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Index Ellipsoid Analysis (October 18, 2019)t

Problem Statement

Assume an anisotropic, linear, homogeneous, and non-magnetic medium for which the Maxwell’s

equations for plane-wave solutions are:

kxH = —wD=-wlE=—-weleE,
kxE = wB=uwuH,
k-D = k-[]E =0,
k-B = k-poH =0,
where k is a wavevector of the form k = k‘onl;: = kon(azis + ayiy + a.i,) with ko the freespace

wavenumber, n the corresponding refractive index for the direction of propagation of this wavevector,
and k the unit vector along the direction of propagation (with a,, ay, and a, its directional cosines).
The matrix (tensor) [e] = €p[e] is the permittivity matrix (with [¢] the relative permittivity matrix).
Assume that [A] = [¢]7! is the inverse relative permittivity tensor (impermeability tensor). For
numerical implementation the following parameters are used: n,, = 1.552, ny, = 1.582, n., = 1.588,
and a; = ay = a, = 1/4/3.

(a) Show that the displacement vector D satisfies the following eigenvalue/eigenvector equation

1 -
—D =0.
n2

k x [l?: X <[A]13>} +
Solve this equation in the principal axes system zyz shown in Fig. 1.
(b) Since Dis always perpendicular to k it is convenient to use a new coordinate system with one axis
coinciding with the direction of propagation of the wave (assume the unit vector in this direction as
i3 = l;:) Then denote the two new transverse axes by 1 and 2 with unit vectors 7; and 25 respectively.
In this new coordinate system k = [0 0 1]7 = i3. Furthermore, assume that D and [A] are now
expressed in this new coordinate system. Since k-D= 0, D= [D1 Do O]T = D171 + Doiy. Show that

the previous equation can be written as

—
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Figure 1: The index ellipsoid expressed in the principal axes system. The wavevector k denotes the direction
of propagation. The intersection of the normal to the wavevector plane, at the origin, with the index ellipsoid
specifies an ellipse (green in the figure). The resulting two eigen-polarizations (directions shown by Dy and D),
and the two-eigen indices are specified by the semi-axes of that ellipse. The n,., (w = x,y, z) are the principal
refractive indices.

where [A4,] is the transverse impermeability tensor (symmetric) and D; = [D; Ds)T. The above
equation is again an eigenvalue/eigenvector equation in two dimensions. The two eigenvalues and the
two eigenvectors correspond to the two refractive indices for the direction of propagation and their
corresponding eigen-polarizations. Find the two eigen-indices and the two eigen-polarizations. Show
that the two eigen-polarizations are orthogonal to each other.

(c) Now show that the ellipse which is defined from the index ellipsoid as an intersection of the index
ellipsoid with a plane perpendicular to k and passing through the origin has semi-axes with lengths
equal to the squares of the eigen-indices. In addition, show that the directions of the two semi-axes

correspond to the two eigen-polarizations.



Solution

(a) From Maxwell’s equations for plane wave solutions the following steps can be easily written:

kxH = —wD=—
i x (LExE*) ~ wh—
WHo
S| . .
k x ( X 6—[5]_1D> = —w?uyD =
0
k x (E X [A]ﬁ) = —w?euoD = —kiD =
. /s . 1 -
i (k: x [A]D) - ——D. (1)

At this point let’s attempt to solve the latter equation in the principal axis system zyz. Using the

vector identity (@ x (b x &= (@-2)b — (@-b)é in Eq. (1), it can be written as:

. T A . 1 -
[k;-[A]D}k—[k-k}[A]D - =D
—— n
=1
[ 1—-a2 AgQy a0 i
R A .
Lt N N S R Y (2)
2 2 2 Y Y Y
Ny My N2z D, D,
Ay0Qy a0y 1—a§
IR R

In the last derivation [A] = diag[l/nyw] (where w = z,y, z). It is straightforward to show that the
determinant of the 3 x 3 matrix of Eq. (2) is equal to —(a2 + aJ + a? — 1)/(n,a*n2,n2,) = 0 since
always a2 + ai + a? = 1. Therefore, one of the eigenvalues of Eq. (2) is equal to zero. The remaining
two eigenvalues correspond to the 1/n? inverse eigen-indices while the corresponding eigenvectors
correspond to the two polarizations. Using the data for the numerical implementation, the fast and

slow indices and the corresponding polarizations are:

ny = 1.56264128 Dy = [-0.81416, 4+0.46057, +0.35359] 7, (3)
D, =

ns = 1.58512289 [—0.06176, —0.67420, +0.73596] ", (4)

Since the matrix involved is of only third order and since its determinant is always zero due to the
directional cosines involved the characteristic polynomial of the matrix of Eq. (2) becomes (calculations

where performed in Wolfram Mathematica):

F(p) = pl[p*—Ap—B] =0,
n2 n2 +n2 n2 _a2n2 n2 _a2n2 n2 +a2n2 n2 +a2n2 n2

A = zx'tyy zx'bzz z'exiyy y'lrxllzz ylyy'lzz z2Myylizz
N n2,n2 n2 ’
zx!tyy'lzz
2 2,,2 2,2 2,,2 2,2 2,,2 2,,2 2,2
B = Ny t+ aynmm +ta;ng, — aynyy — AN, o 3Ny + aynyy +azn;,
- 2 2 2 - 2 2 2 ’
NaaTyyMz NaaTyyNz2



and the resulting eigenvalues are:

1 1

= =g A VAT,

1

1 1 v S—

ny

ps = 0. (5)

The refractive indices n; and ng correspond to the eigen-indices of the two corresponding eigen-
polarizations. Of course the zero eigenvalue does not have any physical meaning and it is neglected.
The eigenvectors can be also determined analytically since the eigenvalues have been found. Specifi-

cally, it can be shown that if ny = min(ni, no) and n, = max(n1, n2) then the two eigen-polarizations

are:
~ T 1
Dw = [meaDywaDzw] s w = S,f, and
\/ D3uw+ D3 + D2,
D.ya.
D = ——= -
zw P(pw)iZ, [a22(puw) @z a12(pw)ay]a
D.ya.
D = — |- ,
yw P(pw)iZ, [—a12(pw)as + all(pw)ay]
D,, = 1,
D(pw) = a11(pw)azz(pw) — a12(pw)azi(pw),
(o) 1— ai
an(pw) = — Pu,
w ’I’L%m w
G0
(112(pll)) = - 552 yv
My
gy
a21(pw) = — ;
“ nZ,
1—a?
azn(pw) = 3 v — Puw-
My
The numerical application of the last equations in the case of n,, = 1.552, ny, = 1.582, n,, =

1.588, and ay = ay = a, = 1/ V3, can produce practically the same numerical results found earlier
using numerical evaluation of the eigenvalues/eigenvectors problem. It is worth mentioning, that the
numerical evaluation of eigenvalues/eigenvectors seems more accurate than the analytical counterpart
presented previously. This can be determined when examining how perpendicular the two eigen-
polarizations are. Specifically the dot product of the eigen-polarizations determined with a numerical
technique in Eqs. (3) and (4) is of the order of 107! while the corresponding dot product of the
analytically computed eigenvectors is of the order of 10713,

(b) Let’s determine the unit vectors i; and iy given that i3 = k. The selection of 3; and i is arbitrary

since they can be any two perpendicular to each other and perpendicular to 73 unit vectors. The 2

can be defined as 75 = i3 X i, /|ig X 7,| (in the case that i3 = k + i,). Then, i1 = i9 X i3/|ia X i3|. Then,



the three new unit vectors in the 123 coordinate system can be expressed as follows (for a, # +1):

In the case that a, = =£1 then i3

Azly + Qyly + azi,

1

\/17——0@ layis — azly]

1

2
1—az

[—amazim — ayazly + (ai + ai)iz] .

= i, 19 = %y, and i = i, and this is a trivial case since it is

propagation along one of the principal axis of the material. Now let’s rewrite the initial result of

previous question in the 123 coordinate system:

0 Q1 Q12 Q3
0 Qo1 Qg Qa3
1 Q31 Q32 (33

. e . . 1 -
|:k‘° [Algg]D} k— |:k‘k‘} [./4123]D = _ED —
——
-1
Dy o111 Q12 Q3 D1 1 D,
Dy | — | a21 a2 aos Dy = —— | D2 | =
0 31 Q32 033 0 0
il aa2 D, 11D (6)
a1 92 D, n? | Dy |’
~——_————
[A¢]

where the elements of the inverse impermeability matrix [Aj23] can be found from the following

coordinate transformation:

[Aigg] = [TI[AI[T]",  with (7)
F a0 _aya Tk
V1—a? V1—a? ‘
7] = v 0
V1—a? V1—a?
L Qg Qy az i

The elements of the [A4;] matrix, of Eq. (6), can be easily determined and are given by:

a1 =

Q12 = (1 =

1—a?

aza?

2,2
ay,as;

+ +
2 2/ 2 2/ 2’
Nz Ny 1-— az Ny 1-— az

Ay Gy [ 1 1 ]
2 2 2 |0
1—az |ng, ni,
2 2
Ay (Iy
2 2 2 2\ "
nyy(l _az) nmm(l _az)



Now the eigenvalues and the eigenvectors can be easily determined analytically and are the following:

pr = ni% = % [0111 + a9 + V/(a11 — a)? + daja |, (8)
[ Pf — o1 O]T
" ]
pPs = nig = 3 [0111 + agy — /(a1 — a92)? + 4dagpag | (10)
[ ps —an O]T
D

i (== |

The two eigenvectors can be transformed into the xyz coordinate system by the coordinate transfor-
mation Di¥* = T ]Tl_jw (with w = f,s). Applying the last expressions for the numerical application
the results of Egs. (3) and (4) can be obtained.

The orthogonality between the two eigen vectors D, and D ¢ can be easily shown as follows:

D;-D, = K2 1+(Pf—0411)2(0s—0411) _

25
_ e oy +ad — Oéngpf +ps)+prps _ 0. since
25
pr+ps = 11+ Qog, and PfPs = 0110022 — 04%2'

In the above expressions K2 is the product of the normalization constants of the two eigenvectors.

(c) The index ellipsoid can be expressed in general in the quadratic form
[z, y, 2][Allz, y, 2" =1,

where [A] is the impermeability matrix. Transforming the above equation in the 123 coordinate system

(as it was introduced in (b)) the index ellipsoid can be written as
(21, @, @3][A1as][z1, z2, 23]" =1, (12)

where [A;23] is the impermeability matrix given in Eq. (7). According to the index-ellipsoid approach
in order to find the two eigen-polarizations and their refractive indices it is necessary to find the
intersection of the index ellipsoid with a plane normal to the wavevector direction through the origin.
In the 123 coordinate system this plane is the z3 = 0 plane, and the resulting intersection with the
index ellipsoid [Eq. (12)] is

[z1, zo][Ad[x1, 22]T =1, (13)

where the last equation specifies the intersection ellipse of the x3 = 0 plane with the index ellipsoid.

The 2 x 2 matrix [A] was specified in (b). From linear algebra it is well known that the eigenvalues



of [A;] correspond to the two semi-axis of the ellipse which are the eigenvalue refractive indices for
propagation along the k direction. The directions of the two semi-axes (major and minor) correspond
to the two eigen-polarizations (for slow and fast wave). Consequently, the proposed procedure for
determining the eigen-polarizations and their refractive indices from index ellipsoid is justified. The
eigenvalues and eigenvectors of [A;] have been specified in (b) [see Egs. (8)—(11)].

It might be beneficial to come to the same result from a different initial point. Let’s write the
index ellipsoid equation in the zyz principal axis coordinate system along with the plane which is

normal to the wavevector direction of interest (and passing through the origin):

2 2 2
T z
e (14)
N My N2z
F-l;::amm—l—ayy—l—azz = 0. (15)

In order to find the intersection both equations must be satisfied. The two semi-axes of the intersection
ellipse correspond to the two eigen-polarizations and their directions correspond to the two eigen-
polarizations. To find the semi-axes it is necessary to find the minimum and the maximum of z2+y?+ 2>

on the intersection ellipse. Let’s use the method of Lagrange multipliers:

22 2 2
F(z,y,2z) = (*4+y*+2°)+ )\ T—I—yT—I-T—l + Mo fazx + ayy +a.2] = (16)
TT yy zz
OF
S = 0= 2042\ + Aea, = 0, (17)
Ox n2,
OF
= 0= 2y+2M— + hoa, =0, (18)
dy ng,
oF z
— = 0=2 2A A =0 1
0z at T2, + A20: =0, (19)
OF x? y? 22
= 0= -4+ Z 4+ 2 _1=0 20
oM n2, * n2, * n, ’ (20)
oF
— = 0= axr+ayy+az=0 (21)
ONg

At this point some manipulations of the above equations are necessary. First, let’s multiply Eqgs. (17),
(18), and (19) by z, y, and z respectively, and add them together. The result [using Eqgs. (20) and
(21)] is:

M= (22 + 9%+ 22) = —n?. (22)

Now multiply Egs. (17), (18), and (19) by a, ay, and a, respectively, and add them together [making
use of the result for A; from Eq. (22)]. Then, the A2 becomes

AzT  AyY (2

/\2:2n2 (23)
nZe My N



Next, let’s use the solutions for A\; and A2 to manipulate Eq. (17):

A
2z (1 + o) = hay =
nfE"E
2
n ApT QY — AzZ
2:c<1—7> = —2n2[T+L2+ —la, =
n n
Tx Tx Yy zz
T T az z
— - — = aza ApQy—— —>
2 2 2 by 5 xtz 5
n N Ny Yy N2z
2
n T Y z
(%—ai—ai) T—I—amayT—l—am(LZT = 0=
n n
Tx Yy zz
a? + a? 1
y z Qg Gy QzQy
2 2 YT 3 = T
n2, ng, n2, n
1 — a2 Ay Q Ay Q. 1
T~ — Ly — 2 ¢~ = 27 (24)
n2, ng, n2, n

In the last derivation the identity (for the directional cosines) a2 + ai + a2 = 1 was used. Performing

the same steps for Egs. (18) and (19) the following set of equations can be written:

[ 1—a2 Ay Az, |
2 ) )
N nyy N2z
1— a2 T 1 T
Gyl y  Gya: _ 1 (25)
n2 n2 n2 y|= n2 vyl
Tx Yy 2z z z
Ay, aay 1— ag
T2 T2 2
N nyy N2z

Of course the last equation is identical to Eq. (2) that was derived directly from Maxwell’s equations.
Le., the geometrical solution of the index ellipsoid is identical to the Maxwell’s equations solution.
Since the matrix is singular only two eigenvalues are non-zero that correspond to the fast and slow
refractive indices. The eigenvectors corresponding to the two eigenvalues give the directions of the
two eigen-polarizations.

Of course, one could just solve numerically the system of Eqgs. (17)—(21) to find the minimum and
maximum of n? = 22 + 32 + 22 which correspond to the two eigen-indices (fast and slow). Then,
the vector [z, y, z] would correspond to the eigen-polarization. However, sometimes the numerical
solution of a system of nonlinear equations may not provide all the possible solutions depending on
the initial guesses.

Another approach is to use other methods for constrained optimization. Such methods are provided
by Matlab’s function “fmincon” which uses the interior-point method. To illustrate the procedure let’s

specify the following minimization problem:

F(z,y,z) = min {:E2 +y% + z2} ) subject to
m7y7z
2 2 2
T z
Sty = 1 and
Ny nyy ns.
Ay + ny + az = 0



Using the above method the point (xf, ys, zf) is found that minimize F'(x, y, z). Then the fast refractive
index and its corresponding eigen-polarization are ny = (:E?c + y]% + Z]%)l/2 and Dy = [xf, yr, 2z7)7 /ny.
The slow refractive index can be found by minimizing the function G(z,y,z2) = 1/(z? + y? + 22).
The corresponding resulting optimization point is (xs, ys, 2s). Then the slow refrative index and its

corresponding eigen-polarization are n, = (2 4+ y2 + 22)Y/2 and D, = [z, ys, 2|7 /1.



