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Abstract. In this paper, we consider a pure exchange economy with a finite
number of agents and commodities. By considering a notion of dominated allo-
cations, we show that the Walrasian equilibrium set is characterized by the non-
dominated allocations in a precise class of economies nearby the initial economy.
The first and second welfare theorems are particular cases of this equivalence

result.

Key words: Walrasian equilibrium, efficiency, dominated allocations.

* C. Hervés and E. Moreno acknowledge support by Research Grant BEC2000-1388-C04-01
from the Direccién General de Investigacién Cientifica y Técnica (DGICYT), Spanish Ministry

of Education.

Corresponding author: Emma Moreno-Garcia. Facultad de Economia y Empresa. Uni-
versidad de Salamanaca. Campus Miguel de Unamuno. 37007 Salamanca. SPAIN. Phone:
+34-923-294640 (Ext. 3195) Fax:434-923-294686. e-mail: emmam@usal.es



1 Introduction

In this paper, we consider a pure exchange economy &, with a finite number of

agents and commodities, where the initial endowments are w = (w1, ...,wy).

Given a feasible allocation x in the economy &, we define a class of pure
exchange economies which differs from £ in the initial endowments that, in these
new economies, are given by a convex combination of z; and w; for every agent
i.

We say that x is dominated in an economy if it is blocked by the coalition of

all the agents.

We identify the finite economy with a continuum economy with a finite number
of types of agents. We use Vind’s (1972) remark on core allocations to show
that non-dominated allocations in this class of economies characterize Walrasian

equilibria in the initial economy &.

We remark that the first and second welfare theorems are particular cases of

this equivalence result.

2 The Equivalence Result

Let us consider a pure exchange economy £ with a finite number of consumers

and ¢ commodities.

Each agent ¢ € {1,...,n} is characterized by her consumption set X; = IRE+7

her initial endowment w; € IRﬂ, and her preference relation >; .

We state the following assumptions on endowments and preference relations:

n
(H.1) The total endowment is strictly positive, that is, Zwi > 0.
i=1
(H.2) For every consumer i, the preference relation >=; is continuous, monotone

and convex.

Note that the continuity of preferences implies that each preference relation
=, is represented by a continuous and monotone utility function U; : IRi — R
(see Eilenberg (1941), Debreu (1954) or Debreu (1983) pp. 105-110).



Then, the economy is defined by £ = (X = R, (Uj,w;),i =1,...,n)

n n
An allocation = = (z1,...,x,) is feasible if Zmz < Zwi.
i=1 i=1

A competitive (or Walrasian) equilibrium for the economy & is a pair (p, ),
where p is a price system and z is a feasible allocation such that for every agent i,

the consumption bundle z; maximizes U; on the budget set {x € |R€F p-x < p-wit.

A coalition S blocks an allocation x if there exists y = (y;,7 € S), such that

Dy <D wiand y; = @; for every i € S.
ieS ieS

Definition 2.1 An allocation (feasible or not in the economy &) is dominated
in the economy & if the coalition of all agents can improve upon it. That is, an

allocation x is dominated in the economy & if the whole coalition blocks x.

Note that the non-dominated and feasible allocations in the economy &£ are,

precisely, the Pareto optimal or efficient allocations.

Given an allocation z and a vector a = (ay,...,a,), with 0 < a; < 1, let
E(a,x) be a pure exchange economy which coincides with £ except for the initial

endowments that are given by w(a,z) = aw + (1 — a)z.

That is, £(a,x) = (X = RY, (Us, wilay, z) = ajw; + (1 —ay)x;),i=1,. .. ,n)

Theorem 2.1 x is a walrasian allocation for the economy & if and only if x is

a non-dominated allocation in every economy E(a, x).

Proof. Let (p,x) be a walrasian equilibrium for the economy &£. Suppose that
there exists a = (ay,...,a,), such that z is dominated in the economy &(a, z).
Then, there exists y = (yi,...,y,) such that Zyz- = Zwi(ai,xi) and U;(y;) >

=1 =1
Ui(x;) for every agent i € {1,...,n}. These inequalities imply that p-y; > p-w;,

which is a contradiction with the feasibility of y in the economy &(a, z).

Let x be a non-dominated allocation for every economy &(a,x). Let f a step

function on the real interval I = [0, 1], defined by f(t) = z; ift € I; = {%, %),

ifi #n,and f(t) =z, ift €I, = [”T_l, 1] . Analogously, let w(t) = w; if t € I,
if i #n, and w(t) =z, if t € I,,. Let p the Lebesgue measure on /.

Assume that z is not a walrasian allocation for the economy £. Then, the step

allocation f given by x is not a Walrasian allocation for the associated continuum



economy with n different types of agents (see Garcia and Hervés (1993) for
details). Applying Core-Walras equivalence (see Aumann (1964, 1966)), we have
that f does not belong to the core of the associated continuum economy. Even
more, there exists a coalition S C I = [0, 1], with u(S) > 1 — %, and there exists

g, such that /g(t)@(t) < /w(t)du(t) and U;(g(t)) > U;(f(t)) for almost all
s S
t € I; for every i = 1,...n (see Vind (1972)). Let S; = SN 1; and a; = u(S;).

Now, in the finite economy, let us consider the allocation (g1, ..., ¢g,), where

0= s [ o)t

i

By convexity of preferences, U; (a;9; + (1 — a;)x;) > Uj(x;), for every agent
i € {1,...,n}. Note that, since u(S) > 1 — L, we have that a; > 0 for every i.
Therefore, x is a dominated allocation in the economy &(a.z), which is a

contradiction.

Q.E.D.

This result provides a precise characterization of the walrasian equilibria in

finite economies as non-dominated allocations.

Note that the first welfare theorem is an immediate consequence of the result

above.

Moreover, note also that taking r = w, we obtain, exactly, the second welfare

theorem.

Therefore, both welfare theorems are, obviously, particular cases or immediate

interpretations of the result we have obtained.
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