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The generalized extreme value (GEV) distribution is often fitted to environmental time series of extreme values such as
annual maxima of daily precipitation. We study two methodological issues here. First, we compare criteria for selecting the
bestmodel among 16GEVmodels that allow nonstationary scale and location parameters. Simulation results showed that both
the corrected Akaike information criterion and Bayesian information criterion (BIC) always detected nonstationarity, but the
BIC selected the correct model more often except in very small samples. Second, we examined confidence intervals (CIs) for
model parameters and other quantities such as the return levels that are usually required for hydrological and climatological
time series. Four bootstrap CIs—normal, percentile, basic and bias-corrected and accelerated—constructed by random-t
resampling, fixed-t resampling and the parametric bootstrap methods were compared. CIs for parameters of the stationary
model do not present major differences. CIs for the more extreme quantiles tend to become very wide for all bootstrap
methods. For nonstationary GEV models with linear time dependence of location or log-linear time dependence of scale, CI
coverage probabilities are reasonably accurate for the parameters. For the extreme percentiles, the bias-corrected and
accelerated method is best overall, and the fixed-t method also has good average coverage probabilities. A case study is
presented of annual maximum daily precipitation over the mountainous Mesochora catchment in Greece. Analysis of
historical data and data generated under two climate scenarios (control run and climate change) supported a stationary
GEV model reducing to the Gumbel distribution. Copyright © 2013 John Wiley & Sons, Ltd.
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1. INTRODUCTION: MODELLING ENVIRONMENTAL TIME SERIES WITH THE
GENERALIZED EXTREME VALUE DISTRIBUTION

The generalized extreme value (GEV) distribution is widely employed for modelling extremes in the environmental sciences and many other
fields (see, for example, Reiss and Thomas, 2007, and references therein). It was introduced into meteorology by Jenkinson (1955) and is
used extensively there to model extremes of natural phenomena such as precipitation (Gellens, 2002), temperature (Nogaj et al., 2007)
and wind speed (Coles and Casson, 1999;Walshaw, 2000). The analysis of extremes in hydrometeorological data, such as the annual or monthly
maxima in precipitation and discharge series, is fundamental for the design of engineering structures (Maidment, 1993). In the case study
presented later in the paper, we examine annual extremes in historical precipitation data for a mountainous catchment in central-western Greece,
as well as in simulated data obtained under different scenarios of climate change.

The GEV distribution combines into a single expression the three possible limiting distributions that arise from the limit theorem of Fisher
and Tippett (1928) on extreme values or maxima in sample data. Its distribution function is
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where μ ∈ℝ, σ> 0 and ξ ∈ℝ are the location, scale and shape parameters, respectively. The shape parameter ξ affects the support of the distri-
bution. More specifically, when ξ =0, the GEV distribution is the Gumbel distribution with supportℝ; when ξ > 0, it corresponds to the Fréchet
distribution with support x≥μþ σ

ξ , and when ξ < 0, it corresponds to the (reversed) Weibull distribution families with support x≤μ� σ
ξ .

The assumption of a series of independently and identically distributed data with constant properties through time (stationarity) may need
to be modified to reflect the effect of long-term climate change on a phenomenon. For example, the series of maximum temperatures or max-
imum precipitation in an area could show trends over a period. There is indeed mounting evidence that hydroclimatic extreme series are not
stationary, owing to natural climate variability or anthropogenic climate change (Jain and Lall, 2001; Milly et al., 2008). Modelling
nonstationarity within the framework of the GEV distribution requires extended models with covariate-dependent changes in at least one
of the distribution’s three parameters (Coles, 2001). This leads us to the nonstationary GEV distribution (El Adlouni et al., 2007; Leclerc
and Ouarda, 2007).

In the nonstationary case, the parameters of the model are expressed as a function of time t and possibly other covariates as well
(Coles, 2001). We shall limit our investigation to the case of dependence only on time. The nonstationary GEV distribution can be
denoted as GEV (μ(t),σ(t), ξ(t)) with distribution function

F y;μ tð Þ;σ tð Þ; ξ tð Þð Þ ¼ exp � 1þ ξ tð Þ y� μ tð Þ
σ tð Þ

� ��1=ξ tð Þ( )
(2)

Following Nogaj et al. (2007), El Adlouni et al. (2007) and Cannon (2010), we consider possible nonstationary behaviour of the location
μ and scale σ parameters but keep the shape parameter ξ constant.

More specifically, the following regression structures will be considered for location and scale parameters when (calendar) time is the
explanatory covariate

μ tð Þ ¼ μ0 þ μ1t þ μ2t
2 þ μ3t

3

σ tð Þ ¼ exp σ0 þ σ1t þ σ2t2 þ σ3t3ð Þ (3)

allowing up to cubic dependence on time of both the location μ and scale σ parameters. We denote by GEVjk the model with time
dependence of order j in the location parameter and order k in the scale parameter. For example, the stationary GEV distribution is
GEV00, obtained when the location and scale parameters are both independent of time (μ1 =μ2 =μ3 = 0 and σ1 =σ2 =σ3 = 0), while the
GEV21 nonstationary model assumes a quadratic trend (μ3 = 0) in location and a log-linear trend in scale (σ2 =σ3 = 0). Sixteen models of
varying complexity may be defined in this way (four choices for each of j and k).

Nonstationarity could also be introduced by other approaches to modelling μ(t) and σ(t). Apart from the use of nonpolynomial functions of
time, the possibilities include fitting fractional polynomials (Royston and Altman, 1994) or a nonparametric approach (Chavez-Demoulin
and Davison, 2005). It would be very demanding to investigate the performance of some of these methods in a simulation study. We have
preferred here to limit our investigation to fitting polynomials, which, as indicated in the previous texts, is an approach that is popular in
applications.

The specific aim of the present paper is to investigate two methodological aspects of the application of GEVjk models. One aspect is to
compare methods of selecting the best model from this set. The second is to compare methods of constructing confidence intervals for the
parameters of the model and other quantities of interest. In the following section of the paper, we present the procedures for model fitting and
selection. The third section compares the performances of the various criteria. The fourth section describes the quantification of the uncer-
tainty in the estimates by bootstrap confidence intervals constructed by different methods, and the fifth, their comparison in a simulation
study. A case study is presented in the sixth section, followed by conclusions in the final section.

2. STATISTICAL ISSUES

2.1. Model fitting and selection

The stationary and nonstationary GEV models may be fitted to a time series {y(ti) : ti ∈ T} where T= {t1, t2,…, tn} by maximizing the log-
likelihood function

‘ ≡ log L ¼
Xn
i¼1

� log σ tið Þð Þ � 1þ 1
ξ

� �
log 1þ ξ

y tið Þ � μ tið Þ
σ tið Þ

� �
� 1þ ξ

y tið Þ � μ tið Þ
σ tið Þ

� ��1=ξ
 !

(4)

over the parameter space by numerical methods. This can be a challenging procedure, especially when high complexity is assumed for the
location and scale parameters. It may facilitate the procedure if starting values are obtained by the L-moments method (Hosking, 1990). The
maximum likelihood method is sometimes criticized because it can give rise to physically unacceptable estimates; the Generalized Maximum
Likelihood (GML) method of Martins and Stedinger (2000) avoids this by, in effect, constraining ξ within the range (�0.5, 0.5) (Katz
et al., 2002). The restriction to ξ < 0.5 ensures that the variance of the GEV is finite. As seen in the succeeding texts, the unconstrained
maximum likelihood estimates (MLE) of this parameter from our data fell well below this limit anyway.

All results reported in this paper were obtained in the R computing environment (R Development Core Team, 2011), using the gev.fit
routine in the ismev package (Coles and Stephenson, 2010) to fit stationary and nonstationary GEV distributions by maximum likelihood.
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We followed the recommendation in the programme documentation to standardize covariates. Thus, the linear, quadratic and cubic terms in
time were actually entered into the model as

x1i ¼ ti � m1

s1
; x2i ¼ x21i � m2

s2
; x3i ¼ x31i � m3

s3

where m1 and s1 are the mean and the standard deviation of the time covariate, respectively, and mj and sj (j= 2, 3) are the mean and the

standard deviation of the x j
1i, respectively.

After fitting various candidate models to a given time series, we wish to select the best model. Any other GEVjk model must fit the data
better than GEV00 because adding more parameters to a model always leads to a better fit at the cost of increasing complexity. Both of the
most widely used statistical criteria for model selection, the Akaike information criterion (AIC; Akaike, 1974) and the Bayesian information
criterion (BIC; Schwarz, 1978) seek to balance these two opposing forces by penalizing the increasing number of parameters in the model.
Because we will be examining small samples, we will use the corrected AIC (denoted AICc), which includes a small-sample correction, in

place of the basic AIC. If ‘̂ is the maximized value of the likelihood for a model containing p parameters and n is the sample size, the criteria
are defined as

AICc ¼ �2‘̂ þ 2pþ 2p pþ 1ð Þ
n� p� 1

(5)

(the third term is the correction) and

BIC ¼ �2‘̂ þ p log n: (6)

Bayesian information criterion generally penalizes more complex models more strongly than does the AIC. The preferred model among
the candidate models is the one that minimizes the chosen criterion, although attention should also be paid to models with values close to
the minimum.

We may also use the likelihood ratio test to compare the goodness-of-fit of two hierarchically nested GEVjk models. If ‘̂0 denotes the

maximized log-likelihood of the simpler modelM0 and ‘̂1 the maximized log-likelihood of a more complex modelM1 that containsM0, then,

under standard conditions,�2 ‘̂0 � ‘̂1

� �
asymptotically follows the chi-squared distribution with q d.f., where q is the number of additional

parameters in M1 compared with M0 (more details of model selection procedures can be found in Claeskens and Hjort (2008) and Burnham
and Anderson (2002), for example).

2.2. Quantifying uncertainty in estimates: confidence intervals

Confidence intervals for the parameters of the model, on the basis of the asymptotic normality of the MLEs, are given by

θ̂ j ± za=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Jn θ̂
	 
�1

� �
jj

r
(7)

where θ̂ j is theMLE of the jth parameter, za/2 is the appropriate percentile point of the standard normal distribution for constructing a (1� a)100%

confidence interval and Jn θ̂
	 
�1

� �
jj
is the jth diagonal component of the observed information matrix based on a sample of n independent

observations.
Because these confidence intervals rely on the asymptotic normality of the MLEs, they may not possess good coverage properties, espe-

cially for small sample sizes. For example, in the situation described in the succeeding texts in the simulation study, with n= 50, the 95%
confidence intervals for parameters calculated by the aforementioned method all had estimated coverage proportions below the nominal
0.95, as small as 0.90 in the case of the location parameter of the GEV01 model. Furthermore, we are usually not only interested in parameter
estimates but also in quantiles of the GEV distribution. These are related to the return periods of extreme events: For example, the upper 1%
point of the distribution of annual maxima has a 1/.01 = 100-year return period. It might be expected that estimates of extreme upper quantiles
of the GEV distribution are far from being normally distributed even for moderate sample sizes. Therefore, we consider constructing
confidence intervals for all quantities of interest by bootstrap methods based on resampling techniques (Efron, 1979; Efron, 1987; Efron
and Tibshirani, 1993; Mudelsee et al., 2003; Prudhomme et al., 2003). The basic idea of bootstrap methods is that a picture of the sampling
distribution for any statistic can be built up by resampling from the original data, and as a result, any characteristic of this statistic can be
obtained from the bootstrap distribution. Kysely (2008) reported simulation results on the use of the bootstrap approach to construct
confidence intervals for estimates from GEV models in the stationary case only.

2.3. Bootstrap methods

There are three general approaches to bootstrapping models with a regression structure: random-t resampling (also called case resampling),
fixed-t resampling (also called model-based resampling or residual resampling) and the parametric bootstrap (Freedman, 1981; Stine, 1985;
Shao, 1996; Sahinler and Topuz, 2007). All three methods will be compared by simulations under different stationary and nonstationary
GEV models in the next section. In each approach, we take a large number R of resamples in an appropriate way. The model under study
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is fitted to each one of these bootstrap samples, and the value of each statistic of interest is recorded in order to obtain its bootstrap distri-
bution from these R replications.

In all the methods investigated in this study, we employ the full-sample bootstrap, that is, the resamples are always of the same size, n, as
the original sample. Much of the literature on bootstrapping for extremes refers to the m-out-of-n bootstrap, where m< n (e.g. Qi, 2008),
which is necessary for the nonparametric estimation of quantiles. The need for that method does not arise here, where the extreme quantiles
are estimated as functions of the estimated parameters of the fitted distribution.

2.3.1. Random-t resampling

In the random-t resampling approach, we simply take the R resamples from the observed data {y(ti) : ti ∈ T}, where T= {t1 ,t2,…, tn}, by
simple random sampling with replacement from the original sample.

2.3.2. Fixed-t resampling

In the fixed-t resampling approach, the covariates (in this study, time) are treated as fixed with respect to replication of the study. On the other
hand, the fitted values ŷ tið Þ : ti∈Tf g obtained from the analysis of the original sample are treated as the expected values of the response for
the bootstrap sample. A bootstrap sample under these assumptions is obtained by resampling residuals from the original model and assigning
them to the fitted values v.

Cannon (2010) summarized the fixed-t resampling approach in the following steps: (i) fit the chosen GEVjk model to the data, obtaining

parameter estimates μ̂ tið Þ, σ̂ tið Þ and ξ̂ ; (ii) compute the independently exponentially distributed Cox–Snell residuals from the fitted model

ε tið Þ ¼ 1þ ξ̂
y tið Þ � μ̂ tið Þ

σ̂ tið Þ
� ��1=ξ̂

; i ¼ 1; 2;…; n (8)

(iii) resample the transformed residuals with replacement to form a bootstrapped set of residuals {ε(b)(ti) : i= 1, 2,…, n}; (iv) rescale the
bootstrap residuals by inverting the transformation

y tið Þ ¼ μ̂ tið Þ þ σ̂ tið Þ ε bð Þ tið Þ	 
�ξ̂ � 1

ξ̂
; i ¼ 1; 2;…; n (9)

(v) fit the GEVjkmodel to the bootstrap sample and store the statistics of interest; and (vi) repeat steps (iii)–(v) R times to obtain the bootstrap
distribution of each statistic of interest.

2.3.3. Parametric bootstrap

A different approach to obtaining a bootstrap distribution for each statistic of interest is to sample directly from the fitted distribution, instead
of resampling from the original data or from the transformed residuals. More specifically, n observations are generated under the GEVjk
model with parameter values equal to the estimates obtained from the fit to the original data. In the case of a nonstationary GEVjk model,

in order to obtain a simulated bootstrap sample of size n, one observation is generated from the GEVjk μ̂ tið Þ; σ̂ tið Þ; ξ̂
� �

distribution for

each ti ∈T, and the bootstrap sample is constructed from all n observations.

2.4. Types of bootstrap intervals

For each of the bootstrap approaches described in the previous subsection, four different confidence intervals can be constructed for each
statistic of interest, on the basis of the normal approximation method, the percentile method, the basic bootstrap method and the bias-
corrected and accelerated (BCa) method (Efron, 1987; DiCiccio and Efron, 1996). Each of these methods relies on different assumptions,
and hence, they may have significantly different properties.

2.4.1. Normal approximation method

The normal approximation method assumes that the statistic of interest is normally distributed, at least approximately. Let θb be the mean of

the R bootstrap estimates θ̂ jb; j ¼ 1; 2;…;R of θ and sd θ̂b

� �
their standard deviation. Under the normality assumption, a (1� a)100% bias-

corrected confidence interval for θ can be constructed using the formula

θ̂ þ θ̂ � θb
� �

±za=2sd θ̂b

� �

where θ̂ is the estimate of θ based on the original data and θ̂ � θb
� �

is a bias correction computed using θb.

Because the GEV models described in Section 1 are fitted by maximum likelihood, the normality assumption is valid asymptotically.
However, its accuracy in small samples is questionable, particularly for the quantiles and most especially for those corresponding to long
period return levels.
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2.4.2. Percentile method

The percentile method for constructing confidence intervals makes no assumption concerning the distribution of the statistic of interest. It is
based on the assumption that the distribution of the bootstrapped statistic approximates the true sampling distribution. Consequently, the

lower limit L of a (1� a)100% confidence interval for the statistic θ can be obtained as the a
2R
� �

ordered θ̂b value and the upper limit U

as the R� a
2R
� �

ordered θ̂b value, where [x] denotes the integer part of x.

2.4.3. Basic bootstrap method

The basic bootstrap method is similar to the percentile method, but it assumes that the distribution of the difference θ̂ jb � θ̂ between a

bootstrapped estimate and the MLE of θ approximates the distribution of the difference θ̂ � θ between the MLE and the true value of θ.
The confidence interval is constructed initially for θ̂ � θ from the a

2R
� �

and R� a
2R
� �

ordered values of θ̂ jb � θ̂; j ¼ 1; 2…;R, and then, it
is transformed in order to obtain the corresponding interval for θ.

The basic confidence intervals for θ can also be obtained directly from the percentile confidence interval (L,U) by the formula

2θ̂ � U; 2θ̂ � L
� �

(10)

2.4.4. Bias-corrected and accelerated method

Bias-corrected and accelerated confidence intervals (Efron, 1987) may give a significant improvement compared with the other bootstrap
intervals, although their accuracy can be erratic for small sample size. BCa confidence intervals are actually modifications of the percentile
intervals, adjusted to have the correct bias and skewness.

A (1� a)100% BCa confidence interval for the statistic θ is given by

θ a1ð Þ
jb ; θ a2ð Þ

jb

� �
(11)

where θ a1ð Þ
jb is the 100a1

th ordered value of the bootstrap estimates θ̂ jb; j ¼ 1; 2…;R and θ a2ð Þ
jb is their 100a2

th ordered value; a1 and a2 are given by

a1 ¼ Φ ẑ0 þ
ẑ0 þ za=2

1� α̂ ẑ0 þ za=2
	 


" #
(12)

a2 ¼ Φ ẑ0 þ
ẑ0 þ z1�a=2

1� α̂ ẑ0 þ z1�a=2

	 

" #

(13)

where Φ(�) is the standard normal distribution function. The bias-correction ẑ0 for θ is

ẑ0 ¼ Φ�1
Ι θ̂ jb � θ̂ < 0
� �

R

0
@

1
A (14)

where I is the indicator function. The acceleration α̂ is one-sixth of the skewness of the set of the n jackknife or leaving-one-out estimates of θ,
that is, one-sixth of the skewness of the estimates θ̂ ið Þ; i ¼ 1; 2;…; n of θ where θ̂ ið Þ is the estimate obtained when the ith observation is deleted
from the original sample. Thus, the acceleration is computed from the formula

α̂ ¼

Xn
i¼1

θ̂ ið Þ � θ �ð Þ
� �3

6
Xn
i¼1

θ̂ ið Þ � θ �ð Þ
� �2 !3=2

(15)

where θ �ð Þ ¼

Xn
i¼1

θ̂ ið Þ

n .
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3. RESULTS OF SIMULATION STUDIES

3.1. Comparison of selection criteria

A simulation study was carried out in order to evaluate the performance of the AICc and BIC in identifying the true model among the set of
models of different complexity GEVjk (j= 0,1,2,3; k= 0,1,2,3). We generated 1000 samples from each combination of true model and sample
size (20, 50 or 100). The true models considered were the stationary model GEV00 with μ= 0,σ= 1, GEV10 with μ= ti,σ= 1, GEV01 with
μ= 0,σ= exp(ti) and GEV11 with μ = ti,σ= exp(ti). Each one was run in combination with ξ =� 0.1, 0 and 0.1. All 16 candidate GEVjk
models were fitted to each sample by the gev.fit routine, using the Nelder and Mead (1965) optimization method with the true values of
the parameters as starting values. Because no difference was evident between the results for the different values of ξ, the results in Table 1
are averaged over ξ. Comparison of the results for n= 50 and 100 strongly favours the BIC, which selected the correct GEV model at least
80% of the time for sample size 50 and over 90% of the time for sample size 100. On the other hand, the AICc selected the correct model
only about 60% of the time for n= 50 and 100, and even the most complex models among the 16 possibilities were selected sometimes. This
agrees with the well-known tendency of the BIC to select more parsimonious models than the AIC (e.g. Kadane and Lazar, 2004). For very
small samples (n= 20), the AICc was more successful than the BIC, but neither criterion performed well. Note that the number of parameters
(up to nine for the GEV33) is unreasonably high in relation to the sample size when n= 20. Both criteria were always successful in detecting
the presence of nonstationarity. On the basis of these findings, we shall use the BIC in the data analyses later in the paper.

3.2. Simulation study of bootstrap confidence intervals

A separate simulation study was conducted to compare the three proposed bootstrap methods and the four different types of confidence intervals. In
every simulated set of data, 12=3 � 4 different confidence intervals were constructed for each quantity of interest. Theywere compared in terms of the
following: (i) coverage proportion of the true value of the statistic; (ii) mean length of the confidence interval; and (iii) computing time.

The following simulation procedure was carried out for all 36 combinations of three sample sizes n=20, 50 and 100; four GEVmodels and three
values of the shape parameter ξ =� 0.1, 0, 0.1. The models were GEV00 (0,1,ξ), GEV10 (ti,1,ξ), GEV01 (0, exp(ti), ξ) and GEV11 (ti, exp(ti), ξ).
For each combination, 1000 samples were generated. The three bootstrap methods were applied to each sample by selecting 1000 bootstrap

Table 1. Model selection by the corrected Akaike information criterion and Bayesian information criterion for data generated under the
following: (i) the stationary model GEV00 with ξ = 0, σ= 1; (ii) GEV10 with μ = ti, σ= 1; (iii) GEV01 with μ = 0, σ= exp(ti); and (iv)
GEV11 with μ = ti, σ= exp(ti)

Selected model

Sample size True model Criterion Correct model μ correct σ incorrect μ incorrect σ correct μ and σ both incorrect

n= 20 GEV00 AICc 0.376 0.143 0.142 0.339
BIC 0.284 0.133 0.135 0.448

GEV10 AICc 0.372 0.129 0.185 0.314
BIC 0.259 0.134 0.156 0.451

GEV01 AICc 0.245 0.145 0.108 0.502
BIC 0.159 0.121 0.105 0.614

GEV11 AICc 0.245 0.129 0.108 0.518
BIC 0.163 0.123 0.107 0.607

n= 50 GEV00 AICc 0.625 0.154 0.164 0.057
BIC 0.867 0.066 0.058 0.009

GEV10 AICc 0.635 0.160 0.160 0.045
BIC 0.839 0.068 0.081 0.012

GEV01 AICc 0.624 0.158 0.172 0.046
BIC 0.835 0.079 0.075 0.011

GEV11 AICc 0.683 0.133 0.140 0.044
BIC 0.853 0.066 0.068 0.013

n= 100 GEV00 AICc 0.605 0.172 0.166 0.057
BIC 0.917 0.045 0.035 0.003

GEV10 AICc 0.629 0.170 0.160 0.041
BIC 0.913 0.043 0.042 0.002

GEV01 AICc 0.623 0.156 0.173 0.048
BIC 0.916 0.043 0.038 0.003

GEV11 AICc 0.665 0.151 0.144 0.040
BIC 0.912 0.048 0.038 0.002

BIC, Bayesian information criterion; AICc, corrected Akaike information criterion.
Each model was run for 1000 simulations for each of three values of the shape parameter ξ = 0.1, 0 and �0.1. Entries show proportion of
simulations in which each candidate model was selected, averaged over the three values of ξ; sum of each row is 1.0.
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samples each of size n, and for each bootstrap method, the four different bootstrap confidence intervals were computed for the
parameters of the model and the quantiles corresponding to 2, 5, 10, 20, 50, 100 and 1000-year return levels (10 items in total).

Detailed results on the coverage proportions and mean lengths of each confidence interval are presented in Table 2 for the GEV00 (0,1,�0.1)
model with n=100. For the parameters, there are no major differences between the coverage proportions and mean lengths of the various confidence
intervals, although the coverage proportions for ξ produced by the percentile method are a little low. The confidence intervals for the quantiles tend to
become very wide for the more extreme quantiles for all bootstrap methods, but the coverage proportions for the 90th percentile and beyond fall well
below the nominal 95% for three of the confidence interval types. The exception is the BCa method, which has a much better coverage proportion
than the other methods for these quantiles. The coverage proportion of the parametric bootstrap confidence intervals for quantiles is a little closer to
the nominal 95% compared with the other two methods, which do not differ substantially. Kysely (2008) reached a similar conclusion.

Because of the results for other sample sizes, different values of ξ and nonstationary GEV models also support the preference for
parametric bootstrap confidence intervals constructed by the BCa method, further tables are restricted to presenting the simulated coverage
proportions for this type of interval only, in order to economize on space. Detailed tables along the lines of Table 2 are available on request
from the authors for the other combinations. In a nonstationary model, the quantiles depend on the value of the covariate. Consequently, the
coverage proportions of the confidence interval presented for the GEV10, GEV01 and GEV11 models in Tables 3 and 4 were computed by
averaging over all the confidence intervals corresponding to each value of ti. Table 3 shows coverage proportions for the different sample
sizes for the four models, with ξ =� 0.1. Results for parameter estimates and the median of the GEV distribution were not greatly different
between sample sizes. For subsequent quantiles, but not the most extreme ones, there was a tendency for lower coverage in smaller samples.

Table 2. Comparison of bootstrap confidence intervals constructed by different methods for parameter estimates and quantiles of the
stationary generalized extreme value distribution GEV00 (0,1,�0.1), with sample size n= 100

Coverage proportion of confidence interval constructed by:

Normal Basic Percentile BCa

Item True value Bootstrap
method

Coverage
proportion

Mean
length

Coverage
proportion

Mean
length

Coverage
proportion

Mean
length

Coverage
proportion

Mean
length

μ0 0 Fixed-t 0.9581 0.449 0.957 0.450 0.949 0.450 0.958 0.450
Random-t 0.956 0.448 0.952 0.450 0.951 0.450 0.955 0.450
Parametric 0.945 0.436 0.948 0.437 0.946 0.437 0.952 0.436

σ0 1 Fixed-t 0.938 0.305 0.939 0.307 0.935 0.307 0.944 0.313
Random-t 0.935 0.305 0.935 0.307 0.934 0.307 0.946 0.313
Parametric 0.948 0.309 0.945 0.310 0.940 0.310 0.955 0.312

ξ �0.1 Fixed-t 0.926 0.284 0.935 0.289 0.914 0.289 0.923 0.289
Random-t 0.928 0.284 0.929 0.289 0.914 0.289 0.926 0.288
Parametric 0.947 0.284 0.958 0.287 0.922 0.287 0.945 0.286

q= 0.5 0.360 Fixed-t 0.959 0.486 0.956 0.488 0.957 0.488 0.953 0.488
Random-t 0.955 0.485 0.952 0.487 0.956 0.487 0.960 0.488
Parametric 0.951 0.469 0.955 0.470 0.949 0.470 0.950 0.470

q= 0.8 1.393 Fixed-t 0.957 0.604 0.953 0.606 0.954 0.606 0.965 0.613
Random-t 0.959 0.602 0.958 0.606 0.953 0.606 0.961 0.613
Parametric 0.955 0.598 0.951 0.600 0.953 0.600 0.956 0.603

q= 0.9 2.015 Fixed-t 0.933 0.737 0.936 0.738 0.913 0.738 0.938 0.758
Random-t 0.933 0.736 0.936 0.737 0.909 0.737 0.94 0.756
Parametric 0.939 0.756 0.942 0.759 0.922 0.759 0.945 0.765

q= 0.95 2.570 Fixed-t 0.912 0.964 0.911 0.965 0.883 0.965 0.916 1.014
Random-t 0.911 0.962 0.913 0.963 0.879 0.963 0.918 1.011
Parametric 0.928 1.007 0.928 1.011 0.891 1.011 0.922 1.024

q= 0.98 3.231 Fixed-t 0.896 1.422 0.898 1.428 0.872 1.428 0.912 1.553
Random-t 0.896 1.420 0.898 1.426 0.869 1.426 0.914 1.554
Parametric 0.918 1.486 0.916 1.491 0.883 1.491 0.919 1.529

q= 0.99 3.687 Fixed-t 0.896 1.876 0.884 1.888 0.875 1.888 0.910 2.090
Random-t 0.891 1.875 0.885 1.887 0.877 1.887 0.912 2.095
Parametric 0.910 1.947 0.899 1.952 0.881 1.952 0.918 2.025

q= 0.999 4.988 Fixed-t 0.879 3.971 0.861 3.968 0.884 3.968 0.923 4.517
Random-t 0.882 3.974 0.859 3.970 0.883 3.970 0.921 4.531
Parametric 0.893 4.015 0.871 4.008 0.886 4.008 0.923 4.283

BCa, bias-corrected and accelerated.
Each result is based on 1000 simulated sets of data of size 100, taking 1000 bootstrap samples of the same size in each set of data.
1Coverage proportions shown in bold do not differ by more than 0.0135 = 1.96 ×√(0.95 × 0.05/1000) from the nominal value of 0.95.
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Coverage proportions appear to be a little higher for the GEV11 model than the others but are close to the nominal level. Table 4 shows coverage
proportions for the different values of ξ in the four models, for n=50. There was no indication of systematic differences between results according
to the value of ξ. Overall, results for the nonstationary models were not noticeably different from those for the stationary model, except that the
confidence intervals for ξ and especially σ0 constructed using the percentile method had low coverage (data not shown).

Results for coverage proportions and mean lengths for each ti separately in nonstationary models are shown diagrammatically in Figures 1
(GEV10) and 2 (GEV01) for the 95th percentile only, for n= 100. The corresponding diagrams for smaller n (not shown) exhibit the same
behaviour. Results for the parametric methods were very similar to those for the random-t method and are omitted. Although the fixed-t
method gives good average coverage probabilities over the range of t (data not shown), Figures 1 and 2 show that the probability varies
substantially, from values higher than the nominal 0.95 in the middle of the range of t to much lower values at both extremes of the range. More
stable behaviour is observed for the other two methods. It is also striking that, for nonstationary models, the lengths of the fixed-t confidence
intervals for quantiles are much greater than those obtained by the other two methods. This did not happen for the stationary model.

It is worth noting that for the GEV10 model, the confidence intervals obtained by the random-t and the parametric bootstrap methods not only
have shorter length, close to the mean of the covariate, but also are quite symmetric about the mean. The lengths of the confidence intervals based on
the fixed-t bootstrap method seem to be independent of the values of the covariate except for the BCa confidence intervals, which seem to behave
similarly to their coverage probabilities (Figure 1). For the GEV01 model, the random-t and parametric bootstrap are not symmetric (Figure 2).

We did not find substantial differences between the bootstrap methods in terms of the computing time that they require. In particular,
executing the random-t and fixed-t resampling approaches took virtually the same time. Both took only about 3% longer than the parametric

Table 3. Estimated coverage of parametric bias-corrected and accelerated 95% bootstrap confidence intervals in generalized extreme
value models with ξ =� 0.1

GEV00 GEV10 GEV01 GEV11

Item n= 20 n= 50 n= 100 n= 20 n= 50 n= 100 n= 20 n= 50 n= 100 n= 20 n= 50 n= 100

μ0 0.9531 0.962 0.952 0.962 0.942 0.954 0.936 0.926 0.947 0.948 0.970 0.957
μ1 0.902 0.925 0.950 0.949 0.966 0.957
σ0 0.967 0.954 0.955 0.982 0.957 0.955 0.995 0.931 0.947 0.982 0.977 0.969
σ1 0.965 0.943 0.957 0.983 0.964 0.959
ξ 0.998 0.966 0.945 0.958 0.972 0.951 0.987 0.976 0.946 0.981 0.976 0.953
q= 0.5 0.955 0.957 0.950 0.948 0.941 0.948 0.952 0.930 0.946 0.947 0.964 0.953
q= 0.8 0.906 0.942 0.956 0.916 0.935 0.955 0.905 0.914 0.944 0.943 0.957 0.953
q= 0.9 0.857 0.908 0.945 0.898 0.924 0.949 0.923 0.906 0.939 0.972 0.957 0.953
q= 0.95 0.884 0.898 0.922 0.938 0.916 0.938 0.960 0.909 0.934 0.986 0.965 0.959
q= 0.98 0.952 0.899 0.919 0.962 0.918 0.932 0.974 0.922 0.930 0.990 0.972 0.961
q= 0.99 0.971 0.914 0.918 0.966 0.927 0.932 0.979 0.935 0.930 0.990 0.976 0.963
q= 0.999 0.990 0.933 0.923 0.971 0.948 0.935 0.984 0.957 0.935 0.989 0.981 0.964

Each result is based on 1000 simulated sets of data, taking 1000 bootstrap samples in each set of data.
1Coverage proportions shown in bold do not differ by more than 0.0135 = 1.96 ×√(0.95 × 0.05/1000) from the nominal value of 0.95.

Table 4. Estimated coverage of parametric bias-corrected and accelerated 95% bootstrap confidence intervals in generalized extreme
value models with n= 50

GEV00 GEV10 GEV01 GEV11

Item ξ =� 0.1 ξ = 0 ξ = 0.1 ξ =� 0.1 ξ = 0 ξ = 0.1 ξ =� 0.1 ξ = 0 ξ = 0.1 ξ =� 0.1 ξ = 0 ξ = 0.1

μ0 0.9621 0.951 0.938 0.942 0.948 0.947 0.926 0.941 0.924 0.970 0.967 0.932
μ1 0.925 0.950 0.930 0.966 0.955 0.925
σ0 0.954 0.948 0.957 0.957 0.945 0.957 0.931 0.934 0.933 0.977 0.972 0.964
σ1 0.943 0.944 0.959 0.964 0.968 0.960
ξ 0.966 0.958 0.956 0.972 0.971 0.963 0.976 0.977 0.955 0.976 0.976 0.974
q= 0.5 0.957 0.950 0.940 0.941 0.954 0.942 0.930 0.942 0.930 0.964 0.952 0.930
q= 0.8 0.942 0.924 0.925 0.935 0.954 0.947 0.914 0.942 0.929 0.957 0.952 0.937
q= 0.9 0.908 0.924 0.910 0.924 0.947 0.943 0.906 0.939 0.937 0.957 0.953 0.946
q= 0.95 0.898 0.908 0.899 0.916 0.946 0.938 0.909 0.935 0.917 0.965 0.959 0.957
q= 0.98 0.899 0.902 0.902 0.918 0.946 0.935 0.922 0.928 0.929 0.972 0.967 0.960
q= 0.99 0.914 0.913 0.912 0.927 0.932 0.931 0.935 0.933 0.915 0.976 0.969 0.964
q= 0.999 0.933 0.956 0.933 0.948 0.929 0.924 0.957 0.925 0.919 0.981 0.972 0.970

Each result is based on 1000 simulated sets of data, taking 1000 bootstrap samples in each set of data.
1Coverage proportions shown in bold do not differ by more than 0.0135 = 1.96*√(0.95*0.05/1000) from the nominal value of 0.95.
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bootstrap, for which the average time for completing 1000 loops of the process of drawing 1000 bootstrap samples of size 100, fitting the
GEV distribution and calculating all the required quantities, was just under 10min on a standard desktop computer for home and office
use with a 2.4GHz processor. Within these runs, the construction of the confidence intervals by the BCa method took several times as long
as by the other methods but still required no more than 10 s for 1000 bootstrap samples.

4. CASE STUDY

4.1. The Mesochora precipitation data

The methodological framework described in the previous texts was applied to the mountainous Mesochora catchment, the furthest upstream
subcatchment of the Acheloos River catchment in Greece. At the outlet of the catchment, a reservoir has been constructed (useful capacity of
228 × 106m3) with a hydropower plant with installed capacity of 160MW. Mean annual discharge is equal to 23.2m3/s. The catchment lies
in the central-western mountain region of Greece (Figure 3) and extends nearly 32 km from north (39°50′) to south (39°42′) with an average
width of about 20 km and area about 633 km2. The elevation from the highest point to the catchment outlet ranges from 2200 to 780m with a
mean of 1390m. Precipitation stations are installed within and around the catchment, most of them in its lower half at elevations from 780 to
1160m. Daily values of precipitation were available at 12 stations for the period of 1972–1992. The study of precipitation in this area is of
great practical importance in relation to a major project for diversion of the Acheloos River.

The GEV modelling procedure was applied to three time series. Each one represented the annual maximum of daily precipitation over the
catchment, in different periods and under different scenarios. The first set of data, for 1972–1992, was derived from the actual daily
observations coupled with atmospheric circulation patterns (CPs) for this period. The CPs-linked daily data observed at the 12 stations were

Figure 1. Simulated data from the GEV10 model, n=100: coverage proportions and mean lengths of four types of confidence intervals for the 95th percentile,
constructed using the fixed-t (upper pair of rows) and random-t (lower pair) bootstrap methods. Results are shown separately for each time point (horizontal axis)
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used to construct a stochastic model for precipitation. The point daily precipitation data were interpolated over the whole catchment by a
procedure described in detail by Panagoulia et al. (2006a, 2006b). Then, the annual maximum data over the catchment area were obtained.

The second and third sets were produced from downscaled daily precipitation (Panagoulia et al., 2008) using CPs generated from the
ECHAM4 atmospheric general circulation model developed at the Max Planck Institute for Meteorology (MPI), Hamburg, Germany
(http://www.ipcc-data.org/is92/echam4_info.htm; Roeckner et al., 1996). These CPs refer to two different scenarios for carbon dioxide
concentrations, one assuming present levels (346 ppmv; 1×CO2 scenario) as a control run, and the other assuming doubling of present levels
(748 ppmv; 2×CO2 scenario). By extrapolating from the daily simulated data at the 12 stations, we calculated two series simulating annual
maxima of daily precipitation over the whole catchment area. Data for the control run (1×CO2 scenario) were calculated for the period 1961–2000.
Data under the 2×CO2 climate change scenario were calculated for the period 2061–2100. The annual maximum series of the historical data and the
data simulated under the two climate scenarios are shown in Figure 4 with trends fitted by a locally weighted scatterplot smoothing. Results from
fitting the GEVjk models separately to each of the three series are given in the following paragraphs. Models were fitted as described in the
simulation study; in addition, different starting values were tried in every case in order to ensure that the global optimum had been reached.

4.2. Historical data, 1972–1992

The minimum value of the BIC from fitting stationary and nonstationary GEV distributions to the observed annual daily maximum precip-
itation for the period between 1972 and 1992 was 194.85 for the model GEV01, indicating linear dependence of the scale parameter on time.
The second smallest value was 196.18 for the stationary model GEV00. According to Kass and Raftery (1995), such a small difference (<2)
does not represent strong evidence against the stationary model. The change in minus twice the log-likelihood between these models was
4.38, with P= 0.036 from the chi-squared distribution with one degree of freedom (d.f.). A linear term in location did not improve the fit

Figure 2. Simulated data from the GEV01 model, n=100: coverage proportions and mean lengths of four types of confidence intervals for the 95th percentile,
constructed using the fixed-t (upper pair of rows) and random-t (lower pair) bootstrap methods. Results are shown separately for each time point (horizontal axis)
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significantly over the stationary model (P= 0.27) nor did higher order terms in either parameter improve the fit over GEV01. Parameter
estimates and their standard errors are shown in Table 5. The negative value of the estimate of the coefficient σ1 indicates decreasing scale with
the passage of time, which is supported visually by the plot of the data in Figure 4. Figure 5 shows a residual plot for the fit of the GEV01 model.
The parametric bootstrap confidence intervals using the BCa method are shown in Table 5 for both the GEV00 and GEV01 models. The confidence
intervals in the table for the parameter ξ, in bothmodels, contain zero, and this was also true for the confidence intervals obtained from the alternative
techniques. Consequently, the Gumbel distribution (ξ =0) seems to be acceptable for describing these data. The confidence intervals for the pa-
rameter σ1 of the GEV01model—the parametric BCa interval in the table and also all the others that are not shown—contain zero. Consequently,
zero is a plausible value of this parameter in which case, in agreement with the previous remarks, the GEV01model reduces to the GEV00model.

4.3. 1×CO2 series, 1961–2000

A similar analysis was applied to the series of annual maxima for the period 1961–2000 generated under the1×CO2 climate scenario. The
minimum value of BIC was 363.22 for the stationary GEV00 model, followed by 366.32 for GEV10 and 366.90 for GEV01. There was
no indication from likelihood ratio tests that either of these linear terms (P= 0.44 for location, P = 0.95 for scale) or any higher order terms

Figure 3. Map of Mesochora catchment with the available rain gauges
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were required. The probability plot showed that the stationary GEV distribution provided a good fit to the series (Figure 5). Parametric
bootstrap BCa confidence intervals for model parameters are shown in Table 5. Again, the Gumbel hypothesis cannot be rejected, because
this and all the other confidence intervals for the shape parameter ξ contain zero. Table 6 presents the same type of confidence interval for
selected return levels.

4.4. 2×CO2 series, 2061–2100

The third analysis was carried out along the same lines for the series of annual maxima generated under the 2×CO2 climate scenario
(climate change) for the period 2061–2100. As with the 1×CO2 series, the stationary model was an adequate fit to the 2×CO2 series.
The BIC value for the stationary model was 364.18, with the next smallest 367.74 for GEV01 and 367.83 for GEV10. Adding either
of these linear terms was not supported by likelihood ratio tests (P = 0.15 and P = 0.84, respectively). The probability plot again showed
good fit of the stationary model (Figure 5).

Although the BIC, which we recommend, indicates the GEV00 model, other measures provide some support for the most complex model,
GEV33. This has the lowest value of AIC, 356.84 compared with 359.12 for GEV00. The likelihood ratio test statistic comparing these two

Table 5. Parameter estimates and their standard errors (in parentheses) for generalized extreme value distributions fitted to the three
series of data, with 95% parametric bias-corrected and accelerated bootstrap confidence intervals

Historical data 1972–1992 1xCO2 1961–2000 2xCO2 2061–2100

Parameter GEV00 GEV01 GEV00 GEV00

μ0 67.071 (5.273)* 74.110 (6.295) 61.45 (2.892) 61.429 (2.942)
(54.37, 82.66)** (53.41, 96.36) (55.80, 67.29) (55.86, 67.69)

σ0 3.038 (0.193) 3.192 (0.388) 2.742 (0.147) 2.782 (0.139)
(2.71, 4.16) (2.41, 6.47) (2.49, 3.04) (2.55, 3.31)

σ1 �0.236 (0.090)
(�1.87, 0.45)

ξ �0.306 (0.208) �0.804 (0.486) 0.137 (0.158) 0.085 (0.141)
(�1.11, 0.22) (�5.97, 14.33) (�0.14, 0.44) (�0.25, 0.36)

Following the recommendation in the documentation of the ismev package, each covariate was centred and scaled to unit variance
before fitting.
*Standard error.
**95% confidence interval.

Figure 4. Precipitation series: annual maxima (in mm) with trend fitted by locally weighted scatterplot smoothing. Upper diagram, historical data for 1972–
1992; middle diagram, 1×CO2 downscaled series for 1961–2000; lower diagram, 2×CO2 downscaled series for 2061–2100
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models is 14.3 with 6 d.f., P= 0.027. However, significance tests such as this have not been adjusted for the multiple testing involved in
comparing the 16 GEV models under consideration.

Parametric bootstrap BCa confidence intervals for parameters of the GEV00 model are shown in Table 5. The hypothesis ξ = 0 cannot be
rejected on the basis of this or any other confidence interval. In the GEV33 model (results not shown), with the exceptions of one confidence
interval for μ2 and one for σ1, all 12 � 6 = 72 confidence intervals for the nonstationary terms contain zero, which can be interpreted as
evidence in favour of the GEV00 model.

Confidence intervals for the quantiles corresponding to long-period return based on the GEV00 model are shown in Table 6. The quantiles
corresponding to return levels for the GEV33 model vary through the years because the model is nonstationary, which prevents the
straightforward presentation of results.

4.5. Remarks on the results of the case study

The analysis of the observed annual maximum daily precipitation over the Mesochora catchment for the period 1972–1992 did not find firm
evidence to support the necessity for a nonstationary GEV model. The stationary model seems to provide an acceptable description of these
data. The same conclusion was reached by the analysis of the simulated series for the period 1961–2000 generated under the 1×CO2 climate
scenario (control run). In fact, in this case, the stationary GEV model was clearly the best. Finally, the analysis of the annual maxima
predicted for the period 2061–2100 under the 2×CO2 climate scenario (climate change) likewise favoured the stationary model. The results
for the simulated series are expected, because the CO2 level is held constant within each equilibrium run (Fowler et al., 2010). Furthermore,
the results of all three analyses agreed in not rejecting the hypothesis ξ = 0, the Gumbel distribution. In fact, there is no evidence that the three
distributions differ (the change in minus twice the log-likelihood between three separate stationary models and one stationary model fitted to
all the data is 3.19, with P= 0.78 on the χ2 distribution with 6 d.f.)

In the literature, the possible nonstationarity of annual maximum precipitation under climate change has generally been investigated at the
local (point) scale (e.g. El Adlouni et al., 2007; Nogaj et al., 2007; Cannon, 2010; Villarini et al., 2011). Over a spatial domain, the so-called
‘spatial GEV’ (Westra and Sisson, 2011), in which the GEV parameters are modelled as a function of spatial location, typically assumes
spatial independence of the precipitation process conditional on the model parameters (Buishand, 1991), which can lead to unrealistic spatial
inference and predictions (e.g. Katz et al., 2002; Westra and Sisson, 2011). A more natural model in fitting extreme values at multiple point
locations within a spatial domain is the max-stable model (de Haan, 1984), which in terms of its asymptotic motivations can be regarded as

Table 6. Simulated rainfall maxima for 1961–2000 under 1×CO2 scenario and 2061–2100 under 2×CO2 scenario: estimated percentiles
and parametric bias-corrected and accelerated bootstrap 95% confidence intervals based on stationary GEV00 model

Percentile 1×CO2 1961–2000 2×CO2 2061–2100

q= 0.5 67.283 (61.19, 74.60) 67.444 (61.18, 75.14)
q= 0.8 87.298 (78.20, 99.65) 87.269 (79.04, 99.29)
q= 0.9 102.373 (88.87, 123.68) 101.480 (88.78, 119.75)
q= 0.95 118.368 (97.49, 155.94) 115.985 (96.58, 146.55)
q= 0.98 141.565 (106.39, 213.29) 136.120 (105.33, 192.21)
q= 0.99 161.001 (112.41, 276.27) 152.282 (110.52, 242.04)
q= 0.999 240.249 (132.73, 724.02) 213.007 (119.62, 517.20)

Figure 5. Probability plots of fit of stationary generalized extreme value to (left) historical series, (centre) 1×CO2 series and (right) 2×CO2 series
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the spatial analogue of the univariate GEV distribution (Westra and Sisson, 2011). The technique of pooling data from multiple locations
across a spatial domain (e.g. Alexander et al., 2006; Fowler and Wilby, 2010) presents difficulties in terms of standardizing the data before
averaging and in developing the correct inferential method, particularly in the presence of spatial correlation between the original gauged
data. Furthermore, local scale information is lost by pooling the data in this manner. In our case, we obtained the annual maximum precip-
itation data over the area of the Mesochora catchment from point daily precipitation conditioned on atmospheric circulation by interpolation.
This process may result in a smoothing effect on the extremes of precipitation. This is one possible reason for the finding of stationarity rather
than nonstationarity in all three series. A second reason may be associated with the consideration of both wet and dry types of CPs in
downscaled precipitation (Panagoulia et al., 2006a). In reality, only the wet types, usually occurring in winter, can cause the more extreme
values in precipitation (Mamassis and Koutsoyiannis, 1996). In conclusion, approaching climate change by examining the stationarity or
nonstationarity of extreme precipitation (the latter supporting no climate change) comes up against the question, does the finding of
stationarity or nonstationarity of climate depend on the method employed? Many work towards answering this has been carried out by Lins
and Cohn (2011), Koutsoyiannis (e.g. 2004, 2006, 2011) and Koutsoyiannis and Montanari (2007), who support the stationarity of climate.
However, the true answer may be given in the future. Very long time series of extremes obtained from either gauged data or by more robust
simulation techniques at the appropriate spatial scale are required.

5. CONCLUSIONS

The possible nonstationarity of the GEV distribution fitted to annual maximum precipitation under climate change is a topic of active
investigation. It is important to have appropriate methods for selecting the best models. We investigated model selection within the
GEVjk ( j = 0,1,2,3; k = 0,1,2,3) class of models with a time dependence of order j in the scale parameter and order k in the location
parameter, which is widely used for introducing nonstationarity. Our simulation results were based on fitting these models to data generated from
the stationary GEV00 model and three nonstationary models: GEV10 (linear trend in location), GEV01 (log-linear trend in scale) and GEV11
(linear trend in location and log-linear trend in scale). Our results clearly support the BIC for model selection, and we recommend its use. Our
second aim in this study was to study how best to construct confidence intervals for items of interest arising from these GEV models. We exam-
ined three bootstrapping approaches to constructing confidence intervals for parameters and quantiles: random-t resampling, fixed-t resampling
and the parametric bootstrap. Each approach was used in combination with the normal approximation method, percentile method, basic bootstrap
method and BCa method for constructing confidence intervals. We found that all the confidence intervals for the stationary model parameters
have similar coverage and mean length. For extreme quantiles, the BCa method produced confidence intervals with the best coverage. This
was also true for the nonstationary GEV10 and GEV01 models. Overall, our preferred type of confidence intervals is that produced by the
parametric bootstrap method in combination with the BCa method.
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