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Rigid Block Sliding
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Back-calculation of earthquake motion
using field observations of residual sliding 
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umax

L’Aquila 2009

Ag = ?
Vg = ?
Td = ?



Difficulties-uncertainties in back-calculating 
Ag, Vg …..

✓Unknown earthquake time history (waveform,
duration)

✓Excitation along multiple axes

✓Different response modes (e.g. simple sliding, sliding
with rocking, sliding with torsion)

✓Compliance of structural system

✓Interface properties

Need for an approximate-rational engineering approach...
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Available formulae

𝑢𝑚𝑎𝑥 = 𝜒1

𝑉𝑔
2

𝐴𝑔
𝜂−𝑏1

𝑢𝑚𝑎𝑥 = 𝜒2

𝑉𝑔
2

𝐴𝑔
𝑒−𝑏2𝜂

𝑢𝑚𝑎𝑥 = 𝐴𝑔𝑇𝑔
2𝑁𝑒𝑞𝑒σ𝑚=1,2,3 𝐶𝑚𝜂𝑚

Newmark (1965)
Richards & Elms (1979)

Whitman  & Liao (1985)

Yegian et al. (1991)



Rigid block sliding

ug(t)
..

m u(t)
..

μ

+𝑚 ሷ𝑢𝑔 − Τ = 𝑚 ሷ𝑢

Stick:    ug(t) < μmg :  T = mug(t) sgn(ug)

Slip:             ug(t) > μ mg  = Tsl :  T = μmg sgn(u)

....

.. .

m

.

𝑚 ሷ𝑢 + Τ − 𝑚 ሷ𝑢𝑔 = 0

ή
T



Symmetric 
friction

Asymmetric 
friction

ug(t)
..

Unilateral / Bilateral excitation
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Nate Newmark
(1910-1981)



Graphical solution of Newton’s equation 

..

initiation
of sliding

end of
sliding
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Bilateral sliding
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Newmark’s method (1965)
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Newmark’s method (1965) 
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Calculation of ground displacement
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ug
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Ag

td

1

2

3

2Ag t/td 

2Ag (1-t/td) 

2Ag (t/td-2) 

Vg1(t)=Ag t
2/td +C1 ; C1 =0 

Vg2(t)=2Ag td (t/td - t2/2td
2)+C2 ; C2 = - Ag td/2 

Vg3(t)=2Ag td (-2t/td +t2/2td
2)+C3 ; C3 = 4 Ag td

Dg1(t)=Ag t 
3/3td +C1 t+C4 ; C4 = 0 

Dg2(t)=Ag (t 2-t 3/3td)+C2 t +C5 ; C5= Agtd
2/12 

Dg3(t)=Ag (t3/3td-2t2) +C3t +C6 ; C6=- 13 Ag td
2/6

t2td

Dg = Ag td
2/2



Graphical solution of Newton’s equation 

..

initiation
of sliding

end of
sliding

t

ug

Ag

ay=μg

ty tvm tm

(Vm) (um)(ay)

equal areas
(max sliding velocity)

Unilateral Sliding
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Solution via single integration
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ug Ag

t

..

τ

Duhamel’s integral

t

𝑢 𝑡 =
1

𝜔𝐷
න

0

𝑡

ሷ𝑢𝑔 𝜏 𝑒−𝜉𝜔(𝑡−𝜏) 𝑠𝑖𝑛 𝜔𝐷(𝑡 − 𝜏) 𝑑𝜏

Δτ

Limit case

ൠ
𝜉 → 0

ω𝐷 → 0
𝑢 𝑡 = 𝑢𝑔 𝑡

ሷ𝑢𝑔 𝜏 → 𝐴𝑔

∆𝜏 ≪ 𝑡

(Ground displacement)



Solution via single integration
Duhamel’s integral

𝑢 𝑡 = න
0

𝑡

ሷ𝑢𝑔 𝜏 𝑒−𝜉𝜔(𝑡−𝜏)
𝑠𝑖𝑛 𝜔𝐷(𝑡 − 𝜏)

𝜔𝐷
𝑑𝜏

ug Ag

t

..

τ tτ +Δτ

Ag
1

(𝑡 − 𝜏)
𝑠𝑖𝑛 𝜔𝐷(𝑡 − 𝜏)

𝜔𝐷(𝑡 − 𝜏)

1

Δτ
𝑢𝑔 𝑡

𝑢𝑔 𝑡 = (𝐴𝑔 ∆𝜏) × (𝑡 − 𝜏)

pulse
velocity

moment arm

Ag Δτ

t−τ Ground displacement = moment !!!



Beam analog
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0 0
x t

Loaded beam Acceleration time history
q(x) ሷ𝑢𝑔(𝑡)

length time

distributed load ground acceleration

shear force

bending moment

ground velocity

ground displacement

𝑞 ሷ𝑢𝑔

𝑄 ሶ𝑢𝑔

𝑀 𝑢𝑔

න 𝑑𝑥

න 𝑑𝑥

න 𝑑𝑡

න 𝑑𝑡



Beam analog
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Loaded Beam Acceleration time history

distributed load ground acceleration

shear force

bending moment

ground velocity

ground displacement

𝑞 ሷ𝑢𝑔

𝑄 ሶ𝑢𝑔

𝑀 𝑢𝑔

න 𝑑𝑥

න 𝑑𝑥

න 𝑑𝑡

න 𝑑𝑡

න 𝑑𝑥

න 𝑑𝑥

rotation

deflection

θ

y



Peak ground displacement for simple pulses
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Ag

td 2td

ug

..

t

Agtd

td

Agtd /2

td

td
td

2Agtd /π Agtd χ

Dg = Ag td
2 Dg = Ag td

2/2

Dg = 2Ag td
2/π Dg = Ag td

2 χ

χ=(π+1- e π) / [π(1-e π)]
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Applications to actual earthquake regordings

time : s
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0.838g

0.62g
0.5g

0.35s

Rinaldi 1994

Vg ≈ 170 cm/s

Dg = Vg td ≈ 170 cm/s  x 0.3 s ≈ 51 cm

td ≈ 0.3 s



Summary of displacement calculation
based on beam analog
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t0

ugο
𝑢𝑔(t)𝐴𝑝

𝑉𝑝

𝐷𝑝

t1 t2 t3 t4 t

ሶ𝑢𝑔𝜊

ሶ𝑢𝑔(t)

𝑢𝑔 𝑡 = 𝑢𝑔 0 + ሶ𝑢𝑔 0 𝑡 + 𝐴𝑝 𝑡2 − 𝑡1 𝑡 −
𝑡2 + 𝑡1

2
+

+ 𝑉𝑝 𝑡 − 𝑡3 + 𝐷𝑝

ሶ𝑢𝑔 𝑡 = ሶ𝑢𝑔 0 +𝐴𝑝 𝑡2 − 𝑡1 + 𝑉𝑝

influence of
initial conditions



Available solutions in manuals
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Graphical calculation of sliding
using beam analog method

..

initiation of 
sliding

end of 
sliding
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Unilateral Sliding
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V



Bilateral sliding..
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Dimensionless variables

Time

Velocity

Displacement

Sliding

Resistance

𝑢/(𝑢𝑔𝑚 − 𝑢𝑔𝑦) = 𝑢/Δ𝑢𝑔𝑚

𝑡/𝑡𝑑 → 𝜏 , 𝜏𝑦 , 𝜏𝑚

ሶ𝑢/𝑉𝑔

𝜂 =
𝛼𝑦

𝐴𝑔
=

𝜇 𝑔

𝐴𝑔

ground 
displacement step

ttd

t

Vgug ,u

ug

.

..

t

ug ,u

ηAg

Δugm

.



Peak Sliding Displacement

Yield strength h 
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DAg = 0.415g

DVg = 90cm/s

DDg= 48cm

Vg = 84cm/s

Dg = 27.7cm

Ag = 0.515g
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Inverse calculation

b(η) x Ag Tp

𝐷 = 𝑏 𝜂 𝐴𝑔𝑇𝑝 × 𝑐 𝜂 𝑇𝑝 × Π(χi)

c(η) xTp

t /  Tp

ሷ𝑢𝑔/𝐴𝑔= 𝜂

1

0.75

0.25

0.5

0.25

given 
displacement

peak sliding
velocity

effective
duration

b(η) , c(η) = dimensionless variables
dependent on η

Rearranging
terms: 𝐴𝑔 =

𝐷

𝑏 𝜂 𝑐 𝜂 𝑇𝑝
2

Check if: 𝐴𝑔 = 𝜇𝑔/η and iterate ...

aggravation
factors
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Application example

𝐷 = 𝐴𝑔(1 − 𝜂)
1

2
𝛵𝑝 ×

1

2(1 + 𝜂)
𝛵𝑝

t /  Tp

ሷ𝑢𝑔/𝐴𝑔

1

η

peak sliding
velocity

effective
duration

𝐴𝑔 =
4𝐷

𝛵𝑝2

1 + 𝜂

1 − 𝜂
𝐴𝑔≈ 8.1 𝑚/𝑠2

using 2-3 
iterations

0
11/2

1

2(1 + 𝜂)

(1 − 𝜂)

2

-1

μ = 0.8
D = 0.2 m
Mw = 6

𝑇𝑝 ≈ 10
𝑀𝑤

2 −3
= 100 = 1𝑠

𝐴𝑔 =μg/η

μ ≈ 0.83
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Conclusions

• New graphical solution for the forward and inverse
calculation of peak sliding displacement on horizontal and
inclined plane (& peak ground displacement itself)

• Solution is based on the similarity (“analog”) between a
loaded beam and an acceleration time history, which
provides insight into the physics of the problem

• The inversion can be generalized to incorporate the
difference between peak and residual sliding, multi-axial
excitation and the compliance of the sliding body
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A/A Σεισμός Ημερομηνία Μηχ/σμός Μw Σταθμός 

1 Parkfield  6/27/1966 SS 6.20 C02 

2 San Fernando  2/9/1971 RV 6.55 PCD 

3 Gazli  5/17/1976 RV 6.80 KAR 

4 Bucharest  5/4/1977 RV 7.27 BRI 

5 Tabas  9/16/1978 RV 7.11 TAB 

6 Coyote Lake  6/8/1979 SS 5.63 GA6 

7 EO4 

8 EO5 

9 EO6 

10 EO7 

11 

Imperial 

Valley 
10/15/1979 SS 6.50 

EMO 

12 Morgan Hill  4/24/1984 SS 6.15 HAL 

13 NPS 

14 
Palm Springs  6/8/1986 OB 6.09 

DSP 

15 DOW 

16 

Whittier 

Narrows  
10/10/1987 RV 5.93 

NWK 

17 PTS 

18 

Superstition 

Hill  
11/24/1987 SS 6.40 

ELC 

19 LGP 

20 
Loma Prieta  10/17/1989 OB 6.90 

STG 

21 Sierra Madre  6/28/1991 RV 5.56 COG 

22 Erzican  5/13/1992 SS 6.63 ERZ 

23 Landers  6/28/1992 SS 7.20 LUC 

24 JFA 

25 RRS 

26 SCG 

27 SCH 

28 

Northridge   1/17/1994 RV 6.70 

NWS 

29 AEG 

30 
Aigion  6/15/1995 NM 6.33 

AEG 

31 ARC 

32 SKR 

33 YPT 

34 GBZ 

35 

Izmit  8/17/1999 SS 7.40 

GBZ 

36 TCU052 

37 TCU068 

38 TCU075 

39 TCU076 

40 

Chi-Chi  9/20/1999 OB 7.60 

TCU129 

 

 

Ground motion database
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40 near-fault ground motions
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Τεχνική Μετάθεσης Αξόνων
Ελαστικό – πλήρως πλαστικό σύστημα
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Beam Analog Approach 
graphical representation



Displacements due to elementary pulses
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