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Summary

Predictive relationships are offered for the response of on-ground 2D rigid blocks undergoing rocking. Among others,
this is pertinent to (a) modern or classical antiquity structures that utilize rocking as a seismic protection mechanism
and (b) freestanding contents (e.g., cabinets, bookcases, museum artefacts) located on the ground or lower floors of stiff
buildings. Blocks of varying dimensions were subjected to a full range assessment of seismic response under increasing
intensity levels of ordinary (no-pulse, no-long-duration) ground motions, parameterized by peak ground acceleration or
velocity. Both response and intensity were normalized, allowing the fitting of general-purpose parametric expressions
to determine the mean and dispersion of response for an arbitrary block of interest. These can be utilized in the same
way as conventional strength-ratio/ductility/period relationships of yielding oscillators, to enable the rapid assessment
or design of simple rocking systems.
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1 INTRODUCTION

The rocking response of free-standing on-ground rigid blocks has gained substantial attention in the past few dec-
ades. In fact, it has long been recognized that rocking is an effective mechanism of seismic protection, and as such,
could be potentially utilized by design engineers for mitigating earthquake induced deformations and consequently
protecting structures from damage. The rocking concept, as a dissipation mechanism of seismic energy, is some-
times further expanded to systems that are able to perform a controlled rocking action, through the utilization of
appropriate configurations and materials, such as post-tensioning strands, replaceable fuses, viscous dampers etc.

(e.g., [1-3]).

One of the first studies acknowledging that rocking could provide a means for attaining a satisfactory seismic
performance was undertaken by Housner [4]. With this early pioneering work, which was inspired by the satisfac-
tory seismic performance of rocking systems observed in several earthquake events, Housner not only proposed a
roadmap for analytically treating the problem at hand, but also made an important observation about the size effect
of the rocking block. According to this observation, both the rocking response and the onset of overturning are
affected by the size-frequency scale factor of the rigid block, essentially implying that larger blocks are more stable
than smaller ones with the same slenderness (e.g., [5-6]). This finding was further elaborated by Vassiliou and
Makris [7], who showcased that under moderate-period pulses, seismic isolation enhances the stability of relatively
small free-standing rigid rocking blocks, while larger ones are more stable on rigid bases.

To build upon the utilization of the rocking mode as a means of seismic energy dissipation mechanism, simplified
analytical models are needed for evaluating the rocking response, with particular emphasis given in estimating the
ground mation intensities that trigger rocking initiation and overturning of the rigid free-standing block. The uti-
lization of simplified response predictive expressions in seismic design, obtained on the basis of a statistical anal-
ysis, is not a new concept in earthquake engineering. In fact, the estimation of inelastic displacement in
elastoplastic systems via utilizing empirically-derived expressions dates from the work of Veletsos and Newmark
[8]. Such relationships have matured since the 1960’s into a variety of forms, but they all invariably account for
the three important structural characteristics that govern the response of the simplest yielding oscillators: Period
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of vibration, T, ductility demand, y, and strength ratio, R, leading to their collectively being known as R—u—T
relationships. The R and the x parameters, can be viewed as seismic intensity and displacement response, respec-
tively, normalized by their yield-point values. This flexible normalization is in essence what allows R—u—T ex-
pressions to function as the tuna can of nonlinear response prediction, offering rapid estimation of the central value
of response, as well as its dispersion in latter incarnations [9-10].

In an analogous, yet also distinct manner, simplified predictive relationships are proposed herein for computing
the peak rocking response of simple rigid blocks given the seismic intensity, parameterized by the fundamental
property of characteristic frequency, p (i.e., a measure of the block size), in lieu of the non-existent period. Both
the intensity and the response are normalized in accordance with the findings of dimensional analysis [11-13], to
appear, respectively, in the form of the dimensionless intensity measure, 1, and the normalized peak rocking angle,
d, to offer the tuna can of rocking bodies in the form of I — 8 — p expressions.

2 RESPONSE OF ON-GROUND RIGID ROCKING BLOCKS

The problem under consideration is the classic rocking problem of an on-ground rigid block resting upon a rough
and stiff horizontal plane. The block is subjected to a horizontal and parallel to the resting plane ground motion
excitation, which could result in the block sliding (if insufficient friction is present), rocking (without sliding),
sliding and rocking, or overturning. The first systematic attempt to study the pure rocking response (i.e., without
sliding) of a rigid block, was undertaken by Housner [4]. Housner investigated the overturning potential of rigid
blocks, assuming that a sufficiently large friction coefficient is present to prevent sliding, and developed a numer-
ical model for predicting the response of a rocking oscillator under both constant or single-sine-pulse horizontal
accelerations as well as under earthquake-type excitations.

The present study is built upon Housner’s seminal work as well as upon the recent work undertaken by Bachmann
et al. [14], whereby it was shown that it is possible to utilize the simple analytical model proposed by Housner [4]
to predict the response statistics of a rocking oscillator that is subjected to earthquake excitation. For a long time,
the rocking problem was considered to be chaotic, overly sensitive to initial conditions, hampering the widespread
application of the rocking isolation as a seismic design strategy in contemporary design codes (e.g., [15]), despite
the fact that rocking has manifested its efficiency for hundreds of years through the survival of numerous ancient
rocking structures (e.g., [16-19]). Yet, as shown by Yim et al. [5], and later on expanded by Voyagaki and
Vamvatsikos [20] as well as Bachmann et al. [14], the inherent uncertainties involved in such a problem can be
appropriately treated if one adopts a probabilistic assessment approach. This is analogous to the probabilistic treat-
ment of uncertainty sources (among others the vast effect of the distinct ground acceleration signature) for pre-
dicting the uncertain seismic response in conventional seismic designs. Hence, although the simplified model of
Housner [4] is not considered as efficient in accurately predicting the response of a rigid rocking block on a single
ground motion record basis, it can provide robust probabilistic response estimates for a suite of ground motion
records in the same way that elastoplastic single-degree-of-freedom oscillators are utilized for the probabilistic
seismic response assessment of yielding structures.

2.1 Governing equations for the response of rocking oscillators under horizontal ground motion excitation

The standard rigid rocking block is assumed to be of rectangular shape, having a height equal to 2h, a base width
equal to 2b (Figure 1), and mass m. It is subjected to a horizontal ground motion excitation having an acceleration
time-history of ii, (). Assuming that the friction coefficient of the resting plane is sufficiently high to prevent
sliding, the free-standing rigid block, when it is set to rocking, it will oscillate about its pivot points O and O" (see
Figure 1). The rocking initiation condition (i.e., the minimum horizontal ground motion acceleration to initiate
uplift) may be obtained considering the static equilibrium of the block and it is equivalent to

g min = 0 tana Q)

where g is the acceleration of gravity and « is the critical rotation, or (static) stability angle of the block:

a=tan"! (%) 2)

While the term “slenderness” is often employed for a, we will avoid using it as it carries the wrong connotations,
since low-a blocks are actually slender and easier to topple, whereas high-a blocks are stocky. The value of
along with the block half diagonal, R, where

R=ETFTE ®)



fully define the geometry of the rigid block. Consequently, the equation of motion that provides the angular accel-
eration & during the rocking motion can be expressed as (e.g., [21]),

6= —p? - [sin(a - sgn(8) — 6) +=2-cos (a - sgn(6) - )] “)

where, p is the characteristic frequency parameter of the rigid rocking block:
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Note that for a rigid block undergoing pure rocking, no quantity similar to the natural frequency of an oscillating
pendulum can be defined [22], since the oscillation frequency strongly depends on the rocking amplitude [4]. Still,
p may be seen as such a measure of the block’s dynamic characteristics.

Figure 1. Geometry of the rigid rocking block. The center of mass (CM) coincides with the geometric center.

Under pure rocking (i.e. no sliding and no bouncing), when the block returns to its initial position (i.e. when
rotation changes sign at & = 0), impact occurs. One possible way to treat impact is by means of the coefficient of
restitution, 77, which essentially provides a relation between the pre- and post-impact angular velocities, 6,and 6,,
respectively:

gt ®)

Considering the conservation of angular momentum at the instances before and after the impact, one may define
an upper limit (i.e., an estimate of the minimum amount of energy dissipation) for the coefficient of restitution of
a rigid rectangular rocking block as [4]

Ny =1—2-sin?(a) )

This estimate of the coefficient of restitution should be considered as a theoretical approximation that disregards
the effect of the interface material and assumes that the pertinent coefficient is a function only of the block geom-
etry. More detailed and consequently more accurate models exist in the literature [23-25], yet they are all tied to
the particular details of the adopted experimental set-up.

2.2 Incremental Dynamic Analysis of the rocking blocks

For evaluating the response of the rocking blocks, the standard methodology of the Incremental Dynamic Analysis
(IDA, [26]) was adopted. For its implementation it requires a suite of ground motion records for performing the
nonlinear response-history analyses. Thus, a total of 105 “ordinary” ground mation records were selected from the
PEER-NGA [27] strong motion database. They are no-pulse, no-long-duration motions recorded on relatively firm
soil. To lower scaling factors required to achieve block overturning in IDA, the records were chosen to have (a)
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magnitude, My, greater than 6.2 and (b) peak ground acceleration, PGA, greater than 0.14g. With the exception of
the taller blocks (i.e. those with low p), the overturning scaling factors for the majority were kept below 8, limiting
any bias due to scaling. Consequently, this study is focused on the evaluation of the rocking response of rigid
blocks that are subjected to ground motion records without distinct pulses (i.e. mostly far-field ground motions,
but also near-field without forward-directivity effects) and without any long duration characteristics (i.e. excluding
those generated by large magnitude events, typical of subduction zones).

The records were incrementally scaled at increasing intensity levels to reveal the entire range of the structural
response in question, which, for the investigated case, ranges from the initiation of rocking up to block overturning
(i.e., collapse). To define an IDA curve, one needs an efficient and sufficient Intensity Measure (IM) as well as an
Engineering Demand Parameter (EDP) that is representative of the structural response. For the former, two dimen-
sionless IMs were adopted, as originally proposed by Dimitrakopoulos and Paraskeva [28], which will be collec-
tively referred to by the symbol I:

(a) the dimensionless peak ground acceleration, PGA/(g - tana), henceforth denoted as I, = PGA/gtana
(b) the dimensionless peak ground velocity, pPGV /(g - tana), henceforth denoted as I, = pPGV /gtana

As an EDP parameter, the absolute peak rocking rotation 6,,,, normalized by the block stability angle a, i.e., § =
0,max/ @ [28], was adopted. The first appearance of § > 0 signifies the onset of rocking. Furthermore, § > 1 can
be taken to signify nominal overturning. The condition 8 > 1 essentially represents a statically unstable block
[28] and for this reasonit is considered as a threshold of particular interest for practical rocking design applications.
Strictly speaking, this overturning criterion is only an approximation due to the high nonlinearity of rocking dy-
namics. It has been shown [12] that it is possible for 6,,,, to substantially exceed a without the actual occurrence
of overturning; still, it is not likely. Practically, selecting any value of 8 > 0.7 would not substantially alter the
statistics of overturning intensities, making the § > 1 criterion a viable compromise in lieu of a more complex
one that could make a difference for few records without altering the overall distribution of overturning intensities.

On another note, the use of normalized IM and EDP, beyond allowing the standardization of response distribution
in the form of I — 8 — p curves, also implies a scaling-invariance property that can help alleviate questions of
scaling bias. In essence, one can view the IDA curve of any given block under a single ground motion in two ways:
(a) as the EDP response of the same block under increasing IM, or (b) as the EDP response of multiple blocks
having the same p and decreasing «, under the same unscaled motion. The same property applies to R—u—T rela-
tionships, and allows us to view large values of normalized intensity R or I, either as large scaling factors corre-
sponding to motions of PGA and PGV that may not be physically realizable, or as low-strength buildings and low-
stability blocks. This is not a proof of scaling invariance per se, but rather a consequence of normalization that
allows us to rationalize the use of larger scaling factors in IDA as equivalent to having slenderer blocks. In other
words, if we want to standardize the response of both slender and stocky blocks in a compact form, we need to
accept scaling invariance of response to some extent.

Right beyond the attainment of overturning, nominal or otherwise, comes the issue of structural “resurrection”,
whereby intensities higher than the one causing overturning can still produce non-overturning response [26]. This
is only sparingly observed in hysteretic systems, yet becomes much more frequent for rocking IDA curves [33].
One may choose to terminate all IDA curves at the first occurrence of nominal overturning, or instead include
results from all stable regions of response into response statistics. Given the frequent appearance of resurrections,
the latter case would tend to shift the IDA quantiles slightly higher, owing to the inclusion of non-collapsing IM
values higher than the first occurrence of overturning. Keeping or removing such values is a conscious decision
that comes down to two issues. First of all, the effects of resurrections are only felt for 6 > 0.6. This is a value
that is already close to overturning for almost all practical purposes. Therefore, considering the influence of res-
urrections that occur for higher responses does not offer many advantages. Secondly the resurrections occur in a
response domain that lies in the margins of validity for the simplified rocking model that was adopted herein. In
particular, the assumptions for a perfectly-rigid-block on a perfectly-rigid-foundation model are not as physically
consistent for structures of engineering significance undergoing such large values of response. In these response
magnitudes, the model should have been able to consider some deformability of the sharp edges (toe crushing) or
of the supporting surface (edge penetration) in order to claim some measure of accuracy. Given this level of epis-
temic uncertainty as well as the high sensitivity of the model overturning response to such modeling details, it
makes little practical sense to incorporate resurrections into our predictive equations. For such reasons, we choose
to discard all results above the first attainment of overturning, offering perhaps a somewhat conservative estimate
that is arguably preferable in light of model uncertainties.



2.3 The effect of the stability angle and restitution coefficient on the rocking response

In order to formulate a compact probabilistic model for rocking response for a variety of rigid blocks, it is important
to reduce the dimensionality of the problem. According to Section 2.1, the three parameters that one needs to
capture are the characteristic frequency p (or size), the stability angle a (or shape), and the restitution coefficient
n. Figuring out what needs to be captured in detail and what can be removed is fundamental, and the adoption of
dimensionless IMs and EDP are an important part of our approach.

Without a doubt, block size matters in rocking [4-6], especially if one considers a wide range of rocking blocks
and intensities levels, thus p cannot be normalized out. Figures 2a-c illustrate the IDA curves in the I — 8 domain
for a block having a characteristic frequency p equal to one, computed for three values of a = 0.10, 0.15 and 0.25,
three different ground motion records, and assuming a constant = 0.92. As can be inferred from these plots, the
computed rocking response across a range of increasing intensity levels is almost identical or at worst very close
for any practical application. This observation holds for both extremes, i.e., rocking initiation and overturning. The
aforementioned symmetry in the response of physically similar structures has been conclusively supported for
pulsive records and slender (low a) blocks [12, 28], while empirical results suggest that it adequately holds for
ordinary, non-pulsive no-long-duration, records for all but the stockiest (high a) blocks [29].

By contrast, as presented in Figures 2d-f, notably different responses are computed for the aforementioned three
rigid rocking blocks subjected to the same three ground motion records when altering the restitution coefficient,
even by little. The coefficient of restitution may vary between 0.7 and 1.0 (e.g., [23, 30-33]), yet, as discussed in
Section 2.1, pinning down an exact value is difficult outside of controlled experiments. Treating it as a source of
uncertainty in the first-order sense [34], i.e., assuming that the unknown value does not change the central value
of response but may only inflate its dispersion, leads to the obvious question of what that increase might be. Past
observations [5, 13, 14] have reported an overall moderate effect of the restitution coefficient, as opposed to other
system parameters. Given the square-root-sum-of-squares aggregation of dispersions and the sizeable dispersions
already observed due to record-to-record variability, it can be argued that the effect of an uncertain restitution
coefficient can be disregarded. Therefore, for the remainder of our work, a typical value of n = 0.92 was assumed
[3, 13], implying that every impact results in a total energy loss of 8%. This choice is anticipated to have only a
moderate effect on the proposed rocking response probabilistic model, at least for restitution values that do not
significantly deviate from the assumed constant value [5].
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Figure 2. IDAs for three different earthquake records: (a-c) with constant coefficient of restitution and (d-f) with
the a-dependent coefficient of restitution evaluated from Eq. (7) as proposed by Housner [4] for a rigid block with
p=1s1.



2.4 Rocking response evaluation

For undertaking a detailed probabilistic assessment on the response of on-ground rocking blocks, a total of 44
rectangular rigid blocks were considered (see Figure 3). They have frequency parameters p that range from 0.7s*
to 5.0s%. This range essentially corresponds to rocking blocks having half-diagonal R values spanning between
15.015m and 0.294m. To put it differently, considering a block stability angle of a = 0.22rad, which translates to
a numerically equivalent aspect ratio b / h, the resulting blocks have a total base width (2b) and total height (2h)
within the following ranges:

p=0.7s? corresponds to a block with 2b = 6.55m, 2h =~ 29.31m
p=5.0s? corresponds to a block with 2b = 0.13m, 2h = 0.57m

The considered characteristic frequency range was thus selected to reflect a wide spectrum of systems that are
likely to exhibit rocking. Hence, the lower bound of p (0.7s) could well represent a rocking bridge pier, whereas
the upper bound (5.0s%) could be a freestanding museum artefact. As mentioned earlier, in all analyses the coeffi-
cient of restitution was assumed to be constant at 7 = 0.92. Regarding a, given that in the dimensionless EDP-IM
domain its effect on the median response is trivial for all applications of practical interest, a single constant value
was assumed for all analyses. In other words, the considered blocks differ in size (p), that matters a lot, but not in
shape (), that only has a minor effect on the evaluated responses.

The 44 rocking blocks were subjected to the same set of 105 horizontal components, each one randomly selected
from each of the 105 considered ground motion record pairs. It should be noted that the rocking response was
studied by utilizing a 2D model of the rocking block. Each record was incrementally scaled at increasing intensity
levels of PGA every 0.01g, starting from the value of gtana where rocking is initiated. At every intensity level,
the rocking response was computed by solving Equation (4) using the software developed by Vassiliou [35] to
estimate the peak rocking angle 9,,,,,.. Incrementation of intensities was terminated for each record when 6,,,,
became greater than a.
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Figure 3. (a) A schematic representation of the 44 rocking blocks that were considered in this study and (b) the
dimensions of three blocks with different p values. Large blocks are associated with small p values and vice versa.

The response estimates of the rocking motion are evaluated against two versions of each of the two IMs employed.
First, are arbitrary-component IMs, i.e., PGA and PGV estimated for the single horizontal component of each
ground motion record pair employed in the analyses. Henceforth, these will be termed PGAaw and PGV . Sec-
ondly, geometric mean (or geomean) component IMs were also employed. These are estimated via the square root
of the product of the two PGA or PGV values estimated from both horizontal components of each record, and they
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will be termed PGAgm and PGVgn. Arbitrary-component estimates are better suited to estimating the response in a
pure 2D problem, where one applies a suite of records in the horizontal direction and directly employs the PGA or
PGV of the applied motions to estimate the response. Geomean-component expressions conform to the modern
paradigm of probabilistic seismic hazard assessment, whereby hazard maps, hazard curves, uniform hazard spectra
and ground motion fields are typically offered in rotation-invariant values [36], which for all practical purposes
are numerically equivalent to geomean estimates [37]. Despite their relatively small difference, knowing when to
employ each type of IM is important to avoid bias in probabilistic response assessment [38].

Figure 4a illustrates a set of 105 IDA curves that were computed for a rigid rocking block withp = 1.2s. The
results are shown for the dimensionless arbitrary-component intensity of I, ,,,, = PGA,,,,/gtana and 6. As can
be inferred by inspecting this plot, the record-to-record variability is dominant. The only deterministic point is the
rocking initiation that occurs for all records exactly at PGA,,,, = gtana or at I, ,,,, = 1. Note that shifting to the
geomean intensity, I, ,.,, removes even that last shred of determinism, as I, ;,,, = 1 only approximately corre-
sponds to the onset of rocking, since the averaging of the IMs from two horizontal components (where only one is
employed and the other is discarded) introduces some randomness. Higher levels of response, and especially over-
turning, are characterized by considerably higher dispersion values. Individual records can overturn the block at
intensities I, ,,, that can range from 1.5 to 17 or higher. These observations further support that the probabilistic
treatment of the problem is the only meaningful route for effectively treating the rocking problem. Figure 4b
illustrates for the aforementioned block, the median IDA curve (i.e., the central tendency) along with the 16% and
84% fractile IDA curves (evaluated through horizontal stripes, i.e., on an EDP|IM basis, see [29, 39]), which
provide an estimate of the dispersion. As can be inferred by inspecting the plots presented in Figure 4, contrary to
the record-specific IDAs that are highly variable and non-monotonic, their percentiles are much smoother, offering
a more manageable domain for describing the demand via simple equations.
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Figure 4. (a) 105 IDA curves and (b) 16%, 50%, 84% actual (solid) and smoothed (dashed) IDA percentiles for
a rigid rocking block withp = 1.2 s%.

In fact, as illustrated in Figure 5a, the high dependence of the rocking response on distinct ground motion record
characteristics could lead to rocking IDA curves having a highly weaving behavior [26]. Figure 5b captures the
median IDA curves (evaluated in an EDP|IM basis) for three sets of 10, 40 and 70 ground mation records that were
randomly selected from the full 105 record set. Apparently, the large-scale features of the individual IDAs are
increasingly smoothened down as we turn to the medians of larger sets of records; all that remains is a low-ampli-
tude high-frequency “noise” around each median. For all three fractile curves (16/50/84), IM is a near-monotonic
function of the EDP, while the “noise” tends to disappear when increasing the number of the records [33]. Thus,
in order to accelerate the smoothing process, instead of running IDAs for an inefficient large number of ground
motion records (for instance 3000 individual records), a monotone spline smoother [40-41] was applied to the
fractile IDA curves (Figure 4b) to effectively dampen out the residual “noise”.
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Figure 5. (a) IDA curves for three individual ground motion records and (b) median IDA curves for three sets of
10, 40 and 70 randomly selected ground motion records.

3 REGRESSION ANALYSIS ON ROCKING DEMANDS

For practical applications (either design or assessment) utilizing rocking as a means of seismic protection, it is
desirable to have a simple set of equations that could be used to provide robust estimates for the distribution of the
rocking block seismic demand. To accomplish this goal, nonlinear regression analysis was employed to develop
I — 8 — p expressions for the median and dispersion (standard deviation of the log of the data) evaluated on an
EDP|IM basis. These two statistics are meant to directly provide a lognormal distribution, which has been found
to provide a statistically significant representation for most rocking applications [20, 29], but they can also be
employed to fit any two-parameter distribution of interest (Gumbel, Weibull, Pareto, etc.). The proposed equations
are deemed to be valid for rigid non-stocky blocks having a p that ranges from 0.7s up to 5.0s%. The results are
presented here for four IMs, these being the dimensionless PGAs and PGVs defined either in an arbitrary or in a
geometric mean sense.

3.1 Median response fitting for PGA

A three-fold functional form [see Equations (8a-b)] is used to relate the median dimensionless EDP, 8, with the
dimensionless PGA intensity, I, which is either PGA,,,,,/gtana or PGA,,, /gtana. The first part captures the dis-
tinctive transition from the very initiation of motion to actual rocking, herein idealized as a linear segment; the
second part is meant to represent the main body of rocking response up to overturning, naturally becoming the
more complex of the three; the third captures the first occurrence of nominal overturning (i.e., defined as the first
attainment of a statically unstable state). The median intensity level where overturning occurs is fitted via a sepa-
rate regression, using an expression that is only a function of p. This intensity level also sets the upper bound,
Las0.0v¢, TOr the domain of the second part of the three-fold equation.

6,(, —c)/(12-¢,) forc, <I, <12
Bs0(I4) =301+ Ay - (I, — €)% — % for 1.2 <1y < Ijs0,00 (8a)
1 forl, = L5000t

Note that despite using least-squares estimation, we do not employ regression per se to derive the entire distribution
in one step. Instead, we are using curve-fitting to derive customized expressions per each statistic of interest,
allowing us to casually invert Equation (8a), to determine the median intensity, 1,54, given 6:

I(c1 +(1.2-¢,)6/6, for0<6 <8,
5 4 g+31 117 ~ ~
Ins0(0) = <ﬂ> +C, for 6, <9 <1 (8b)
I 0.1'Aq ;
Las0.0vt for 6 > 1



6, is estimated by the second branch of Equation (8a) for I, = 1.2 and 150,00t 18 the median ground motion inten-
sity level that triggers overturning in the rocking block, which can be computed via

B
Iusoove = Az + p_i 9)

The fitted parameters for Equations (8) — (9) appear in Table 1. Figure 6 compares the actual median responses,
estimated by response history analysis, against the estimates produced by Equation 8a (or equivalently Equation
8b), for a number of indicative p values ranging from 0.7s to 5.0s. Figure 7 provides a more focused view on
the overturning intensity for the entire range of p considered. As can be inferred, the proposed expressions provide
a good estimate of the median response for a multitude of blocks and across a wide range of intensities, spanning
across the initiation of rocking up to overturning.

Table 1. Equations and constants used with Equations (8) and (9) to define median values when using PGA as
the IM.

IM A B, C A B2
PGA,,,/gtana | 0.4085 - p2%%%7 | 0.4514-p272% | 1.0000 | 1.1142 | 8.8431
PGAgn/gtana | 0.4231-p24°7% | 05980 - p25666 | 0.9631 | 1.1398 | 8.8161
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PGA /gtana PGA /gtana
gm gm

(© (d)

Figure 6. Median seismic demand estimates for rocking blocks with different characteristic parameters over a
range of intensity levels covering the response from rocking initiation up to the first overturning. Results are pre-
sented for two IMs: (a-b) the dimensionless arbitrary PGA and (c-d) the dimensionless geomean PGA. Solid lines
show the numerical results and dashed lines show the fit.



20 j T T 20 .
. i : = analysis } = analysis
o | fitting o | fitting
= | T < |
5 15} - - - ,,,,,,1,,,,,,_,,4‘,,,, - = 5 15 }
2 i | £ |
< | I I < I
| | | |
8 0o+l 8 10t~
o | | o I
I | | c |
€ | | € I
2 | 2 :
L - RS - o -
g 5 ! | g 5 |
° " | o |
| | |
| T | |
0 1 1 1 0 1 L
0 1 2 3 4 5 0 1 2 3 4 5
-1 -1
p) pE)
(a) (b)

Figure 7. Median seismic demand for the first occurrence of overturning. Results are presented for two IMs: (a)
the dimensionless arbitrary PGA and (b) the dimensionless geomean PGA.

3.2 Median response fitting for PGV

As in the case of PGA, a three-fold functional form was again used to relate the median normalized EDP, 550, with
the dimensionless PGV intensity measure, I, which is either pP GV, /gtana or pPGV,, /gtana:

0.001(1, — Iy )/ Iy, — Iy) for Iy, <I, <1,

- B

Oso(y) =<4, - Uy - Iy)'® - T(l)o for Iy, <1y <lysooun (10a)
1 for Iy = Iysg opt

Equivalently, by inverting Equation (10a), the median intensity, I,,5,, given 8 can be determined:

I(IVI + (1Vf —1,,)6/0.001 for 0 < 6 < 0.001

Iyso(8) = 4' <§%%>E + 1y, for 0001 < <1 (10b)
( Iyso,.0vt for 6 >1

where

Iy, =Cp (11)

is the median normalized PGV corresponding to the onset of rocking, while I, is estimated by the second branch
of Equation (10b) for @ = 0.001, and Iy50 ., is the median ground motion intensity level that triggers overturning
in the rocking block, which may be computed by

Ivsoyovt=A2'p4+Bz'p3+C2'p2+D2'p+E2 (12)
The fitted parameters for Equations (10) — (12) appear in Table 2. Figures 8 and 9 illustrate for the dimensionless

PGV intensity measure, the fitting of the median responses and the overturning intensity along with the actual data,
for a range of p values.
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Figure 8. Median seismic demand estimates for rocking blocks with different characteristic parameters over a
range of intensity levels covering the response from rocking initiation up to the first overturning. Results are pre-
sented for two IMs: (a-b) the dimensionless arbitrary PGV and (c-d) the dimensionless geomean PGV. Solid lines
show the numerical results and dashed lines show the fit.
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Figure 9. Median intensity at the first occurrence of overturning. Results are presented for two IMs: (a) the di-
mensionless arbitrary PGV and (b) the dimensionless geomean PGV.
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Table 2. Equations and constants used with Equations (10) — (12) to define to define median values when using

PGV as the IM.
IM AL B1
00468 p® —03018-p?> | —0.1743-p? + 32451 -p?
PPGVarp/Qtana | " 171931 — 0,3845 +1.4941 - p — 2.4536
0.0661-p? +0.9607 - p 3.0970-p? +23314-p
pPGVym/gtana +0.0531 —2.7855
IM C1 Az Bz Cz Dz EZ
pPGV,,,/gtana | 0.0919 | 0.0147 | -0.1899 | 0.8917 | -1.7937 | 1.9373
pPGV,,/gtana | 0.0905 | 0.0096 | 0.1282 | 0.6319 | -1.3498 | 1.6764

3.3 Dispersion fitting for PGA

To offer a comprehensive probabilistic model of the rocking response via a two-parameter distribution model, a
measure of dispersion is required. Targeting a typical lognormal approximation of seismic response, the standard
deviation of the logarithm of the data was chosen, which can be conveniently approximated as the half-distance
between the logarithm of the 16% and 84% percentiles. There is little incentive to offer the dispersion of EDP for
values of the given IM: The “infinite” & responses appearing at low intensities simply invalidate any meaningful
quantification. On the other hand, targeting the dispersion of IM|EDP is always tractable, as well as practical, since
this quantity directly translates to the fragility dispersion for exceeding the given value of EDP.

Apparently, for the dimensionless PGA very similar trends are detected both for the arbitrary (Figures 10a-b) and
the geomean quantities (Figures 10c-d). At the initiation of rocking, the dispersion is zero for the arbitrary PGA .,
since for all blocks the rocking initiation occurs exactly at a normalized intensity level I, .., = 1 (see Figures 6a-
b). By contrast, for PGA,,,, the dispersion associated with the variability around the median intensity level that
triggers the rocking motion is approximately equal to 0.2 for all the considered blocks. At higher intensity levels,
where the rocking blocks are on the verge of collapse (i.e., overturning) the dispersion takes values in the order of
0.8 for the largest blocks considered in this study (i.e., p = 0.7s) and drops to around 0.2 for the smallest blocks
(i.e., p=5.0s").

Similarly to the approach adopted for fitting the median, a two-part expression is formed by undertaking a nonlin-

ear regression analysis for the dispersion of 1, 4., and 1, 4, as a function of p, taking » = 0.92:
9B1 ~

A -e—~é+C1 for0<6 <038

BA(é) ={" 5
Ba(6 =0.8) elsewhere

where the relevant parameters appear in Table 3. Note that this dispersion estimate for the normalized PGA quan-
tities is numerically equivalent to the one of the respective unnormalized PGA quantities by virtue of g and tana
being constants.

(13)

Table 3. Equations and constants used with Equation (13) to define the PGA dispersion given the EDP.

IM A B C,
00420 p* —03719-p2 | 00088 p® — 01302 p?
PGAa/Qtana |~ 4 5505 . 4+ 1.6220 +05635 - p + 0.0581 0
00529 p° — 04774 p2 | 00292 p® — 02602 - p?
PGA,. /gt
g/ 98N 10 9416 - + 09226 +0.9622 p — 0.2140 0.1763
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(c) (d)

Figure 10. PGA dispersion estimates given EDP for rocking blocks with different characteristic parameters over
a range of intensity levels covering the response from rocking initiation up to the first overturning. Results are
presented for two IMs: (a-b) the dimensionless arbitrary PGA and (c-d) the dimensionless geomean PGA. Solid
lines show the numerical results and dashed lines show the fit.

3.4 Dispersion fitting for PGV

In the same ballpark as the approach adopted in Section 3.3, a two-part expression obtained by means of a nonlinear
regression fit is proposed for capturing the dispersion around the median I, given 8, both for the arbitrary (see
Figures 11a-b) and the geomean (see Figures 11c-d) quantities. As can be inferred by comparing Figures 10 and
11, PGV is a less efficient IM than PGA for low ground motion intensity levels, and in particular at and around
rocking initiation. As expected [28], for higher intensity levels PGV becomes substantially more efficient than
PGA for most of the blocks. For instance, with reference to the arbitrary quantities (while similar trends hold for
the geomean ones), for a large block with a p = 1.0s2, the maximum dispersion of I, for 8 > 0.4 is 0.8 (Figure
10a). By contrast, the dispersion of I, in the same region is less than 0.5, or nearly one half (Figure 11a). Still, this
impressive reduction does not always hold. While for PGA the dispersion always reduces with diminishing size,
or with increasing p, this trend does not always hold for PGV. This results in PGV becoming apparently slightly
less efficient than PGA for the smallest of blocks (roughly p > 4s), as initially observed by Petrone et al [31].
Finally, the arbitrary-component IMs can be expected to be slightly more efficient in all cases compared to the
geomean ones for the obvious reason of actually corresponding to the component applied in the dynamic analyses.
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Figure 11. PGV dispersion estimates given EDP for rocking blocks with different characteristic parameters over
a range of intensity levels covering the response from rocking initiation up to the first overturning. Results are
presented for two IMs: (a-b) the dimensionless arbitrary PGV and (c-d) the dimensionless geomean PGV. Solid
lines show the numerical results and dashed lines show the fit.

It should be also noted here that due to the nonmonotonic trends observed in the dispersion evaluated for PGV, the
fitting cannot be as good as in the case of the well-behaved PGA. Nevertheless, the fit is considered satisfactory
and slightly on the conservative side where large deviations are concerned. Hence, we refrained from proposing a
more complex equation to better capture the observed trends:

9 ~
ﬁv(é) _ Dl - Al : m for0<6 <07 (14)
B,(6=07) elsewhere

with the relevant parameters appearing in Table 4. Similarly to the PGA case, this dispersion also holds for the
respective unnormalized PGV quantities.

Table 4. Equations and constants used with Equation (14) to define the PGV dispersion given the EDP.

IM A1 Bl Cl Dl
pPGV,,,/gtana 0.0090 - p7-6659 0.1750 - p2496° 4 0.4880
pPGV,,,/gtana 0.0108 - p59685 0.1018 - p28315 3 0.4613

4  VALIDATION

The proposed equations in Section 3 were tested against three generic blocks that were not employed for fitting.
They were chosen to roughly resemble columns from temples of classical antiquity. The first column (Column No
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1) is the tallest one at 12m. Columns 2 and 3 are progressively shorter at 5.29m and 4.0m; they were selected to
be approximately equivalent, dimension-wise, to the entrance columns in the Temple of Aphaia in the island of
Aegina, Greece and the Temple of Athena Nike in the Acropolis of Athens, Greece, respectively. Figure 12 illus-
trates the geometrical properties of the three considered validation columns, which cover a range of p values be-

tween 1.1s? to 1.9s™.

The columns were subjected to the same suite of 105 ground motion records that was used to derive the regression
expressions, and their median and dispersion were evaluated. As can be inferred from Figures 13 and 14 the pro-
posed equations (shown with dashed lines) predict well both the median and the dispersion of response across the
entire performance range of the rocking blocks, i.e., from the initiation of rocking up to the overturning of the

columns.

2b=1.33m
£
o
o
o
i 2b=0.95m
N
2b=0.50m
£
11 8 £
Jum i S
< <
ANl ¢ 1]
B)a Sl
‘T;‘ A| €l
(No. 1) (No. 2) (No. 3)

a=0.1104rad a=0.1777rad a=0.1244rad
p=1.1040s" p=1.6546s" p=1.9106s"

Figure 12. The geometrical properties of the three validation columns.
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Figure 13. Median seismic demand estimates for the three validation columns. Results are presented for four IMs:
(a) the dimensionless arbitrary PGA, (b) the dimensionless geomean PGA, (c) the dimensionless arbitrary PGV
and (d) the dimensionless geomean PGV. Solid lines show the numerical results and dashed lines show the fit.
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Figure 14. IM dispersion estimates for the three validation columns. Results are presented for four IMs: (a) the
dimensionless arbitrary PGA, (b) the dimensionless geomean PGA, (c) the dimensionless arbitrary PGV and (d)
the dimensionless geomean PGV. Solid lines show the numerical results and dashed lines show the fit.

Furthermore, three deterministic (i.e., assuming no uncertainty in their definition) limit-state thresholds were de-
fined at § = 0.15,0.35,1.00 [18] to approximately depict the initiation of damage, moderate damage and over-
turning, respectively. As an example, targeting a typical risk assessment based on geomean hazard values,
Equations (8b) and (13) as well as Equations (10b) and (14) were employed to derive the “proposed” fragility
functions, or probability functions of 8 demand exceeding the corresponding 8 capacity given intensity | under a
lognormal distribution assumption [40]:

P(Demand > Capacity|l) = @(W) (15)

The I is either the dimensionless PGA (i.e., la) or the dimensionless PGV (i.e., Iv), Is, its median, and g the dis-
persion. ®(-) is the cumulative distribution function of the standard normal. Both are presented in Table 5 and
Table 6 in terms of the normalized intensities, I, and I,,, respectively. For comparison, the “exact” lognormal fra-
gility estimates [43] obtained from the actual response history analyses are also provided (in italics). As can be
inferred from the tabulated values, the differences between the “exact” and the “proposed” median and the disper-
sion are insignificant for all practical purposes. The same conclusion can be drawn from Figure 15 where the
“exact” and “proposed” fragilities are nearly coincident. As risk assessment is always performed in terms of denor-
malized IMs, Figure 16 presents the same fragilities in terms of PGAgn and PGVym. The transformation is straight-
forward, as the median need only be denormalized (due to the monotonicity of multiplication by a constant) and
the dispersion remains the same (as the standard deviation of the logarithm is immutable to multiplication or divi-
sion by a constant). As expected, similarly to the normalized ones, the unnormalized IM values show only minor
differences among the analysis results and the proposed equations.
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Table 5. PGAyn-based fragility estimates for the three limit-states defined at normalized angles of 0.15, 0.35, and
1.0. Values in italics show the parameters obtained via directly processing the response history analyses data and

consequently assuming a lognormal fit.

Column 6= 015 6= 035 6= 1.00
Iyso” Ba” Iyso Ba Lyso Ba
No.1 3.31(3.44) | 0.60 (0.63) | 5.49 (5.65) | 0.74 (0.75) | 8.37 (8.47) | 0.75(0.70)
No.2 2.08(2.19) | 0.44 (0.54) | 3.04(3.33) | 0.61(0.61) | 4.36 (4.46) | 0.71(0.65)
No.3 1.84 (1.92) | 0.40 (0.49) | 2.56 (2.83) | 0.55(0.58) | 3.55(3.81) | 0.67 (0.64)

* Equation (8b) ™ Equation (13)

Table 6. PGVyn-based fragility estimates for the three limit-states defined at normalized angles of 0.15, 0.35, and
1.0. Values in italics show the parameters obtained via directly processing the response history data and fitting a

lognormal distribution.

Column 6 =015 6 =0.35 6= 1.00
Lyso” By~ Iysg By Iysg By
No.1 0.35(0.35) | 0.33(0.34) | 0.54 (0.57) | 0.40 (0.44) | 0.80 (0.84) | 0.44(0.46)
No.2 0.35(0.34) | 0.29(0.29) | 0.49 (0.51) | 0.30(0.32) | 0.66 (0.67) | 0.35(0.37)
No.3 0.35(0.34) | 0.30(0.31) | 0.48(0.50) | 0.27 (0.30) | 0.64 (0.66) | 0.31(0.34)
* Equation (10b) ™ Equation (14)
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Figure 15. Fragility curves for columns No. 1 and No. 3 versus using the dimensionless (a-b) PGAgm and (c-d)
PGVgm. Solid lines present the estimates obtained via Eq. (8b), (10b), (13), (14), while the dashed ones the lognor-

mal fit of the analysis results.
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Figure 16. Fragility curves for columns 1 and 3 versus using the unnormalized (a-b) PGAgm and (c-d) PGVgn.
Solid lines present the estimates via Eq. (8b), (10b), (13), (14), while the dashed ones the lognormal fit of the
analysis results.

5 CONCLUSIONS

A comprehensive set of equations is offered for estimating the seismic response statistics of free-standing rigid
rocking blocks subjected to ordinary ground motions. The equations were obtained by means of nonlinear regres-
sion analyses on the computed seismic responses for a range of block parameters. It is showcased that, if the
rocking response is normalized by the stability angle of the block (i.e., ) and the intensity of the ground motion
is expressed in a dimensionless form (i.e., I), then, assuming a constant restitution coefficient of the order of 0.92,
the distribution of response can be compactly evaluated as a function of only the ground motion intensity and the
characteristic frequency, or block size (i.e., p). The resulting I — 8 — p expressions for estimating the rocking re-
sponse are analogous to the R—u—T relationships that are used for estimating the maximum inelastic displacement
of yielding oscillators, and can be directly employed for performance-based design and assessment.
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