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Abstract 

A mixture model is presented for combining the results of different models or analysis approaches into a single 

probabilistic seismic demand model that is suitable for fragility assessment. A structure can be represented using 

different model types or even levels of resolution for the same type, while it may also be analyzed via methods of 

different complexity, most notably static versus dynamic nonlinear approaches. Combining the results from different 

sources can be beneficial as it allows updating the results of a simpler approach or combining the strengths of two 

different models. For example, as the static pushover analysis offers inexpensive yet low-fidelity demand assessment at 

any level of intensity, its results may be locally or globally updated by adding stripes of (computationally expensive) 

response history analysis. On the modelling side, different model types may offer accuracy advantages in 

complementary response regions. This is the case of distributed-plasticity fiber models that offer higher fidelity for 

reinforced concrete frames at low (pre-capping) deformations, while lumped-plasticity models are more reliable for 

larger (post-capping) deformations closer to collapse. Through the combination of the results of multiple models of 

differing fidelity we can potentially better capture the performance of a structure at all levels of seismic intensity. By 

employing a minimal 5 parameter power-law-based model we offer viable options for forming mixed probabilistic 

seismic demand models that can combine both different models and different analysis methods into a single output 

suitable for fragility and loss assessment. 

Keywords: fragility; static pushover; nonlinear dynamic analysis; regression 
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1. Introduction 

The Performance-Based Earthquake Engineering (PBEE) framework, originally developed by Cornell and 

Krawinkler [1] for the Pacific Earthquake Engineering Research Center, is commonly employed for seismic 

risk assessment. The PBEE methodology can be summarized as an implementation of the total probability 

theorem as per Eq. (1): 

 ( ) G( | ) dG( | ) dG( | ) d ( )DV DV DM DM EDP EDP IM IM =     (1) 

where IM is the ground motion Intensity Measure, EDP is the Engineering Demand Parameter (e.g. 

maximum interstory drift ratio), DM is the damage measure, DV is the Decision Variable, G(var1|var2) is the 

probability that specified values of var1 are exceeded given the level of var2 and λ(DV) is the mean annual 

frequency of exceeding the DV. Consequently, risk can be estimated in terms of decision variables that make 

sense even to non-engineers such as casualties, monetary loss, repair cost, down time etc. 

 Of significant importance when employing the PBEE framework, is to accurately determine the 

building/class-specific fragility and vulnerability functions. Vulnerability functions are loss-valued functions 

of the IM that define the distribution of losses while fragility functions are probability-valued functions of 

the IM providing the probability of exceeding/violating a Limit State (LS). They are typically assessed via 

analytical methods that rely on numerical models subject to static or dynamic procedures [2]. In the latter 

case, the structural model is subjected to a number of time-history analysis under a suite of ground motion 

records, that would ideally come from an appropriate selection approach so as to be consistent with the site-

specific seismic hazard (e.g. [3, 4, 5]). This analysis option is not widely implemented by practitioners due to 

its substantial computational cost as multiple dynamic analyses are required to capture the response EDP 

distribution over a range of IM values of intensity.  

On the contrary, the static pushover analysis (SPO) is often the go-to single-run method, which 

through the approximation of the multi-degree-of-freedom (MDOF) structure via an equivalent single-

degree-of-freedom (ESDOF) can offer computational simplicity at the cost of non-negligible errors [6, 7]. 

Although the SPO approach is mainly known in the context of seismic codes (e.g., ASCE 41-13 [8] or 

EN1998-3 [9]) for providing a single estimate of EDP response given the level of intensity, it is often 

disregarded that through the ESDOF approximation it can be used as a basis for assessing the full 

distribution of the dynamic response. Similarly to a code-like application, this procedure involves performing 

SPO analysis on the MDOF system, obtaining the corresponding pushover curve of the ESDOF system, 

fitting a piecewise linear function to the ESDOF SPO capacity curve (e.g. bilinear, trilinear or more 

advanced fits [10]), obtaining the probabilistic characterization of seismic demand from the ESDOF system 

and finally translating it to the MDOF response.  

When it comes to estimating the seismic demand, a lognormal distribution model is adopted for the 

response of the (MDOF or ESDOF) system conditioned on its intensity. Thus, estimating the conditional 

mean and variance is adequate for a comprehensive characterization. The variance in the response can be 

approximated through the ESDOF model either via direct nonlinear dynamic analyses or through modern R-

μ-T (strength ratio–ductility–period) relationships that provide not only the mean but also the variance. 

Examples of the former are proposed by Ruiz-García and Miranda [11] for elastoplastic backbones, and by 

Vamvatsikos and Cornell [12] for complex quadrilinear ones. For more casual users, Baltzopoulos et al. [13] 

have developed an open-source graphical user interface for performing nonlinear dynamic analyses of single-

degree-of-freedom oscillators that can be used for assessing the dynamic response of ESDOFs.  

The SPO approach to estimating the distribution of EDP response naturally brings in all the 

weaknesses of the ESDOF approximation in estimating both the mean and the variance. Specifically, the 

ESDOF is not capable of capturing the additional response variability due to the contribution of the higher 

modes. When it comes to the mean, the SPO approach may introduce considerable bias in the assessment, 
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especially for plan-asymmetric or tall buildings, due to the inherent inadequacy of an ESDOF description of 

the complex dynamic response. 

These issues reduce the fidelity of SPO-based results and render one unable to recommend the SPO 

approach with some confidence as a generally viable method. The question, thus, remains: Can one trust the 

trusty old workhorse of seismic assessment to deliver credible results in a PBEE world? Perhaps yes, with a 

pair of new horseshoes. Baltzopoulos et al. [14] have offered a way to remedy the missing variability by 

employing precomputed results from MDOF dynamic analyses to correct the lower ESDOF variability, at 

least in the elastic range. Similarly, one may employ a limited number of MDOF dynamic analyses for 

refining the mean estimate of the response obtained through the ESDOF. In effect, by integrating the results 

from two different analysis approaches one can take advantage of the easy full-range computational 

capability of the ESDOF and bias-correct it with a limited sample of MDOF dynamic analyses to achieve a 

result that is more than the sum of its parts. In the following, we shall outline our proposal for a minimalistic 

framework to combine the static pushover and nonlinear dynamic analysis results in a single mixed 

probabilistic model of seismic demand, to be illustrated by means of applying it to a 4-story reinforced 

concrete building. 

2. Case-study building 

The building has two perimeter moment resisting frames (MRFs) of four bays each, which act in each 

principal direction, and internal columns that carry only the gravity loads. The plan view of the building and 

the elevation of the moment frames are shown in Fig. 1. The overall plan dimensions are about 55x37m 

(120’x180’) and the total height of the building is about 16.5m (54’), with a 4.5m (15’) first story and 4m 

(13’) height in the remaining stories. Dead loads of 8.4kN/m2 (175psf) and live loads of 2.4kN/m2 (50psf) 

were assumed during the design, with the latter not acting on the roof. The building was designed by 

Aschheim et al. [15] following a performance-based design approach via the use of the Yield Frequency 

Spectra [16]. This allows designing structures that comply with performance objectives that are defined a 

priori by the analyst. 

 

Fig. 1 – Plan view of the 4-story reinforced concrete building and elevation of the perimeter moment 

resisting frame (adopted from Aschheim et al. [15]) 

3. MDOF modeling and ESDOF 

The two-dimensional (2D) MDOF model of the building was developed on the OpenSees platform [17]. 

Only one out of the two perimeter MRFs that act in each principal direction was modeled along with a 

leaning column to account for the effects of the columns not belonging to the MRF. The leaning column was 

pinned at the foundation and modeled using linear elastic elements having cross sectional properties of one 

half of the gravity columns of the building plus one half of the columns that belong to the MRFs acting in the 

other direction. Lumped-plasticity elements were employed for modeling the beams and columns of the 
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MRF, since they are computationally robust in the negative stiffness region of response, and can thus better 

capture collapse. The beams and columns were modeled using a single force-based beam-column element 

per member with plastic hinges located at each end, with their moment-rotation relationship defined 

according to ASCE 41-13 [8]. Rigid diaphragm constrains were imposed on each floor. 

 The SPO curve of the MDOF system resulting from a first-mode proportional lateral load pattern is 

presented in Fig. 2a in terms of base shear, Vbase, and roof displacement, δroof. This was used as a basis for 

determining the backbone of the ESDOF system, whose reaction force, F*, and displacement, δ*, were 

computed by dividing the corresponding MDOF values by the modal participation factor, Γ, given by Fajfar 

[18] as per Eq. (2): 
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where N is the number of stories, mi the mass of floor i and φi the corresponding ordinate of the first 

eigenmode, after the latter is normalized to 1.0 at the roof level (φn = 1). The SPO capacity curve of the 

ESDOF model is presented in Fig. 2b. The mass of the ESDOF and the period of vibration were estimated as 
*
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=  and * * * *2 /y yT m F =  , respectively. The yield force, Fy
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*, depend 

on the piecewise linear approximation adopted for fitting the SPO capacity curve. In our case, an elastic-

plastic backbone was fitted to the ESDOF capacity curve, as shown in Fig. 2b. Following the 

recommendations of De Luca et al. [10], the elastic segment of the bilinear fit was matched to the elastic 

stiffness of the capacity curve, rather than adopting a lower secant stiffness, since the response of the 

structure is not characterized by significant stiffness changes. This is an inherent property of the lumped-

plasticity model, which cannot reproduce well enough concrete cracking and gradual plastification of 

sections. The post-yield linear segment of zero stiffness matches the maximum base shear recorded in the 

SPO. The horizontal plateau ends at the deformation where 20% of the maximum base shear is lost. 

  

(a) MDOF’s SPO capacity curve (b) ESDOF’s SPO capacity curve and its bilinear fit 

Fig. 2 – a) Static pushover capacity curve resulting from a first-mode proportional lateral load pattern on the 

MDOF model and (b) SPO curve of the ESDOF model and its bilinear fit 

 The bilinear-backbone ESDOF was subjected to Incremental Dynamic Analysis (IDA, [19]) for 

assessing its seismic performance, via the opensource software of Vamvatsikos [20]. When employing IDA, 

the model of the structure is subjected to a series of nonlinear dynamic analyses under a suite of ground 

motion records that are progressively scaled aiming to capture the entire range of the structural response, 
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from elasticity up to global dynamic instability. The analysis results are typically presented in the form of 

IDA curves, one for each record, in terms of the IM versus EDP. The individual IDA curves can be 

summarized into the 16, 50 and 84% IDA fractiles of EDP | IM, or equivalently into the 84, 50 and 16% 

fractiles of IM | EDP [21]. If lognormality is assumed, the IDA fractiles can be used directly for estimating 

the median (as the 50% fractile) and the dispersion of the response, as the ½ of the difference among the 

16% and 84% fractiles. The far-field set of ground motion records of FEMA P695 [22] was used for the 

analyses. This comprises 22 ground motions, each having two horizontal components thus resulting in a total 

of 44 accelerograms. In case T* differs from T1, one can convert Sa(T*,5%) to Sa(T1,5%) on a record-by-

record basis as mentioned in Fragiadakis et al. [23]. The resulting IDA curves of the ESDOF model are 

presented in Fig. 3a by the continuous grey lines, while the black color indicates the 16, 50 and 84% IDA 

fractiles. Note the grey rectangle that highlights the zero variability in the ESDOF response at low IM values 

since in this region it behaves elastically.  

 For comparison purposes, the MDOF model is also subjected to IDA using the same set of ground 

motion records; the resulting IDA curves and fractiles are shown in Fig. 3b. The IDA fractiles of both 

MDOF and SDOF systems are presented in Fig. 3c. The 50% IDA fractiles of ESDOF and MDOF model do 

not coincide, thus bias is introduced in the median estimate of the ESDOF response. In fact, obtaining the 

exact same response from both models would be quite fortuitous since multiple approximations are involved 

in the ESDOF approach. For the case at hand, the use of the ESDOF leads to conservative estimates. Of 

course, this outcome cannot be generalized since it depends on multiple factors, such as the backbone curve 

used to fit the SPO curve since different piecewise approximations would lead in differences in the ESDOF’s 

response. This discrepancy is also attributed to the load pattern employed for progressively loading the 

MDOF model to obtain the SPO. In our case a first-mode proportional lateral load pattern was adopted, 

however adaptive load patterns that would allow accounting for the stiffness degradation, the change of the 

modal characteristics and the period elongation of the structure [24, 25] could potentially better reproduce 

the behaviour of the structure in the negative stiffness segment. Regardless of the approach adopted, though, 

such biases are to be expected whenever an ESDOF is used in place of an MDOF. Of more interest is how 

one could take advantage of the MDOF to remove the bias without incurring a high computational cost.  

4. Fragility assessment via mixed modelling 

The 5-parameter model of Jalayer and Cornell [26] treats no-collapse and collapse data separately: a power-

law approximation (3 parameters) is fit to the no-collapse data for estimating the probability of exceeding the 

limit state of interest given that collapse has not occurred for a given IM level. The probability of collapse is 

determined by fitting an ideally lognormal distribution on the collapse data, thus reducing it to its median 

value and dispersion (2 parameters). The mutually exclusive events of collapse, C, and no collapse, NC, are 

combined through Eq. (3) to obtain the probability of exceeding the LS of interest given the IM as: 

 P[ | ] P[ | , ] (1 P[ | ]) 1 P[ | ]C CEDP EDP IM EDP EDP NC IM C IM C IM =   − +   (3) 

where P[EDP > EDPc | C,IM] is the probability that the EDP exceeds the EDP capacity, EDPC, given that 

collapse has occurred; this always equals 1. P[EDP > EDPC | IM] is the probability of the EDP demand 

exceeding EDPC given the IM, while P[EDP > EDPC | NC,IM] is the probability that the EDP demand 

exceeds the EDPC for a certain IM level given that collapse has not occurred, and P[C | IM] is the probability 

of collapse given the IM. 
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(a) IDA results of the ESDOF model (b) IDA results of the MDOF model 

 

(c) comparison of the IDA fractiles of the ESDOF (grey) and MDOF (black) model 

Fig. 3 – Incremental Dynamic Analysis results in terms of the first-mode spectral acceleration of the MDOF 

model and maximum interstory drift ratio, θmax, along with the 16%, 50% and 84% IDA fractiles for both 

ESDOF and MDOF models 

 

 The P[EDP > EDPC | NC,IM] term is estimated by employing a power-law fit to the no collapse data, 

as proposed by [27]:  

 =  bEDP a IM  (4) 
where b is the slope in log-log space, ln(a) is the intercept and ε is a lognormal random variable with unit 

median and a logarithmic standard deviation of σlnε. The basic assumption of this approach is that the 

EDP | IM dispersion is constant for all IM levels hence by globally applying Eq. (4) a constant dispersion is 

assumed over all IMs.  

Global collapse is generally deemed to occur when numerical non-convergence appears in a rigorous 

model that incorporates both material and geometric nonlinearities or unrealistically large values of EDP are 

captured. Such large or infinite EDPs would bias the results at lower IMs (or even make the fitting 

impossible) if a single regression was to be applied to all data. To overcome this issue, the probability of 

collapse is estimated directly from collapse points. Multiple methods have been proposed for fitting the 
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collapse data most notably the logistic regression, the maximum likelihood estimation (MLE) or the method 

of moments [28]. MLE is employed herein for fitting the lognormal distribution to the collapse data, whose 

median and the dispersion are estimated as the parameters that maximize the likelihood function [28]: 
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( )
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where  and  are the estimates of the mean, θ, and the standard deviation, β, of the logarithmic fragility 

distribution of the collapse data, φ( ) and Φ( ) denote the probability density function and the cumulative 

density function of the standard normal distribution, respectively, nj are the number of ground motions per 

IM = xj, zj is the number of ground motions that caused structural collapse for IM = xj and m is the number of 

IM levels. This fit can be realized, e.g., in MATLAB® via the generalized linear regression with a probit link. 

The probit link is used for fitting the normal distribution, or equivalently the lognormal distribution if the 

natural logarithm of the data is the input.  

The analysis results of the ESDOF model are of low fidelity, thus even a single stripe of dynamic 

analyses can be performed on the MDOF system to obtain higher fidelity information on the structural 

response. Given the computational restrictions, a limited number of dynamic analyses, say e.g. 7, can be 

performed and used for refining the response obtained by the ESDOF. Such few analyses can still provide a 

fairly accurate estimate of the median EDP | IM distribution; yet they are not adequate to assess the 

dispersion, which is generally underestimated by small samples. There are cases where even a small sample 

may offer a viable estimate of dispersion, especially when stratified sampling has been employed as a by-

product of ground motion record selection. The Conditional Spectrum approach of Lin et al. [4] is such an 

example due to the process involved in selecting the records. Nevertheless, for reasons of generality, we shall 

only employ the MDOF model outputs for updating the median estimate of ESDOF, but not for improving 

the estimate of the variability. To this effect, we selectively assimilate the MDOF stripe results into the 5-

parameter model whose variables as shown in Table 1.  

Table 1 – How each parameter of the five-parameter model is determined 

Parameter Data/Fit MDOF or ESDOF model? 

a 
Non-collapse data 

power-law regression fit 

MDOF 

b ESDOF 

σlnε ESDOF 

θ Collapse data 

MLE fit 

if collapse data available MDOF, 

else ESDOF 

β ESDOF 

 

Specifically, regarding the distribution of no collapse given IM, by fitting the power-law based 

approximation to the no-collapse points of the ESDOF model, the parameters bESDOF, aESDOF and σlnε-ESDOF are 

estimated. When taking into account the stripe analysis of the MDOF model we can substitute aESDOF by the 

aMDOF value obtained through the MDOF stripe, while maintaining the other two parameters. Consequently, 

the mixed power-law-based approximation is described by bESDOF, aMDOF and σlnε-ESDOF. This way, we account 

for the median estimate of the MDOF’s response while not changing the variability. When it comes to 

collapse data, if none of the records has caused structural collapse on the MDOF model, the distribution of 

collapse given IM is directly obtained through the MLE fit of the ESDOF. One could potentially still redo 
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the MLE fit while incorporating the absence of collapse at the stripe’s IM level, yet this is usually too much 

trouble for little added benefit. On the other hand, if collapse has been observed on the MDOF stripe, the 

probability of collapse can be estimated as: 

 P [ | ]
EDP EDPcollapse

stripe stripe

total

N
C IM

N


=  (6) 

where NEDP>EDPcollapse are the number of collapse points, Ntotal are the total number of points in the stripe and 

IMstripe is the IM level of the stripe. This Pstripe-IMstripe point estimate can be used for updating the distribution 

of collapse obtained from the ESDOF model, simply by changing its median value in order for the 

corresponding fragility to pass through the point estimate while maintaining the dispersion constant. This 

option is schematically shown in Fig. 4. Obviously, the further away this point estimate is from the median 

(i.e. a Pstripe = 0.5), the more haphazard such an approach becomes, as a tail-point would be used to bias 

correct a central value.  

 

Fig. 4 – Schematic representation of updating the probability of collapse to match the point estimate. The 

median of the lognormal fragility curve (grey diamond point) is shifted to match the point estimate (purple 

bullet point) while the dispersion is maintained constant 

5. Application on the 4-story building 

A stripe analysis is performed on the MDOF model at the IM level with 10% probability of exceedance in 50 

years, as estimated from the site-specific seismic hazard curve. Seven records are randomly selected from the 

far-field ground motion set of FEMA P695 [22] each coming from a different earthquake, and applied on the 

MDOF model after being scaled to the IM level of interest, to obtain the EDP | IM response. Horizontal 

stripes of EDP | IM are also generated from the ESDOF model’s IDA results for IM values linearly spaced 

within 0.1 and 6.0g with a step of 0.1g. The stripe analysis results of the MDOF model are presented in Fig. 

5a by the magenta triangle points, while the ESDOF stripes are shown in grey. Note that the light grey is 

used for the stripes with more than 16% of collapses while the dark grey for the others. The power law 

approximation is fit to the no-collapse stripes of the ESDOF model having less than 16% of collapses and the 

3 parameters bESDOF, aESDOF and σlnε-ESDOF are estimated. The single stripe on the MDOF model is of higher 

fidelity and it is used for updating the estimate of aESDOF to aMDOF. Regarding collapse data, since none of the 

records caused structural collapse on the MDOF, the probability of collapse is directly obtained from the 

ESDOF model. 
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(a) Stripe analysis results of ESDOF (light/dark grey 

for stripes with more/less than 16% collapses) 

and the MDOF model (magenta) 

(b)  fragility curves for EDPC = 1.0% 

  

(c) fragility curves for EDPC = 2.0% (d) fragility curves for EDPC = 3.0% 

Fig. 5 – Stripe analysis results of the ESDOF and the MDOF model and fragility curves for limit states with 

EDPC equal to 1.0, 2.0 and 3.0% 

Four limit states are examined to illustrate the proposed framework, covering a wide range of 

structural response, namely EDPC
 = 0.01, 0.02 and 0.03. In Fig. 5b-d the resulting fragility curves are 

presented. In each of these figures, the continuous black line is used for plotting the empirical fragility curve 

obtained from a vertical stripe for the given EDPC through the ESDOF IDA results, the continuous grey line 

for the empirical fragility of MDOF IDA results (when subjected to the 44 records), the dash-dotted black 

line shows the results of the 5-parameter fit on the ESDOF model and dash-dotted grey line is used for 

plotting the fragility curves obtained from the mixed 5-parameter fit. A point estimate of the LS fragility via 

the MDOF stripe results is also presented in Fig. 5b-d.  

It can be observed that for the case at hand, the fragility estimates of the ESDOF model are 

conservative relative to the ones of the MDOF model. For all limit states the empirical fragility of the 

ESDOF is shifted to the right side, when compared to MDOF’s. The dispersion estimate of the ESDOF 

model is close to the one of the MDOF model, since the slopes of the empirical fragilities are more or less 

close to each other. The 5-parameter approximation of the ESDOF model captures the empirical fragilities 

well enough for all limit states, despite the simplifications it involves: We only use 5-parameters to fit a more 
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complicated distribution. Overall, the mixed power-law based approximation results in fragilities that are 

shifted to the left (i.e., they are more aggressive) in comparison to those of the ESDOF model, offering an 

improved estimate on the response of the structure closer to the one obtained from pure MDOF IDA results. 

Of course, inherent limitations lie within this concept since shooting for EDPC values outside the EDP range 

of the stripe of which not enough data is available, may lead to errors in the estimate. Finally, the point 

estimates in the same figures indicate that the distribution of the EDP | IM cannot be considered reliable 

when a limited number of analyses are run on the stripe, thus shifting the lognormal fragility curves based on 

this point estimates should not be considered unless considerably more records are employed. In such cases, 

though, it would become a question whether one should employ much information from the ESDOF results, 

as well as whether one could easily divide such rich stripes into two or more sparser ones to get a wider 

estimate that would ultimately render the ESDOF approximation mute.  

6. Conclusions 

The presented approach can be used for combining different analysis options into a single output suitable for 

fragility assessment. In this case, the example shown by the five-parameter power-law-based model enabled 

obtaining reliable estimates of the fragility curves while using the equivalent SDOF model results as a basis 

to be updated by a single sparse stripe analysis on the MDOF model. The value of this approach becomes 

more apparent when considering highly complex models where each response history analysis comes at a 

considerable cost, and taking advantage of every single point estimate available is of paramount importance. 
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