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REVIEW OF BASIC PRINCIPLES OF
ELECTROMAGNETIC FIELDS

1. Review of Maxwell’s Equations

The basis of electromagnetic fields theory are Maxwell’s equations. These equations describe how the
electromagnetic fields are coupled together and are related to the electric charges and currents (which
are the sources of the electromagnetic fields). The most common representation of the Maxwell’s

equations is the following;:

. oB
VX5 = —E, (1)
L - 9D

— il 2
V xH J+ 5 (2)
V-D = p, (3)
V-B = 0, (4)

where (7, t) represents the electric field (in V/m), D(7,t) represents the displacement vector (or the
electric flux density vector in C/m), H(7,t) represents the magnetic field (in A/m), B(7, t) represents
the magnetic flux density (in Tesla = Whb/m?2), J(7,t) represents the electric current density (in
A/m?),and p(7,t) represents the electric charge density (in C/m3). The above equations are written
in the form of differential equations while an integral form can also be used. In the integral form the

Maxwell’s equations are written as follows:

E.dll = 4 // B-dS, (Faraday Law), (5)
c dt J/s

L . . d L

H-dt = /J-dS—l— —// D-dS, (Ampere Law), (6)
c s dt JJs

D-dS = /// pdV, (Gauss Law), (7)
S \%4

B-dS = 0, (Absence of Magnetic Monopoles), (8)
S

where in the first two equations C' is a closed contour and S is a surface ending in that contour, while
the orientation of its unit vector is compatible with the right-hand rule when the direction that the
contour is traced. In the last two of the above integral equations, S is a closed surface that defines a
volume V and its unit vector points away from the surface.

In space with various materials parameters, the differential form of the Maxwell’s equations re-

quires the use of boundary conditions between the electromagnetics fields, when they are used at the
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boundaries between various media. The boundary conditions in electromagnetics can be easily de-
rived from the integral form of Maxwell’s equations by shrinking the contours, surfaces, and volumes
to points on the boundary between differing regions. Then the resulting equations, known as boundary

conditions, are the following;:

inx (Ex—E)g = 0, (9)
inx (Hy —H.)s = K, (10)
in-(Dy —D.)s = o, (11)
in-(By —B_)s = 0, (12)

where K is the possible surface current density (in A/m) and o is the possible surface charge density (in
C/m?) on the boundary, respectively. The in is the unit vector normal to the boundary and pointing

to the + region (Fig. 1).

S

Region +

S

Figure 1: Boundary between two media denoted by “+” and “—” respectively.

Another equation that can be derived from Maxwell’s equations is the continuity equation (con-

servation of electric charge) that can be written in the following form (differential or integral)

- - Op = a, d _
v-7+5_0<:>%7-ds+dt///vpdV—0, (13)

while the corresponding boundary condition is

. . . o

in (T4 =T )s ==Va K- —, (14)

and Vs - K denotes the two-dimensional divergence of the current density.

Maxwell’s equations can also be written in the time-harmonic form where phasors are used. For
example the real electric field, £ (7, t), and its phasor representation, E (7,w), are related by & (7 t) =
Re{E(F,w) exp(jwt)}, where w is the radial (angular) frequency of the electromagnetic field. The
same phasor representation can be used for all the electromagnetic fields and sources. The phasor
representation can be thought as a special case of the Fourier transform of the a sinusoidal time varying

electromagnetic field. Using either the Fourier transform of Eqs. (1)-(4) or their phasor representation



they can be written in the following time-harmonic form:

VxE(fw) = —jwB(fw), (15)
VxH(fw) = J(Fw)+ jwD(Fw), (16)
V-D(Fw) = p(fw), (17)
V. B(f,w) = 0. (18)

The electromagnetic fields are also related via the constitutive equations. For example, in freespace,

the constitutive equations are

D(7t) = e€(F,t) < D(F,w) = eE(F,w), (19)
(7.t) = moH(7\t) <= B(F,w) = poH(F,w), (20)

where ¢y = 8.854187817 x 1072 F /m is the permittivity and o = 47 x 1077 H/m is the permeabil-
ity, respectively, of freespace. For a linear, homogeneous, isotropic medium the material response
through the polarization, magnetization (and for conductive material conductivity/resistance) have
to be taken into account. The relation between the material polarization and magnetization and the

electromagnetic fields can be written in the form (for linear, homogeneous, and isotropic media)

B (7, 1) —eo/ Ge(TE(Fit —1)dr = P(F,w) = eoxe(w)E(F,w), (21)
/ Cn(FYHF = 7)dr = V(7 w) = xon () H (7, ), (22)
T (7 1) = /0 G (NEF t —1)dr = J(Fw)=0o(w)E(F,w), (23)

where G, G, and G, are kernels that describe the material memory of the electromagnetic fields (the
intervals from 0 to co take into account the causality of the material, i.e. the polarization, for example,
cannot depend on future values of the electric field). The parameters Xe, Xm, and o define the electric
susceptibility, the magnetic susceptibility, and the conductivity of the material (these are actually the
Fourier transforms of the kernels G¢, G,,, and G, respectively). Using the above equations in the

frequency domain the following constitutive equations can be written:

D(Fw) = eE(F,w)+ P(Fw)= e[l + xe(w)] E(F,w) = e(w)E(F,w), (24)
B(Fw) = polH(Fw) + M(#w)] = po [1+ Xm(w)] HF, w) = p(w)H (7, w), (25)
[(Fw) = o(w)E(Fw), (26)

where €(w) = €y(1 + xe) = €0er(w) is the material permittivity and e, is the material relative permit-
tivity. The material permeability is u(w) = po(1 + xm) = popr(w) and p,. is its relative permeability.
The dependence of the materials macroscopic parameters (permittivity, permeability, conductivity)

on the frequency denotes what is called dispersion. All real materials have dispersion. Ideally, when a



material is considered as dispersion free, then its macroscopic parameters are frequency independent
and Eqs. (24)-(26) are also valid in the time domain.
When a material is linear, homogeneous, and anisotropic then the constitutive equations can be

written in the form

D(F,w) = &éw)E(Fw), (27)
B(fw) = j(w)H(7w), (28)
[(Fw) = 6(w)E(Fw), (29)

where €, fi, and & are the permittivity, permeability, and conductivity tensors (3 x 3 matrices in this
case). Even more complex constitutive equations can describe real materials such as bianisotropic
materials (where D depends on both E and H and in analogous manner B depends on both H and
E). Furthermore, except being anisotropic (or bianisotropic), dispersive (or non-dispersive) a material
can also be inhomogeneous and/or nonlinear. In the case of the inhomogeneity the macroscopic
parameters are spatially dependent (an example would be a holographic grating region). In the case
of a nonlinear material the polarization, and/or magnetization and/or conductivity depend nonlinearly

on the electromagnetic fields.

2. Plane Wave Solutions

2.1 Isotropic Materials

In this section it is assumed that the materials of interest are lossless dielectrics (of zero conductivity,
i.e. 0 = 0). In addition, it is assumed that there are no sources (electric charges, p = 0 and electric
currents, J = 0). This actually means that the electromagnetic fields were generated at infinite distance
away from the areas of interest. Furthermore, it is assumed that all media are linear, homogeneous,
isotropic, and nonmagnetic (common for optical materials). Solutions of the form (time-harmonic)
E(F,w) = Egexp(—jk - 7) are sought (phasors). The real field can be determined from &(7,t) =
Re{Egexp(—jk - ) exp(jwt)}. This form of solution for the electric field constitutes a plane wave
because the locus of constant phase (wavefront) is an infinite plane perpendicular to the direction of
propagation that is defined through the wavevector k. Using also the constitutive equations [Eqs. (24)

and (25)] Maxwell’s equations can be written in the following form:

kxE = wpH, (30)
kxH = —wee E, (31)
k-E = 0, (32)
k-H = 0. (33)



By eliminating the magnetic field from the above equations it is straightforward to show that the

following equation should be satisfied

- -

[k‘ -k —wleouon?®| E =0, (34)

2

where n* = ¢, with n defined as the index of refraction of the material. Equation (34) is actually the

wave equation for the case of plane wave solutions in the time harmonic form. Of course, in order for

Eq. (34) to have nontrivial solutions it is necessary that the following dispersion equation be satisfied
k-k—wieopon® =k -k —kin?> =0, (35)

where kg = w,/egpo = w/c = 2w /g, with kg, ¢, A\gp being the freespace wavenumber, the freespace

light velocity, and the freespace wavelength, respectively.

Z,

my

<V

I

Figure 2: A plane wave dispersion sphere of radius |E | = kon. The electric field, the magnetic field, and the wavevector
form a right-handed orthogonal system.

As it is implied from Egs. (30)-(33) the electric field, the magnetic field, and the wavevector form
a right-handed orthogonal system of vectors. Furthermore, Eq. (35) represents a sphere in wavevector
space of radius kgn. Le., for any direction of propagation of an electromagnetic wave in an isotropic,
homogeneous, and linear medium the index of refraction is constant while the polarization remains
perpendicular to the direction of propagation. The wavevector surface (sphere) is shown in Fig. 2.
For the latter reason, usually two orthogonal polarizations are recognized which are called eigen-
polarizations since they propagate inside the medium without being altered. For isotropic media the
selection of the two orthogonal polarizations is arbitrary since there are infinite pairs of orthogonal
polarizations for each direction of propagation. This situation changes dramatically in the case of

anisotropic materials.



2.2 Anisotropic Materials

Now it is assumed that the materials of interest are lossless, homogeneous, linear, and anisotropic [1].
In other words the permittivity is a tensor, € = €yé,, with €; = €gé,;; where ¢, j = x,y, z and €, ;; are
the relative permittivity tensor elements. It is reminded that when the tensor permittivity is expressed
in the principal axes system then the tensor is in a diagonal form, € = eydiag[e, o, €1y, Er,22] (Where
“diag” denotes a diagonal matrix). When two of the diagonal relative permittivity elements are equal
while the third is different then the material is uniaxial (one optic axis exists) while if all three differ
from each other then the material is biaxial (two optic axes exist). In order to determine plane wave
solutions in the case of a general anisotropic (biaxial) material the following (time-harmonic) form of

the Maxwell’s equations must be solved:

kxE = wpH, (36)
kxH = —weé E, (37)
iD= eOE-<5,E>:0, (38)
k-H = 0. (39)

By eliminating the magnetic field it is straightforward to show that the electric field should satisfy the
equation

k(k-E)— (k-k)E = —k2&,E. (40)
Notice that the above equation is the wave equation for a general anisotropic material in the case of a
plane wave solution. Expressing the wavevector, the electric field, and the relative permittivity tensor

in the Cartesian x, y, z coordinate system the following equation must be satisfied:

koeran — (ky +k2)  kaky + k3eray kaks + k3er oo 2
[ kyke + K2erye  Klengy — (K2 +K2)  kyks + ke 1 B, | = 0=
koky + k2er oo koky + kgery  kger.. — (k2 +k2) 1 L E. |
— [ Alka ko k)| | By | = 0. (41)
E. |

In order for the last equation to accept nontrivial solutions it is necessary to have the determinant

of the matrix A equal to zero. Le., the following should be true [2]
det [A(hy iy, ko) | = det [k32, — KT+ E| = 0. (42)

The last equation defines the wavevector surface in the case of an anisotropic material and it is the
analogous equation (35) that it is valid for the isotropic case. The term I denotes a 3 x 3 unity
matrix and the term kk denotes a dyadic. The wavevector surface expressed by Eq. (42) is a lot

more complicated than the spherical surface of the isotropic case. In fact, it is a two-sheeted surface



e =1,¢e =2, ¢ _=4,c =0, ¢ =0,fyz=0,/\o=1;1,m

=y

o

z-wavevector (kz/ko)
o
[\V] (3]

z-wavevector (kz/ko)

Figure 3: The wavevector surface of a biaxial material with €,, = 1, Eyy = 2, €22 = 4, €y = €2 = €y> = 0, and
freespace wavelength Ao = 1.0 um. (a) One eighth of the wavevector surface is shown. Observe how the two wavevector
sheets intersect. (b) One quarter of the wavevector surface is shown. The intersection of the two-sheet surface defines
one the optic axes. There is a similar intersection point in the symmetrical quarter which defines the second optic axes.

in which the two sheets intersect. The intersection of the two sheets define the two optic axis. To
have a better understanding a sample case is shown in Fig. 3. For each wavevector (kg, ky, k.) that
satisfies Eq. (42) the corresponding refractive index can be found as n = ,/k2 + k‘z + k2 /ko while the
corresponding polarization of the electric field vector can be determined from the null space of matrix

A(kz, ky, k). Specifically, if the wavevector is expressed in the rectangular coordinate system, with

the azimuthal and polar angles (¢ and 6) specifying its direction, then
k= kon(azZ + ayy + a.2) = kon(sinf cos ¢ & +sinfsing § + cos b 2), (43)

where n is refractive index that the plane wave experiences when is propagating through the medium

at the specified direction. By replacing the wavevector components from Eq.(43) into Eq. (42) the



following bi-quadratic equation for n can be derived

An*+ Bn? +C =0, where, (44)
4 2 2 a2 2
A = a erm—l—a eryy—i—a 6mz—|—a ysrm—i—a a erm—l—a 6ryy—|—a aLEr yy
2 2 2
a05Er 22 + ayazemz + 2amayer7my + Qamayemy + Qamazemz + 2amazer7m
2a,a> 2a3 2 2 2a,a> 2a>
+2aya€ry, + 2a y@zEryz + 20,0405 2y + Az QyzEr 5z + 2azay0Er 2,
2 2 2 2.2 2.2 2.2 22 2
B = —ai&rzaCryy + a’ 6mz + €y oyt QYL FaZEL L+ aZED + 3EL oy — QyEr aaEryy
2 2 2 2 9 9
—ApErax€rzz — QyEraalrzz — AuEryyCrzz — @ Eryyr zz + 2020yEr 22Er yz — 2020yEr 2y 22
+2amaz€r,my€r,yz - 2amaz€r,mz€r,yy + 2ayaz€r,my5r,mz - 2ayaz€r,mm€r,y27
c = _ 2 9 _ 2 2
= Eraxbryyrzz eﬁzzer,my + ErayCrzzlryz ervyyer,mz Eraaty Yz®
Equation (44) always has two real positive solutions that correspond to the two extraordidary waves
that can propagate for each specified direction. The polarization of the corresponding electric field
can be found from Eq. (41). It is reminded that the D eigenvectors are perpendicular to each other.
The previous equation can be simplified if the relative permittivity is expressed in the principal axis
system and all the off-diagonal elements become zero (&, 4y = €r22 = €ry. = 0). In the latter case

Eq. (44) can be written

a2n2(n2 - 5hyy)(n2 - 5r,zz) + agzjnz(nz - 5r,mm)(n2 - 5r,zz) + a2n2(n2 - €mﬂr)(n2 - €r,yy)
= (0% = eran)(n® — €y (0* — &r22), (45)

and the last equation can be expressed in the most common compact form [1]

2 (12 2 1
Oy + Y + a; - (46)

)
N2 —erge NP —Eryy NE—gp NP

though the latter equation cannot be used along the principal axes of the coordinate system.

In the case of a uniaxial material the permittivity tensor can be written (in the principal axis
system) as € = eydiagleo, 0, cE] = €odiag[nd, n?,n%] where no and ng are the ordinary and the
principal extraordinary refractive index respectively. The direction of the unique optic axis is denoted
by the unit vector ¢ = c,& + ¢,y + ¢.2. By decomposing all vectors in Egs. (36)-(39) into a component
along the optic axis and one transverse to the optic axis (for example for electric field E., and E,

respectively), they can be written in the following form [3]

ndk; - By +nkk.E. = 0, 51

(ky X &)E, + ke(é x Ey) = wpuoH,y, (47)
ke x By = wpoHee, (48)

(k¢ x &)He+ ke(é x Hy) = —weondEy, (49)
ky x H = —weon%Ecé, (50)

(51)

(52)

Et . ﬁt +k.H. = 0. 52



Manipulating the above equations it is straightforward to derive the wavevector surface equation

equivalent to Eq. (42) for the uniaxial material. This is written as follows

(k- k — kgndl[ndk -k + (nk — nd) (k- &)? — kindn] = 0. (53)
From Eq. (53) the two possible solutions are evident while the corresponding polarizations are given
as follows

k-k— k2nZ =0 — E-¢=0, ordinary wave, (54)
¢=0

extraordinary wave. (55)

'ml

ndk-k+ % —nd)(k-&)? —kinini =0, =

To have a better understanding a sample case is shown in Fig. 4 which is similar to Fig. 3 but for a

uniaxial material.

XX

€ =1,€yy=1, ezz=2.25, rxy=0, exz=0, Fyz=0’ A0=1;Am
e =1,¢ =1,¢ _=225,¢ =0,¢ _=0,¢ =0, =1um
yy 2z xy Xz yz 0

XX

£
N
@ S
=\ 0.8 5
< g o5
§ 0.6 %
3 04 g o0
2 H
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“% 4 00 e
o/
(a)
Figure 4: The wavevector surface of a uniaxial material with €., = np = 1, €,y = nd = 1, €., = nh = 2.25,

Eay = Exz = €y- = 0, and freespace wavelength Ao = 1.0 um. (a) One eighth of the wavevector surface is shown. The one
surface is a sphere [Eq. (54)] while the other is an ellipsoid [Eq. (55)]. Observe how the two wavevector sheets become
tangent in this case. (b) One quarter of the wavevector surface is shown. The two-sheet surfaces become tangent in the

direction of the optic axis which in this case is the z-axis

Half of the wavevector surfaces along with their optic axes are shown in Fig. 5a and 5b for the

biaxial and uniaxial cases presented previously.

For comparison purposes similar figures to Figs. 3 and 4 are given in Fig. 6 for an isotropic material

of unity relative permittivity.

2.3 The Index Ellipsoid

The index ellipsoid is used to determine the eigen-polarizations and the corresponding indices of
refraction for a given direction of propagation in an anisotropic crystal. The index ellipsoid (or optical

indicatrix) represents a normalized surface of constant electromagnetic energy density. It is known (it is



Figure 5: (a) The wavevector surface of a biaxial material with e = 1, €yy = 2, €:, = 4, €py = €22 = €y = 0,
and freespace wavelength Ao = 1.0 um. Half of the wavevector surface is shown. Observe the two wavevector sheets that
intersect in four points that define the two optic axes of the biaxial material. (b) The wavevector surface of a uniaxial
material with €40 = 1, €yy = 1, €22 = 2.25, €4y = €. = €y> = 0, and freespace wavelength Ao = 1.0 um. Half of the

wavevector surface is shown. Observe the ellipsoidal and spherical wavevector sheets that touch only in two points where

the single optic axis is defined.

exx=1,eyy=1, €u=1,fxy=o, exz=0,5yz=0,)\0=1um

>
x
—_— xN
52 0.8 <
3 -—
= 06 3
g 8
o >
[ ©
§ 0.4 g
N
g 02
&
0
1,1
,h,%
%,

Figure 6: The wavevector surface of an isotropic material with e = n? = 1, and freespace wavelength Ao = 1.0 ym.
(a) One eighth of the wavevector surface is shown. The two-sheeted surface collapses to a single spherical surface. (b)

One quarter of the wavevector surface is shown.
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reviewed in a later section) that in a homogeneous, lossless, and linear medium (dielectric in this case)
the electromagnetic energy density is given by (wep) = (1/4)Re{E - D*} = (1/4)E - D* [see Eq. (101)
where E and D are the phasors of the electric field and the dielectric displacement, respectively].
Replacing E = € l[er]_ll_j the electromagnetic energy density can be written as (expressed in the

principal axes system)

Figure 7: The index ellipsoid in the general biaxial case where nz, # Nyy 7 Nzz 7 Nag, shown in the principal axes
system. A random direction of a plane wave wavevector is also shown. The intersection of the plane perpendicular to
the wavevector forms an ellipse with its axes specifying the two eigenpolarizations 51 and 52 with n1 and ns (semi-axes
of the ellipse) the corresponding refractive indices.

xT z

D?E+D2 Dp? D2 Dy D?

A wWem )eo = (56)

Erax Eryy Er,zz ’I’L%m ’I’Lzy ngz

If in the above equation the term D [/ 4A(wem)€o is replaced by 7 = x& +yy + 22 the resulting equation

is

2 2 2

X 4
L2 (57)
N My N2z

and represents the index ellipsoid in the zyz coordinate system which is shown in Fig. 7. The index
ellipsoid can be used mainly to determine the two indices of refraction and the two corresponding
directions of D associated with the two independent plane waves that can propagate along an arbitrary
direction k in a crystal (as shown in Fig. 7). This is done as follows: the intersection ellipse between
a plane through the origin that is normal to the direction of propagation k and the index ellipsoid is
determined. Then the two axes of the intersection ellipse are equal in length to 2n;, and 2ns, where ny,

and ne are the two indices of refraction. The axes of the intersection ellipse are parallel, respectively,

11



to the directions of the eigen-polarization vectors l_jl, and Dy of the two allowed solutions of the
Maxwell equations [Eqgs. (36)-(39)]. These indices and the corresponding eigen-polarization directions
are also referred as the “slow” (max{ni,n2}) and the “fast” (min{ni,n2}). The index ellipsoid with
an intersection ellipse is shown in Fig. 7 and a proof of this can be found in Ref. [1].

If the index ellipsoid is expressed in a generalized coordinate system (not the principal axes system)

then it will have the form of a generalized ellipsoid in the xyz coordinate system and its equation is

given by
11 1
x nZ, ni, na. x
T T 1 1 1
[z y 2] Ay |=[zy 2] | o w y | =1, (58)
i s

where A = [¢,]7! is the impermeability matrix. It is reminded that the impermeability matrix is also
symmetric since is the inverse of the symmetric relative permittivity matrix (ny,, = n,, where u # v
and u,v = z,y, 2).

In the case of uniaxial material where ng, = ny, = no (ordinary index) and n,, = ng (extraordi-
nary index), the index ellipsoid is an ellispoid of revolution around z axis (optic axis). In the latter
case, if the direction of the electromagnetic wavevector forms an angle 8 with the optic axis, the

extraordinary refractive index, n.(#) is given by

cos?f  sin’0 1 (59)
n n%  n2(0)’

while of course the ordinary index remains always ngo.

3. Reflection and Transmission at a Planar Boundary

In this section the reflection and transmission of a plane wave at a planar boundary between two
isotropic dielectrics will be reviewed. In Fig. 8 the boundary (zz plane) between two dielectrics of
permittivities €1 = €ge,1 = eon% and €5 = €pepo = eong is shown. A plane wave is incident at angle 6
on the boundary and a reflected as well as a transmitted wave are induced. The electric field in region

1 (left) and region 2 (right) can be written as follows

El = Ez eXP(_jEi : F) + Er eXp(_jET : T_})v (60)

. 1 /- = > Lz = P

H1 = —(kz X Ez> eXp(_]kz ' T_}) + —<k7“ X E?“) eXp(_jkT : T_})v (61)
wio who

Ey = Ejexp(—jk;-7), (62)

. 1/~ = -

Hy, = —<k‘t X Et> exp(—jk - 7), (63)
WHo

where Ei, ET, and E; correspond to the incident, reflected, and transmitted electric field amplitudes,

while EZ-, ET, and k; correspond to the incident, reflected, and transmitted wavevectors. Of course the

12



x 1 @ TEpolarization

1 TM polarization

\

€2, Mo

Figure 8: A planar boundary between two isotropic, nonmagnetic, dielectrics with permittivities e; and e2. The green
electric field direction (along the y-axis) corresponds to the TE polarization, while the blue electric field direction (in the
xz-plane) corresponds to the TM polarization. The angle of incidence is 61, the angle of reflection is 6, = 61, and the
angle of refraction is 6-.

wavevectors satisfy Eq. (35) for each of the regions of interest. Using the continuity of the tangential

to the boundary electric field components the following necessary condition must be satisfied:

(Ez . F)z:O = (Er . F)z:O = (Et : F)z:O - km = krm = ktm -

konisin 61 = konq sin 6, = kgnsg sin 5. (64)

The last equation is the well known phase matching condition. From the phase matching condition it
is evident that 6, = 6; (reflection angle equals incident angle) and ny sinf; = nysinfy (Snell’s law).
Of course in order to find the unknown amplitude coefficients for the reflected and the transmitted
waves the full form of the boundary condition should be used in conjunction with the analogous
boundary condition for the magnetic field. Usually, any incident polarization for the incident field
can be decomposed into one that the electric field is perpendicular to the plane of incidence (zz plane
here) which is referred as L or TE polarization, and one that the electric field is parallel to the plane of
incidence which is referred as || or TM polarization. A generalized polarization formulation is presented
in a later section. These two orthogonal polarizations are decoupled in the case of the isotropic media
and can be studied independently. Solving the boundary conditions the unknown amplitudes of the

reflected and of the transmitted fields can be determined. These are generally expressed in the form

13



of the Fresnel equations which are shown below:

E, n1 cos @1 — ny cos by

re =1L E; - ny cos By + ng cosfy’ (65)
brp =1L = % - ny 0082311 jf)jlzlcos 0y’ (66)
RS Al i (7
bra =1 = % T 0082311 jf)jlflcos Oy (68)

There are some interesting points to be discussed in the case of the Fresnel equations. Initially, it
is assumed that ny < ng (for example from air to glass). In this case the wavevector diagram of Fig. 9a
is valid. The phase matching condition is also shown in this figure. For this case the Brewster angle
can also be defined as the angle for which the reflected wave vanishes. For nonmagnetic materials this
can occur only in the case of TM (||) polarization, and it is defined as r,,, (61 = 0p) =0 = 0p =
tan~!(ny/n1). As an example, the reflection and transmission coefficients are shown in Figs. 10 and
11 as functions of the angle of incidence 0, for the case of ny = 1.0 and ny = 1.5.

The situation becomes more interesting when ny > ns (for example from glass to air). In this case
the Brewster angle is defined in a similar manner as before and it exists only for TM polarization.
However, in this case, for both polarizations the critical angle can be defined. From Snell’s law the
critical angle is defined as the angle of incidence for which the refraction angle becomes 90 degrees.
Therefore, the critical angle 6., is defined as 0., = sin_l(ng /m1). In wavevector space this situation is
depicted in Fig. 9b. In this situation due to the phase matching condition [Eq. (64)] ki = kona and
the z component of the transmitted wavevector k;, becomes zero. In other words, the transmitted
electric field, Eq. (62), is independent of z. This can happen only in theory since exactly at the
critical angle the transmitted field is constant in region 2 which would require infinite energy from
the electromagnetic field. The practical case is when the angle of incidence is greater than the critical

angle (61 > 0..). In the latter case from the phase matching condition it can be deduced
ktm = k‘o’l’Ll sin 91 > k‘o’l’Ll sin ecr = k‘o’l’Lg. (69)
From the last equation and Eq. (35) for region 2 it is obvious that (for 6; > 6., )

k2, = kin3 — k2, < 0 = k. = +j\/k?, — k3n3 = £jkoy/n?sin? 0 — n3 = £jv. (70)

This means that the z component of the transmitted wavevector becomes purely imaginary. In the
wavevector diagram this situation is depicted in Fig. 9c where the dashed purpled arrow representing

the transmitted wavevector is complex. There is some ambiguity in selecting the sign of the right-hand
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Region 1, n, Region 2, n, > n, Region 1, n, Region 2, n, <n,

Region 1, n, Region 2, n, < n,

Figure 9: The wavevector surface of an interface between two dielectrics. (a) Case of incidence from a low to higher
refractive index (n1 < m2). (b) Case of incidence from a high to a lower refractive index (n1 > n2) and at 61 = 0.,. (c)
Case of incidence from a high to a lower refractive index (n1 > mn2) and at 61 > 0.,.

side of Eq. (70). Since the transmitted field is expressed by Eq. (62), in order to represent a physical
field the “—” sign must be selected. Then Eq. (62) becomes

Ey = E;exp[—ko n?sin? 0 — n3z] exp|[—jrkony sinf;] = Eye ™% exp|[—jzkony sin 61]. (71)
The corresponding real field can be determined from the above phasor as (assuming for simplicity that
E; is real)

—

Ey(x, 2, t) = |t|Ejtige "7 cos [wt — xkony sin b1 + ¢(01)], (72)

where ¢ = |t|e’? is the complex transmission coefficient and 4 is the unit vector of the transmitted

electric field. For example, 4; = 1,, = 9§ for TE polarization, and 4; = thTM = cos bz — sinfs 2z
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Figure 10: Reflection coefficient as a function of the angle of incidence ;1 for TE and TM polarization in the case of
n1 < n2. The Brewster angle 0p = tan71(1.5/1) = 56.31° is obvious in the TM polarization case.

t

S has an imaginary component that

for TM polarization. However, in the TM polarization case 4
should suitably (with the appropriate phase shift) be incorporated in the latter equation of the real
transmitted electric field. However, for simplicity, the form of Eq. (72) does not take into account
the complex component of ;. The latter form of the transmitted field is called “evanescent field” or
“evanescent wave.” It is easy to show that the evanescent wave does not transfer real power in the z
direction. This is the reason that this situation is called total internal reflection since all the power
is reflected back into the incident region. An example evanescent field (its real part for ¢ = 0 for TE
polarization) is shown in Fig. 12 for ny = 1.5, ny = 1.0, and § = 65°.

In the case of total internal reflection the reflection and transmission coefficients from Fresnel

equations become complex. It is interesting to define the reflection coefficients in this case which can
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Figure 11: Transmission coefficient as a function of the angle of incidence 6; for TE and TM polarization in the case
of n1 < na.

be described as follows

2 2 2
E, , nisin®0; — nj
— — 1ei20TE(01) — q i2tan~ ! 73
Tre B € eXp | J4tan 17 cos 0 ) (73)
2 (2 2
E, , n2\/nisin®0; —nj
— — 1e32¢Tm(01) _ i2tan~ ! { L ) 74
Tru E; ‘ R E n3 ny cos 0 (74)

From the previous equations it is evident that when 61 > 0., the reflection coefficients have unit

magnitude (thus all incident power is reflected back) and phase that depends on ¢, and varies from 0
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Evanescent Field Snapshot, n, = 1.5, n,= 1, 8 (deg) = 65

Figure 12: The real part of a TE polarized evenescent field that is generated in region 2 (n2 = 1.0) from and indicent
TE polarized wave from region 1 (n1 = 1.5) for an angle of incidence 61 = 65° (> 6., = 41.8°).

to . The transmission coefficients become also complex in this case and are given by

2 i 2 2
E . 211 cos 6 ) ny sin® 6y — nj
by = = [tppe?7" ) = ———=exp | j tan™! : (75)
E; n% _ n% n1 cos 0y
t — E = |t |ej¢TM(91) —
TM E‘Z TM
2 o2 2
2n1nsg cos 61 exp | jtan~! n_% nysin® 6p — n; 76)
n% n1 cos 0y

\/n‘zl cos? 01 + nfsin? 6 — nn3

As an example, the reflection and transmission coefficients are shown in Figs. 13 and 14 as functions

of the angle of incidence 8, for the case of ny = 1.5 and ny = 1.0.

4. Electromagnetic Field Energy and Power - Poynting’s Theorem

From Maxwell’s equations [Eqgs.(1)-(4)] it can be shown the following equality

- . . - - 90D - 0B
s 2 Diez A O (o N\ = OP Y
- 5J+at<25 5>+at<2H H)+5 o o S (77)
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Figure 13: Reflection coefficient as a function of the angle of incidence ;1 for TE and TM polarization in the case of
n1 > ne2. The Brewster angle g = tan71(1/1.5) = 33.69° is obvious in the TM polarization case. For both TE and TM
polarization cases the critical angle 6., = sinfl(l /1.5) = 41.81° is also shown. For 61 > 0., the reflection coefficients

become complex of unity magnitude and phase 2¢7rg (61) or 2¢7ar(61).

where the above equation represents the Poynting’s theorem in point form. In case that a closed surface

S is chosen, that encloses a volume V', the Poynting’s theorem can also be written in its integral form

%(mm // £ Jdv+/// 5+“OH H)av +
// £. —dV+/// poH - —dV (78)

where the vector N = € x H is defined as the Poynting vector (W/m?2). The left-hand side of Eq. (78)

represents the total power entering the volume V via the closed surface S. The right-hand sides

as follows

represent the ohmic losses expended in volume V', the rate of increase of the vacuum electromagnetic
energy in volume V', the power expended in electric dipoles in volume V, and the power expended in
magnetic dipoles in volume V', respectively.

If the medium is linear in terms of its electric and magnetic properties, and experiences negligible
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Figure 14: Transmission coefficient as a function of the angle of incidence 6; for TE and TM polarization in the case
of n1 > na. For 61 > 6., the transmission coefficient become complex.

dispersion, then the electromagnetic energy density can be defined as
lig =, 7 32 1 2 712
wem:we+wm:§<gD+HB>:§<E|5| +M|H|> (79)

Then Egs. (77) and (78) can be written in the following forms

> OWem

—ﬁ-(Exﬁ) €T+, (80)

_%(5@) g ///V [5.j+ ag;m] av. (s1)

The physical meaning of the differential or integral form of Eqgs. (80) or (81) is that the time rate

of change of electromagnetic energy within a certain volume, plus the total work done by the fields on
the sources within the volume, is equal to the energy flowing in through the boundary surfaces of the
volume per unit time. This is the statement of conservation of energy.

Of course the case of a dispersionless medium is ideal. All real materials have dispersion (frequency
dependent parameters) as well as losses. In order to express the Poynting theorem in the dispersive
case it is necessary to express all fields in the frequency domain (Fourier transform is applied to all

field quantities). For example, the real electric field in the time domain and its corresponding complex
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electric field in the frequency domain are related via the following Fourier transform pair

E(F,w) = / E(T, t)e 7 dt, (82)
&= 1 e +jwt
et = o5 E( w)e dw, (83)

where the same holds for all field quantities. Since the time domain fields are real it is straightforward
to show that E (7, —w) = E*(7,w) (the “*” denotes complex conjugate) and ¢*(w) = €(—w) with similar
arguments holding for the magnetic field counterparts. The permittivity and the permeability are in

general complex functions of w and can be written in the form

ew) = dw)—j"(w) = e e (w) — jer(w)], (84)
pw) = p(w)—ju"(w) = po [pr(w) — juy(W)], (85)

where the real and the imaginary parts of the permittivity and the permeability are denoted as primed
or double-primed terms respectively. The “—” sign in the imaginary part is compatible with the Fourier
transform definition as well as with the phasors definitions (in many physics textbooks the “+” sign
is selected and opposite signs in the exponents of the Fourier transforms and phasors). The doubled-
primed terms denote losses that the electromagnetic field suffers as it passes through a medium at
frequencies near resonances where the €”(w) > 0 and p!/(w) > 0 terms can represent absorption. When
the frequency of the electromagnetic wave is far from the resonances then & (w) ~ ! (w) ~ 0 and this
frequency range is generally refer to as “transparency range.”

In most realistic situations even monochromatic radiation has a spectrum differing from a delta
function (even lasers exhibit broadening of their spectrum). Therefore [4, 6, 5] it is common to consider

the electric and magnetic fields of the form

t) = &(t) cos(wot + pe), (86)
H(t) = Ho(t)cos(wot + dp), (87)

/‘\l

where for simplicity the spatial dependence is implied. The &(t) and Hy(t) are slowly varying am-
plitudes (their Fourier transforms do not have high frequency terms), wy is the main frequency (high
frequency) of oscillation of the electromagnetic field and ¢, ¢, are phase constants which can be space
dependent. Using the approach of Jackson [4] it can be shown that

B - & ey
E gt Hoo) = woe (wo) (€ &) +wo" (wo) (H - H)nr + —=, (88)

s = ga () D), %%( leo(HH) 0 59)

<~ oD - aE>

<5-5>HF - 550-50, (90)
(A-A) = %ﬁo-ﬁo, (91)
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where (x)pgp denotes a high-frequency averaging (over a time period 27 /wp). The term uefs denotes
the effective electromagnetic energy density while the first two terms of the right hand side of Eq. (88)

denote dissipation losses. The differential form of the Poynting’s theorem can then be written as

-V <<5 . ﬁ>HF> - <5 j>HF +woe” (wo) <5 5>HF + won’ (o) <ﬁ ' ﬁ>HF * agetff' (92)

At this point the time-harmonic form of the Poynting theorem will be reviewed. All the field
components are represented by phasors. For example, the electric field € and its phasor E are related

by £(7,t) = Re{E(F,w) exp(jwt)}. The time average Poynting vector is given by
. 1 [T 1 O -
<N> - T/o Nt = SRe {E « H } — Re{S}, (93)

where § = (1/ Q)E x H* is the complex Poynting vector. Manipulating Maxwell’s equations in a similar

manner as for the derivation of Eq. (77) it can be easily shown that

o1

. - - O .
-V §=_E.J — jjwE D"+ jjwH" - B. (94)

N | —
[\

Using Eqgs. (24), (25), (26), (84), and (85), and J = J, + o(w)E (where .J, represents source currents)

the previous equation can be written as follows (the conductivity o(w) is assumed real)

.o - L1 L1 L a .
-V.5= st 0(W)|E|2+5W6”(W)|EI2+§wu”(W)|HI2+§W[—6’(W)|EI2+u’(W)|H|2]- (95)

l\DI»—\
N | —

The above equation is the Poynting theorem in its differential form for time harmonic fields. The
Poynting theorem can expressed in its integral form by integrating Eq. (95) over a closed surface S

surrounding a volume V. The resulting equation is

—%g-ds“ = // E-JdV + = /// w)|E2dV +
3 | @l @B+ weae]av +
i /// DB + i ()| H?] av. (96)
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From the above equation the real and imaginary parts showing the following power equilibrium

P + Py + Pys = P, (97)
Q + Qem = Q87 (98)

P=Re{ 5 a5},

P~ 5 [|] owiBrav

Pue =3 [[] @[ @IBR + A av +
P, = %///‘/Re{—ﬁ-f;k}dv,

Q= %m{ %ﬁ-d&},

Q=3 [[[ [~ ¢@UER + i) av.

Q=3 | sm{ & T:}Jav

where Eq. (97) is the real power equilibrium, with P is the power exiting volume V', Py is the power
consumed in ohmic losses (conduction currents) inside V', Py is the power that is dissipated into
volume V' due to material dielectric and magnetic losses, Ps is the power delivered by the sources
in volume V. Equation (98) reveals the equilibrium of reactive power, with @ is the reactive power
exiting volume V', Q. is the reactive power stored in volume V' (with a capacitive part due to electric
field and an inductive part due to the magnetic field), and Qs is the reactive power delivered by the
sources in volume V.

Summarizing the time-averaged energy densities in the case of dispersive media can be written as

(we) = i%(we'(w)><£_’6-£_’b>:i%(we'(w))Re{E_:-E_:*}, (99)
) = e @) (Fly - Ho ) = T (opl () ) Re( - 117}, (100)

while in the time harmonic case the corresponding equations become
1 AL
(we) = ZRe{E'D 1 (101)

(W) = iRe{ﬁ . B*}. (102)

In the case of a plane electromagnetic wave the time-averaged electric energy density is equal to the

time-averaged magnetic energy density, and total electromagnetic energy density is given by

(Wem) = 2(1,) = 2(1w) = %Re{ﬁ Py = %Re{ﬁ LB (103)
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When a plane wave is incident at a planar boundary between two linear, isotropic, lossless, and non-
magnetic regions application of Poynting theorem gives the following power conservation equation for

the direction normal to the boundary

P. P Re{ns cos by} ..

F: + — P = |'I"TE|2 + |tTE|2W == 1, TE Polarlzatlon (104)
P, P Re{n} cosfs} .

F: + = 2 = |r, 2+ |tTM|2m 1, TM Polarization, (105)

where F;, P., P, are the indident, reflected, and transmitted powers. In the case of lossless medium
in region 2 the above equations are the same. The term n3 denote the complex conjugate of the
refractive index and of the complex cosine. These are in general complex in the case that region 2
consists of a lossy material such as a metal. The last equations simply state that the percentage of
the reflected power plus the percentage of the transmitted power equals unity for a lossless case of

reflection/refraction at a planar boundary.

5. Generalized Reflection and Transmission at a Planar Boundary

The geometry of the planar interface between to isotropic media is again depicted in Fig. 8. In this
case the polarization of the incident wave has both TE (perpendicular) and TM (parallel) components.
Therefore, in this formulation any elliptical in general polarization of the incident wave can be treated.

The corresponding incident wave can be described by its electric field phasor
E; = E, 0, exp( —jk; - 7)+ E,,, Uy, exp(— —jk; - 7), where (106)

Urp = Y,

U,,, =cosb) & —sinfy 2,

k; = kov/€r1pir1 (sinéy & +cosby 2),

and €1, p,1 are the relative permittivity and relative permeability of region 1 (in case of non-magnetic
medium g1 = 1). The £, and E.

. complex amplitude terms can represent any, elliptical in general,

polarization. The reflected electric field phasor is given by

E, = E,r., (i eXp(—jET )+ By g U exp(—jky - 7), where (107)
Uy = Uy, = G,
u = —cosf & —sinb 3,

TM

k, = ko/€r1pir1 (sinfy & — cosby 2),

where 7, and r,,,, are the amplitude reflection coefficients (complex in general). Therefore, the total

TM

electric field phasor of region 1 is given by

—

El = ET UTE eXp( LR ) + ETM TM eXp( JE@ F) +

Eorprplsg eXp(—jk‘T -T) + ET]\/ITT]\/I,[L;]\/[ eXp(—jET - 7). (108)
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The corresponding magnetic field phasor in region 1 can straightforwardly be determined and is given

by

— — —

A o= —ZLIE"@TMGXP(_jki'FH' ZTfIﬂTEeXp(_jki'F)—
E oty . 7 Eruru ik

where Z; = (u1/€1)/? is the wave impedance of region 1. The electric and magnetic field phasors in

region 2 are similarly given by

E2 = lrpErplpg exp(=jk - 7) + g, ETMal;M exp(—jkt - ), (110)
- t..E - t..,E -
Hy = —ZEZTEG oxp(—jhy - ) + DL exp(—jky - ), (111)
79 79
ky = ko\/€rafira (sinfy & + cosby 2),
@ = cosfy & — sinby Z,

TM

where €,9, 1,2 are the relative permittivity and relative permeability of region 2 (in case of nonmagnetic

medium g, = 1), and ¢, and t,,, are the amplitude transmission coefficients (complex in general).

TE
Applying the boundary conditions at the z = 0 planar interface for the tangential electric and

magnetic field components it is straightforward to obtain the following equations:

Veriprisindy = \/epapirosin by, (112)
L+ry, = tog, (113)

cosby — 1, cosbhy = t,,, cosbo, (114)
_ 002191 cosglerE _ cosggthE ’ (115)
Zil vl % (116)

Solving the previous equations the amplitude reflections and transmitted coefficients can be easily
calculated in this general formulation and are given by

Zocosby — Z1 cos by

"rE T 7y cosby + Z1cos by’ (117)
b = Zy coz 512 j—OSZflcos 0o’ (118)
- Dty o
e = A cozgf j—OSZZICOS 0y’ (120)

where the last equations are generalized equivalent to Egs. (65), (66), (67), and (68) which hold for
nonmagnetic media. It is mentioned that region 2 can be lossy and in the latter case €2 and pe can

become complex.
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In order to evaluate the percentage of the power reflected and the percentage of the power trans-
mitted the z-components of the complex Poynting vectors must be evaluated. Using the phasor fields
defined previously, after some manipulations, the following z-components of the complex Poynting

vectors for regions 1 and 2 can be determined:

S = CO;GI{|ETE|2+|ETM|2—|ETE|2|TTE|2—|ETM|2|7~TM|2—

B 5 exp (45 (B = ) 7) + | By lPrp exp (=i = Fi) - 7) +

B P15y, exp (+(Fe = K) - 7) = | By Py, exp (=3 (Fy — i) - 7) } (121)
So. = Zi;{|tTE|2|ETE|2<cosez>*+|tTM|2|ETM|2cosez}. (122)

Equating the real parts of the z-components of the Poynting vectors the normalized reflected and

transmitted powers are given by

& _ |TTE|2|ETE|2 + |TT]\/I|2|ET1\/I|2 (123)
Pi |ETE|2+|ET1\/I|2 ’

P L g PlEy PRel(cost) /Z)) t Ity PLE,, PReleosty/Z5))
B cos 0 |ETE|2+|ET1\/I|2

The last two equations take the simple form of Eqgs. (104) and (105) in the case of the TE (E,,, = 0)
or TM (E,, = 0) polarization respectively.

6. Goos-Hanchen Shift

It was mentioned in Sec. 3, that when a plane wave is incident from a dense medium (of refractive
index m1) to a less dense medium (of refractive index ny, with ny < m1) at an angle of incidence
greater than the critical angle [#; > 0., = sin~!(n2/n1)], then it experiences a phase shift of 2¢7(6;)
or 2¢7(01) upon reflection for TE or TM polarization, respectively [Egs. (73) and (74)]. When a
finite size beam is reflected at such a boundary at an angle greater than the critical angle then a lateral
displacement of the beam occurs that is associated to the phase shift incurred. This effect does not
occur in the case of a plane wave that has an infinite extent.

The first researchers that looked into this issue were V. F. Goos and H. Hanchen. According to
Ref. [7], in 1947, Goos and Héanchen [8] investigated the difference between reflection from a silver
surface and total internal reflection at a glass-air interface. Their clever experiment was performed
using a glass prism onto which a narrow strip of silver was deposited along the center. As shown in
Fig. 15, a wide light beam was incident on one end of the prism at an incident angle greater than the
critical angle (of glass-air interface) inside the prism. The beam upon exiting from the prism it was

projected onto a screen. The total internal reflections took place only within the prism excluding the
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Figure 15: Goos-Hénchen original experimental setup [8].

region of the silver deposit in the center. In the center, the light is reflected repeatedly by the silver
strip as it travels through the prism. On the screen, the translation between the two light beams with
different mechanisms of reflection was compared and measured.

In order to theoretically determine the lateral shift, known in the literature as Goos-Hdnchen shift,
it is necessary to represent the finite size beam via a plane wave expansion. The simplest possible
such a representation is one that contains a superposition of two plane waves incident at slightly
differing angles of incidence. Then, the tangential to the boundary (yz plane of Fig. 16) wavevector
components, can be considered as k, = Ak,. In this case the incidence electromagnetic field at the

boundary (z = 0) can be written as
Fy(x =0,2) = Fyle/ketAka)z 4 omilka=Aka)2) — 9 Ff) cos(Ak,z)e k%, (125)

where F is either the electric field (for TE polarization) or the magnetic field H (for TM polarization).
In addition, for simplicity it was assumed that the two plane waves have the same amplitude. Using

Egs. (73) or (74) the reflected beam at the boundary can be written as

Fi(z = 0,2) = Fyle/20katBks)gmj(katha)z 4 oi20(kamBks) g=j(k—Akz)2] (126)
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Figure 16: A planar boundary between two isotropic dielectrics with n1 > n2 and at an angle of incidence 61 > 6.,. In
case that the incident field, E;, represents a beam of finite size the reflected field, E,, (beam) experience a Goos-Hanchen
shift of 2z;.

where ¢ can be either ¢pp (for TE polarization) or ¢y (for TM polarization). Using a Taylor
expansion around k. the phase shifts can be expressed by ¢(k, £ Ak,) ~ ¢(k,) £ (do/dk.)|x, Ak..

Using the latter expansion into the equation for the reflected field it can be shown that

Fx=0,2) = 2F,cos[Ak,(z — 2z,)]e Ik=2ei20(ks), with (127)
do
L= _ 12
‘ dk . (128)

The distance z; expresses the lateral Goos-Héanchen shift. According to Fig. 16 an associated penetra-
tion depth x5 can be defined. This is presumably the penetration distance of the field into the region
of index mo in order to exit at a lateral distance 2z along the boundary using the ray approach. The

2zs and x5 = zg/tan#; distances can easily be calculated for both TE and TM polarizations. The
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Figure 17: The Goos-Hénchen normalized shift 2z /Mo and the corresponding normalized penetration distance xs/Ao
at the boundary between glass (n; = 1.5) and air (n2 = 1.0) for TE and TM polarization. Both distances are defined

for 61 > 0.,

For example the normalized to the freespace wavelength values of 2z, ., 22s,,,, Tspp»

shown in Fig. 17 for the case of a glass-air interface (n; = 1.5 and ng = 1.0).
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A more general approach of the derivation of the Goos-Hénchen shift can be achieved if a plane

wave spectrum representation of the incident beam is considered. For example, the incident field can
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be expressed by

. . +oo  ptoo )
Fi(x=0,y,2) = Fo / / F(ky, ky)e I Fvvth=2) g dk, (133)
—00 J—00

where Fi(k‘y, k.) denotes the plane wave spectrum of the incident field at the boundary (z = 0).
The reflected field is given by (assuming that all its wavevector components are incident at an angle
91 > Hcr)

. . +oo  ptoo ) )

F(x=0,y,2) = Fo / / F(ky, k,)e???huks) =iy th=2) qp ;. (134)

—00 J—0

A two-dimensional Taylor expansion of ¢(ky, k.) around a central point (kyo, k=) gives

0¢ 0
B(ky, k) ~ ¢(kyo, kzo>+8—k:y kyo(ky_ky0)+6—1<:z

. O(k‘z—k‘zo) = ¢(kyo, kz0) + (k) — E)) ﬁ¢|g“07 (135)

where E” = kyg + k.2 and similarly EHO = kyoy + kz0Z. Substituting the last equation into Eq. (134)
the reflected field can be expressed as

—

— +oo +oo ~ — —
F.(x=0,y,2) = FO/ / F(ky, k.) exp[—jk) - (7] — 2V¢|E”O)]dk‘ydk‘z

12[6(kyo,ks _E ﬁ - 5 -
eﬁ [¢( y0 O) [0 ¢|k”0]FZ’(ZE _ 0’ ,r—,»” _ 2v¢|i€,”0)’ (136)

where 7 = yy + z2. Then the resulting generalized Goos-Héanchen shift, JGH, is defined as
I

% 77 4+ a¢
Ok, k0" " Ok,

N>

don = 26¢|13“0 = 2{

}. (137)
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