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Abstract. Yield Frequency Spectra (YFS) are employed to lentie direct design of a structure subject tota se
of performance objectives. YFS offer a unique vidwhe entire solution space for structural perfance. This

is measured in terms of the mean annual frequek&F] of exceeding arbitrary ductility (or displacent)
thresholds, versus the base shear strength ofietugial system with given yield displacement andkbane
capacity curve. Using publicly available softwareols or closed-form solutions, YFS can be nearly
instantaneously computed for any system that casabisfactorily approximated by a single-degredreédom
oscillator, as in any nonlinear static procedurgliaption. Thus, stated performance objectives lwamirectly
related to the strength and stiffness of the stinectThe combination of ductility (or displacemedémand and
its mean annual frequency of exceedance that gewbmdesign is readily determined, allowing aséatiory
design to be realized in a single step.
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1 INTRODUCTION

Performance-based seismic design (PBSD) has beeringnthe earthquake lingo more and more in
recent years. It hinges upon the concept of desijgra structure to fulfill target performance
objectives, typically defined as not exceeding giwructural response levels with a mean annual
frequency higher than the prescribed one. At itstmadvanced form, one would require specific non-
exceedance rates of economic losses or even dasuaithoing the definition of decision variables
that are embedded in the Cornell-Krawinkler framew@ornell and Krawinkler 2005) adopted by
the Pacific Earthquake Engineering Research (PEER])er.

Despite the apparent significance of this goal, &eps have been taken towards developing such a
design process. This comes as no surprise sino&vires an inverse problem of design, where the
functional relationship between the design varislaled the performance objectives is not invertible,
essentially needs iteration. Each iteration foroalinear structure means a cycle of redesign and
reanalysis, where the latter is a full-blown perfance-based assessment involving nonlinear static o
dynamic runs. It is no wonder then that most attsmp represent PBSD have mostly come back to
discuss assessment instead (see for example fiB, Z“ZEMA 2006). Any method built on this
paradigm essentially needs to become an iteratassent procedure. Conceptual support for such a
design paradigm is provided by Krawinkler et aloqg). Many researchers have also chosen to
improve upon the efficiency of the re-design toiaeh a fast convergence, often leading to the fise o
numerical optimization. For example, Mackie andj&tmovic (2007) have suggested this approach
for bridges while Fragiadakis and Papadrakakis §20Branchin and Pinto (2012) and Lazar and
Dolsek (2012) have all used optimization techniqgtesthe performance-based seismic design of
reinforced-concrete structures. A more comprehenseview of such methods can be found in
Fragiadakis and Lagaros (2011).



D. Vamvatsikos, M. Aschheim, A. K. Kazantzi / VEESIB 2

Despite the undoubtable usefulness of currentlygsstgd approaches, their implementation is not
trivial by far. The link between a performance ahje and the resulting design is fundamentally
obscure, coming out of numerous steps of numeaioalysis. Instead, the Yield Frequency Spectra
(YFS) are proposed as a design aid, being a diregal representation of a system’s performance tha
factually links the mean annual frequency (MAFeg&teeding any displacement value (or ductility
with the system yield strength (or seismic coefintiC,). Figure 1 presents such an example for an
elastic-perfectly-plastic oscillator, showing thmglicity of prescribing three performance objeetv
and calculating the required yield strength (setseoefficient) for the given limiting ductilities.
Being an “exact” (within some tolerance) solutiam & given single-degree-of-freedom system, they
are the ideal starting point for any practical PB&iplication, potentially solving the performance-
based design problem in a single step.
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Figure 1. YFS contours &€, = 0.1,0.2,...,1.0 for an elastoplastic systép=0.06m) at Van Nuys, CA,
overlaid by the design points of three performanigectives fo = 1, 2, 4 at 50%, 10% and 2% in 50yrs
exceedance rates, respectively. The third objegmxerns withC, ~ 0.93 and a period df~ 0.51s.

2 BASISOF DESIGN

Far from finding fault with current proposals, tiasld be recognized that the design of a multi-
degree-of-freedom structure will always involve sorevel of iteration. Thus, a truly direct
performance-based design will probably never béizexh The complexity of the system (and the
problem) will usually see to that. The real questiben becomes: How could one cut through the
design/analysis cycles and start from an initigigie that is close enough to the final one to miném
said iterations? The obvious shortcut, which abiifalms the basis of all current seismic codesois
go through the SDOF system approximation. This alib be our approach.

The essential ingredients of our approach to PB&D(@) the site hazard and (b) some assumption
about the system’s behavior (e.g. elastic, elaastigl etc). Comprehensive site hazard representatio
that is compatible with current design norms camadigeved by the seismic hazard surface, a 3D plot
of the MAF of exceeding any level of spectral aecation for the full practical range of periods
(Figure 2). This is the true representation of seésmic loads for any given site. More familiar
pictures can be produced from the hazard surfacéakiyng cross-section (or contours). Cutting
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horizontally at given values of MAF will providedlcorresponding uniform hazard spectra (UHS).
For example, a®, = —In(1-0.1)/50 = 0.0021, or a 10% in 50yrs ptuliy of exceedance (Figure 3a),
one gets the spectrum typically associated withgdeat the ultimate limit-state (or Life Safety).
Taking a cross-section at a given periogroduces the correspondi8gT) hazard curve (Figure 3b).
Now compounding this information with the capaciyrve (i.e. force-deformation relationship
envelop) of the system is where things start ggftiteresting.

To illustrate the problem in more detail, let ustfiiattempt a “perfect” elastic design. Suppose dha
elastic oscillator of given mad4 needs to be designed to not exceed a displaceipenore often
than a given MAF oP,, for exampleP, = 0.0021 for a code-compatible safety requiremérd.are
essentially asking for the stiffness, or equivdietihe period of this oscillator. Note here that a
strength requirement would be quite straightforwardesolve, as one would simply take a horizontal
line at S, = F/m in Figure 3a and seek the period (or periods)hat ihtersection(s) with the
corresponding uniform hazard spectrum. A displacentiereshold though is slightly trickier as it
requires some iteration:

Select an initial period.
ExtractSy(T) from the UHS aP,.
Calculate new period 86 = 27,/6,, /'S, .

Go to step 2 until the period converges (i.e. dagschange significantly).

hwbE

The formula employed at step 3 is simply the resfilsolving for T the well-known relationship
between the (pseudo) spectral acceleration anspietral displacement. In an actual structuralgiesi
setting this would probably be replaced by an eigkre analysis of the intermediate design resulting
from loads consistent with tt&(T) of the preceding step 2.

A simpler solution exists that achieves the sanselte without any iteration. It involves the pre-
calculation of a set of values of displacememmsistent with the UHS spectrumRatfor any periodl

that can then be interpolated to estimate the redyieriod for any desirefl,,. An intuitive graphical
representation of this is actually the displacenspeictrumSy(T), which allows a direct non-iterative
solution of the elastic design problem for any tistate of interest. Unsurprisingly, it is the stag
point of most (if not all) displacement-design prdares (Priestley et al. 2007). Note that the geism
design codes typically do not enter this line adis@ning, despite being based on the acceleration
rather than the displacement spectrum. This iseaeli by virtue of prescribing an initial periodttiea
considered to be close enough to the expected Yaiue given type of structure, thus foregoing the
need for iterations (and eigenvalue analysis) fostmudimentary design cases.

The aforementioned process is much compoundedpfdication to a nonlinear system. Then, for a
given capacity curve shape (or system type) weasked to estimate the yield strength and the period
T for not exceeding a limiting displacemenat a rate higher thah,. Even for an SDOF system, the
introduction of yielding, ductility and the resulgj record-to-record response variability fundamignta
change the nature of the problem. This is bestesgmted in the familiar coordinates of intensity
measure (IM), here being the first mode spectralelacation S(T), and engineering demand
parameter (EDP), i.e., the displacemeéntThe structural response then appears in the f@im
incremental dynamic analysis (IDA, Vamvatsikos &ainell 2002) curves as shown in Figurioda

T = 1s system with a capacity curve having positind then a negative post-yield stiffness. Corrtell e
al (2002) have shown that response variability reghat additional hazard levels beyddgneed to

be considered in evaluating the system’s performaridie reason is that values lower than the
average response for the seismic intensity correipg toP, appear more frequently (i.e. correspond
to a higher hazard rate in Figure 3b). Hence, thag to contribute significantly more to the system
rate of exceeding = d;m. Formally, this relationship may be representedh®y following integral
(Jalayer 2003, Vamvatsikos and Cornell 2004):
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Figure 2. Spectral acceleration hazard surface for Van NGys,
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Figure 3. (a) Uniform hazard spectra and (b) spectral acata hazard curves for Van Nuys, CA.
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Figure 4. IDA curves for ar = 1s oscillator with a degrading (in-cycle) capyacurve, showing the distribution
of the spectral acceleration capacty, (normalized by the yield spectral accelerati@y), and corresponding to
the collapse ductility of = 6.
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2(6)= [F(8.@)Is) |aH(9) &)

whereA(:) is the MAF of exceeding. S,(0) is the random limit-state capacity, representing
minimum intensity level for a ground motion recéodcause a displacement®fo be exceeded (e.qg.,
Figure 4. F(-) is the cumulative distribution function (CDF) % evaluated at a spectral acceleration
value ofs, andH(s) is the associated hazard rate. The absolute ¥&lneeded for the differential of
H(s) because the hazard is monotonically decreading,dlways having a negative slope.

The seismic code foregoes such considerationsdhronplicit incorporation of two assumptions: (a)
Using the strength reductidhior behavior factoq to account for the effect of yielding and dudfilib

the mean/median response, (b) ignoring the effedispersion, and assuming that the seismic loads
consistent withP, are enough to guarantee a similar (or lower) oditaon-exceedance @f.,. The
error due to the above is “covered” by employingios implicit conservative approximations to
account for the effect of the previous non-consirgaassumptions, typically through the selectién o
R (or g) (see for example FEMA P695, FEMA 2009). Thus ithedastic design process becomes
“identical”, at least in terms of the required stewith the elastic design process described earlie

Unfortunately, the magnitude of the assumptiorsih that one can never be entirely sure of agtuall
achieving the stated objective(s) with any confaemrhe margin of safety depends on the site aad th
system characteristics. Even when safe, the desitypically far from optimal: Economy and safety
are two competing objectives and, given the sizéhefuncertainty involved in code-based inelastic
design, common sense necessitates erring on theokidaution, i.e. injecting conservativeness, for
example throughR. Consequently, the designer has no real clue agrevbxactly his/her design is
sitting on this wide blurry margin between meetenyd failing the presumed performance criteria.
Even worse, as any calibration for safety has hmefiormed on the basis of the standard code
assumptions of what an acceptable performance is,not possible to accurately inject one’s own
(stricter) criteria for a better performing struguAny importance factors used to amplify the gesi
spectrum are only a poor substitute. This has Hgthacome common knowledge in the past few
years, and it is the premise of performance-bassiyd. It other words, this is where the searchssta
for ways to fully incorporate the actual performaraf a given structural system and allow its design
for any desired performance objective. Unfortunyatakither the problem nor the (so far) proposed
solutions are simple.

As a complete replacement of this hazy picture aime to offer instead a practical and theoretically
consistent procedure that can fully resolve théastee SDOF design problem, in the same way that
the aforementioned iterative process and the asedctdisplacement spectrum do for elastic design.
This will be built upon (a) Eq. (1) for estimatirsgructural performance, (b) the SPO2IB¥u-T
relationship for estimating the probabilistic distition of structural response given intensity érida
yield displacement basis for design, by virtue @hly a far more stable system parameter compared to
the period (Aschheim, 2002). In a graphical formhis solution will be represented by the yield
frequency spectra.

3 ORIGIN, DEFINITION AND USE OF YFS

For a yielding system, the direct equivalent ofsttaspectral acceleration or spectral displacement
hazard curves are the inelastic displacement (fty dazard curves. These may be estimated by using
Eq. (1) to estimate the MAF of exceeding any lingtivalue of displacement. They have appeared at
least in the work of Inoue and Cornell (1990) anbsequently further discussed by Bazzurro and
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Cornell (1998) and Jalayer (2003). While useful fassessment, they lack the necessary
parameterization to become helpful for design. Aprapriate normalization may be achieved for
oscillators with yield strength and displacementpfinddy, respectively, by employing ductility,
rather than displacemedit

ﬂ=6—a (2

y

and the seismic coefficie®, instead of the strength

C,=—L. 3)

For SDOF system€, is numerically equivalent t8&,(T,) / g, i.e. the spectral acceleration value to
cause yield in units of g, at the peribénd viscous damping ratioof the system.

Up to this point, what has been proposed is nadldorentally different from the results presented by
Ruiz-Garcia and Miranda (2007) on the derivatiomaiimum inelastic displacement hazard curves.
What truly makes the difference is definifigas a constant for a given structural system, Vioig

the observations of Aschheim (2002) on its stabitis a design parameter. The), essentially
becomes a direct replacement of the pefiod

5 ) 2
T=2z |, o C,= —Y(EJ 4)
Cyg g\ T

For a given site hazard, system dampifjgyalue ofC, (or period), and capacity curve shape (e.g. as
normalized in terms dR = F/F, andy), a unique representation of the system’s prolsiibiresponse
may be gained through the displacement (or dugtiibzard curves produced via Eq. (1). By plotting
such curves of(u), for a range ofun, limiting values and a range @f, , we can get contours of the
inelastic displacement hazard surface for constahtes ofC,. By considering the damping, and

the capacity curvehapeas stable system characteristics, such curvew #fle direct evaluation of
system strength and period, i.e. t8g of such a system for any combination of perforoean
objectives defined a®, = A(uim), i.€., limiting values of ductility and their miaxum tolerated
exceedance MAP, as shown irFigure 1.

4 CALCULATION

In the following pages we will discuss how to preally evaluate Eq. (1) either analytically or
numerically. Two options shall be offered, hamehnwamerical approach and a simple analytical
approximation, both capable of achieving accuratatgestimates.

4.1 Numerical approach

To get the YFS and the corresponding performan@ggone needs to estimatg:) for a range of
wim andC, values. By plotting them on a graph and interpatatany performance objective within
the plotted range can be satisfied (see Figuréligrnatively, for each performance objective, one
can estimate only(uim) for a trial value ofC, (or T), estimate the updated value@fand then iterate
until convergence, in essence similarly to thetelaesign algorithm presented previously.

Either way, to estimate the MAF of limit-state exdance Eq. (1) can be numerically evaluated as
discussed by Baker and Cornell (2005) using thevi@hg expression:
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M) = F(S(u)]s) AH(S), (5)

alls

wheres are a number of IM values covering the entire ldhzarrve from the lowest to the highest
non-zero MAF values available (at least 50 for o@able accuracy) antiH(s) = H(s) — H(S+1) > O,
due to the monotonically decreasing hazard.

There are only two points that deserve furtherifadation in the numerical estimation of YFS. First
the issue of damping. In order to directly conn€gt= S,/ g, this means that th&, should be
expressed in the same damping ratio as the sy3taus, if the system has different viscous damping
ratio ¢ than the damping ratio used to characterize tliem$e hazard curve, typically 5%, some
appropriate modification factor will need to beliméd. Second is the incorporation of uncertaitity.
one desires to obtain a value@fconsistent with the mean estimate of the displacgrhazard vis-a-
vis epistemic uncertainty, then (a) the mean hazarde needs to be utilized (Cornell et al 2002) an
(b) the dispersion of capacities from tRe:-7' (reduction factor, ductility, period) relationshias to
be modified. Adopting the typical first-order asqimon (Cornell et al 2002) it is assumed that
epistemic uncertainty causes tBg values of capacity to become lognormally distolivith an
unchanged median &, but increased overall dispersion (standard dewiatf the log data) of

Prsc= v ﬁUZSc + ﬁszc ) (6)

wherefscis the aleatory dispersion, incorporating theaftd the natural variability ob,. (its record-
to-record component provided directly by tRe-T), andfus. is the corresponding dispersion due to
uncertainty in displacement demand and capacitis ifiay be approximated as the square-root-sum-
of-squares of the corresponding uncertainty dispessinu, and in the system EDP demand itself,
namely Suq, fuse, @n assumption that (strictly speaking) loses sapswiracy for short periods and
close to the dynamic instability region. Any alegtovariability in the collapse capacity with
dispersiory,., can also be incorporated in the same way intdrthe relationship’s demand aleatory
dispersion. Using the above assumptions, Eq. (IL)pmavide an estimate consistent with confidence
somewhat higher than 50%, the exact value depermfirige overall dispersion.

4.2 Analytical approach

As an alternative to numerical integration, Vamikats (2013) has provided an accurate closed-form
solution for the MAF of inelastic response that t@ninverted analytically. The first step is todbyg
fit the hazard curvel(s) by a second-order power-law relationship:

H(9) = k, expl— k,In*s—k Ins), (7)

with ki,k,> 0 andk, > 0. The latter indicates the (local) hazard cumatits introduction being the
major improvement over the original SAC/FEMA forratibn by Cornell et al. (2002). This improved
fitting, despite being “local” in nature, encompaesa large enough range of values. Thus, it allows
the back-estimation of values of the IM for a regdivalue of MAF, something that was not practical
for the previous formulations. This enables theuaaie inversion of any assessment formulation that
is based on such a fit.

The EDP-capacity is assumed to be lognormal, wetkdiem éc and dispersions (standard deviation of
the log data) equal 6. andpfus. due to aleatory and epistemic sources, respegtiVake distribution
of EDP-demand given the seismic intensity IM isoadssumed to be lognormal with a constant
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dispersion (standard deviation of the log datajpetns,q andpyq, regardless of the level of intensity
s, and a conditional media#(s) that depends on the IM via a power-law:

() ~a < (8)

This is typically obtained by a linear regressionag-log coordinates and, in the framework of IDA
can be thought of being an approximation of the iemedDA curve. When fitting away from the
global instability region, the above approximatiés accurate enough to allow for a useful
approximation of the required EDP-capacity to aohia certain performance level (i.e., MAF)Ryf

j —aexg 2| ks KoMy R
0,=a ex;{ZKZ{ k1+\/¢, ’ Inko\/g] 9

g = = (10)

14 2K, (B2 + 82 + Bl + 12 )/ D

For use in obtaining point-estimates@fvalues, a few variable replacements are needest, Kt the
median EDP capacity), be replaced by the desired displacement capawitymit, din and letum, =
dim | 8y be the corresponding ductility. Now, the one thounnecting Eq. (9) to elastic structural
properties is the coefficieatof the median IDA curve. According to Eq. (8), alnican be assumed to
hold in the elastic range as well, the yield poimh be expressed as:

5)/ 5)/
a= _b = b (11)
Say Cy g

where g is the acceleration of gravity. Note tlwatthesecondform of the above equation to hokl,
must be expressed in the system’s damping ratithidfis different than the damping ratio used to
characterize the seismic hazard curve, typically 5%, some appropriate modification factor will
need to be utilized to express the hazard curterins of the proper damping ratio. By introducing
the above Eq. (11) into Eg. (10) and performing soabgebraic manipulations, the following
expression appears:

1 1 ki 4k, P
C =—.exg —| - B NN 12
e 7me ex’{zkz( k1+\/¢' ¢ nkm/(ﬁ']] (12)

where g only serves to make sure that the unitsecoumh right. If the hazard curve has been fitteth wi
S, in units of g, then g = 1 should be used.

The above equation is a powerful approximationoag las it is used away from the region of global
collapse, where the basic assumption of Eq. (8% do¢ hold. While the application of Eq. (12) may
seem straightforward, some iteration may be neeédedto the dependence of the hazard curve (and
the corresponding fit) to the period. It rarelygakmore than 3 iterations for the algorithm to esge
within 5% of theC, value required for any performance objective | SiNerall errors up to 15% can
be encountered vis-a-vis the more accurate nunieigaoach due to the approximations involved in
deriving Eqg. (12).
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5 EXAMPLE OF APPLICATION

For showcasing our methodology, let us use it wigiea 4-story steel moment resisting frame for a
site in Van Nuys, CA (Fig. 2), with a story heighft3.6m, a total height dfl = 14.4m and.=9m
beam spans. Let us adopt an interstory drift lifoit serviceability (SLS) ofdi, = 0.75% and a
limiting ductility of 3.0 for the ultimate limit-site (ULS). The allowable exceedance probabilitres a
50% and 10% in 50yrs, respectively. We shall assequal drifts occur throughout the height of the
structure, at least in the elastic region. Accaydio Aschheim (Spectra, 2002), a simple way to
calculate the yield roof drift (or any story yidadft) of a regular steel moment resisting frame is

g -G Nh 2L} (13)
"~ | d_coF d_

col

wheree, is the yield strain of stedh, the story height,. the beam spai©OF the column overstrength
factor andd.,, dom the column and beam depth, respectively.d,et 0.18% (forf, = 355MPa steelf

= 3.6m,L = 9m, COF = 1.3 (suggested values are 1.2 — @.§)7 0.6m,dp, = 0.70m. Theng, =
0.9%, and the limiting ductility for SLS becomag,s.s= 0.84. For a typical first-mode participation
factorl” = 1.3, the equivalent SDOF yield displacement is

o,H
S, =—+—=010m.
r

Let the dispersions due to epistemic uncertaint@® and 30% for SLS and ULS, respectively and
let's assume that the system response is roughbtaglastic. As expected for a moment-resisting
steel frame the SLS governs. Using either the gicalyor the numerical approach we get a result of
C,=0.675 and a period of T = 0.77sec. At this poimé can consider the beneficial effects of
overstrength and further redu€. For example, if we use a conservative value ay, 4.50, the
suggested seismic coefficient would become 0.4% Wlue can now be applied either within a force-
basis or a displacement-basis for design. In tist diase, we can use this as in typical code design
determine the lateral loads to be applied on tamé and then proceed as usual. The end result may
not be perfect, but it is close to fully satisfyitlhge stated objectives, something that is not cdoatblen
using just a design spectrum as the point of entry.

6 CONCLUSIONS

The Yield Frequency Spectra have been introducedaragntuitive and practical approach to
performing approximate performance-based desigey Ere a simple enough concept to come with
an accurate analytical solution, yet they also knabnsidering an arbitrary number of objectivest th
can be connected to the global displacement ofjaivalent single-degree-of-freedom oscillator. For
this relatively benign limitation, our approach daglp deliver preliminary designs that are close to
their performance targets, requiring only limiteémalysis and design cycles to reach the finakstag
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