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Maxwell Equations

Differential Form

. oB

vx’ — _a'}
. _ 9D
v — J -

V x +

V-D =

V.-B = 0

Integral Form

g.ar = -2 ff B.dS, (Faraday Law),
dt Js

H.dl = /J’-d5‘+— f’D-dS, (Ampere Law),
s dt J/s

D-dS = // pdV, (Gauss Law),
Vv

B-dS = 0, (Absence of Magnetic Monopoles),
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Boundary Conditions
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Maxwell Equations
Time Harmonic Form

V x BE(fw) = —jwB(F,w),

Vx HFw) = J(Fw)+ jwD(Fw),
V-D(Fw) = p(fw),

V-B(F,w) = 0.

Constitutive Relations

€0 /D T GUNEFE—T)dr = P(7,w) = ey (w)E(F,w),

M(7,t) = [ﬂ G (TYH(Ft = 7)dr = M(7,w) = ym(w)H (7 w),

_ EDG,_,(T)E(H_TMT — J(Fw) = o(w)EFw),

e0E(F,w) + P(7,w) = e[l + xe(w)]E(F,w) = e(w)E(F,w).
po[H (7, w) + M (7,w)] = po[1 + xm (@) H (F,w) = p(w) H(F, w),
o(w)E(F,w).
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Maxwell Equations
Plane Wave Solutions — Isotropic Case

E(7,w) = Eyexp(—jk-7)

E(7,t) = Re{ Ey exp(—jk - ¥) exp(jwt)}

Z i EXE u.J,uDﬁ,
kx H = —weps, E,
N -E = 0,
k| = kon P =0
Y [E k— w‘gfgﬁgng]E_’ =0

E-E—“‘EED,{LD'HQZE-E—EDQHZ:U
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z-wavevector (sz ko)
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Maxwell Equations
Plane Wave Solutions — Isotropic Case
Wavevector Surfaces (Isotropic)

e =1, e._ =1, =0, e._=0,e =0, A =1pum e =1,e¢ =1, ¢ _=1€¢_=0,¢ _=0,e =0,A_ =1pum
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Maxwell Equations
Plane Wave Solutions — Anisotropic Case

kxE = wpH

kx H = —welé|E
E-D = ek-[E]E=0
k-H = 0.

kier e — ( k:: + k2) koky + K3Eray kok. + kiep o E,
kyke + kgerye  kgeryy — (K2 + K2 kyk. + kiery. E,
ko ke + ki, o koky + kierzy  kgere. — (B2 +E2) | | B

-5
= [Aka, by )] | B,
| L
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z-wavevector (sz ko)

Maxwell Equations
Plane Wave Solutions — Anisotropic Case
Wavevector Surfaces (Biaxial)
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Maxwell Equations

Plane Wave Solutions — Anisotropic Case
Propagation In a Biaxial Material

det [ﬁ(km, by, f{-z):| = det {kgé} — k2T _TL] =0

(L

(1

4
L
2 _2_
mazc.rfzz —|— a

- 4.
= r.rT _'_ ayC

An* + Bn*+C =0, where.

2 2 2. 2.

4.
Yy _'_ a-zCT:ZZ _|_ .. C-?‘,:I?;IZ _|_ a-xa-zCT:mx + a

z%y
2 2

2 2.

= kon(a,x + ayy + a,2) = kon(sinfcos ¢ & +sinfsin¢ y + cosb 2)

2 2
20yCryy T 0y Eryy

, 3 3 ‘ 3_ 5.3
yzErzz + Za.mayc.my + 20, 0yEr py + 202056y x> + 20,0557 45

3. 3. - 2 2 2 ~
+2ayaz: T!yz _|_ Q(i-ya-zCT:yz + Qa-xa-yazc.?*,xy _|_ Qci-m(«t-yazc.?*,mz + 2a-x(1yazc.?ﬁ’y‘z,

2 ~ 2_2 2 2 2.2 2.2 2_2 2.2 A2 ~
—UpEraztryy T Q€ rEz + Ay r ay + Ay yz + a;s raz + T T Qge ray  QyErzztryy

2 = = 2/“ [ = = 2#“ = = = * [~ =
0, Crgxrzz — a'zcr,zmcr,zz - ayc-'r,yyt rzz a'chr,yyc-r,zz + Qa'.ra'yt raezorYyz T Zaa:a-ycr,:rycr,zz

+2020:Er oyEryz — 2050:Er2:Er gy + 20y0:Er 2yEr gz — 20y0zEr 22Er y2,

Erxxlryycr,zz

~ .2 ~ ~ ~ ~ -
T Crzztrpy + 2C'Te1’y57’=$zc'?"eyz T eryycraz
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Maxwell Equations
Plane Wave Solutions — Anisotropic Case
Propagation In a Biaxial Material

— Erzz) + a?n?(n? — Enxm)(ﬂg — Er2z) + agnz(-n.g —

(Er:cy = Eprxz = Sryz = [])
QQ (1'-.2 (1'.2 J_
T y z _
2 T 2 T 2 2
.r:'... - ":—:T TTr .r:'... - ::r:y-y .r:'... -:.:_.hrlr-!zz }’I
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Maxwell Equations
Plane Wave Solutions — Anisotropic Case
Wavevector Surfaces (Biaxial)

ic Axis

XIS
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z-wavevector (kZ! ku)
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Maxwell Equations
Plane Wave Solutions — Uniaxial Anisotropic Case
Wavevector Surfaces (Uniaxial)

= = = = = < =1,¢e =1, €._=225,¢_ =0, €__=
1, €,z 2.25, GXV 0, €z 0, eyz 0, )\D 1 pem € € €0 FXY €z

z-wavevector (kzi ko)
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Maxwell Equations
Plane Wave Solutions — Uniaxial Anisotropic Case
Wavevector Surfaces (Uniaxial)
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Maxwell Equations
Plane Wave Solutions — Uniaxial Anisotropic Case
Wavevector Surfaces (Uniaxial)

For principal axis system:

¢ = eqdiaglzp, =0, 5] = ggd-ia.g[n%, n'QOv n%]

For optic axis direction:

C= C +Cyy + 2

Plane wave solutions:
(ke % é)E, + ke(é x E)
ky % B
(ky x ¢)H, + k(¢ x Hy)
ke x Hy
n%,":t : Et + n?gkcEc
ke - Hy + ko H,

WHo ﬁ ts

Wty Hcé._
—wec.n% E;.
—wEgn.QEEC&
0,

0.
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Maxwell Equations
Plane Wave Solutions — Uniaxial Anisotropic Case
Wavevector Surfaces (Uniaxial)

Dispersion Equation:

—

Je -k — k22 [ndk -k + (n% —nd) (k- &) — knini] =0

k-k—kinhb =0 = FE-c=0, ordinary wave,
W2 "2 2\ (. o .22 2 TR T
nok - k+ (ng —ng)(k-¢)” —kgnpng =0, =— H-¢=0 extraordinary wave.

Extracrdinary
Unpolarised .SW

Rochon Prism s $ 3'-
for ne-ng > 0 Optical axis Ordinary Ray

https://en.wikipedia.org/wiki/Rochon_prism
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Index Ellipsoid

2 a2 .2
T Y 2" _
ni, n2, nZ,
1 1 1
- £ r RE: ni} ?1‘:"-.,._ J£
1 ' 1 .
[ LYy = ] ["4] ¥ = [ L Yy = ] ?1%1. n?y n?z | = 1
- nZ, ni, nI, -
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Poynting’s Theorem

_@(Exﬁ)-df? - f[f ]d1+ff[ —(5

. -I.

/[[ —dIf + ff[ ,uUFE —(ﬂ

E/M Source

For Dispersionless Isotropic Media

Wem — We + Wy —

A
— ff(€ < H)-a5 = f[[v €. 7+ &gzﬂw

b2 | =
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Poynting’s Theorem

Lo S
S

{j; % (el &]” -+ ulH]’] dV}

Magnetic Media

E/M Sources
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Planar Interface - Wavevector Diagrams

X & @ TEpolarization

1 TM polarization

Region

1,n,

Region 2, n, > n,

€1, My €, Ko

Region 1, n, Region2, n,<n, Region

1,n,

Region 2, n, < n,
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Plane Wave Reflection and Transmission

— Fjﬂ exp(_.;‘;k' ir_j) - lETEﬁ'TE + E’]"‘A-fﬁ"?“ﬁ-.fJ exp(—jk 'F)
€1, Wy

-~

f— ’{)y

= costy 1, —sinf 1.

Entinedo Mpoontwong X A ® TE polarization

1 TM polarization

811 I‘J-l 821 IJ-Z

E = FEy exp(—jk-7r) = [E, tu,, + E,, 0,.,,] exp(—jk-7)
Upp — SINQy iy + COS P 1y
u = ¢os ¢y cos 0 iy — sin ¢y cos Oy iy — sin by 7,
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Fresnel Equations

11 cosfy — na cos by

ni cos by + nscos by’

2?’11 cos 91

nycosfi +ngcostly’

N9 cos 1 — nq cos by

no cos By +nqcos By

2?’11 cos 91

ng cos By + nycosby

® TE polarization E.

're =T1 = E

TM polarization i

t T

TE — t1 — 7+

E;

E,

'rmM =T = E

1

Ey

tTﬂ.{ — t” — E

€2 Ky )

P, 241 |2R.e{n.2 cos fs } |

— = | .. =1,
P T T nq cos B '
P, 241 FRe{nfj cos B } |
— — T A f— .
P ™ . ny cos 6y '
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Example of Fresnel Equations

0 20 40 60 80
Angle ¢, (deg)

n1=1 n2=1.5

20 40 60 80
Angle ¢, (deqg)

n,=1,n,=15
n=1n=15
1 —— 200
w
hI—
T ©
0.5 a 0
o)
£
o
0 -200

200

Phase of M
o

-200

20 40 60 80
Angle ¢, (deg)

n1=1 n2=1.5

20 40 60 80
Angle ¢, (deg)
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Example of Fresnel Equations

n,=1,n,=15
n=1n,=15 200 n=1n,=15
[11]
0.6f +
- ©
04 e 0
= 2
0.2} £
o
0 : : : : -200 : : : :
0 20 40 60 80 0 20 40 60 80
Angle 0, (deqg) Angle 0, (deqg)
n=1n_=15 n=1n_=15
1 2 200 1 2
=
0.6 -~
— ©
£ 04 o 0
= z
0.2 F=
o
0 : : : : -200 : : : :
0 20 40 60 80 0 20 40 60 80
Angle 0, (deg) Angle 0, (deg)
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RTE and RTM Power

T.rE and T.mI Power

—

o
3]

o

Example of Fresnel Equations

n,=1,n,=15

0 10 20 30 40 50 60 70 80 90
Angle ¢, (deg)
n = 1, n,= 1.5
TE
0 10 20 30 40 50 60 70 80 90

Angle ¢, (deg)
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TE

TM™

Example of Fresnel Equations

n,=1.5,n,=1
n=15n =1 n=15n_=1
1 2 200 1 2
w
-
. —/
® 0
n
®
K=
o
-200
0 20 40 60 80 0 20 40 60 80
Angle ¢, (deg) Angle ¢, (deg)
n=15n =1 n,=15n_=1
1 2 200 1 2
=
'Ll_ Y
c
® 0
n
®
=
o
-200
20 40 60 80 0 20 40 60 80
Angle ¢, (deg) Angle ¢, (deqg)
E : Vn2sin? 0 — n2
T 1 p020TE(01) o 9 tan ! 1 2 .
E, le Lexp [] tan { Y }]
2 2 a2 o2
% — l(f’jQ(‘bTM(gl) =1 exp [J]2 t_an—l {n; \/n-] S1I1 6‘1 .712 }]
E; ns n, cos
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Example of Fresnel Equations

n,=1.5,n,=1
n=15n_=1 n,=15n_ =1
1 2 200 1 2
18]
1.5 el
-.-E 1 q:u 0
= 2
0.5 =
o
0 -200
0 20 40 60 80 0 20 40 60 80
Angle ¢, (deg) Angle ¢, (deg)
n=15n_=1 n=15n =1
1 2 200 1 2
=
F
— 2 4= I
F o 0
=1 %
=
o
0 -200
0 20 40 60 80 0 20 40 60 80
Angle 0, (deg) Angle 0, (deg)
B Jbrp(er)  2m1costh R PP n?sin® ), — n3
Ly = B |t )e? = 47??% i S [J tan { - )
_ E _ jora (01)
TTM’ o Ez‘ o |tT.\I‘€J *

211919 COS B oy n?/mEsin? 6 —nd
exp |jtan —
Vndcos? 0y + ntsin? 6y — n3n2 n3 ny cos b
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Example of Fresnel Equations

Angle 0, (deg)
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n,=1.5,n,=1
B n, = 1.5, n2=1
% 1 L T T T T I I I I
o —TE
= —TM
X 0.5t i
=
=
1]
£ oo - S S
o 0 10 20 30 40 50 60 70 80 90
Angle 0, (deg)
= n, = 1.5, n2=1
z2 1k i .
o —TE
= —TM™
- 0.5 .
=
=
1]
E u 1 1 1 1 | L L L
= 0 10 20 30 40 50 60 70 80 90
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Example of Evanescent Field

Evanescent Field Snapshot, n1=1.5, n2=1, 0 = 65°
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Fresnel Equations Generalization

X 4 e TEpolarization i = Epglpgexp(—jki-7) + Ep, Uy, exp(—jk; - 7). where
E 1 TM polarization =Y
" E U,,, = cosby & —sinb; z,
r —_— d ’
Et k; ki = kov/€r1ftr (sinfy & + cosby 2),
0, .
o — I - ; . o~T - . )
z E, = Eoprpty, exp(—jk, - 7) + B v, 0l exp(—jk. -7),  where
e ) 3
i =, =1,
u’ = —cosf; r—sinb; z,
i e L - TM
1 My 2 Ko - : . .
' ' ky = ko\/Criftry (sin@y & — cosby 2),

E, = E, 0. exp(— —jk; - F) + E_ s, exp(—jk; - 7) +
E_ 1. 1. exp(— ik, - F) + ET;\-;'TTA{"&';M exp(—jlz‘.‘r - 7)

TE TE TE

~1

Ey = top Bty exp(=jky - T) + by, Byt exp(—jk, - T)
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Fresnel Equations Generalization

X 4 e TEpolarization 7 p 7 0
9 COS U1 — 41 COS U9
. larizati r _
bz 1 TM polarization TE 7o 08 By + Zy cos b
r — —
Et kt / . 222 COSs 91
6, - TE ZQ CcOS 91 + Zl COs 92
Z
/1 cosby — Zscos Oy
r —
M 7 cos By + Zs cos By
i g, g5,
vk z o / B 222 COS 91
e Zl CcOs 91 -+ ZQ cos 92
I 7 | B |* 4 [t [ B
P ‘ETElz + ‘ET.n-f‘z
‘Pf: Zl ‘tTE‘2‘ETE|2Re{(COS 92)¥/ZE)} + |tTn-f‘2|ETn-f|2Re{00592/25)}

P cos B

"E?’I"E‘l‘2 + ‘ETM’|2
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Goos-Hanchen Shift*

Light
9 SOUIEE Flat light beam

' . . 13 4+ _ o
__—— Reflection from silver deposit 0o =41.14" (n = 0.858)
12+ -0y
114
T 10+
- 9T
Q s+
5
g 7T
8 ¢l
2
£ 1 .
;g ¢ e
® SNl M
il i\._. : |
Tt
14 * e |
Due to reflections 0 ’ e .
. . 0 0.5 1
from silver deposit
AB = (99 - 8c)

Figure 2.19 The beam displacement of the Goos-Héanchen shift versus the angle difference (81 — 4.)

Due to total internal ~ in degrees. (After H. K. V. Lotsch [7] and H. Wolter [8].)

reflections —

Figure 218 Goos and Hanchen experiment.

* K. lizuka, Elements of Photonics, Vol. 1, John Wiley & Sons, Inc., New York. 2002

V. F. Goos and H. Hanchen, “Ein neuer and fundamentaler Versuch zur Totalreflexion,” Ann. Phys. 6. Folge, Band 1, Heft
7/8, 333-346 (1947).

H. K. V. Lotsch, “Beam displacement at total reflection: The Goos—Hanchen effect, II, lll,IV” Optik 32, 189-204, 299-319,
553-569 (1971).
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Goos-Hanchen Shift Basics

C(r =0, 2) = Fole I ketak)z 4 omitke=Ak2)2] — o F4 cos( Ak, z)e k2
_;-(;1’- — [] :) — ﬁ{] [Ej2¢(kz+&kz}€_j(kz+ﬂkz }z + E,jzf.f’(kz _&kz:le_j(kz —Ak. }z}
C(r=0.2) = 2Fgcos[Ak.(z — 2z,)]e k=7 ei20(ks),

o do

dk, k.
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ISTH

2;‘;:'S'T'.-'l.f'

Lsrng

Goos-Hanchen Shift Basics

2\ tan ¢4
21 (n?sin® 6, — nd)1/?’
Ao
2 (n sin? 0y — n3)/2’
(n1/ng)?(n? — n2) 2o tan 64
n3cos? Oy + (ny/ng)*sin? 0] — (ny/n9)*n3 2mw(nisin? §; — n3)1/2
(ny/ng)*(ni — n3) Ao

n3[cos? By + (n1/n)tsin® 61 — (ni/ng)ing 2mw(n?sin® 6 — n3)1/2
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0

s

2z [\

Normalized Goos-Hanchen Shift,

14

Goos-Hanchen Shifts Example

)‘u =1um, n,= 1.5, n, = 1

=
%]
T

=
[=
T

=]
T

TE Polarization

= = =TM Polarization

Angle of Incidence, ¢ (deg)

90

0

X I\
s

Normalized Penetration,

)"u =1um, n,= 1.5, n, = 1

2.5

[ %]
T

-
n
T

—
T

&
e
T

TE Polarization

= = =TM Polarization

0
40

Angle of Incidence,
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Goos-Hanchen Shift Generalization
400 k 1
Filz =0,y 2) = FD/ F(k ky )e itk g e

F’;( Fn /Jﬂx k k.)e 720 (ky k=) ﬂkyy”‘zﬂdkydkz

A 2D Taylor expansion of ¢(ky, k.) around a central point (kyo, k.0) gives

Jdo
ok,

o
kyo (ky - L’yu) - Ak, k0

=

{D‘(ky k}) =~ Qlj(kyl]: kzﬂ) +

(k, — k.0) = Oy, ko) + (Eu - Enu) ‘ﬁﬁﬁh}'uu
- - +oo . = . .
Fir=0,y,2) = an N F(ky, k) exp[—jky - (7 = 2V olg )ldkydk.

Ejﬁ[@{-‘fyu: kz0)— kIID {plk"D]F(T = (), J"|| — QV@ k”.;.)

kzDH}

.
.@_.

0¢
Ok,

-,

ey ko T

d_.;_’;H = Qﬁ@ §||c| = 2{

QD
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