* = A(W)BW

Therefore, since d¢g"” is symmetric, we have that the final form of the variation of the fermionic
action is

11/ .- ) _ 3 _ ,
0SFermion = / 5 |:2 <Z¢7(VDM)¢ - Z(D(;ﬂp)%/)q/)) - 4S(M¢’YV)75¢:| \% _95.9“ d4'r (2.2.25)

We can now employ the definition of the stress-energy tensor, given in Equation (2.2.15) and find
that

1. . = 3., -
j_rlipl/ = 75 |:Zer(uDu)w - Z(D(;ﬂﬁ)%)ﬁ/} + 1&;#/’%)’757?

which is the result we wanted.
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Finally,

3 1
TS, = ~ oSSy = 5 9urS15Y) (2.2.26)

is the stress-energy torsion attributed to the torsion.

Proof
This part of the stress-energy tensor originates from the torsion-only parts of the action, i.e. from

3
= — (H — 4
St 327rG/g SuSuv/—gd x

Since we consider S, to be an independent variable, only ¢ and \/—g have a non-zero variation.
Therefore,

55y = % / {<6g*‘">susu¢fg +9"8.,8,(6v=g) |d'x

We can now use the property

1
0/—g = fiy/fggwég”” (2.2.27)

which is easily obtained by Equations (2.2.18) & (2.2.21). This gives us:

3 1
o — pry = Ao _ nv 4
0ST = 3271'G/ [susuﬂ(ég ) 29 SxSov/=99u (39 ):|d Z

3 1 Ao — pvy 34
327TG/ |:S[_LSV 29 S)\Sag;u/:| V g(ég )d z
Thus, the variation of the torsion action is
58y = i/l S8y — 28,8 g | V=5(0g")d 2.2.28)
T716nG | 27077~ 2727w -

We now apply the definition of the stress-energy tensor (2.2.15) and find that

3 1
T3 = ~Torg SuSv = 59w 5%)

which is the desired relation.

2.3 Anomaly and Axions

In the previous section, we derived the classical equations of motion for our system. From Equations
(2.2.8) and (2.2.10) we get that the axial current jf; = 1/)7u’y5770 is conserved. This would, in turn, imply

that the torsion is conserved, i.e.
(2.3.1)

This can easily be seen as we have that
S = Syda?

and thus, by definition of the Hodge dual,

xS = S xwpdat A da? A dx?

4—1)

Then, by definition of the exterior derivative,
1
d* S = ga(,sm,wdx” A dz* A dz” A dx?
and by direct substitution of Equation (2.2.7) we get that

1
dxS= 5477080(j5))‘77)\uypd1‘0 Adat A dz? A da?
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which vanishes, due to the conservation of the axial current. Therefore, the torsion is shown to be
conserved as claimed. However, it is known from Quantum Electrodynamics that the axial current
is not conserved when we pass onto a quantum theory due to an anomaly that shows up in the
one-loop level. More specifically, the axial current has a non-vanishing divergence given by [4]

2
1 _
dx*j5 = —4%1? AF — o 5t(RAR) (2.3.2)
or, written in components,
5 € L o
V2 = @F (*Fyu) — 1927TQR (xR po ) (2.3.3)
where
1
*Fpu = 5 vV —g EILLL/)\IQF)\H (234)
and
5 1 = Ak
*Rpa,uu = 5 vV —9 E,uu)\kaRpa (235)

At this point, it must be stressed that we're dealing with a semi-classical approach to the effects
of torsion in Quantum Electrodynamics. That means that, in the absence of a quantum theory of
gravity itself, we use a classical theory of gravity (i.e. we consider a classical geometric background)
and consider its effects to the matter fields. Hence, while the axial current non-conservation implies
that the torsion field is not conserved either, we do not actually know the quantum behavior of S.
This means that there might be more contributions due to quantum effects we aren’t aware of. A
possible route to take is to hypothesize that there are additional action terms such that torsion
is conserved (i.e. Equation (2.3.1) holds) even though the axial current is not conserved. This
hypothesis can then be shown [4] to lead to the replacement of torsion by a (scalar) axion field ¢,
to which the fermion field couples. To show this, we will follow the path integral formalism and
apply the conservation of torsion (Equation (2.3.1)) as a constraint [4]. The full path integral for the
quantization of the system is

Z = /ng;pﬂms ¢iSlg 1.5 (2.3.6)

where S[g,v,, 8] is the action functional dependent on the metric, the spinor and the torsion. We
are only interested on the torsion part of the path integral:

ZS:/DSeXp[i/(S;;G/S/\*S—E/S/\*f)} (2.3.7)

By making use of the constraint (Equation (2.3.1)) the torsion is replaced by an axion and we get
the following result:

1 1

78 = [Doespi [ (- 50100 - 5" - ke ) Jvaaty 2.3.8)

Proof

To enforce Equation (2.3.1) as a constraint, we introduce a functional delta function to the path

integral:
3 3
c _ ‘ 2 5
Zg /DSé(d*S)exp{z/(S%_ /S/\*S 4/5/\*] )} (2.3.9)

This delta functional can be written in integral form as!'#
5(d* S) = /:D@ei {J S (2.3.10)

Therefore, the torsion path integral becomes

3 3
@ : _® -5
Zg _/DSbeexp[z/(SQWG/S/\*S 4/5/\*3 +<I>d*5>} (2.3.11)
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We can write this path integral in index notation as

zZ§ = /Dsm) exp [z/ (32 GS SH— = way“w5w+¢>8”5">\/—g d%} (2.3.12)
Now, we integrate the last term by parts and get

75 = /DSD(Pexp

T 1
.

3 3 . -
/ (327TGS“SM T4 ul/J’YM’Y51/J = (8,@))5#) \/—79d4;v]

3 3.
/ (MSNSM - Zj‘i al (apq)):| SU) vV —g d4$:|

= /DS Do exp

3 327G
_ . uwo o — 4
/DSchexp _1/327@ <SHS - L Jn (@@} S )\/ gd w]
:/DSD‘I’CX}) z/3 S,SH — _87rGj5+77TG(6 ®)| S*)/—gd'z
U/ 327G \"7* A T

=2b,(z)

.

Now, it is possible to complete the square:
Zg_/DSDCDeXp{i/gng(S SH —2b,S* +b,b" —b b“)«/ d*x }

= /DSD(I) exp {z/ ﬁ ((SH —b,)% - bub“> \/ng%}

We therefore have a gaussian path integral over the torsion field, which gives a constant which
can be absorbed by the measure D®. Therefore,

73 _/Dq)exp[z/b b/ —gdix ]
Now, all that’s left is to calculate b,b". We have that

327G 327G

bub :i [8#6‘]’2—&- (8H<I>)} {8776'(]’5)“ 32mG g )}

16 32m2G?
3

327G

(87 G255 () + ( ) (8,8)("%) + (0 a)

!

We also rescale ¢ by setting ® = /5~ GqS and get

28 = [ Doexp|i [ ~(F5EA0) + 50,0)0"9) + VERGiZ(0%0) ) V=gl

Finally, we set the constant fy = \/3177: and get that the path integral for the torsion has become

78 = [Doespi [ (- 500100 - 5" - ke Vg 2.3.13)

which is the desired result.

We recognize the presence of a pseudoscalar field ¢ with a kinetic term and a coupling to fermions.
These are the exact characteristics that define an axionic field. Effectively, we see that QED on
contorted spacetime is shown to be equivalent to QED in a spacetime without torsion coupled to an
axion.

14This is in complete analogy with the more familiar delta function

dk
) — 'Lkm
(@)= [ 5 e
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2.4 Summary

Up to this point, we have built up the formalism of Einstein-Cartan theory for curved spacetime with
torsion and have considered a minimal model of Quantum Electrodynamics in such a background.
Classically, torsion is conserved and it has no dynamical character. However, we can argue that at
the quantum level, torsion can acquire a dynamical character by being turned into an axion due
to the anomaly in the axial current of QED. This is a very interesting result for a minimal model.
However, models beyond the minimal one can be considered. For example, we can consider a non-
minimal model where the torsion couples classically to the electromagnetic field. This would, in
turn, require a modification to the gauge transformation properties of the vector potential and a
mass to be given to torsion (see [4] for further references).

In general, Einstein-Cartan theory has many more points of interest besides those discussed in this
text. For example, it is worth exploring exactly how spin affects the Einstein equations. As it turns
out, since torsion is not classically dynamical, it does not propagate and the Einstein equations are
the same as in General Relativity in vacuum. In fermionic matter, spin does play a role in altering
the geometry of spacetime, but the contributions are important only when the spin densities are
extreme, such as in neutron stars and, of course, black holes. This, in turn, raises a big interest in
Cosmological models that include torsion and are based in Einstein-Cartan theories (as discussed,
for example, here [11]). An important characteristic of such models is the avoidance of singularities,
both in the Big Bang and in black holes. More specifically, the Big Bang is replaced by a so-called
Big Bounce [12], which happens after a period of contraction of the universe. Similarly, black holes
do not collapse into a singularity, but reach a bounce and a new, growing universe is formed on the
other side of the event horizon. Thus, the physics at the center of a black hole, which in the context
of General Relativity is an unknown parameter, is restored to a classical level.
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Chapter 3

String-inspired Inflation due to
Torsion

In the previous chapters, we developed a theory for classical gravity with torsion and examined how
contorted gravity gives rise to a dynamical axion when interactions with QED are considered. In
this chapter, we’ll consider a string-inspired model and show how the torsion arising in this model
affects the inflation of the universe.

3.1 The Effective String Action

In this section, we’ll outline our string-inspired model, which consists of an effective string action
in four spacetime dimensions. Our main point of interest is the Kalb-Ramond field. We argue that
this field plays the role of torsion and gives rise to an axion, which couples to both gravitational and
Yang-Mills anomalies, in complete analogy with the case examined in the previous chapters. This,
in turn, leads to a modification in our definition of the stress-energy tensor.

3.1.1 Kalb-Ramond Field and Torsion

For completeness’ sake, we give a small summary of the origin of torsion in string theory and
present the model we’ll work with. A deeper dive in string theory is out of the scope of this text
and the derivation of the results presented in this section can be found in standard textbooks such
as [13] and [14]. It is known that any string theory model predicts the existence of three massless
gravitational fields which form the so-called gravitational multiplet [4]: the spin-0 (scalar) Dilaton &,
the spin-1 antisymmetric Kalb-Ramond field B,, and the spin-2 symmetric graviton field g,,. We
devote our attention to the Kalb-Ramond field, which has a U(1) gauge symmetry [15]

By = B + 81,0, (3.1.1)

As a consequence, the action (at least in the low energy regime) depends on the field strength of the
Kalb-Ramond field, rather than the field itself. The field strength is defined as

| Huvp = 0uBuy | (3.1.2)

which is completely antisymmetric and thus forms a 3-form, i.e.

.19

It is, therefore, an immediate consequence that the following Bianchi identity holds:

(3.1.4)
619

or, in index notation,
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Anomaly cancellation considerations dictate that the field strength of the Kalb-Ramond field has to
be modified by the addition of so-called Lorentz and gauge Chern-Simons 3-form terms:

a/

H =dB +
8k

(Q3r, — Q3y) (3.1.6)

where « is the Regge slope, k = v8rG and 31,23y are the Lorentz and gauge Chern-Simons terms
respectively. The Bianchi identity is thus modified and becomes

/
deg—HTr(R/\R—F/\F) (3.1.7)

where R is the curvature and F' is the Yang-Mills field strength. The effective action for the bosonic
string in four spacetime dimensions can be written as an expansion in powers of the Regge slope «’.
In zeroth-order, and after assuming that the Dilaton is irrelevant, i.e. & ~ 0, we get that the relevant
action has the form [15]!5

1 1
Sp = / <2R - HW'HW> V—gd‘z (3.1.8)
2K 6

where Hy ., = k1H auv- Direct comparison with the action (1.5.15) indicates that the Kalb-Ramond
field strength plays the role of torsion in this effective field theory. We can thus define the contorted
connection to be

FA A K
F;U/ - F[U/ + %

and therefore the effective torsion tensor is proportional to the (modified) Kalb-Ramond field strength.
The Bianchi identity (3.1.7) considered above can be written in index notation as [4]

H (3.1.9)

a’ - -
MV, H = /=g (R#VPURHVPU - FWF‘“’> = /=4G(w, A) (3.1.10)

where the covariant derivative is taken with the torsion-free Christoffel symbols (hence the absence
of an overbar), G(w, A) is the anomaly and the quantities with the "tilde" over them are the dual
quantities, defined as

~ 1

R/,Ll/po' = 577/1,11)\/1R)\Kp0' (3.1.11)
~ 1

F,u,l/ = 577;41/;)an0 (3112)

3.1.2 Torsion Induced Axion

In the previous section, we showcased a string inspired model that gives rise to contorted gravity
in four spacetime dimensions. These results tell us that this theory is completely analogous with
the one studies in the first two chapters. Here, the Kalb-Ramond field strength #,,, plays the
role of torsion and the Bianchi identity (3.1.10) replaces Equation (2.3.1) as the constraint we use.
Therefore, in a completely analogous procedure, we can enforce the constraint given by the Bianchi
equation in the path integral formulation. We have the partition function:

7= / Dg DH SlaHl — / Dy DH et | (az B s Haw M) v=gd's (3.1.13)

We focus our attention to the Kalb-Ramond field strength part of the path integral and impose the
constraint as a delta function:

Zi = / DH w0117V s — Glw, A))e ™t 5P V=g d'e (3.1.14)

15This article uses the opposite sign convention for the metric. In this text, the results have been adjusted to our conven-
tion, which is the — 4+ ++ one.
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The constraint can be written as
S P°N Hupo — V—9G(w, A)) = / Dbe S VNV Hupr ~G(w, A V=g dla (3.1.15)
We now use the property V,H,,, = ﬁaﬂ(ﬁﬂypg) and get that
/Dbeif [b(2)v/=ge" PV o pr —b(2) V=36 (0, A) | d*x _ /Dbei I [b(w)ﬁe“””%au(\/TgHum)fb(r)\/fgg(w,A)} d'z
We can now integrate by parts and get that
T O L 3.1.16)
and thus the partition function is
Ty = /pprAWe—if[émww“"+aub(x>e“””° Hopo +5(2)G (w,A)] =3 d'a (3.1.17)
We can now complete the squares:
L — /DbDH)\lwe—if[%(”HAWHA/w+68,‘,b(z)nﬂ”ﬂ”7-[y,m:i:96“baﬂbnuwvmww)—‘rb G(w,A)|v=gd'z (3.1.18)
and carry out the integration on #, absorbing the resulting constant in the measure Db:

—1 —20,b0"bnH"Py,, U+bg(w,A):| V=gdiz
Zi :/Dbe f{ 20u wvp

(3.1.19)
We have that 7, n""** = —24 and thus
—i b 0" b+bG(w,A —gd'z
Zy = /Dbe I [soavornrogon] =7 (3.1.20)
In order to normalize the kinetic term of the b field, we redefine it to be b — leb and thus
—i [ |10,b0"b+L2bG(w,A —gdiz
ZH:/Dbe ‘I[Q Tovatdl )}ﬁ (3.1.21)
and thus the full action becomes:
1 1 a2 ~ -
= _—~ R_Z up _ L Ve pvpo "2 — 4
Sk / <2K2R S0ub 9" — T2 (Rpwpo FlF )) V=g diz (3.1.22)

3.1.3 The Hirzebruch-Pontryagin Topological Density

It is quite obvious that the term of interest in the resulting action is the term that couples the axion
with the gravitational and gauge anomalies. Therefore, we focus our attention to the anomalies
term, which is called the Hirzebruch-Pontryagin topological density [15]:

VI (RWPURWW - FMVFW) = V=9V igea@, A) = 0 (V=9 K} iea(w, A)) (3.1.23)

As we can see, this term is a total derivative. The term K" . (w, A) is called the mixed (gravitational
and gauge) anomaly current density and can be expressed as a function of the spin connection w
and the gauge fields A. The purpose of this chapter is to study the inflation period of the universe,
and therefore we may assume that the gauge fields are vanishing. Thus, we are left with the pure
gravitational anomaly and the corresponding current density X*(w) which we can express in terms

of the spin connection:

5 2 .
V=g (RWPURW”") = V=gV, K'(w) = 0, (vV—9gK"(w)) = 20, {ewmuab (awpab + Swmmpd,ﬂ (3.1.24)

33



Chapter 3. String-inspired Inflation due to Torsion 3.1. The Effective String Action

This is also called the gravitational Chern-Simons term. The effective string action at before and
during the inflation era can thus be written as

1 1 a2
= — _R-— H 4
Sp / (2/-@2R 50u 199r (Oub) K > V—gd'z (3.1.25)
where we did a partial integration on the last term. Therefore, the action can be split into three
parts:

SB = Sgrav + Sb + Sb—grzw (3 126)

where Sgq = — [ 557 R/—gd'z is the standard Einstein-Hilbert action, S, = — [ 19,b0"b\/—gd*z is
the axion kinetic energy term and the last term, S;_4,4,, Which is the axion & gravitational anomaly
term given by

\/7

TP —=(9,b) KH'\/—gd*x (3.1.27)

Sb—grav =

3.1.4 The Cotton & Stress-Energy Tensors

Having this action, we can examine what the stress-energy tensor is. For the axions, the "matter"
stress-energy tensor is found using the standard definition:

2 68 1
b o4 00 1
w= = —59#,/ = 0,b0,b ngapbapb (3.1.28)

In the absence of the gravitational Chern-Simons term, we’d get the usual Einstein equations.
However here, this new term can also be varied with respect to the metric and give a non-trivial
result. More specifically, variation of the Chern-Simons term gives us the Cotton tensor, which is
defined as

1 46Sc
L= — 1.2
O T a0 (9129
where
Se = / bR pe R0/ —g d*x (3.1.30)
such that Sy grq0 = {57 SC After calculating the variation, we get that the Cotton tensor is
cH — _5 |:an (,,frpp)\vauA + ncrl/pAVpR/L)\) + aUaTb (RT}LG’D + RT}/U/L):|
1 (3.1.31)
— _ = PALO L
=3 [VA (&,bR ) t(p o u)}
An important property of the Cotton tensor is that it is traceless:
guC'" =0 (3.1.32)
The Einstein equations then take the form:
1
R" — ~g" R = a ;fcw K2TY (3.1.33)

In standard gravity theories, it is the matter stress-energy tensor that gets conserved, i.e. V, 7} = 0.
However, it is easy to check that the Cotton tensor is not conserved. In fact, we get that

1 ~
VHC/,J,V — —gﬁubR’))‘meAm (3 134)

It becomes obvious, then, that the conservation of the matter stress-energy tensor breaks down in
this scenario. This, indeed, makes sense, as the matter field (the axions) now exchange energy with
the gravitational field, something that doesn’t appear in standard General Relativity. Instead, there
is a modified, more general stress-energy tensor that gets conserved and is defined as

K2THY :“"fcw K2TI (3.1.35)

with the conservation law then being
VT =0 (3.1.36)

total —
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3.2 Gravitational Wave Condensate Induced Inflation

In this section, we’ll see how gravitational waves in the early universe can be a suitable explanation
for a period of inflation for the universe. To that end, we’ll use the so-called Running Vacuum Model
as our Cosmological model of the universe. Then, we’ll consider gravitational wave perturbations
and quantize them on a classical background in order to calculate the vacuum expectation value
of the gravitational Chern-Simons term. Our endgoal will be the calculation of the vacuum energy
density of this model, which we’ll show that in the context of the Running Vacuum Model can
explain the inflation of our universe without the need for additional fields commonly considered,
such as the inflaton field.

3.2.1 Running Vacuum Model

It is widely known that matter only makes up about 5% of the energy in the universe. Another
26% is attributed to what is known as "dark matter”, i.e. a form of matter that does not appear
to interact with ordinary matter but has a gravitational effect. This dark matter is widely assumed
to be "cold" or, in other words, moving slowly compared to the speed of light. The final 68% of the
universe’s energy is the so-called "dark energy", which is thought to be responsible for the observed
accelerating expansion of the universe. This dark energy arises from the cosmological constant A
of the Einstein equations. The mathematical model that is considered to be the "standard model"
of cosmology, currently used in experiments, takes all of the above into account and is called the
ACDM model (A-Cold Dark Matter). However, in recent years, the ACDM model has proven to not
be perfect. The biggest threat to the ACDM is the discrepancy present in the measurements of the
Hubble constant, known as the "Hubble tension". While the possibility of the Hubble tension being
of statistical nature has not been excluded, it is instructive, if not necessary, to consider other
cosmological models that can explain the current experimental data. One of these models is the
"Running Vacuum Model" (from here on RVM). In the ACDM model, the vacuum energy density is
given as
A

PA= SrG
and is a constant. In the RVM, it is assumed that the vacuum energy density "runs" smoothly
with cosmic time. Hence, we have a "running" vacuum energy density pryas(t). The RVM model
originates from arguments and calculations made in the context of the Renormalization Group in
Quantum Field Theory in curved spacetime. However, for our purposes it suffices to consider it as
a purely phenomenological model. In this model, we can assume that the running vacuum energy
density can be expressed as a perturbative expansion of even powers of the Hubble parameter [16]:

(3.2.1)

A(H?) 3 , H?
- H — - 2.2
837G 81G (CO TVH B (3.2.2)

PRVM(H) =

where cg, v, 3¢ are real constants and H; ~ 10~°Mp; is the inflationary scale, with Mp; being the
Planck mass.

3.2.2 Gravitational Wave Condensate
Lets consider tensor perturbations of the FLRW metric:
ds® = —dt* + a*(t) (3 + hij)dx'da? (3.2.3)

It is well known that these tensor perturbations are gravitational waves, which come in two different
polarizations. In the so-called linear polarization basis, the tensor perturbation can be expressed
as [17]

hij = hiel) + hyel? (3.2.4)

The polarization tensors are defined as
e = fes(D)iler (B)]; — [e2(B)lile2 ()] (3.2.5)
e = [ea(B)ile2(k)); — [er (k)] lea(R)): (3.2.6)

16In the original source, « is used instead of 3 for the coefficient of the H* term. The change in this text has been made to
avoid confusion, as this parameter appears alongside the scale factor a.
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where
es(k) = — (3.2.7)
||

and the three unit vectors ey, e5, e3 are orthogonal to each other. We have the freedom to choose the
z-axis as the direction of the propagation of the gravitational wave and thus the unit vectors take
the values

e = (1,0,0) (3.2.8)
es = (0,1,0) (3.2.9)
=(0,0,1) (3.2.10)

As such, the perturbation tensor now can be written as a traceless, symmetric tensor:

hy hx O
h=1hx —hy O (8.2.11)
0 0 0
Assuming an action of the form
R 1 "

where Rcs = RW,,,,R“W"’ is the gravitational Chern-Simons term, the linearized Einstein equations
take the form:

2, . 4A 4A
Ohy = + (2db n ab) 8,0, hy + 20 baZa hy — 220 b83hx (3.2.13)
4R 4A 2 AAR?
Ohy = a*’“ <2ab+ab) 00, hy — — ba2a hy 4+ 20 b83h+ (3.2.14)
where the box operator is defined as
2 a 1 2
O=—0? 30, + 0 (3.2.15)
a a

We can easily see that these two polarizations are coupled to each other due to the presence of
the KR-axion field that couples to the CS-term. We can get a pair of decoupled polarizations by
switching to the chiral basis:

1
h = —(hy £1ih 3.2.16
L.R \/5( T %) ( )

In this basis, the wave equations (3.2.13) & (3.2.14) become

42A/{ 45 Ak2b 42A/€ b

Ohy, = — — 020.hy, + 3hr, (8.2.17)

(2 b+ab) 8,0.hy, —

4@A/<; 42A/<; b 4214,% b

Ohg = 020.hpr — hr (3.2.18)

(2ab - ab) 8,0, hp +

Furthermore, we can calculate the gravitational Chern-Simons term in terms of the perturbation h
up to second order [17]:

"
Reg = a% [(aghLazathR + a202h 0,0 + addihp0,0:hg) — (L < R)| + O(h?) (3.2.19)

As we can see, this term would vanish if the two polarizations satisfied the same equation. However,
that is not the case for these gravitational waves as the wave equations of the two polarizations differ
in sign, as seen above, due to contributions from the Cotton tensor. Hence, the CS-term survives.
This phenomenon is called "cosmological birefringence" [17]. We can now treat the gravitational
wave perturbations as quantum operators, i.e. we can proceed into a second quantization scheme
for the tensor perturbation. We saw that this perturbation can be analyzed into two scalar polar-
ization fields and thus we only need to quantize those. This process is done in detail in [17]'7.

17The authors here find a factor of two difference in their result compared to earlier efforts, as they include more terms.
This correction will be applied in this text when referencing the value of (Rcg); from older sources.
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After quantization, we're in position to calculate the vacuum expectation value of the gravitational
CS-term during inflation. In the inflationary era, we have that the scale factor is approximately

a(t) ~ exp(Hrt) (8.2.20)

where H; is the Hubble parameter, which is approximately constant. By doing the calculations, we
find that [17]

(Res)r = =Ny b H? (3.2.21)

where N; is the density of gravitational wave sources during inflation and p is the UV energy cutoff
of the effective field theory we're working with, while b; symbolizes the axion field during the inflation
era, which can be approximately calculated to be [18]

br ~ V2eMp H; (3.2.22)
where ¢ is a phenomenological parameter that we fix as
e~ 1072 (3.2.23)

This means that, in total, the condensate (Rcs); is proportional to H}. Integrating this we get an
expression for the axion field: B -
br(t) = br(0) + V2eHtMpy (3.2.24)

The initial condition 5(0) cannot be predicted in the context of our effective field theory, but requires
the full string theory model. Nonetheless, it is possible [15] to find a range of phenomenologically
acceptable values. A suitable choice is [18]

b(0) ~ 10Mp; (3.2.25)

3.2.3 Vacuum Energy Density

We now want to calculate the various contributions to the vacuum energy density. First of all,
there are two contributions coming from the axion field and the gravitational anomaly. This can
be seen from Equation (3.1.33), where the modified stress energy tensor is comprised of two parts:
one for the axionic matter, and the Cotton tensor for the gravitational anomaly. Each of these
parts contributes to the vacuum energy density. In our gravitational quantization scheme, a rough
approach to calculate the vacuum energy density is to calculate the modified stress-energy tensor
over the quantized gravitational wave perturbations. This can be done for the Cotton tensor, which
is given in terms of the Riemann tensor and its derivatives. This is done in [18] and the resulting
vacuum energy density related to the Cotton tensor is found to be

pgcs = —1.484e M3 H? (3.2.26)

Then, the conservation law (3.1.36) relates the Cotton tensor to the axionic stress-energy tensor,

leading us to the relation
2

Pb = ~3PgCS (3.2.27)

where p, is the vacuum energy density related to the axionic matter. Thus, we find that [18]

pp =~ eM3 H? (3.2.28)
and, in total, .
Po+ pgos = 3Pe0s —0.496eM 3, H? (3.2.29)

i.e. a negative quantity. However, this is not the full picture, the reason being that we had not
proceeded into our quantization scheme when we produced Equation (3.1.33). The proper approach
is to expand the gravitational Chern-Simons term around its vacuum expectation value and write
the action as [15]:

R 1 a'\/2- - a'\/2
— vz A pvpoy .
S / (2&2 5 (0ub)(0"0) = 350 (@) Rywpo 7)1 = T2

b() R po RMPT ;) V—gd‘z  (3.2.30)
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We can see that this adds an extra term to the action, a linear potential term for the axion that
contains the gravitational wave condensate (Rcs)r [19]:

Sy = —/ <61L;)2§l_)(a:)<RWWR“”PU>I>\/ng‘lm - —/ (86 % 10 of'b( ”H,)Fd‘* (3.2.31)

Therefore, another vacuum energy density term is produced, one that was initially overlooked:

10,160 N gy
pa = 8.6 x 1010 /e A i T (3.2.32)

The full vacuum energy density expression is the sum of all the above:

1 b(0
poac(H) = po + pgcs + pa = —§EM§1H2 + 8.6 x 1010\&5\2—)‘114 (3.2.33)
Pl

3.2.4 Inflation

We can easily see that the final expression of the vacuum energy density is consistent with the
Running Vacuum Model with constants ¢y = 0, v < 0 and § > 0. In this subsection we’ll show how
such an expression for the vacuum energy density leads to inflation. Let us assume a vacuum
energy density of the form (3.2.2) with ¢¢ = 0, v < 0 and 8 > 0. The conservation of the total
stress-energy tensor of vacuum matter and radiation [19] leads to the differential equation

.3 , 2
H+ -(14+wn)H* (1-v—-F— ] =0 (3.2.34)
2 i

where w,, = p—: and the subscript "m" refers to both matter and radiation. Solving this equation, we
get a solution for the Hubble parameter as a function of the FLRW scale factor a(t):

1- “) i A (3.2.35)

H =
(a) ( ﬂ \/Da3(1—v)(l+wm) +1

where D > 0 is an integration constant.

Proof

We will prove this final expression by solving the differential equation (3.2.34). We have that:

. = H? dH 3 3 H2
H+=(1 H2(1-v-8= )= 1 1—v)H?(1- — | =
+2( + wm) ( v ﬂH?) 0= - +2( +wm)(1 —v) ( 1—UH?> 0
We can then use the fact that 4 = %L = 4L and get that
dH 3 B H? JdH 3 B_H?
1 m = H2 l=—== == - =(1 m 1-— H2 l1———— | =
T +2( + W) (1 — ) ( 1—UH12> Oéada +2( + Wi ) (1 —v) < =2 0

We know that the Hubble parameter H is defined as H = £, so we can replace @ in the above
equation, and also proceed to divide by H?:

dH
da

Ty o+ 30+ wm)1 =) (1- 12 H2)0

3 ) B H®\ _  adH 3
(1+wm)(1—v)H (1 )O T o =02

Proceeding, we can define a normalized Hubble parameter, H = H% thus getting the equation:

a dH 3 B s
=% 5 (14 wm)(1—v) (11H2)0

This is the equation we need to solve. This is a first order differential equation, so we just need
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to separate the two variables:

dH 3 d
————~ =51 +wn)(l- U)*a
H(l— %H2> 2 a
We can then write the left part as:
1 1_1€U-H2+1€,U-E[2 1 B ,H
- N = T = ~ ==+ ~
B(1-&82)  A(-L&a7) B O 1-v(1-L82)
and thus the differential equation becomes:
dH )4 - 3 d
T, 5 A = —2(1 + wn)(1 — v) 2
1—w (1 _ 1%1'1(2) 2 a

In this form, we can easily perform the integration of both sides:

L, B 2 _ag=-20+w)a-v [2

RRES (1_1&;[2) 2 a

To solve this integral, it is conveniant to make the following change of variable:

B =4 5o = 1—v - . 1—v -
H*=H*=H=,/—H = dH = dH
1—w B B

Then, the differential equation becomes:

dH q ~ 3 d
J Y PR
H (1 _ Hz) 2 a
We can also write HdH = %dﬁ 2 and thus get the differential equation:

£+1/%dﬁl2:f§(1+wm)(17v) da
H 2 (1_H2) 2 a

In this form, the integration can be performed immediately, giving us the solution:

= —§(1 +wp)(l—=v)lna+C

)

where C is a constant of integration. We can write C' = In D and thus the equation above can be

rewritten as: A
In LA =1In (Da*%(ler,n)(lw))
1—- H?2

lnl':[—|—ln<

Thus, we get that:

g

1— H? =1

— Da-30+wm)1-v) _ pg-dren)a—w o L pistren)a-o)

H2
R 2
Finally, we revert back to the original Hubble parameter, which is given as H? = ; 8 - (Hil) and
thus get:
1 — v 1 - 3(1+wm)(17v) H 2 - 1 — v 1
= D(Z + 1 = E = B Da3(1+wm)(1_v) + 1
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Finally, by simply taking the square root in both sides of the equation we get the final result:

H— /1 — v H[
ﬁ \/Da3(l+wm)(1—v) +1

We have, therefore, proved the desired equation.

Since v is negative and w,, = 0 in the vacuum, the power of « in the superscript is positive. If we
consider a < 1, as is the case in the early universe, we get that Da?(~?)(+wm) <« 1 also, i.e. it is
neglectable, resulting in a mostly constant Hubble parameter H ~ H;.

3.3 Summary & Conclusion

In this chapter we considered a string-inspired model in which the field strength of the Kalb-Ramond
field plays the role of torsion. We showed that, in a completely analogous way to the Einstein-Cartan
theory, this torsion field induces an axionic field. The big difference, however, is the presence of
a gravitational anomaly (with a string-theoretical origin), which couples to this new axionic field,
giving us a new term. This term gives rises to the Cotton tensor and leads to the modification
of the Einstein equations. The Cotton tensor is not conserved, as it expresses the exchange of
energy between the axions and the gravitational field itself. Thus, it is necessary to define a new,
generalized stress-energy tensor which includes the Cotton tensor.

Having all of the above in mind, we then explored how such a string-inspired theory can lead to
a cosmological model that explains inflation without the need to introduce a special field, such as
the inflaton. To do this, we worked in the so-called Running Vacuum Model of cosmology, which
assumes that the vacuum energy density is a function of even powers of the Hubble parameter.
Then, working on our string-inspired model, we examined the presence of gravitational waves in the
early universe. The reason for this specific choice is the difference in behavior exhibited by the two
different polarizations of gravitational waves. This left/right asymmetry leads to a non-vanishing
anomaly term (Chern-Simons term), and thus, in a second quantization scheme these gravitational
waves form a condensate, which contributes a higher order term (H*) to the vacuum energy density,
besides another H? one. This RVM-type vacuum energy density is then showed to lead to inflation
in a natural way.

Of course, this string-inspired theory and the resulting cosmological model can be extended beyond
the inflationary era of the universe, up until the modern era. In [15], the later eras of the universe
are explored in this kind of string-inspired theory and RVM cosmology. At the end of inflation,
fermionic matter is generated. The presence of the Kalb-Ramond axion field (which is induced by
the presence of torsion) can be shown to explain the matter/antimatter asymmetry observed in the
universe, and also to break both Lorentz and CPT symmetries. Furthermore, it is also possible
for the axion to acquire a mass in later stages of the universe, making it a candidate for Dark
Matter. Therefore, in this model of the universe, torsion plays a central role in its evolution. This
is in complete disagreement with our conventional, standard theories, which are based on General
Relativity and assume a vanishing torsion. Unfortunately, the presence of torsion is not something
that has been experimentally detected yet. However, if that day ever comes, the implications of its
presence have already been shown to be of utmost importance to the universe as we know it today
and our presence itself.
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