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OUTLINE

s Progress off CAGD before NURBS (1964 — 2003, ...), and the
s First ideas on CAD/CAE integration (=1972, GM)

= NTUA research 1984-1989: Pre-1GA (C-elements)
m Using a reduced cardinal B-spline

n Pre-IGA: BEM analysis (1991-1992)

s Bezier patches and relevant macroelements (1992)
s Pre-1GA: Volume Blocks (3D)

s Pre-1GA Colloecation Method: 2004-2006-2007

= Applications:

m [aplace — Poisson, 2D-acoustics, 2D-Elasticity, Plate-bending, 3D
problems — Shape optimization
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Spline Interpolation (< Schoenberg 1946)

Non-decreasing sequence of breakpoints: Xx,, X,..., X, X

3

f(x):ao+alx+a2x2+a,3x3+nibj <x—xj>

=1 +
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“Modern’” consideration of B-
splines

Non-decreasing sequence of knots: u,,u,,...,u_ ,,uU

de Boor (1972)
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Chronoelogical seqguence of CAGD

— = Coons Interpolation (S.A. Coons: 1964)
s Gordon's interpolation (W.J. Gordon: 1971)
m Bezier interpolation (P. Bezier, 1970)

= B-splines (J. Schoenberg 1946, C. de Boor
1972, Cox 1972)

s NURBS (L. Piegl, 1988, between others)—> IGA
m [-splines
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SOMe pPIoNeering papers

MIT/LCS/TR-41

SURFACES FOR COMPUTER-AIDED
DESIGN OF SPACE FORMS

Steven A, Coons

T 1967 http://publications.csalil.
mit.edu/lcs/pubs/pdf/Mi
T-LCS-TR-041.pdf

RATIONAL POLY RO

o
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Mumer. Math, 21, 100 — 129 [1073)
by Springer-Verlag 1973

_ Wﬂllam.l Gurdon ha becn a pr fessor of

Drexel Umversuy in Phl]ade!phla smce
1979. In addition, he is director of Drexel's

center for interactive computer graphics. Transfinite Element Methods: Blending-Function Interpolation 1%
Prior to joining Drexel, he was a visiting
scientist at IBM’s T. J. Watson Research Table §
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Center, spent 11 years at the General
Motors Research Laboratories, and from
1976 to 1978, served as liaison scientist for
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= (M) as b =0
= G as b= 0

Transfinite Element Methods:

the London branch of the US Office of Naval Research. Gor-
don has taught at the University of Utah, Syracuse University,
and the University of Detroit. His current research interests in-
clude the mathematical foundations of geometry modeling.
Gordon received his DSc degree from Brown University in =4, fy= 2,
1965. He is a member of ACM, SIAM, and the AMS. |
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Blending-Function Interpolation over Arbitrary
Curved Element Domains

William J. Gordon

Mathematics Department, Research Laboratories, General Motors Carporation
Warren, Michigan

Charles A. Hall
Department of Mathematics, University of Pittsburgh, Pittsburgh, Pennsylvania

Received April 17, 1972

Abstraet. In order bo better conform to curved boundaries and material interfaces,
curvid] finite elements have been widely applied in recent years by practicing en-
gineering analysts, The most well known of such elements are the "isoparametric
elements."" As Zienkiewicz points out in [18, p. 1327 there has been a certain parallel
between the development of “element types” as waed in finite element analyses
and the independent development of methods for the mathematical description of
general free-form surfaces. One of the purposea of this paper s to show that the
relationship between these two areas of recent mathematical activity is indeed quite
intimate, In crder to establish this relationship, we introdece the notien of & * trans-

-

finite element' which, in brief, is an invertible mapping T from & square parameter
domain & onto a closed, lmumiu.cl. and simply connected region & in the sy-plane
together with a “transfimte” h]emilnp{ -function type ||'|Le1Pt:||.:LtH to the dependent
varkalle f defined over # The '1-|:|]|1.'|‘1Ian'|eLr|i_ ' :l'il:”:l::l'l.:l‘hm"i:l':u ' and "supﬂ'
parametric” element types discossed by Zienkiewicz in [18, pp. 137-138] can all
b showm to be special cases obtaingble by varrous discretiz: wtions of transfinite elements
Actual error bounds are derived for a wide class of semi-discretized transfinite elements

|:1.'ril:h. the nature of the mapping 'T e @ remaining ul]:.p-r_'ti.ﬁr_'d:l a5 u]_.'r].ll.md Bor twes
tyvpes of boundary value problems. These bounds for semi-discretized elements are
then specialized to obtain bounds for the familiar istparametric elements, Whils we
consider only two dimensional clements, extensions to higher dimensions is straight-
forward,
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MNumer. Math, 26, 135 —178 [1974) .
@ by Springer-Verlag 1976 J. €. Cavendish et al.

T"FW“ of (=) ¥(x)e B,

Ritz-Galerkin Approximations in Blending Function Spaces - suppoct of &, (xh-ixe H(E, < &,)
James C. Cavendish, William J. Gordon, and Charles A. Hall

Received June 24, 1974

S‘ummary. This paper considers the theoretical development of finite dimensional
bivariate blending function spaces and the problem of implementing the Ritz-Galerkin
method in these approximation spaces. More specifically, the approximation theoretic
methods of polynemial blending function interpolation and approximation developed
in [2, 11-13] are extended to the general setting of L-splines, and these methods are - support of $,(x) (e B,
then contrasted with familiar tensor product techniques in application of the Ritz-
Galerkin method for approximately solving elliptic boundary value problems, The
kew 1o the application of blending function spaces 1 the Ritz-Galerkin method is
the development of criteria which enable one to judiciously select from a nondenwmer-
ably infimite dimensional linear space of functions, certain finite dimensional subspaces
which de not degrade the asymptotically high order approximation precision of the i,
entire space, With thess criteria for the selection of subspaces, we are abla to derive a Py
virtually unlimited number of new Ritz spaces which offer viable alternatives to the
conventional tensor product piecewise polynomial spaces often employed. In fact, we Fig. 1. Regions of support for particular basis functions in 8,, By and Hﬂ.{i‘xﬂy}
ghall see that tensor product spaces themselves are subspaces of blending function
spaces; but these subspaces do not preserve the high order precision of the infinite
dimensional parent space. _— ; : . .

Considerable attention is devoted to the analysis of several specific finite dimension- UHo[W;.-Xﬂ,J}' In F-"B"-lm 1 we show the regions of support for t}"P“-’C!J- basis
al blending function spaces, solution of the discretized problems, choice of bases, dements in B, and B, and H®, %%} for the case h=Hh =13, h=Rh=1/0
ordering of unknowns, and concrete numerical examples, In addition, we extend thess . N 2 - s s N . . R
m'ﬂatiﬁs o bﬁuntl;lr:,' value pruhle-.msdeEinedonp]anParreg'iannwithcurvod houndaries. mmatm of 2 Rﬂz"_:ﬂ]erlsm approximation to (29a—c) in a L'mte’_ i

mensional function space Sy, is equivalent to solving a linear system of equations

Kz=F (39)

1. Intreduction

In this paper we provide a theoretical development of finite dimensional
blending function spaces, and we consider the utilization of these spaces in Hitz-
Galerkin methods for the approximation of two-dimensional elliptic boundary
value problems.

In Section 2 we begin by extending the analytic theory of blended interpola-
tion developed in [2, 11 —13] to the more general setting of L-splines. We also
consider methods for the discretization of L-spline blended interpolants and present
approximation theoretic error bounds for these finite dimensional function sub-
spaces. These results are used to derive asymptotic bounds on the discretization
error involved in Ritz-Galerkin approximations to second-order elliptic problems
by functions from a finite dimensional subspace of an L-spline blended space.
We conclude that by the judicious choice of such subspaces, one may obtain
finite dimensional Ritz spaces having the same asymptotically high order of
approximation as the original nondenumerably infinite dimensional parent space.
Moreover, the resulting finite dimensional blending function spaces are of consider-
ablysmaller dimension than conventional piecewise polynomial tensor product spaces
of comparable asymptotic accuracy. The results presented in Section 2 serve to Fig. 2. Ordering unknowns far the stencil in F .
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340, 0=7(0, 1) Year 1976

e

37(s,0)=1(s, 0)
se(1, 9=F(1,2)

— X

Fig. 5. A domain transformation s7: J — 2 such that sf: 8 J > 080

Example 4. Consider the problem
= F:ﬂ =.ir1 [::l:.l":l Eﬂ
w=0 (% y)jeifd

where {2 is the region in Figure 7.
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INTERNATIONAL JOURNAL FOR NUMERICAL METHODS IN ENGINEERING, VOL. 11, 1405-1421 (1977)

SUBSTRUCTURED MACRO ELEMENTS BASED ON
QCALLY BLENDED INTERPOLATION

JAMES C. CAVENDISH AND WILLIAM J. GORDON
Mathematics Department, General Motors Corporation, General Motors Technical Center, Warren, Michigan, U.S.A.

CHARLES A. HALL
Department of Mathematics and Statistics, University of Pittsburgh, Pittsburgh, Pennsylvania, U.S.A.

SUMMARY

In this paper we describe a new class of locally refined macro finite elements which are especially amenable
to the use of substructuring techniques for the efficient solution of the resulting idealization. The tools and
guidelines illustrated by the examples of modelling crack tips, point load singularities and singularities at
re-entrant corners should enable an analyst to construct other such blended macro elements specifically
tailored to his particular class of problems. The use of such substructured macro elements in finite element
calculations permits substantial reduction in the manual effort of data preparation and the computational
cost of numerical solution.

GMSOLID
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INTERNATIONAL JOURNAL FOR NUMERICAL METHODS IN ENGINEERING, VOL. 20, 241-253 (1984)

A NEW CLASS OF TRANSITIONAL BLENDED
FINITE ELEMENTS FOR THE ANALYSIS
OF SOLID STRUCTUREST

JAMES C. CAVENDISH
Mathematics Department, General Motors Research Laboratories, Warren, Michigan, U.S.A.

CHARLES A. HALL
Department of Mathematics and Statistics, University of Pittsburgh, Pittsburgh, Pennsylvania, U.S.A.

crankshaft bracket connecting rod

Figure 2. Solid parts designed on GMSOLID SUMMA RY

Recently developed computer aided design systems for the design and modification of complex physical
solids using interactive computer graphics offer the exciting possibility of an integrated design/analysis

GMSOL' D system. Called geometric modellers, these systems build complex solids from primitive solids (cubes,
cylinders, spheres, etc.) and macro solids (combinations of primitives). To provide an effective finite
element analysis capability for these systems, methods must be devised to ease the burden of discretizing
the solid geometry into a user controlled finite element mesh. In this paper we describe a new class of
transitional blended finite elements which make substantially simpler the task of finite element mesh
generation and local mesh refinement. Computational experience indicates that numerical accuracy is
not compromised by use of these flexible elements.
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GMSOLID
(1984)

Figure 5. A blended transition element

Figure 6. An assembly of compatible finite elements
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A NEW CLASS OF TRANSITIONAL BLENDED
FINITE ELEMENTS FOR THE ANALYSIS
OF SOLID STRUCTURESY

JAMES C. CAVEMDIEH
Maherearics Departesesr, General Morors Research Laborazories, Warren, Michipan, 1154,

CHARLFES A HALL
Deparmeenr of Matkematics ared Stadisdes, Ueiversity of Pirerbargh, Plesburgh, Peansyleanla, [LEA,

SUMMARY

Recently developed computer asded design systems for the design and modification of complex physacal
solids using interactive computor graphics offer the exciting posstbdlity of an integrated design fanalysis
system. Called geometric modelbers, these systens bulld complex solids from primitive solids (cubes,
cylinders, spheres, ¢ic.) and macro solids (combinations of primitives). To provide an effective finite
clement analysis capability for these systems, methods must be devised 10 ease the burden of discretizing
the solid geometry into a wser controfled finite element mesh, In this paper we describe o new class of
transitiona]l blemded finite elements which make substantinlly simpler the task of finite element mesh
generation and bocal mesh refinement, Compadtational experience indicates that numerical accurncy is
ol compromised by use of these flexible elements.

INTRODUCTION

Computer sided design |(CAD) systems have proved to be extremely useful for the automation
of two-dimensional design and drafting procedures. Motable success has also been achieved
by three-dimensional CAD systems for the design of curves and sculptured surfaces in the
automobile, acrospace and shipbuilding industrics. Although such so-called wire-frame CAD
systems based on sculptured curve/surface technology are uscful for the design of smooth
exterior surfaces (for example, automobile sheet metal pancls), they are awkward and difficult
1o use for the design of solid functional components such as automobile pistons, connecting
roels, crankshafts, housings or other parts that are typically cast, moulded or machined. Several
CAD systems have recently been built for the design of such solid objects. Among the most
interesting approaches have been systems which combine (via unions, differences and intersec-
ticns) many copies of a few basic primitive solids (blocks, cylinders, cones and spheres) in the
design of complex parts. Figure 1 illustrates a simple example of these set operations applied
to & block and a cylinder.

A wery relevant question is whether or not a part designer can (with reasomable experience)
successfully manipulate solid primitives (stead of lines and curves) in a two-dimensional
graphics setting to generate compater representations of functional solid pars. Figure 2
contains examples of such functional parts designed on the solid geometric modelling system,
GMSOLID, developed at the General Motars Research Laboratories.' GMSOLID is a

# Presented at the S1AM 30ih Anmiversary Mueoting, Stanford University, 19-23 July 1982,

10.12.2020

A COCAVENDIEH AND €. AL HALL

Figgare 5. & Wesded transinion ¢lement

of the difficulty of the problem. Suppose, however, the user had in his finite element library
u solid element with the node fedge configuration displayed in Figure 5. This transitional finite
clement would be compatible with the decompositions of block 1 and bleck 2 (thai is, the
entire finite element assembly would yield a continuous displacement feld) and could be used
1o model block 3, as dlustrated in Figure 6.

Aldthough such teanaitional blended elements currently do not exist in commercial finite
clement cades {of, the later section, ‘Some compuiational experiences'y, the formal interpola-
tion formulae needed for their construetion are well understood and have been documented
and analysed in, for example, Reference 3. In addition, convergence resulis can be developed
for thesc solid clement types as simple cxtonsions of the analyses cstablished in Beference 2
for planar blended elements. Expanding a finite element library to include hlended transitional
solid elements provides basic building blocks which considerably reduce the task of structure
decomposition and mesh refinement. One possible approach which exploits the solid geometric
modeller during the design phase would be to define finite element decompositions of the
modeller’s building blocks (the primitives or macro solids). Transitional blended finite elements
could then be used 1o join together the building Blocks as the part was being designed (see
Figure 7).

In the next section we give a brief account of the construction of transitional blended finite
clements. Then, in the third section, we discuss the computational experience we have had
with the usc of blended elements for modelling two problems: (1) modelling stress distributions
around a circular hole in a loaded plate, and (2) modelling stress intensity factors associated
with cracks in three-dimensional structures. Our numerical results indicate that uging blended
finite clements with a small total number of degrees-of -frecdom compares very favourably
with standard finite element idealizations using more elements with far more total degrees-of <
freedom, We conclude the paper with a summary and some comments in the inal section,

CONSTRUCTION OF TRANSITIONAL BLENDED ELEMENTS

A blended finite element is any element whose definition is based upon hlended interpalation
methods.” For case of cxposition we consider first a specific two-dimensional blended transi-

Figuare 6. An assembly of compatible finite elements
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Capyright 1903 by Blaswiez Sclescs boblichlzg Company, TR0
HWUMERICAL GHID GEREZRATION
Jog F, Thempson, sdiker

Gordon’s last work

TRANAFIHITE MAFFINGE AHD TIOIR ACTLICATION TO CREID CEEERATION

WILLIAM J. GORDOH AND LINDA C, THIEL
papasrmant of Marhemarioal Scisanee, Dreesl Oniversity,
Fhiladelphia, PA L9104 USA

SUMMARY

The two essential Lngredients of any boundary value problen are the fisld
#quations which descrihe the physice af the prablas and a4 set af ralations whigh
specify the gesmatey of the problsm domain. Mesh generators or grid generators
are preprocesscrs which decemgose the preblem domain ipte a large numbar of
lntercennectad finita slamanta or curvilinsar finite difforenos ctapcile. A nom—
ber of suoh technigues have baen developed cver the past decade ©o allaviate the
trustration and reduce the time invelved in the wedicus manual subdividieg of &
complex=shaped region ay -0 STructure into finice slemsncs. Cur purpose hero
is to describe how the technigues of bivariate and trivariate “"blending functisa”™
interpolation, which were originally develsged for and applied to geometric gree
bleme of conputar-aided design of sculptured surfaces and J-D esllds; can be
adapted and applied to the geemetric preblesms of grid generation. In contrast

to other technigues which veguire the numerical solutisn of somplex parelal d4f-
farantial equacions [and, hence, & great deal of computingl, the transfinite
methods proposed herein are computationally inespensive,

This mxoing wos generated vio (18) by mopolng the
1. INTROGUCTION polrmt (1171412} in the s.t-plane onto the polnt
¢ver the past decads, a rumber of schemés have been developed for automating (,326,.534) In the x,vplane, The boundary seqrents are:

the gqensratinn of flnite slemant and curvilinear finikte difference arida. krong

these, the transfinite mapping technique of Gordon and Hall[5] has been shown to

have & nusber of advantages (cf. [6],(7]1. Soms of these ars: - =3 -3+ cos ML)
L. Buast medeling of beundaries Fl,t) = [—3] » Fil,t) = -3+6 sin ft/2)
2, Minimal input effort ~ -3

J.25- Bs - 05F , T cs< 83

i3

=3 &

=3, ntheralse
3

fg -

3. Autonatic node comnectivity definition *
4. wWell-suited to interactive graphles lepleseastatloa FI&D!
5, Good correlation between boundary redes and interior mesh
6. Computationally efficisnt

7. Easy axtension t2 thraa dimaraions.

34.5- 5 -65°, §cs< B

- otherwl se
3

J
|

+
(g1} =
We use the term "trassfinite” to desceibe this oclass of technigues aipca, Fle.

uplike classical methods of higher dimersional Lnterpolation which match the
primitive fuaction ¥ at & finite nunber of pointe, the transfinite methods match
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INTERNATIONAL JOURNAL FOR NUMERICAL METHODS IN ENGINEERING, VOL. 12, 1841-1851 (1978)

Cavendish’s ~last work

BLENDED INFINITE ELEMENTS FOR PARABOLIC
BOUNDARY VALUE PROBLEMS

JAMES C. CAVENDISH
Mathematics Department, General Motors Research, Warren, Michigan, U.S.A.

CHARLES A. HALL
Department of Math tics and Statistics, University of Pittsburgh, Pittsburgh, Pennsylvania, U.S.A.

0. C. ZIENKIEWICZ

Depariment of Civil Engineering, University of Wales, Swansea, Wales, U.K.
{a) Y5 d,o.1. WEDGE (b) VARIABLE d.o.f. BLEWDED BRICK

Figiare 4, Micro elements used to design the maore element

International Journal of Fracture, Vol. 15, No. 3, June 1979
© 1979 Sijthoff & Noordhoff International Publishers
Alphen aan den Rijn The Netherlands

Hall's ~last work

A macro element approach to computing stress intensity
factors for three dimensional structures

C.A. HALL : i"_‘“%ﬂ/-

rack

Figare 1. Macro element

Institute for Computational Mathematics and Applications, University of Pittsburgh, Pittsburgh, v
Pa. 15260, USA b !

M. RAYMUND and S. PALUSAMY ﬂ."

Westinghouse Electric Corporation, Nuclear Energy Systems, Pittsburgh, Pa. 15230, USA Figure €a. Groups 110 IV of the channel

{Received November 25, 1977; in revised form July 27, 1978) T

12
Figure fic. Oirbil designalion

Figure & Micro glement pisembluge
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NTUA-attempts
since 1984
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Finite Elemenis iw Awafinis ang' Design § [198%) 97105
Elsevier Science Publiskers B.V_ Amsierdam — Ponied in the Netherlands

ON THE SOLUTION OF LAPLACE AND WAVE PROPAGATION PROBLEMS
USING “C-ELEMENTS"

Andreas E. KANARACHOS and Dimitris G, DERIZIOTIS
Mechanical Exgimeccing Dipartesent, Navional Technicel Uwicvesity of Awes, Greece

Received June 1988
Revised November 1988

Abestract, This paper tackles the solutton of Laplace and wave propagation problems using large Besplines-
finite-cleménts based on Coons™s inlerpolation method {~ C-elements” ). C-elements are characsenzed by degrees
of Frendosn appearing cnly at the clemént bosndaries and can be wsed in 1be solution of boik static and dymemic
prohlems. They are described in detail and compared 1o boundary asd Nmite elements. Fenally, numerical resoles
are given that smsiain theopetical stalements,

Intrasduction

The development of “large” elements with the purpose of reducing mesh gencration work
load, the todal number of degrees of freedom, as well as the computational effort in both the
statie and dynamic regimes, has kept researchers busy for a long time,

In the context of finite element methods (FEM). isoparametric elements were first intro-
duced in [13] and [31]. It was [rons [18] who generalized the idea of arhitrarily noded elements.
Isoparametric elements were analyzed from a stricily mathematical point of view by Zlamal
|33] and then also by Ciarlet and Raviart [6]. Blending function methods based on the ideas put
forward in [§] have been wsed to produce some interesting element families [16]. These methods
have been extended and generalized in [1-3, 15] El-Zafrany and Cookson an [12] also use
Coons's ideas,

On the other hand, “large™ elements are introduced in a most natural way by the boundary
element method (BEM) [4] and by schemes [19-21] based on Treffiz's method [30) These
require knowledge of the fundamental solution of the problem under consideration.

The present work proposes the use of “large” B-splines finite-elements (* C-elements"™) based
on Coon's interpolation theory, with degress of freedom appearing only ai the element
boundaries. C-glements can be applied 10 both static and dynamic problems

In the sequel, fundamental Features of C-elemenis sre presented. At a second siage their
pnhformam:t is mmpamd 1o the finite element, as well as 1o the boundary element method.

C-elements methodology

Let us pose the following problems: First, the two-dimensional Laplace equation
st =T =0
and, second, the wave propagation egquation
(e Yu, = 7iu=0,

O16E-87aN B9 35 50 © 1980, Elsevier Science Publishers B Y.
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ALE, Kanarachos, DG Derizious ¢ Laphoce and waoe paonagaiior prollesia

Fig. 1, Besndary eurves w{ll £, u{l, 50, wl e, 00, wie, 1) amd “blesding fancuons™ £, andd E; of the C-clemen)

For C 7 —continuity discrete problems the blending functions are lingar and equal o

Efn)l=1-—n, Eln)=n (1)

The nmext step will be to determine a suitable discretization scheme along the C-clement
boundaries. Having prescribed ¢ (different) degrees of freedom on each  boundary.
wilh, 5, ), (1, £ ), efe, Opand wir, 1), i=1.2,..., g, appropriate interpolating formulae for the
functions wil, £}, w(l, £}, w(r, ¥) and wir, 1) are sought. Considering that g may be allowed to
be a large number, a Lagrangian interpolation polynomial would tend o produce undesirable
oscillations between two arbitrary abscissee o, and n 85 00 may possess as many as (g — 1)
maxima and minima over it entire interval of variation. For this reason, the wse of splines is
envisages:

Ciiven g degrees of Ireedom on a C-element-boundary at »#. n, #,. & spline function
Bin) of degree m is a function having the two following properties [10.14);
(11 In cach interval {n,, n,, b i=1,2.....9— 1, B{r)is given by a polynomial of degree m or

less.

{2} B{r) and its derivatives of order 1, 2 m— 1 are continuows everywhere

A commonly used sphne function s the truncated power Tunction (m=a )" for any
variahle n — R, and for any pusiﬁ\.-g 'inh,ea,e:r m. This function is defined by:

tn=n "= —n "
fn—n =0,

farn—n,=10;
|'-.’!lrr:— n, {0.

It is easaly seen [17) thai the function i) has a unigue represeniation of the form:

Biny=b,+bm+hn’+ oo kb ™ty T_ﬁ:ﬂ.f" =M.} B_Spllnes
<Schoenberg

=Pln)+ L afn—n)" Lt

with Pin) denoting @ polynomial of degree (s = 1) and a, properly chosen constants. The
mast common case is that of splines of order m = 4 (degree 3). that is of the cubic B-splines. If
now B (n), where n is either - or 5, denote cardinal splines of degree m. e

Bin)=4,. {14)
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NTUA-attempts since summer 1984

Fig. 1. Boundary curves u(0. 5), u(1. s). u(r, 0), u(r, 1) and “blending functions™ E;, and E, of the C-element.

u(r.s)=P[u]+P[u] - PP[u].
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NTUA-attempts since 1984

100 A.E. Kanaraches, B.G. Deriziotis / Laploce and wave propagation problems
then the functions w0, s), w(l, 5), uir, 0y and wir. 1) could be written in the following form:
@ q
w0, 5=} Bis)ul0, s,). u(l.s)= ¥} Bishull, s )
=1 =1

4 4 (15)
u(r. 0y = B(r)ulr.0), ule, )= % B(riu(r, 1) f
p=1

=1

|
L
In addition, the following equation holds: / : ___.—'——"
ulr, s) = Ey(r)u(0, )+ E(r)u(l. s)+ Eg{shul(r, 00+ E\(s)ulr. 1) LT
- AT/ an=l

11
+ ¥ Y E(r)E(shulr, s,)

i=0 ;=0

Natural cardinal cubic B-

splines

CeElem.: & nodes

ERRORS I6 X

Salutian FEH

(B L5 laga. 8.3 M
1.2 043 BEA ooy K Uslng
LR L] A1, ah%a 471

1428 A3 VTR

i |FEAP

14, 2887 A EERT
TR IT] TTRE
18.7142 .Tabd
R PER -2l L]
23 p4za HS00k
21 .2171 V. 18R
IT.1914 YA
a1.7817 LEOR
41 .349494

Fig. 4. Esample |- Tempeature distribulion in a long hollow cylinder with &, =4, &, =1 and radizl heat flow,
Comparisan of the 60-D0F C-clement wilhs the FEM (235-D0F, &-nodes bilknear clements).

[14] Faux, 1.D. and M.J. PRATT, Computational Geometry for Design and Manufacture, ENis Horwood, Chichester,
, — England, 1979,
~ NS {15] Gorpon, W.J., “Blending functions methods of bivariate multivariate interpolation and approximation™, SfAM
12 R AR 1.0 (Soc. Ind. Appl. Math.) J. Numer. Anal. B, pp. 158-177, 1971.
[16] Gorpon, W.J. and C.A. Harl, “Transfinite element methods blending function interpolation over arbitrary
curved element domains®, Numer. Math. 21, pp. 109-129, 1973.
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NTUA-attempts since 1984

Mapping from the master (parametric) square to the physical Coons patch

splind:)

Numerical integration on internal cells (Gaussian quadrature)

20
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NTUA-attempts since 1984

30/dn=0
N\

C-element: much
better than
DR/BEM
(Nardini-Brebbia)

Provatidis, 1987

C-Elem. : 32 nodes

T DOP 120 DOF 32 DOF

'1322 0. Fig. 6. Example 3: Eigenvalues of an

6 09 ‘ acoustic cavity withc=1, a =25, b=11

12.486 . and Neumann boundary conditions.

12??2 Comparison of the 32-DOF C-element

18.98 > 2 with the FEM (77-DOF, 4-nodes bilinear
12.31 -9 elements) and the BEM method (120-

9! 5 DOF).

oo

[ S )

—
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NTUA-attempts since 1984

Natural cardinal cubic B-splines

AN

(m=n"={n—n}". form-—mn =0

(n—n Y90, wa-n<o lruncated power

It is easily seen [17) that the function B(#) has a unigue representation of the form:

a—1

Blry=fy+bn+bnt+ oo kb n™ e Y A ()

- OId-'f-ashioned Bspline

g
=pPny+ ¥ oadn—n" {13}
i
with P{n) denoting & polynomial of degree (m

msl comumon case is that of splines of order m =

now B (n), where n is either r or 1

AL AR

OMMMMAMANMY

0.2 O 5 0.

Fig. 3.10 Shape functions for nele =20 subdivisions (natural cubic B-splines)

Implemented in FEAP Details in: Provatidis, 2019, ~p. 109
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Activities 1990-1998

1990: (—1988) Greece purchased 40 pieces of Mirage-
2000 aircrafts - OFESETS.

= MATRADATAVISION-Palaiseau (Paris),
6-weeks training in. Bezier/B-splines/NURBS.

= \We proposed the implementation of In
but Matra-DataVision rejected the idea.

s Essen: VDI-Tagung (neighbors of Babuska-Szaho:
PROBE, Hinton-Owen, etc.)

x 1992-1993: A PhD in Bezier-FEA (J. Dimitriou)

s Seven PhD students abandened (Tutankhamun’s
Curse)
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ctivities —1992-1993

EONIKO METLOBIO MNOAYTEXNEIO NATIO
N < 3 THHMA MHXANOAOION oerr, o
\ \ FOATRE TOMEAT MHXANOACIKGN KATAIKIYON &
g b AYTOMATOY EAETEGY
I 4 AR 1.0, 4078, 15710 4OHNA ¥.0. 80X LA, 15710 ATHENS, GRLECE
(il \ < . VA FTAx) 0771600 TIrax, 170018
I\ KAGHTHIHL A. KANAPAXOL PROFESSOR &, KAMARACHOS

EONIKD METIOBIO DOAYTEXNEIO

THA MHXANGAOT TN XA

ToweAr JELANCADF KO KATAZKEYON
TOMATOY EAEFXDY

KABHTHTHE: A. KANAPAXOE

ENIBAENON: N. F0SIAL

NAL TECHNICAL UNIVERSITY OF ATHENS

F MECHANICAL ENGINEDUING

S e )
SNSSSESS Sy AIAAKTOPIKH AIATPIBH
- X g.-.;wr‘ngy = ——s I. AHMHTPIOY
“HONTEAONOIHEH KAI AIAKPITONOIHZH TPIZATAZTATON ENISANEION SRR : [
ME XPHEH TOY AATOPIGMOY BEZIER* SRR Y < g

A W’ i
B

"TIEITEPAXMENA XTOIXEIA XTHN BAXH

S 5
AR ANAAYTIKQN MEGOAQN CAD"
RN
}

1. H paBnpatic nepypogn pn TuRomompévay EMQaueldy KaL GYKGV ovegépeton otV
yevikdtepn e poppn oy TMopepfioky Coons. Katd my mopepfod avrd efvan
ehiuflepn M yenoworoinon empaveidy Bezier, NURBS xAn., éta1 cote 1 averépn
uefodokoyia va anotehel my avaluticd Baon epyaciag Yo kdbe npdfinua CAD.

2. Trov Topée MK&AE 1 napepfol Coons yprnoyiononifnxe yia my Snuoupyia evée
VoL TinoL KEREpaopévY aTotxelwv, Tav "C-Elements”, pe eE1peTiKG péxpt mg otiyprs
anoteréopate, Ta C-Elements ompifovtar ato yeyovis on n pabnpat mepiypag
me nopepfoddc Coors Sryuoupyel autdpate g shape functions yw kdfe Babud
eAeobeplug, dnws autés anaitoivial and my Bewple TV TETEPAREVOY oToLEmY, Kat
enopévg 1 TEpYPagT ol péva g yeepetplag rapdyer Ty and my peBododoyia CAE
AINAGMATIKH EPTASIA anaitoipevn pafnpatik fdon.
AHHTPIOY TOANNH
ABHIA 1992

3. Tra rlafoie mc Awrpific tou k. I Ampmrpiou, n avetéxe pebodoroyia ba
avantuylel mEpeTeipn pe TV ewayey exgaveudy Bezer ko NURBS, xa 6a
srexcradel koplog oe npofhipata adaptive. Awsukpiletal 671 M xpnoyonotnon Ty C-
Elements fygt 10 mheovéxmpa dm 8ev anawefar mhéov M Slaxprtonoinon (mesh
generation)!

4, 0 x. I Anunyeplon Ba hdfer mhnipn Bewpnrikd kot mpokTik (1. LT pxov TpoYpajyLa
C-Elements) vrootipifn and tov Toufa. H wwaitepn enifileyn avarllerar otov x,
Mpofatidn, o orolog ka1 Ba sival pélog me TpieRole EnITponTE ToL Ba emphiéner T
Sietpifr. O k. Anunrpiov éxer Tv umoxpEnon GuvexotG rpodinong e Sutpiic Tou

= = \ " it 1 Epeva otov ybpo autd mpoywpd Biedvd, Kol EROPEVES URAPYEL kivéuvog M
M I n I l | N I l | R F 1 1 avorépn Sutpi v Kataotel avedapik sav ta aretehiopata Sev Epovy eyraipos,
% : == Afva, 24 Mapriou 1993 Kowomoinan: i
¢ - Aéktwp Ap. Xp. [TpoPartién
(>10,000 commands ] < e

in Turbo C v.2.0, i A
Borland)

PhD Thesis: Finite Elements based
on Analytical CAD-methods
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ECCM’99, Munich, 28 Aug-3 Sept. 1999.

Ay
ECCM 99 On the use of Coons’ interpolation in CAD/CAE applications
CHRISTOPHER FROVATIDS & ANDREAS EANARACHDS
Deparment of Mechinical Engineering

y Nationsl Techiesl Univessiey of Albens
\ ¥ Heroon Folytechniou Avesse, Togralos Campus, OR-157 73 Athe
b August 31 - September 3 GREECE =

A \g Miinchen, Germany prowatoaificeniral.nhua gy
Ch. Provatidis |\

& European Conference on
Computational Mey

A3l Seoieail European Conference on

Computational Mechanics
. Technische Universitit Miinchen,

Abutrect: - This paper presenis e several possibilities of using the Cooms” imerpolation in both CAD and

CAE applicatize. 2 & shows that st caly ourvilisear surfisces smay be ilerpulaied (i iL is well knowa frem
e literature). bui ko finite clement meibies may be developed im smy arbatranly -shaped domais. Momover, i
ummunmmmwwmmmmmmwnrmw;
o the houndaries nely, wing glokal shape furctions ihat are hased on the wme intepolation. The theory &

A NEW APPROACH OF THE FEM ANALYSIS OF TWO-
DIMENSIONAL ELASTIC STRUCTURES USING GLOBAL (COONS’S)
INTERPOLATION FUNCTIONS

Andreas E. Kanarachos, Christopher G, Provatidis, Dimitris 3. Deriziotis
and Nick C. Foleas

Department of Mechanical Engeneermyg
Manonal Techrical University af Athens, Greeee
e-mail: prowalon(oentral . mus gr

Key words: Finite elements, Coons interpelation, Macro-clements, Elasticity

Abstract. Thiz paper indroduces the wse of global two-dimersions! firile elements (macra
elemenis) bazsed o the Coons 's imerpolation theory, witk degrees of freedom appearing only
al ke boundaries of the domain, The serhod con be also combined with S-splines
inrerpolation and it i generally applicable o emy arbitrare shaped wo-dimensional dowmain.
it is mecessary, the domain can be paritored in a small susiber of remdarly shaped macro-
elemerts, where displacement (C°) corrinuily is satisfied per se, ¢ is shown that the propaded
miacro-elements are successielly applicable to borh  elasio-statie and  elasto-dynamic
probiems. The propozed metkodology is general and cam be also applied ro other engineering
problems suck ar potential problems, acoustics, plate hending, end so on

sasiaived by oee typical two-dimensonal appboaiion of 1 U-noiched elastic stuchoal member,

Eru.Wearde: . CANCAR Crens’ inemolbine. Finite Plameni Maibod (FRAL Wb grneratica. acm.
elemenis, Flasric Sorsciures, Motched members, SETess ooscea ralion.

1 Intreduction
The techmique of biviriae <blendngs Binonon
inierpolation of 5.A. Coons [1]. was developed and
ippled 10 geomemical problens of compater-tidsd
design and nemerically coatmlled mackinirg of fres-
Eorm sarfsoes. Since then, the method bas been wsed
aisa in mary engineenng spplicatiins lhal rquie e
of tireedmensions] surfaces i a form
susiable for umerical amalysis, such a3 i the Fsile
clemen method and is el geseralion ntlems
[E7-19).
LDLWMHHMKN.I]RM_BI.
pich, sometimen defined by i four sumending
skies, which may be meshed using sy soonifinais-
i g echaigee such s blending peccesus: [8-19]
and others [6.27)
With pespect s the polyrcmial degres of (he Bnbe
!uul.u,m:l mafy yesm of ming wmallaise
anes |6], the k of “largs®
clemenis with the purpose of redeciag mesh
peneritinn work koad, Se ol sumber of drgrees of
froadom, s well & the computational effort in both
Wi kS Syaarme wpme, has bepl recanhen
busy for o kag time. Historically, it was lroas. [7]
wha d e ied of wh ily sosded
lemeal, bul alss hiending fusction melhods baserd
on the ideas put foreard in [8] have been used w
produce: some imerestisg elemen) Tamilies [§,10,11)
Oim the other biad, “laipe” chements wens inodeond
by schemes [12-15] Based oa Teelhe's medod [4].
These, a8 well as e Bowndary Element Meshod
{BEM) [18], requirs krowlsdge of de fandimentd
solithon of the problem under conmderstion.

Coons's  imespolacon method has  been
peacralial in & enigee foerly fhar desceibes O
Ch, O mc. cootisuity of the B, sscond- and
hird esivative, respectivedy [17] In the comen: of
$e FEM, Coom's inepolaton s usad
for reesh pesemuiion s strectered  foursided
curvilinear paiches [18-201].

El-Zafriny and Cookson [11] me Cooms's ids
for ravc-dimeasional peoblems s cosjunclica wit
Lagnage sad Hermiie inverpolation  functions.
allowing a small sumbes of degrass of needom per
slement. Also. Thaobed and Zhigiang |24] apply
Cocma's surface: methad 16 G bossdary condiloss is
some Bemilies of finiie elament of plaies and shells.
The wke of lange B-aplines Nnite-clemens huted on
Coon s interpolation theory. with degresi of Beadon
sppeariag oMy & Be slemen bowndaries hes
appeared i teo-dimcasiona]  poicatial [25] amd
elasucity problens 28],

In ibis puages, u:mrynrfmm is briedly

for

piublems  wi E“-emumlq i curvilinear
eocedimaies, Then, i it explained bow @ is poosahile
10 wee thin TomEALE in CROCT 00 GORCTMG & Rrucheod
finite -clemest mesh, A =moothening procedure (e
ey significandy improsve the qualiny of the mesh s
Escunked, 0. 1n ihe soquence, the general deory of
cwating “lepe” Guite tlemenis {macro-slemenis) is
peesermesd and global cardinal (Q-Detype) shape
fusctioe we illmiraied. Fisally, Se thosesiical
aspacis are applisd 1o & structural member with tes
U-noaches of sectan palar secticn,

http://www.wseas.us/e-

(TWO PhD Theses discontinued) library/conferences/athens2000/Papers2000/547.pdf
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C-element

s Minimizes erroers In aata transrer from CAD
(geometric) model to FEA modeling (Casale 1989)

s Needs less “/abor costs’ for meshing
= Accuracy. In high-freguency: analysis
m Uses as rfewer DOF as possible (It Is a p-version)

s Convenience in shape changes, during the
design cycle (control points, whatever It means)

m Accurate representation of geometry (as much
as possible)

27
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Two OPTIONS: Patches & Blocks

The problem domain o e
m 2D patches
m 3D blocks

Global approximation in
m  Quadrilateral patches
m Volume blocks
= Triangular patches Veny 20, Patchos

Applications
m Laplace — Poisson
m 2D-acoustics,

m 2D-Elasticity

m Plate-bending
= 3D problems
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CAD/CAE Integration using B-
splines (1/5)

s Casale, Bobrow & Underwood (1989, 1992): Trimmed-
patch boundary elements: bridging the gap between

solid modeling and engineering analysis. Computer-
Alded Design 1992;24:193-199

s Park & Lee (1997): Trivariate NURBS
s Martin & Cohen (2001): Trivariate B-splines

s Kagan, P., Fischer, A., and Bar-Yoseph, P. Z. (1998).
New. B-spline finite element approach for geometrical
design and mechanical analysis. /nternational Journal or
Numerical Metriods 1n Engineering, 41:435-458.
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CAD/CAE Integration (2/5)

s Kagan P, Fischer A. Integrated mechanical based CAE
systems using B-spline based finite elements. Comput
Aid Des 2000;32(8-9), 539-552.

s Kagan, P., Fischer, A., and Bar-Yoseph, P. Z. (2003).
Mechanically based models: Adaptive refinement for B-
spline finite element. /nternational Journal ol Numerical
Methiods In Engineering, 57:1145-11/5.

s Clark BW, Anderson DC. The penalty boundary method
for combining meshes and soelid models in finite element
analysis. Engineering Computations 2003; 20(4): 344-
365.
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CAD/CAE Integration (3/5)

s Clark BW, Anderson DC. The penalty boundary method.
Finite. Elements in Analysis and pbesign 2003; 39: 387-
401.

s Clark BW, Anderson DC. The penalty boundary method
for combining meshes and solid models In finite element
analysis. Engineering Computations 2003; 20(4): 344-
365.

s Natekar D., Zhang X, Subbarayan G. Constructive solid
analysis: a hierarchical, geometry-based meshless
analysis procedure for integrated design and analysis.
Computer-Aiaead Pesign, 36(5), 2004, pp. 473-486.
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CAD/CAE Integration (4/5)

> The solution U (x, y) of a PDE in a 2D domain
constitutes (represents) a curved surface.

> A curved surface can be approximated using CAD
formulas.

> CAD formulas for a surface (Farin, 1990):
> Coons (1964)
> Gordon (1971)
> Bezier (1970)
> B-splines (Schoenberg: 1946, De Boor: 1972)
> NURBS (Piegl & Tiller = 1985, among others)

> Using any: NEW' CAD fermula, a NEW macro-
element can be created
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CAD/CAE Integration (5/5)

= In some CAD interpolation formulas (Coons,
Gordon-transfinite) the functional set of global
pasIs functions IS n/aaen.

= In the rest formulas (Bezier, B-splines, NURBS)
It IS more apparent.

Around 1990, the Journal COMPUTERS & STRUCTURES published a
lot about B-splines FEM.
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Extension te Axisymmetric Analysis

Computers
& Structures

FINITE ELEMENTS
IM AMALYSIS
AND DESIGMN

PERGAMOMN Computers and Stroctores T Finite Elcments in Analysis and Design 39

waw sl vier fhoaz i o s s

Performance of a macro-FEM approach using global
interpolation (Coons’) functions in axisymmetric
potential problems

-

of axisymmetric structures using Coons’ interpolation

Christopher G. Provatidis *

Averue,

Ch. Provatidis *, A. Kanarachos

Deparrmer of Mechanical Engincering, ol d - L weokmion Ao

paper in ? 5
behind the proy y is the use of the interpolation formula developed by Coonz
s in automofive industry, in which it is shown that it is capable of interpolating the displacements
of a structure. The de
patch boundaries and can be wsed in the solution of displac
zchemes for the interpolation of the boundary data, us
e, Wimnencal nesuls
sunelary elements and

ce BV, All rights reserved.

Ky v Finfie slements; Macro-slaments; Aviymmetnic; Poiential pro hlsms; Glohal mterpalaton; C " imterpalation; Compuoier

sided design Lamge clements; Macro-clements; Global interpolation

(2003)
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Coons-patch macroelements in potential Robin problems

. G. Provatidis

Abstract This paper investigates the performance of large
isoparametric inike elements based on the Coons’ patch
interpolation Brmula in the analysis of two- dimendonal
and axisymmetnc polentia problems with mized (Robin)
boundary conditions. This formula allows the global in-
terpolation of the polential, &g tempe e, within the
whole domain and leads to the so-called “macmelements™,
where the degrees of freedom appear only at the element
boundaries Numerical results including a steady-sate
adsymmetric themmal problem and simple 1est problems in
two dimensons from literature, sustain the proy

method, which is seccessfully compared with conventional
fimite elements, boundary elements and exact anal ypical

wolu Lo

Coons-patch Makroele mente in Fobin

Potentiglproblemen
Lusammen fassung In diesem Beitrag wird die Anwen-
dumng von grosen soparametrischen Finiten Elementen,
mit Hille der Coons’ schen Formel, fir die Losung von zwel
dimensionalen sowie rotationssymmetrschen Potencial-
problemen mil gemischien | Robin) Randbedingungen
untersuchl Diese Formel edauli die globale Interpolation
des Potenzials, wie z.B. der Temperatur, im gesanien Ge-
biet und ermiglicht die Bildung von “Makroel eme nien”,
in denen die Freiheitsgrade nur am Rande des Elements
beriicksichtigt werden. Numerische Ergebrisse aus einem
stetigen rotation symmetrischen the mis hen Problem
sowie aus einfachen sweidimensionalen Testproblemen
sired @ der Literatur genomme n und mit den Ergebnissen
aus der Anwendung der vorgeschlagenen Methode vergli-
chen. Damit wird gereigl, dass die worgeschlagens
Methide im Vergleich mit der konventionellen Finite
Elemente Methode, der Randelemen tverfahren und mit
genaven anaytischem Lisungen erfolgreich st

List of symbols
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ree vector

heat transfer coefficient
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C. G Provatidis
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heat flux
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type boundany Ty
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ary oomnditions

Introduction

Current compuier aided engineenng (CAE) methods such
as the finite element method (FEM), boundary element
methed (BEM) and fnite differenceivelume methods
(FDM/FVM) are based on the local approximation of the
unknown vartable within each element or volume. How-
ever, the ongin of the computational methads is rather
the use of global approdmation [1-3) than local
approximation [4). After many years of wsing small-sixe
soparametric inike elements [3], the development of
“Jarge” elements with the purpose of reducing mesh
generation efon and relevamt total sumber of degrees of
freedom, as well as the computational effort, has kept
researchers busy for a long time. The idea of arbitmadly
noded elements is dee 10 Irons [6), but also blending
function methods based on the ideas put forwand by
Coons [7] have been used 1o produce some inlemsting
element families [8-10).

O the other kand, “large” dements were introdnced by
Hrousek and assoc mies [11-14) based on Treffic's method
[3]. These as well as the BEM (e.g [15]), require knowledge
of the fundamentsl solution of the problem under con dder-
ation, which satisfies the partial &iflerential equation,

10.12.2020
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Coons-patch macroelements in two-dimensional
cigenvalue and scalar wave propagation problems
Christopher G. Provatidis *

Deparmmamnr of Mechauical Engineering, Narional Techmical Uniwrsiny of Adhens, 9 Heroon Polyrecloion Anewss,

Zografou Campus, 157 75 Arkms, Grews
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Alsiract

Recenily, a gobal lmctional set has been proposed (or the comtruction of large linite dements, here called “Coons-
palch masmelemanis”, with degnees of freedom at the boundares only. The backgromd of the method s “Coons
mierpolabon lormuls™; a mathemabcal formuls capable of describmg CAD sufaces inilially apphed Lo aulomobils
apphcations. 5o far, these macroelements wens [ound Lo be accurake in potential and plane elasialy moblems. Based on
these encowragmy resulis, this paper contmues the mvestgtion on the miversality which Coomns miempolation formuls
olers m the development of 2 class of macoelements includng members. of the well-known seredapty fmmaily. In ths
eniexl, 1t & shown m 3 systewstic way that 11 B nol necessary 1o use Lagrange polynommals to misrpolate the potential
akmg each sde of the macroekanenl bul one may dioose pieewse-lmear adfor cubic Bsphnes misrpolants. More
over, Lhe paper mves igates the parfommance of Coons-paich macroslements in etgeny 2l ue and scalar wave propagalion

problems by mplementimg stamdard tme-inlegration schemes.

B 2003 Elsvier Lid, All righls neserved.

Keyworde Finite sement, Macroelament; Global approxmation; Coons imterpolation; Scular wave propagation; Computer-aided-

i gm (CAD)

L Iniroduction

Hlncally, bdore the applcation of the conven
tiomal lindte element method [1,2,43], which may be pro-
bably chamcermed & a local approxmmation methad,
early numerical methods usal Lo treal the entire problem
diaman as a global approxmsbion procalure [3.4] In
the sequence, apard From the wse of smallsee 1sopara
metnc finile elments, the development of “lage" el
menis anmngalreduang the mesh pemeration worklosd,
the todal number of degrees of lreedom, as well as the
compulational effor, has kepl neseachers busy for a
long tmme [5-7]. Acording o Zenkewscer [2, pp. 155
159], besides the well-known bilmesr and qusdratic
elemenis, cubic and quartic elements wene ongnally

Tel: 3010772 1530, fmc +30-210

demved by inspechon. Progresaon Lo yel higher mem:
bers, which cons titute the “Serendipaty famly, = difficult
amel requans some ingemuwly. A syslamabic way of gen
eralmg the saendipity’ shape lnctions was fist miro
ducal by Zrenkiewicz et al. [B] but a sompler fommulation
= that of Taylor [9].

Moreowver, Tag [10] sppearns Lo be the lirst who
menboned the coneepl of usmg shape lunchons Tor e
t=blshing curvilinear co-ordinates in the cnlext o finite
element amalyss. In his fist apphcation besic hnear
quadnialeral relabions wene eslablshal, while roms [11]
generahasd the xlea of arbitmrly noded dements. [t
= imerestmg that m Rel. 2, pp. 181-1582] there = a
special remark that . . guie mdependently the exencises
of deviang vanous practical methads of generatmg
curved surfaces [or purposss of engmesnng desagn led
lo the estzbhshment of smilar defimbions by Coons
[12], and indeed today the subjects of surface defin tions
amdl amalyss ame drowmg clser topether due 1o ths

045 TS - see front mater & H00% Elsevier Ltd All rights reserved.
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AD-FEA integration using Coons interpolation
Christopher G. Provatidis

Facalty of Mechameal Engineering, Nofional Technical Universiny of Athens, Zografos Campus, 15773
Athens, Gieere, Tel 1302107721520, Fac: - 30.210-7722337, Emanl: eprovericentral niva.gr

Abstract

This paper reviews recent advances and presents new findings towards an attempt ta integrate FEA
with solid modeling. The ebjecuve 15 to handle any sufficiently smocth mechanical component by
control lines ol its beundary only, for both purposcs: geomelry deseription and structwral mulli-physics
analysiz. First. it 33 shown that bivariale Coons intemolation is capable of developing two-dimensional
large finite macroelements without any internal nocles, as well as patchey of large three-dimensional
koundary elements. Secend. it s raminded that trivariate Coons interpolation is capable of penerating
three-dimensional fimte clement meshes within boxlike regions. for which @ new smoothening
procedure is bere proposed for the first time. Finally, it is shown that trivariate Coons interpolation is
also capable of developing Jaree three-dimensional fintte macroelements with the nodal powits aver the
boundary only and i many cases  along the twelve cdass of the salid rezion {consudered as a
curvilinear paralleloidal), which can properly adupled 1o each mechanical component Aspects of

scientific visualization and differences from K UIRIS representation are also discussad

Introduct

Integration between different communities seems to be a strategiv aim nowadays. As
an example. geometric modeling (CAD) and computer-aided analysis (CAE) are
usually individually powerful. but they do not always work well together. In addition
Lo that, integration belween geomelric design and scientific visualization or between
CALE and visualization is not a trivial procedure. Within the last years, some selutions

have been proposed by using trivariate NURDS as a unifiung representation. Also. the

From: John Woodwark [jrv@johnwoodwark com]
Sent: Tpim, 9 ZemrepPpiou 2003 2:45 py

To: C. G. Provatidis

Subject: Your CAD submission

Prof Provatidis,

Thank you for your manuscript "On the integration between CAD and CAE in engineering
design”. I have looked through the paper, and I have to say that I don't really think
it's suitable for CAD journal.

Firstly, T find the title undescriptive. The "integration of CAD and CAE" might involve
machining, DA, STEP, customization... and 10@1 other

things: certainly not just FE. A more accurate title might be something like "A finite
element based on Coons interpolation”, and I think it then starts to become obvious why
this is not really a CAD journal

paper: certainly we carry *some* stuff about FE and meshing but, as you know, there is a
large specialist literature. It's not an area in which we are looking to get more deeply
involved -- and, I would say, especially not in new types of element.

secondly, there seem to be some aspects of a review paper in this manuscript (not least
its length), including a summary of your own work. I think your letter and the ms. are
admirably straightforward about this, but it's not very clear that there remains enough
new material to merit a journal publication. You do itemize the new contributions on p.
5, but T have to say that T consider these to be too specific to support the
superstructure you have erected around them.

Thirdly, while the results in Tables 1 and 2 look impressive, I'm not entirely convinced -
- even as a non-expert on FE -- by the comparisons.

For instance I would certainly have liked to see computation times in the tables. And the
components you are meshing certainly don't look particulaly challenging. When you are up
against a very well established technology like 'conventional FE', I think you have to
present a very thorough argument. But in any case I fear that CAD journal isn't the right
place to do it.

I'm sorry to disappoint you.

Regards

John Hoodwark
47 Stockers Avenue, Winchester $022 SLB, U K
+44-(8)1962-867328
Jrwg k.com  www.johnwoodwark.com

Editor, CAD journal (wwa.elsevier.nl/locate/cad)
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(Unlucky) (Unlucky)

In 2002, a similar paper was submitted but ...
aprADN 8 they could not find a willing Reviewer (!!!), so
Trivariate KURDS interpolation the paper Wa.S Wlthdrawn.

Tet us consider a three-dimensional rectimgular space in the form of 4 deformed

paralleloid (here called superbrick). .\ nen-uniform rational B-spline (NURDBS)

volume of vrder & inthe i direction. s, in the v direction and 7, in te  direction.
i a three-dimensional trivariate vector-valued piccewise rational function of the form

[53.54]

PO ST TR S

Blr.st)= (A1)

3w N N )

.20 Jo WY denote the tridirectional vontrol points net. the b, }

(Lucky: Evaluated at a score 9,9 out of 10,00)

I 1y.llﬂlﬂ.g1' - Hopoxoiovbnen Epevvnuxov Hpoypopnatov EA N(tp://my.nta.gr/eidlog.phps’arg=
are the weights, and the {?\" (r)} {\(w ]} and {.\ e J} are the normalized B-spline
-
DIDYMO: Research on CAD/CAE integration
httpls:/mynta.gr/ - Tapaxaklonfnan Epstwnrisay Tpovoanidroy EAFTA Telentaio synuénonan 2016-00-02 04-00-37

Similarly. equation (:A-1) can be applicd to the attribute model concerning the

ANAAYTIKH EKTYIIQXH NPOI'PAMMATOX

field varfable (potential. acoustic pecssure, displacement. ete.) as follows:

2 65138800 ATAYMO (AIEPEYNHEH THE AYNATOTHTAT XYZEYEHE TON MEGOAOAOTTION CAD/CAE)
EMZT.YIIEYOYNOT : TIPOBATIAHE TABP XPISTO®OPOT YITHPEXIIA : MIXANOAOTON MIXANIKOQN
XPHMATOAOTHE : E.M.IL EIA. AOT.EPEYNAT ITA 432/ MHX. KATATKEYON & AYT. EAETXOY
In the most general case described by equation {A-2). the variable can be written IMPOHI'NOMIZIMA : HM/NIA ENAPZHE : 1’6:’2004%

IYMBOAAIO : HM/NIA AHZHY : 28/2/2007
YIIOAOIIIA ITPOTI'PAMMATOX :

KAGAPO YIIOAOIIIO : 0.000 YIIOAOIIIO ©.ILA. : 0.000

L U.AU):UX:\.! {roslU, (A3 KAOAPO AEZIMEYMENO : 0.000

- ZYNOAO YTIOAOITIOY : 0.000

where A7, (r. 5.1} denote the corresponding global shape functions which are

given by: KOA, KATHI'OPIA AATTANHE IIPOYIL IOZO EZOAA IIPOIIAHPOQMEL YIIOAOIIIO AEIMEYMENO
. A (s I 02 AMOIBEZ ENTOX EMIT 0.000 0.000 0.000 0.000 0.000
Ndrs.e)= : -4 7 YIIOTPO®IET 10.000.000  10.000.000 0.000 0.000 0.000
99 KPATHEEIT YIIEP EMII 0.000 0.000 0.000 0.000 0.000
IZYNOAA: 10.000,000  10.000,000 0,000 0,000 0,000
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. _ _ _ _ . =odu [dn =100x/R u(x,y) =100 (1+x
Solution of two-dimensional Poisson problems in quadnlateral q / / 11 (%.y) (1+)

domains using transfinite Coons interpolation

Christopher G. Provatidis®-t

Mechamiog] Engineering Deparmment, National Technioel Unfversity af Athens, § Heroon Polytechnion Streer,
Zografou Campus, Athens GR-157 73, Greece

SUMMARY

This paper proposes a global a ximation methad to selve elliptic boundary value Poisson problems

in artlhrar\,-'psa]}c:d Z-Dg'gl.umajng!nﬂsmg transfinite interpolation, ;tsl-mm-:u'jl: fmite clement rm%ula:lun

is derived for degrocs of freedom aranged mostly along the boundary of the domain. In cases where H

both Dirichlet and MNeumann boundary conditions ccour, the numerical solution is based on bivariate SI ngle
Coons interpolation using the boundary only. Furthermaore, in case of only Dirichlet boundary conditions

and mo existing axes of symmetry, it is proposed fo use at least one inbemal point and apply fransfinite

interpolation. The theory is sustained by five numerical cxamples applied te domains of square, circalar e I e m e nt
and elliptic shape. Copyright @ 2004 John Wily & Sons, Lid.

KEY WORDS: fmite clements; macro elements; transfinite Coons interpolation; global approximation;
Paisson problems

1. INTRODUCTION

The numencal solution of boundary value problems 1= an open task for over a century. Early
attempts made by Ritz [1], Galerkin [2] and Trefftz [3] were based on global approximation
of the solution within the whole domain. Later, finite difference methods [4] and finite clement
methods [5] sugpested scveral local approximation schemes. In the scquence, the boundary
clement method [6] proposed a global approximation but it expericnced difficultics with do-
main terms [7], a shortcoming that was finally treated with the higher order dual reciprocity
method (DR/BEM) [6, B]. Afier a better understanding of the unified character of all numer-
ical methods, the invented term “weighted-residual methods™ [9] is still valid today. Also,
within the last decade, meshless [10] and mesh-free [11] methods have been proposed as an
altermative to tradifional computational methods.

This paper is & contibution in the field of global approximation methods, and also of
mesh-frec techniques, as it is closely related to nodes mainly along the boundary {no mesh

* Comespondence toc C. . Provatidis, Department of Mechanical Engineering, Mational Techmical Undversity of
Athens, 9 Heroon Polytechnion Streot, Zoprafou Campus, Athens GE-157 73, Greece.
t il cprovatiioentral ntu gr

Received 12 July 2003
Caopyright v 2004 John Wiley & Sons, Ltd. Revized 12 November 2003

(2004) Figure 1. Transfinite Coons macroelement.
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Analysis of box-like structures using 3-I) Coons’ interpolation

Christopher G. Provatidis®

Sohoal af Mecharical Enginesring, Natiomal Technical University of Athens,
@ Heroom Polytecknion dvemue, Fografou Compus, 157 73 Athens, Greece

SUMMARY

This paper investigates the applicability of 2 recendly proposed global fumctional st based on *3-D
Coons” mierpolation formula’, in the static and dynamic analysis of box-like clastic stroctures. Accord-
ing to the proposed methodology, only the 12 edges of the entire hexahedral-like strocture should be
discretized into 2 small number of nodal points. In this way, the dimensienality of the problem is dras-
tically reducod from three to one, in the sense that instead of the volume, only the control lines being
absolutely necessary to define the geometric model should be considered in the analysis. Preliminary
results obtained for paralleloidal and cylindrical beams in tension, bending and torsion, as well as an
intermally pressurized thick-walled cylinder were found to be encouraging for the static analysis. More-
over, the natural frequencies of a rectangular clamped beam were calculated with excellent accuracy.
Copyright & 2005 John Wiley & Somns, Lid.

KEY WORDS:  finite clemonts; macroclements; global approximation; Coons” interpolation; static and
dynamic problems

1. INTRODUCTION

An overview on global and local approximation methods for the numerical solution of bound-
ary value problems has been recently presented by the author [1]. Summarizing, early attempts
by Ritz, Galerkin and Trefitz concemned with global basis functions within the entire domain,
while finite difference methods and the finite clement method [2] later proposed the local
approximation of the unknown solution. Furthermore, aiming to avoid the mesh generation
task, boundary element technigues [3] as well as a significant number of mesh-free [4] and
meshless [5] methods have appeared.

Within the last fow vears the author has contributed in the field of global approximation
methods by developing large planar (2-D and axisymmetric) Coons-patch macroelements with
degrees of freedom ([XOFs) along the boundary. From one point of view, these macroclements

* Comespondence to: Christopher G. Provatidis, Schoal of Mechamical Engineering, National Tachmical University
of Athens, @ Heroon Polytschnion Avenue, Zografou Campas, 15773 Athens, Greece.
tE-mail: cprovatifcentral ntus gr
Received 13 Seprember 2004
Revised 31 Jameary 2005

Copyright v 2005 John Wiley & Sons, Ltd. Accepted 9@ February 2005

(1 April 2005)

10.12.2020

Fvailable online at weewzciencedirect.oom
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Three-dimensional Coons macroelements in Laplace
and acoustic problems

Christopher G. Provatidis *
Srhool of Medhanirnl Enginearing, Mohanical Design aod Comrol Sy sems Division, Nagomal Tedwical Universiry of Arfoes,
9 Froon Polysosion, Zografos Campus, GR-I5T 75, Athou, Greee

Receved 4 Angnst 30d; accepiad 16 Febrmary 25
Available online 18 April 208

Alstraa

Ths paper introduces a new ghebal himctional set for the FEM solution of three-dnmensional boundary -value prob-
Jers. The mam klea 15 Lo comstruct lane soparameinc fnile eleaments bsal on the interpolation formula, which was
developed m 1960k by 5.A. Coons for the numencal eprsentaton of arbitrary sohid CAD regons bouncdesd by sx cur
vilmear surfaaes. In ths way, bsades the gpeometry, Coons mierpelation fornmula 5 usal here for the global inerpoels
bon ol the unknown polential within the whole salxl region (problem ansal, 2 procedure that leads 1o e elanent,
Gallal “macrodeaments”. For adequately smooth negoms, the degres of lrealom appearonly al the 12 boundary edpes
ol the macroslemment and can be wsed m the sdution of both static {Laplsce) and sgemvalee (scouwstic) prodems. The
ropossd approach 15 sustamed by five numernical neulis whene 1t = succes{ully comparnsd with conventional fimte ele-

menls ansd exact amal yiical sautions,
0 2005 Ekevier Lidl. All rights neservesd.

Keywords: Finite dement; Magoeement; Global approximation; Coons mizrpolaion; Poiestial problems; Acoustics

L Introduction

It & well known that FEM suffers from the mesh gen
eration procss that & wuslly 3 tmme-ans ummg and-—at
the mame time—an amor prone =k when CAE works
within 2 CAD environment [1]. Durmg the k=t four dec
adles momy scenisls and engneers have proposed sew
eral technigues ammmg o morease the swe of the finile
demenis, which are baed om vanouws malthematcal
hackground —to menbon a lew—such as

* Tal: +30 200 TT2 1530, fax +30 20 TF2 14T

Email address: cprovatificen tral nina gr

» High-order polynamak 2] and macm-elanent adap
bty [3].

= Combmation of analytical selutions with clsacl
fimi e elements [4].

= Rational lmctions [5].

» Condensation and substructuning techmques [5-9].

» Reduction o degres of freedan in the partial differ
ential ajuation wang Karhunen-Loeve (Galerkm pro.
oedune [10] and other decomposition methods.

» CAD-basal technigues [11-146].

Besades, Trellz-based methods [17]-mcludmg the
well-known Boundary Element Method {BEM) [15]
have achieved Lo reduce the dmmensiomality of the
problem. In the parbcular cme of threedhmensoml

TS - see fromt matier & 2005 Elevier Ltd All rights reserved.

i 10,1016, com petruc 005 O 006

(Online: April 2005)
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COONS-MACROELEMENT

Unit reference volume

-+

Ly=25

I’

ol

F;l= B;l_
ZAOB, =90
ZA 0D, =45

Fig. 10. Example 5: Definition of the 76-node macro-element.

(Online: April 2005)

Fig. 8. Example 4: View of the two macroelements.
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COONS-MACROELEMENT X(&,1,0) = Bo(m)Eo(0)X(E,0,0) + Ei(&)Eo(n)x(1,0,)

ek ‘ UGN +EnE(OX(E0.1) + Eo(Eo(m)X(0,0.0)
+E(SEo(O)X(1,n,0) + E\(SE(O)x(L,n, 1)
+ Eo(S)E()x(0,n, 1) + Eo(E)Eo({)x(0,7,0)
+Ei(n)Eo()xX(<, 1,0) + Ev(OE(m)x(L, 1.0)
+Ei(n)E(OX(S 1, 1) + Eo($)E()x(0, 1.0)
—2[Eo($)Eo(n)Eo(£)x(0,0,0) + E1(S)Eo(1)Eo(()x(1,0,0)

+ E1(Q)E(mE(DxX(1,0,1) + Eo(S)Eo(n)E(L)x(0,0,1)

P P2 P3

Figure 5. Example 4: thick cylinder of radii a=10mm, b=20mm subject to internal pressure
P =20MPa. The model consists of one 3-D Coons macroelement of 44 nodes.

Figure 4. Example 4: cylinder of length L =10 mm and radius R =1 mm subject to torsion using one

3-D Coons macroelement (44 nodes). Pre_ I GA: C_element

Prof. Dr-Ing. Chris PROVATIDIS, NTUA, Greece
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Three-dimensional Coons macroelements: application to
eigenvalne and scalar wave propagation problems

Christopher G. Provatidis*

Schowl of Mechanical Enpineering, Natiomal Technical Usiversity of Athens,
% Heroow Pobylecknion Avenue, Zoprofoa Campur, 15773 Athens, Greece

SUMMARY

This paper discusses the matter of using higher order approximations in three-dimensional prob-
lems through Coons macroclements. Recently, we have prsed 2 global functional set based on
‘Coons interpolation formula® for the construction of IﬁcI two-dimensional macroelements with
degrees of freedom appearing at the boundaries only of the domain. Afler successive application
in many enginsering problems, this paper extends the methodology to large three-dimensional bexa-
hedral macroelements with the degrees of freedom appearing at the 12 edges of the entire domain in
case of smooth box-like stroctures. Closed-form expressions of the global shape functions are presented
for the first time. It is shown that these global shape functions can be awomatically constructed in
a systematic way by arbitrarily :hc:csmﬂ univariale approximations such as piecewise-linear, cubic
B-splines, I,anm.nﬂe p-cl'-mumlals ate., almn the controd lines. Moreover, the mechanism of adding
facial and intemal modes is presented. Rela:icnsllipa with higher omder p-methods are discussed.
Following to excellent resnlts previously derived for the solstion of the Laplace equation as well as
static and eigenvalue extraction analysis of structures, the paper investigates the performance of Coons
macroelements in 3-D eigenvalue and scalar wave propagation problems by implementing standard
time-integration schemes. Copyright @ 2005 John 'Wlle_'f ﬁ Sons, Led.

KEY WORDS:  finite element; hexahedral macroelement; global approximation; Coons—Cordon inter-
polation; CAD/CAE integration; higher order approximation; scalar wave propagation

1. INTRODUCTION

After the establishment of small-size finite elements [1], a significant nomber of researchers have
been investigating the possibility of reducing mesh-generation cost by developing competitive
methods such as the boundary element method [2], rational polvgonal elements [3, 4] as well as

*Comespondence b Christopher (& Provatidiz, School of Mechanical Engineering, National Techmical University
of Athens, 9 Heroon Polyischnion Avenue, Fogrfouw Compus, 15773 Athens, Gresce.
'E-mail: cprovat@central.ntungr, hitpsf fusers.ntus gr/cprovat
Receved O Augnst 2004
Revised 4 Moy 2005

Copyright & 2005 John Wiley & Sons, Lid. Accepted 27 June 2005

(2005)

10.12.2020

Available anline at wwwsciencedirect.oom
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Coons-patch macroelements in two-dimensional
parabolic problems

C.G. Provatidis *

National Technical University of Athens, School of Mechanioa! Engineering. ¥ Heroon FPolytechniou Avemie
Zografou Campux, GR-157 73 Athens, GGreece

Recved | December 2002, accepied 25 May 2005
Avalable onlme 20 July 2005

Abstract

Having recently obtained encouraging results in elliptic and hyperbolic problems, this paper summarizes
previous work and further investigates the performance of large Boparametric Ainite elements hased on the
Cooms—Gordon intepolation formula in the analysis of two-dimensional pambaolic potential problems. The
latter formula allows the global interpolation of the potential within the whole problem domain and leads
to the so-called Coons-patch-macroelements (CPM), where the degrees of freedom appear primarily at the
element boundaries but in the general case it is also possible to use any desirable number of internal nodes.
Mathematical and mumerical aspects such as the relationship between houndary-only Coons-patch macro-
elements and Semndipity type elements, the systematic and straightforward way of adding internal nodes,
the procedure of merging dissimilar domains and, finally, efficient numerical integration schemes are dis-
cussed. Wumerical results on typical static (Laplace) and time-dependent thermal problems sustain the pro-
posed method, which & successfully compared with conventional bhilinear finite elements and exact
anmalytical solutions.,
£ 2005 Flsevier Inc. All rights reservad.

Kepwoards: FEM; CADMCAE; Parabolic problems; Macmekmeanis; Morar methods
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Free vibration analysis of two-dimensional structures using
Coons-patch macroelements

Christopher Provatidis*
Depariment of Mechanical Eaplesyring, Matipaa! Trohelon) Uetvevsy of Athaer, O Imox Pofweckaios Sireel {5773 Athens, Greece
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Albstraci

Recently, Coons” interpolation was used for the constroction of larpe finile elemenis with degrees of fresdom appesring meastly along the
boundaries of o structure. In the rgime of elasticity problems, these zo-called “Coons-patch macroelements™ were successfully spplied to the
siatic analysis of plane structres [C.G. Provatidis, Analysis of axisymmetric structures using Coons” inerpolation, Finite Elem. Anal. Des.
39 (2003} 535-558.] while this paper continues the research by investigaling their performance in the extmacticn of natural frequencies and
mode shapes. Apart from the piscewise-linesr and cobic B-splines interpolation. previcusly osed, the performance of Lagrange polynomials
and the role of additicnal internal nodes is studisd hers. Rzlationships with classical Serendipity and Logrengizn type elements are discussed,
Muorzover, the capability of Coons-paich macroelements o couple with conventional finite elemenis is investigaied. The propesed method was

apglied io theee illesiniive exemples and it was successfully comparsd with conventional bilinear Gnite elemenis.

© 1005 Elsevier B.Y. All rights reserved.
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1. Introduction

A lot of attempis have been made within the last years in or-
der 1o replace comventional finite element methods with other
methods such as the boundary element method (BEM) [1] or
mesh-free and meshless technigues [2-5]. Essentially, the main
practical need that justifies the relevant research activity is o
minimize data preparation cost (related to the ime-consuming
mesh generation task) and to increase the accuracy in calcula-
tions by a simulaneous reduction of analysis effort. However,
s0 far BEM did not achieve to replace FEM in the regime of
dynamic analysis since its original formulation suffers from
frequency-dependent fundamental solutions. This fact leads o
a nonalgebraic problem while its allernative dual reciprocity
formubation (DR/BEM) [6] highly depends oo the choice of the
radial basis functions or requires internal nodes [7-9]. More-
over, the mesh-free techniques are not always shorcomings-
free due o difficulties related o the inversion of the matrix of
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coefficients [ 10]. Therefore, the need of a robust and efective
computational technique is still timely.

Draring the last six years, the above thoughts have motivaied
the author to develop a new method for the construction of
large finite elements with the nodal points along the boandaries
only. The background of the method is Coons” interpolation.
a formula established in CAD-surface theory that was applied
to the automaotive industry of USA since the middle 1960s. In
the framework of engineering analysis, this method has been
successfully applied mainly w potential [11-14] and recemly
to static elasticity probdems [15].

Since not adequate experience exists reparding the bebavior
of Coons-paich macroelements (CPM) in elastodynamics, this
paper gims to further imvestigate their copability of solving
structural free vibration problems (zigenfrequency and mode
shape extraction) and compare with cooventional FEM solu-
tions of the same boundary discretization. So far the CPM
approach has been applied in conjunciion with piecewise-
linear and cubic B-spline interpolation along the boundary of
an elastic structure. In addition (o that, this paper extends the
latter interpolation to also Lagrange polvnomials of which nu-
merical integration aspecis and size limitations are discussed.
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Alstract

Reanlly, Coons” mierpelabion was wsed lor the construction of bree limle ekments with degmees of Ireedom appeanng
maostly along the boundanies of'a siructre. 5o (ar, thete so-called Coons-patch maaoelements wens suaces<lully apphed o
the analyss of twosdimmensaonal and acsymomelne ebsbc struclures as well as polential problems mcludmg Porson eqguas,
ton and acoustics. Now, Lthis paper conlinues Lthe ressarch by myvestigatmg thear applicabably and performance m cakew
lating the propagation of elastic waves withm continua due 1o sudden lomls. Exphcat (central dilference) amd anplict
(8-Wikom) tmmeaniegraton schemes have been succsslully apphed Lo four typcal mode] problems m conjunchion with
the proposed Cooms-palch macrod ements—withoul and with substruclunng—ansd the mesulls are succeslully oom pansd
with conventional finile elemenis having the same number of modes along the boundary. Fimlly, theoretical =suwes belwesn
the proposed global tachnique amd wdl-estabhshed canpuational methads are dscused.

B 2006 Elevier Ll All rights meserved.

Kaeywords: Large finiteelaments; Commspach magodement pomethods; Elastodynamics; Tranment anabysis; Wave propagation; Time-
imiegration schemes

1. Introsduct om

The numerical solution of elasticity problems iz an open task for over a century. Early attempts made by
Ritz {1908) and Trefftz (1926) were based on global approximation of the displacement within the whole strue-
ture. Later, finite element methods ( FEM) suggested several local approximation schemes { Zienkiewicz, 1977);
within the context of koparametric asumptions, Taigs (1961 work should be mentioned. However, due to
high manual effort required to data preparation (related to the mesh generation task) as well as further needs
for increased accuracy in calculations, a lot of attempis have been made so far in order to replace conventional
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iz assumed. Then, if this clement is mof rectangular, it & trivial to validate that the shape function associated
with the node A does mof vanish along BC and CD although they do not pass through it. A similar notice has
been also made for meshfres tochnigues (as was above mentioned), where the lack of Eronecker delta function
properties and related difficulties in imposing boundary conditions kas been commented (Liv and Gu, 2004, p.
476). In contrast, when working with the reference square, the standard methodology of the Boparametric ele-
ment does not induce such difficulties but this i paid in computer efort to caleulate domain integrals {2 ifnes
and mass mairices).

.3, A note In recerd progress

The structure of Eqgs. (T)<{11) is also valid for three-dime nsional analysis but it requires substantial effort to
achieve it. So far, the CPM method has been suecessfully applied on static potential as well as static and
dynamic {eigenvalue extraction) analysis of structures; the goal was to deal with nodes armnged only along
the twebie edges of 2 box-like structure, thus reducing the dimensionality (Provatidis, 2003a.b, 2006h). A sim-
ilar mesh-reduction achizvement has been previously reported in the analysis of 3-1D solid structures uang the
two-dimensional Coons interpolation for each houndary patch in conjunction with the BEM (Provatidis,
2041 ).

Finally, upon finishing this paper, we fieel obliged to mention that the ‘disadvantage’ of the time-consuming
domain |n|:g|alu:un that characterizes the proposed CPM method has been now reduced by properdy applying

o, which iz supponed on well-known background in standard finite ¢lement anal-

d Oden, 1983, p. 170). Preliminary resulis have reported by Provatidis {2005 ).
end, the proposed method is comparable with other ones in transient elastodynamic analysis
advantages. Perhaps the advantage of the proposed method is more clear in throe-dimen-
sional modeling wl it makes both geometric and analysis {affine ) models to coincide, thus minimizing the
possibility of data trabgfer (CADYCAE) errors during the product design cycle in an industrial enviromment
{Provatidis, 2005a,b; Prixatidis, 2006b). Also, due to the small size (reduced model) of the proposed CPM

technigue, it is anficipated to be efficient in shape optimization Toops but Turther research has o be conducted

forvataatin- | For the first time, we proposed the
Hemasem | CAD-based Global Collocation Method

In this paper it-wa et f predathon erithd-tae—trsed-t
ments, with any nLunhcr c-l' nodes abng ﬁn.h side c-r a Towr- sdtd n:qmdnlal.crah ral.gh I.haL represents the
structure under planc-stress or plane-strain conditions This formula can be combined with either piece-
wise-linear, cubic B-splines or Lagrange polynomiak along each of the sdes of the structural patch under con-
sideration. In general, in the absence of discontinuities (smooth fields) it was found that the proposed
boundary-only method is effective in small problems with simple problem domains. Otherwise it is suggested
gither to subdivide the domain into some concave macroclements or wse some additional internal nodes. The
proposed Coons-patch macroclements ae generally applicable to transient elastodynamic analysis in conjune-
tion with only conzistent mass matrix and standard time-imtegration schemes such as the explicit centraldif~
ference and the implicit &Wilson. Apart from the advantage of wsing a smaller number of DOFs, for a
specified accuracy, compared to the conventional finite elements, in all cases tested the trandent dynamic
behavior of the Coons-patch macroelements was excellent. Particulady, when using the mbust cubic B-splines
maode] the proposed methodology was found to be more accurate than the FEM solution, while in more com-
plex geometries the results were of similar quality, of course with the same number of nodes along the
boundary.
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Abstract This paper investipates the performance of a novel global collocation method for the eigenvalue
analysis of freely vibrated elastic structures when either basis or shape functions are nsed to approximate the
displacement field. Although the methodology is generally applicable, nomerical results are presented only for
rods in which one-dimensional basis functions in the form of a power series. as well as equivalent Lagrange,
Bemstein or Chebyshev polynomials are used. The new feature of the proposed methodology is that it can
deal with any type of boundary conditions: therefore. the cases of two Dirichlet as well as one Dirichlet and
one Neamann condition were successfully treated. The basic finding of this work is that all these polynomials
lead to results identical to those obtained by the power series expansion; therefore, the solution depends on
the position of the collocation points cnly.

Keywords Collocation - Spectral methods - Finite element - Eigenvaloe problem - Elastodynamics

1 Introduction

In systems of great complexity. frequency determination from the differential equation ofien becomes so com-
plicated that it & practically impossible [6]. Historically, it was Rayleigh who first proposad a generlized
energy method based on an assumed shape for the lowest natural frequency [20). Later, Ritx generalized this
procedure to more than one pammeter. The major drawback of the Rayleizgh—Ritz method is the difficalty
in constructing a set of admissible functions, particularly for a compound structwre. This difficulty can be
overcome by using the finite-element method [24], which provides an sutomatic means of constnicting such
functions.

However, the aforementionad finite-element methods often require more degrees of freedom (DROF) for a
specified accaracy than a classical Rilx procedure woulbd, thus causing a considerable delay in design problems
that require repeated eigenvalue computations during iterations [14]. Since computational effort increases
approximalely as the order of the problem cubed, many attempts have been made to reduce the number of
degrees of freedom (system order). Among these methods, it is worth mentioning the reduction of the degrees of
freadom directly by retaining master DOFs [9.12], the use of substructures [4]. and the higher-order p-methods

Moreover, closely related to the well-known p-method [23]. an altemative method has been proposed for
dynamic analysis [17-19]. The latter is basad on computer-aided design (CAD) considerations, primarily on
the Coons—Cordon interpolation [ 15). In these works, the standard Galerkin-Ritz procedure was applied, thus
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A GLOBAL COLLOCATION METHOD FOR TWO-IMMENSIONAL
RECTANGULAR DOMAINS

CHRISTOPHER G. PROVATIDIS

This paper proposes the use of a global collocation procedure in conjunction with a previously developed
functional set suitable for the numerical solution of Poisson’s equation in rectangular domains. We
propose to expand the unknown variable in a bivariak serics of monomials x' ' that exist in Pascal's
triangle. We also propose the use of the bivariate Gordon—Coons interpolation, apart from prey iouws intu-
itive choices of the aforeme ntioned monomials. The theory is sustained by two numencal examples of
Dirichlet boundary conditions, inwhich we find that the approximate solution monotonically comverges
tow ards the exact solution.

1. Introduction

The use of collocation methods for the solution of partial differential equations (PDE) has become a
subject of intensive interest in the past [Lanczos 1938; Ronto 197 1; Russell and Shamping 1972; Fin-
layson 1972; De Boor and Swartz 1973; Diaz 1977; Houstis 1978; Botha and Pinder 1983]. While most
reszarch has focused on the local interpolation of a variable, not many works have appeared concemning
the global collocation in two-dimensional problems [Frind and Pinder 1979; Haves 198(0; Van Blerk
and Botha 1993]. In contrast, global approximations have been successfully applied in conjunction with
the standard Galerkin-Ritz procedure either using the Gordon—Coons bivariate interpolation [Cavendish
etal 1976] or higher order p-methods [Szabd and Babutka 1991].

Moreover, closely mlated to the abovementioned p-methods [Szabé and Babuzka 1991], an alternative
Gordon—Coons method has been proposed for the static and dynamic analysis of structures [Provatidis
2006a; 2006b; 2006c; 2006d]. In these works, the standard Galerkin-Ritz procedure was applied, thus
leading to stiffness and mass matrices in the form of intzgrals over the entire domain. This method has
been called the Coons patch macreelement (CPM) approach [Provatidis 2006a; 2006b; 2006¢; 2006d].
Although CPM works perfectly well, and can deal with even Il-shaped domains [Provatidis 2006a;
2006d). one could say that it has the disadvantage of fully populated matrices particularly when Lagrange
polynomials (with no compact support) are used.

This paper contribules to overcoming the abovementioned shorticoming and modifies the previous
CPM methodology first by preserving the global functional space, and szcond by moving from the
Galerkin-Ritz to a collocation procedure in which no integral is needed. Quite recently, as a pilot study,
this idea has been successfully applied to one-dimensional 2igenvalue problems [Provatidis 2007].

It should be noted that the proposed collocation method could be formulated in terms of the global car-
dinal shape functions of the CPM approach, which are applicable even to curvilinear domains [Provatidis
2006w, 20060; 2006d]. However, the aforementioned shape functions are derived through a numerical

Keywaords: global collocation, Coons interpolation. Poisson’s equation.
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Abstract Quite recently. a novel global collocation method for the eigenvalue analysis of freely vibrated
elastic structheres was proposed (Archive of Applisd Mechanics: DOL 10, 1007/500410-007-0159-4). This
paper extends the latter methododngy on several levels, in both the time and frequency domain. Firstly the
formulation is wpdated so that it can also deal with rods of variable cross section. Then, the fully populated
mass matrices of the previouns formulatson are properly replaced by lumped masses, thus saving still more
compater effon. Sobsaquently, a new general formulation for the transient response analysis is proposad.
Finally, a novel procedure for the conpling of two neighboring collinear mds is presented. The theory is
suﬁmod by six test cases conceming elastic rods of constant and variable cross sections. Among these,
transient ana]ysmn:rersm the response of a single rod due to a Heaviside-type loading as well astothe impact
between two collinear rods of different cross sections.

Keywords Collocation - Finite element - Eigenvalues - Transienl response - lmpact

1 Introduction

Static as well as eigenvalue and transient response analysis of one-. two-_ and three-dimensional strectares is
uswally performed wsing the well-known finite-element method in conjuenction with approximating polynomizals
of low degree [1,15]. Besides, higher-omder p-methods have been used since the 1970s [14]; in general, for
a certain number of a subdivisions the p-version (polynomial of sth degree) has better performance than the
h-version (a linear finite elements) [14]. An aliernative way o creale higher-order elements is based on the
use of Coons—Gordon interpolation. which is well known in computer-asded design (CAD) theory. and allows
fior the aulomatic derivation of global shape functions for any discretization of the boundary and the interior of
the structure [E—10]; the thus obtained finite elemenis have been called Coons macroelements. In the context
of CAD-oriented techniques, Bézier and noneniform rational B-spline (NUREBS) interpolation [7] have been
also appliad in engineening analysis [3.5.6, 13].

Although the aforementioned Coons macroelements can be applied in conjunction with piecewise-linear
and psecewise-quadratic interpolation, thus achieving compact support. nomerical experience has shown that
they are more accurale and converge faster when applied in conjenction with higher-order Lagrange polyno-
mials, for example up to the eighth or tenth depree [8-10]. In such a case. the obtzined matrices becoms fully
populated and the computer effort may be substantial [10].

As a remedy to the aforementioned shortcoming of Coons macroelements, it was recently proposed io
preserve the same global shape functions and substitute Galerkin-Ritz by a novel global collocation scheme
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Integration-free Coons macroelements for the solution of 2D
Poisson problems

C. G. Provatidis* 1

School of Mechanical Engineering, Naviomal Technica University of Athens, 9 Heroon Folwechnion Avemue,
Zografou Campus, GE-I57 73 Ashens, Greece

SUMMARY

Large isoparametric macroelements with closad-form cardinal global shape functions under the label
“Coons-patch macroelements’ (CPM) have been previously proposed and wsed in conjunction with the finie
element method and the boundary element method. This paper continues the reszarch on the performance
of CPM in conjunction with the collocation method. In contrast to the previous CPM that was based
on @ Galerkin/Rite formuolation, oo domain inegration is now required, a fact that justifies the name
‘integration-free Coons macroelements’. Them fore, in addition to avoiding mesh gemeration, and saving
human effort, the proposad technigue has the additional advantage of further reducing the computer effort.
The theory is supported by five st cases conceming Poisson and Laplace problems within 21 smooth
quadrilseral domains. Copyright © 2008 John Wiley & Sons, Ltd

Received 1 June 2007; Revisad 2 May M08, Acceptad 1) Fune 0B

EEY WORDS:  finite elements; transfinite interpolation; global approximation; boundary-value problems;
zlobal collocation

I INTRODUCTION

The numerical solution of boundary-value problems (BYP) has been an open issue for over a
century. The global approximation character of the early Rayleigh/Rie methods [1] was later
replaced by several finite element schemes applicable to arbitrary domains thanks to their focal
approximation ability [2]. Despite that, the latter advantage created the need for a high manual
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mportant role 1 1sogeomene technology. Subdmn=mion sohds have been stached by Baja
etal, 2002,

(Other geometne technologres that may play a role i the fibire of 150gecmetne analy=is
mclude CGordon patches (Gordon, 1969), Gregory patches 1(1:Egnmr 19 J—PETI_EI.IL. (Loop

Isogeometric
Analysis

Toward Integratlon of CAD and FEA

surface will enclose a volume and an J.I].'il}"']_. m-:hiJ ﬂn]l nued to bu .J'--atnd for &u: o th-z.

The bazic problem 15 to »ie*..'F-I.-l:-p 2 threse-dimen=iomal {oTvanzte) representation of the sohd
i such a way that the suwrface representanion 15 preserved. This & far from 2 amaal problem

Swface differential and computztional geometry and topology are now faurly well understood,

but the three-dmensional problem 15 shll open (the Thirston comjecture charactenzng 1ts
solufion remains o be proven, see Thirston, 1982, 1997, The hope 15 that throush the we of
new technolomes, such as, for exampla, Ficel fows and polyeube splines (see Gu and Yaun,

2008), progress will be forthcoming.
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A whole circle and a whole ellipse were
treated as single (say) Lagrange element

Eigenanalysis of two-dimensional
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ABSTRACT 047 o45
This paper discusses the efficient extraction of eigenfrequencies in fwo-
dimensional acoustic casities using higher order finite elements, called
“Coons-patch macroelements™. The acousfic pressure is approdmated
within the entire domain using the bivariate transfinite (Coons-Gordon)
interpotation formula. Basically, the proposed macroslements constitute a
peneralization of the well-known Serendipity and Lagrangian type elements.
The paper investigates the performance of the proposed methodology in
several examples and definitely comelates the necessity of using internal
nodes or domain decomposition with the percentage of open boundaries
owver the entire boundary 2s well as their relative position. [t was found that
for simple shapes, the entire acoustic cavity can be considered as a single
quadrilateral patch, ie. a5 one Coons-patch macroelement, while for
complex. shapes the cavity should be divided into a small number of
subregions.

Keywords: Noise control, Bigenfrequency; Global appeosimation;  Transfinite
inferpolation; Finke element; Higher order approvimation (o-methods).

1. INTRODUCTION

In systems of a great complexity, a frequency determination from the
differential equation often becomes so complicated as to be practically
impossible [1]. Historically, it was first Rayleigh who proposed a generalized
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Static analysis of two-dimensional elastic structures
using glohal collocation
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Ahstract Based on previous findings conceming the numernical solution of one-dimensional elastodynamical
problems [Provatidis in Arch Appl Mech T8(4):241-250, 2008] this paper extends the methodology to the
static analysis of two-dimensional problems in quadrilateral domains. This target is achieved by replacing the
Galerkin/Ritr procedure invodved in Lagrangian {or Gordon—Coons) type finite elements by a global collocs-
tion scheme. In brief, tl‘yahoumla,rjl conditions are fulfilled at all bnmdar_\- nodes, while U]cgnvc-ming cquaLion Fig. % Example 4. Infinite plate with a hole subject (o a uniform stress oy al infinity
is fulfilled at internal points. The theory is supported by four test cases conceming rectangular and corvilinear

strsctures under plane-stress of plane-strain conditions, where the convergence rate is successfully comparad

wilh that of conventional bilinear finitz elements with the zame mesh density.

Keywords Collocation - Least squares - Finite element - Elastostatics

1 Imtroduction

Static analysis is usnally performed wsing the well-known finite element method in conjunction with poly-
nomials of low degree [1, 19). Besides. higher order p-methods using polynomials up to the seventh depree
have been used since 19705 [17). Alternativedy. higher order elements can be created using a CAD-based inter-
polation such as Coons—Gordon [2-4] from one side as well as Bévier and Mon Uniform Rational B-splines
(NURBS} on the other side; these interpolations lead to the so-called “Coons-paich macroelements’ (CPM)

7-13] and “isogrometric’ elements [5, 6], respectively. So far, in static analysis, the aforementioned elements
have been developed in conjunction with the Galerkin/Ritz procedure. thus leading 1o a stiffness matrix, whose
elements are domain infegrals; in dynamic analysis. the same holds for the mass matrix [11,13].

Focusing particularly on the CPM implemented in conjunction with Lagrange interpolation, which is rather
the most accurate relevant choice. it was obszrved that the obtmined stiffness matrin becomes fully populated
thus requiring substantial computer effort [1 1]. This observation was the motivation to seek for a competitive
elobal collacation methad, inwhich, however, the same global approximation is preserved (ie. Coons—Gordon
as in the previous Galerkin/Ritr schame). To this direction, pilot studies in one-dimensional problems revealed
an excellent overall quality of the numerical solution [14, 15]; also, another pilot study in reclangular domains
govemnad by Poisson's equation (field problzm) and Dirichlet boundary conditions led to encowraging results
when a special set of Canesian basis functions was wsed in the form x’ v/ [16].

Based on the aforementioned encouraging findings, this paper investigates the applicability of the global
collocation method on the static analysis of two-dimensional elastic strectures, for the first time. Moreover,
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1. Introduction

In the famework of the standard GalerkinRie method
for the solution of one-dimenzional boundary vake prob-
lems poverned by a differential equation within the domain
[O.L]). the usual procedure consists of subdividing [0.L] into
a cemain mumber of finite slemenes for which pisce-
wise-linear (ie . local) interpoladon is assumed[1]. In gen-
eral, the shortest the elements are the mere accumate the
mumerical solition is (h-version). Altematvely, hisher or-
der p-methods[2] suzzest the introduction of nodelzss basis
fimctions based en differences of Legendre polynomiaks (up
to the seventh degree) that cooperate with the two linear
shape finctions, Le., N (¥)=1-3/L.N,(x)=x/L the lateer
aszociated fo the ends x = 0 and x = L. A biteraturs survey
suzgests that for a cemain discretization of the domaim, the
comesponding p-version is generlly mere acourate than the
b-version[3-6].

The matter of using higher order approximations through
computer-aided-design (CAD) based Coons-Gordon mac-
roclements has been recently discussed for two- and
three-dimensional problems[7-11]. In thoss works some
similaniies and diferences of the se-called "Coons macro-
elements’ with respect to the “higher arder p-method” have
been reparted in detail Morsover, altemative CAD based
WURBS or'and Bezier techniques hawe been proposed
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within the last eighteen years[12-16].

In this context. this paper contimies the investigation on
the eigenvalue problem by moving from 2-D and 3-D 1o 1-D
eigemvalue problems, and seeks for any similanties or es-
sential differences between five altemative methods. The
smdy includss classical Lagrangs polynomials and extends
to the Bemstein polynomials that are inherent in the defini-
don of Bezier CAD curves[17], as well as o Chebyshev

polynomials that have been previously used in speciral and
cu]Jncmmmaﬂmd.—.(e e[18]). I.'nﬂuspapernwas found thar
all the aforsmentionsd are equivalent in the
sense that (afier the proper transformatien) they symbalically
coincide with the classical higher order p-method (or
p-version)[2] as well as with the class {°} {Taylor saries).

2. Galerkin'Ritz Formulation
11 General

A general Srumpe-Liouville problem can be written in the
following differential equation
E:‘p:xllz':rle[r}-!-\ql[x}::n’.--l]
It can be reduced to a stady of the canonical Liouville
pormal form
U s{a-glx)l7 =0 [N
Without loss of genemlity. in this paper we deal with the
particular case that (X ) =0, for which Eq(]1} degenerates
o the well-known "Helmholtz equation’:
U (x)+ali{xh=10, x=[0.I] @
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Abstract During the last years blending-function
{Coons") interpolation has been wiilized for the con-
stmction of large 210 and 30} finite elements with
degrees of freedom appearing along the boundaries
of the domain. In the paricular case of elastic-
ity problems, these so-called “boundary-only Coons
macroelements” have been applied 1o the analysis of
simpde structures in which adequate accuracy was re-
marked. This paper continwes the reszarch investigat-
ing. for the first time, the role of internal nodes in
the accaracy of the numerical solution using various
trial functions along the boundary in conjenction with
warious blending functions (piscewise-linear, cubic B-
splines and Lagrange polynomials). The performance
and limits of the proposed Coons-Gordon macroale-
ments are tested in typical 2D elastostatic examples,
where they are also comparad with conventional four-
nade bilinear finite elements of the same mesh density.
It was definitely found that although the *bowndary-
only formulation” of the propossd Coons macrosle-
ments mccessfully pass some well-established patch
tests and may be very accurate in some simple lest
cases, in general, it must be substituted by the ‘trans-
finite formulation” {Coons-Gordon) where a sufficient
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1 Introduction

It iz well known that the majority of the approxi-
mate numerical solutions for the unknown displace-
ment vector are based on series expansion of trial func-
tions mubtiplied by unknown coefficients which are
found by stationarity of the total energy [1-3]. The
conventional finite element method (FEM) uses stan-
dard shape functions [1, 4] but it often requires more
degrees of freedom (DOF) for a specified accurmcy
than might & classical Ritz procedure [2, 3], thus caus-
ing a considerable delay in design problems that re-
quire repeated computations [3]. In order to reduce
ithe mumber of DOFs, competitive methods such as
the boundary element method [4. 7] and closely re-
lated Trefftz [, 9] or energy-based combined methods
[10]. rational polygonal elements [11, 12), radial ba-
sis function (RBF-methods [13] as well as mesh-less
and mesh-free methods [14-16]. among others, have
appeanad.

Within the marmow context of FEM, the use of
podynomials of progressively increasing degree (p-
version) on A fixed finite element mesh could be more
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{Absiract) In this paper we extend the cabic B-splies collocatica mwdthed to smzble it to sobre ons-dimessionz] Eyperbelic
(eigemralne amd wave propagation) problems: mnder arbitary bomndary condiions. This is achiowod by amalogy with the finito
sloment mothod, ivtroducing a *collocation mass matrix” that cooperates with the proviously known systom patrix, now called
‘collocation stiffeem moamiz®. In agTeement with earlier findings on slliptic probloms, we fonmd that i time-dependent
probloms it & aguin safficient to wie dowblo intormal knots [I'."-::nul:inu.i‘l}'] I comjunction with fwe collocation poiznts botweon
sacceisive breakpednts. In this way, the zumbsr of noknowns becomes equal to the mmber of equations, which is twice the
nambar of treakpoints. We paid particular sttentios to the handling of Neamans-typs boendary conditions, whare we found it
mecessary o proparly eliminate a colues = both mass and stiffness matrices. For the Orst tme, we found that the cubic B-splmes
collocation procedure (with I'.'I-c,uuﬁnui't]} leads to identical results with these obtaimed wsing piecewise Heamite collocation. The
numarical exzmples show an sxoellent quality of the oumerical sobation, which & far superics to that of the cozventional finte

alezsat methed, for the same number of nedal points.

Kevwords: B-splinss; Collocation; Eigenvabas:; Harmdte polynomials; MATLAB™,; Tramsicat analyzis.

1 INTRODUCTION

In the framework of global interpelation peethods based om
Lagrangn polynommials, it has bean recently shown that the
computation sfort may be schstantally reduced when
applying the collecation imstead of the Galerkiz-Rit
forzmlation [1]. Howsver, using splime curves, of pistewise
pelyzomials, i mess effective i repressnting the solation to
the diforential equation than pum pelymopmsals [2]. The
wolume of Ascher et 2l. [3] provides a eatise on spline
bazes, collecation theory, and spline collocation for
application -] the numarical selution af
bonndary-valee-problem  (BVP) for eordinary difforcmtial
squations (DDE). Fairssather and Meads [4] give an
wxtsnsive review (273 papsrs covering the period 1934-1968)
of collocation ewthods and varions mnplementations. They
describe the mest commen fores of cellecation, including
nodal, orthogeomal, and collocation/Galorkin. An sarly work
towards the solution of sigenvalue problems, bowever based
oz Schosoberg s fornalation [5], 3s [§].

Iz spite of the sbovensentionsd work, so far most part of the
relevant ressanch focuses om mathensatical topics and reduces
mainly o elliptic problems. For example, the FORTRAN
codes of [2] hzve been implemenied alse @ the MATLAB
sofiwars Hnunql:h ender the name splimes foof) [7], bt they
operaie ‘s i for the soluticn of linesr and nealzear slliptic
problems only. This happens becamse (i) the sigenivalne and
transismt anmalyiis reqnite the comstacteom of mass and
stiffnoss collecation matricas, and (i) although the

implemsntation of Dirchlst fyps bowndary cendifions & a
trivial task, the same doss not bold for Neumano-type czes
that require a special meatment. As for the state-of-the-art, the
irplemeniztion of the fesction ‘spool’ in Hme-dependsnt
zzalysis bas besa made I very few bicmetics [3] and
chezmical enginesring applications [¥].

In this context, the prmary amn of this paper is to
investigars the applicability amd performance of deBoor's
methodelogy [I] in the numerical sclutbon of Eyparbolic
problem: (eigezvalng and transiont). The main novel feature
of this work iz the developewzt of mrer and srifffeecs
collocation matricas. analogous to the finit olemsent methed.
Censoquantly, standard cigenvaile amabysis based o the QR
algorithes, and standard tme-integration techmiques such a
the cemtral differance mathod will be applicd.

In addition to the abovemantioned griobal cubic B-splizas
collecation, precewise-Harmedte polymomials {witheut upwind
features) that act betwess adjacent h:malipmr [10] will ba
r\ounpﬂmd for the fimst time. The fSinding of coincidsncs & the
secondary novel Satre of this weork.

The theory is susizined by four one-dimensional numerical
saamples Som the fisld of 2pplied mechanics.

1. FORMULATION

Balow i the formmlatiom of typical static (thermal) and
dyzamic problems and then follows the global B-spline and
piscewise Hunmite inteepolation.

21 Thermal Amalysiz
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This paper propuss lgel_a'llrmnduuhdzﬂlﬂp lrbdrIr:r
noded plale macr with ¥ baesed on Coons” in-
terpolation formuln. The novelty of the proposed approsc lies in
ihve faci that ihe degrees of freedom appear only along ihe boumd-
aries of the quadrilateral paich and are used for ihe seocessful
calculation of displacements and relevand stresses. The boundary
nides sre being inlerpolated using univariale Hermitisn polyno.
misls, thus sllowing bivariste giobal shape fumctions (o be s
matically produced. The pro macroelemsent, which will be
hereafter called COPE (Coons” Plate Element . provides compars-
e resulis with closed-form analytical solutions in six benchmark
plate- bending cases.

Keywords Plale bending. Finite slemenits, Coons”
Glabal spproximation, P-methods

interpolatian,

1. INTRODUCTION

Today, most of the computational methods are basad on bocal
rather than global approximation schemes. The first category
includes the conventional finite element methods [1], s well @
finite difference [2] and meshless/meshfres techniques [3, 4].
The sacond calegory includes the boundary element method [5]
and its Trefftz-like variations [§]. as well as a great namber of
speciral methods. In between these two categories, higher-order
pmethads [ 7] have a sirong podential, but they currently appear
1o have some difficulties in problems requiring C°-continaity [ 5].

Within the last decade. the first author has followed a dif-
ferent method in compuatational mechanics. The solution w =
Wizy) of a two-dimensional problem, governad by the general
partial differential equation DMw) = 0, has been considerad =
a curved surface in the Wiy space and, therefore, it has been
approximated using Coons” or Coons-Gordon's interpalation

Address comespandance w DL Mn-elld.u 3L Anthoary Falls Lab-
omiory, University of Minnesota, 2 Avenue 5., 'rllnm:ﬂmlu
MN 55414, USA. E-mail: dennis angelidi=@ gmail com

[9-14]. Ceardy, Coons™ interpoedation formula deals only with
boundary data [9-12], while Coons-Gordon's (transfinite) inter-
polation deals with both boundary and internal nodes [13,14].
The method has been extended in three-dimensional problems,
as well [15-17].

Plate bending appears io have particular interest for stractural
enginsers. Historically, it was Melosh [ 18] who first proposed
rectangular non-conforming elements with 12 nodal parameters
(w, Jwfdx, du Iy} ol each of the four nodal points—thes lead-
ing to advantageous closed-form expressions for the stiffness
matrix but 1o discontinuous slopes. As Fienkiewicz and Cheung
[19] reported similar findings, this element is usually callad the
MIC rectangle.

Later, rectangubar conforming four-noded elements with foar
degrees of freedom per node (w, 3w /dx, Jw/dy, Pw/dzdy),
a ot of 16 DOF, were proposed by Bogoer et al. [20] {called
BF5 element). This element is entirely conforming and sat-
isfies the criterion of constant strain, while the same authors
also proposed 24- and 36-parameter elements. Moreover, a de-
generaion of the hexahedral solid finite element to seree as
a plate or shell element by making one dimension consider-
ably small compared to the other taro was proposed by Ahmad
et al. [21]. and applies for both thick and thin shells. The lat-
ter quadrilateral eight-noded element (briefly, PEOE) belongs
to the serendipity family. Fienkiewicz et al. [22] found that fts
accurcy incresses when applying @ 2x 2 reduced integration.
In addition 1o the aforementioned serendipity element, other
quadrilaterals for plate bending are of interest. For example. the
siraight-sided bilinear displacement quadrilateral. proposed by
Hughes et al. [23], is simpler to nse but, 5t the same time, insaf-
ficient to be adapied to general shells or curved boundaries. The
Lagrange [24] and heterosis elements [25] both have interior
nodes and require several numerical integration poinis to pro-
vide satisfactory acouracy. After these pioneering contributions,
within the last 30 yeads an extremely large number of new plate
elements have appearad, but due 1o lack of space, it is impossible
to mention them all here.
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1. Introduction

During the Lst 45years, the CAD technology has passed
through fve main stations, the Lt being the NURBS representa:
tiom of sufaces and volumes [1.2]. The fist three stations are
determined by the names of their founders, which are Coomns [3]
Gardan 4], and Béxier | 5], whereas the fourth is @lled B-splines
[&7]. Par a detiled handbook the reader is redfermed to Farin
etal [

The strang relationship between CAD and CAE was early under:
stood in 1973 by Gordon and Hall [9] and @n be also found as 2
comment in the clamical exéook of Henldewicz m 1977 |10
Pp. 181-182] (... quite independently the exercises of devising
various practical methods of generating curved surfaces for puposes
af enginesring desdgn lad o #he extoblichment of imilar definitions
by Coons, and indeed dtoday the mbjek of e definitions
adivity. . "] In the decade of 19805 some researchers started
dealing with the devdopment of large finite elements hased an
Cnons-Cordon interpalation; for a detailed review the reader is
meferred to [11-13] and papers thersin. Als, the use of B-splines
and the mast recent NURBE in enginesring analysis are reviewoed
in the texthooks of Hallig | 14] and Cotirell et al [15], respectively.
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In the partiolr case of ogeometric clements, weful saftware
aspects have recently appeared [16,17].

Despite the dovementioned progress, there are still some
undear paints, from bath the thearetical and the programming
paint of view. For example, it & well known that ensor product
lagrange type finite clements have been extensively used and
@@n be found in all texthooks such as those by Senldewicz [10]
and Bathe [14]. Nevertheless, it & not perhaps widely known that
ithe aforementioned tensor productbased on Lagranges polmomials
s a speda @se in which the Gordon=Coons interpalation degener:
ates [12, pp. 327-328|. Except of the aforementioned relations hip
af CADVCAE character, there is a seomd one as fallows. 1t is well
known that Bérier surfaces are based on tensar products of
Bernstein polymomiak of the form Bx) = Pk x)™
Ohviously, each hasi function is 2 polynomdal of ndegres It
differs from the Lagrange pohmaomial in the s=nze that the firt
doss nat poxssss the property of cardinality B.(%) = &5 and doe
mot indude the nodal values but nodeles cosfficients.

Recently it hax been shown that in 1-D problems the Lagrangs
and Bérier palynomials, a5 well as the popular p-methad [19] lead
ita the same sigemvalues [2021] and it & only a matier of basis
chamge [18].

In this coneext, this pper continues the investigation in 2-D
quadrilaterals in bath static and tme dependent problems. The
study reduces to the Galerkin-Ritz formulation.

Prof. Dr-Ing. Chris
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B-SPLINES COLLOCATION EIGENANALYSIS OF 2D ACOUSTIC PROBLEMS

CurisToPHER (3. PROVATIDIS

‘We continue our research on the performance of CAD-based global approximation to the analysis of
2D scoustic problems. In addition to previous “boundary-only™ Coons and transfinite Gordon—Coons
interpolations, we now investigate the quality of the solution when utilizing “tensor product B-splines™
interpolation. For the latier, we propose a global collocation method that is successfully compared with
the well known Galerkin-Rit formulation.  Particular attention is paid to the handling of Neumann
boundary conditions as well as to the role of muoltiplicity of memal knots. The theory is supported by
two numerical e xamples, one for a rectanpgular and the other for a ciroular scoustic cavity in which the
approximate solution rapidly comverges towards the exact solution

L Introduction

The tendency in contemporary computer methods in applied mechanics and engineering 15 to integrate
solid modeling (computer-aided-design or CADN with analysis (compute r-aided-engineering or CAE)
using NURES interpolation. in such a way that both the geometry and the mechanical vanables (dis-
place ment, temperature, etc.) are mathematically expressed in a similar manner (global approximation)
[Cottrell et al. 2009]. In fact. though the nonuniform B-splines (NURBS) of today is, chronologically
speaking, the fifth important formulation applied to the mathematical description of CAD models, the
=ame integration can be achieved with using any of the previous formulations. The first bivanate formula
was proposed 1n 1964-1967 by Coons [1967], the second by Gordon [1971] and the third in 1966-1971 by
Bézier [1971]. Furthermore, B-splines are chronologically the fourth formula in CAD practice. Although
older mathematical formulations of splines were first published by Schoenberg [1946], they became very
popular only after 1972 when de Boor [1972] proposed his computationally efficient algonithms. Finally,
B-splines were later modified on the basis of weighting coefficients, thus producing the popular NURBS
of today, which are fully controlled sculptured surfaces [Piegl 1991; Piegl and Tiller 1995]. For a detailed
review we refer to [Farin et al. 2002].

Concerning mechanical analysis in problems of solids and structures including acoustics, it s well
known that there ane three main methodologies: the popular finke element method (FEM), the boundary
element method (BEM), and the promising global collocation method ([Provatidis 2008h; 2000b; Prova-
tidis and Ioannou 2010] and about 30 references therein). For the sake of brevity, finite volume, fimite
difference, mesh-less and mesh-free methodologies are not commented on. So far, FEM [Hallig 2003]
and BEM [Cabral et al. 1989 1991] have been applied in conjunction with tensor product B-splines in
several engineering problems. Also, Coons—Gordon transfinite interpolation has been extensively used
in conjunction with the Galerkin- Ritz formulation; for an overview we refer to [Provatidis 2012] and

Keywords: B-splines, Galerkin-Rite, global collocation, eigeovalues, CADVCAE.
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'We compare contemporary practices af global approximation using cubic B-splines in conjunction with doubls multiplicity of inner
kmats (! -comtinuaas) with alder ideas of utilizing local Hesmite interpalation of third degree. The study is conducted within the
context of the Galerkin-Ritz formulation, which forms the badkground of the finiie element stroctural analysis. Numerical resulis,

cancerming static and eigenvalue analysis of rectangul

ar elastic structres in plane stress conditions, show that both imterpolations

lead o identical nesiulis, 2 finding that sxpporis the view that they are mathematically equivalent.

1. Intreduction

Structural analysls 1s usually performed using commercial
codes that Indude fintte slements of low (usually first or sec-
and) degres, whers the accuracy of the caloulations Increases
by mesh refinement (h-version). Alternatively, keeping the
number znd the pasttion of the nodal polnts unaltered, the
numericzl solution improves using polynomials of higher
degree (p-version) [1].

As an extension of the shove p-verston “philosophy”
tensor-product Lagrange polynomials 25 well 25 CAD-based
(Gordon-Coons) macroelements—based on several Inter-
polztions—have been used [2-4]. The aforementioned ma-
croelements integrate the solid modelling (CAD: computer-
alded-destgn) with the analysis (CAE computer-aided-engt-
neering). In more detall, thess macroelements wse the same
global approximation for both the geometry and the dis-
placement vector: In order to avold the undesired numerical
oscillations causad by Lagrange polynomlals of high degres,
the next generatson of CAD-based macroelements replaced
them with tensor-product B-splines [5]. Slnce 2005, the
nanunliorm-rational-B-splines (NURES) interpolation has
started to prevatl [6].

A czreful study of Iterature reveals that most of recent
papers referring to the so-called isopeomefric analysis (IGA)

(2014d)

start with some essentizls on the definition of B-splines and
relevant recurstve formulas due to de Boor [7]. It should be
recalled that NURRS 1s an extension of B-splines {nonuni-
form and rational) modified on the basts of welghting coef-
ficlents, thus producing fully controfled sculptured surfaces
[E, 9]. In a B-splines expansion, the multiplicity of the inner
knots plays 2 significant role in the continuity of the variables.
In general, the muliiplicity of A inner knois per brezkpolnt in
combinztion with a plecewtse polynomta] of degree p ensures
CF*_continutty of the vartable (here: displacement compo-
nents) [7, 9). Thus constdering cublc B-splines {(p = 3} 1n
comunction with double inner knots (4 = 2),C° -continusty is
ensured. Holllg [5, page 93] has solved plane stress problems
using B-splines of degrees = 2,3, 4, and 5, but his study is not
& complete investigation on the Inflsence of the multiplicity
znd corresponding continuity of variahles involved.

Om the other paint of view, tensor-product Hermite ela-
ments of third degree have been proposad for the solution
of fourth-order problems, such as plate-bending problems,
using Galerkin-Ritz formulation. The need for smoather ()
global basls functions is 2lso encountered In second-order
problems when collocation finite element methods are wii-
lized 10, page 66].

‘With thesse situations in mind, we next examine the rala-
tionship between particular Hermite dements of third degree

Addiional Imbrmatonibs veliobie o
the ond of the ot
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L. Introduction

aopustics, s

Tronsfnite elementswiens inspired In early 19705 (Gordon & Hall, 1973) far the purpasas of CADACAE
Inmegroion, bt onty much Iomerwere applied for the numericol soiution of Stotic and dynomic engl-
neering problems using nowrol cublc B-splines (Kanarochos & Deriziorts, 19E9; Kanarachos,
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Abstract: - Based on a previeus global collocation concept concemimg the mumencal sofution of twe-
dimensional poten

tial and elastostatic problems, this paper mvestizates its applicabiliny to the sigemalue
mmalysis of acoustic cavities. The key point is fo consider global approximation of the acoustic pressms

withm the entire caviry, the

irmhusadmkmmmﬂﬁmm Lagrangian ar oo

genenlized Gordon-Coons s aupporied by several fest cases COnCeming
nrmlnnndrmgnlxﬂ:mxsu:mmsungc'e\m and Dirichlet boumdary condibons. The

proposed method &5 successfully compared with anatytical sobstions conceming both eizemvaines and
sigenvectors, as well as with a commencial finite elsment prostam.

Eywords: - ghobal collocation, Coons-parch elements, sigenfrequency anabysis

EUmAnm

1. INTRODUCTION

In systems with a very larze amomt of desrees of
frequency determinston from  the
differensial equation offen becomes so complicared
that it iz practcally impossible wo caloulate [1].
Histonically, it was Bayleizsh who first proposed a
generalized energy method based on an assumed
shape for the lowest natoral frequency [2]. Later,
Ritz peneralized this procedure to more thsn one
parzmeter. The major drawback of the Fayleigh—
Rtz method is the difficulty in constructing a set of
adnissible fimctons, pardoulatly for & compound
smuctre. This difficulty can be overcome by nsing
the finite-clement method [3], which provides an
amomatc mesns of consmuctng such fmctons.
Alternatively, 2 boundary element method (BEM)-
‘thased variztonal method has been proposad [4].
However, most of the known fOnite-slemen:
methods ofien require more degrees of fSeedom
(DOF) for a specified acouracy than a classical Ritz
procedure would, tms cansing a considerable delay
m desizm problems that requite repeated eizenvalue
conpatatons during  iteradens  [5].  Since
conpatational effort increases proportdonally to the
third power of the problem (system) order, many
amempts have besn made to redoce the mumber of
degress of feedom Among them the “Coons-Panch
Macoelement” (CPM) method has shown mn
excellent performamce for both two- snd thres-
dimensional problems [§-8], especially when applied
i conjumction with the Lazranze interpolation [9].

However, the obfuined siffiess mamx becomes
fully populated thus requining additional compuier
effort.

In this comfext, in order fo redoce the
comparational efort doe to the domsin infepration. a
global collocation method ha:s been recently
proposed  to replace  the fme  consuming
GalerkinRitz procedure. Initially the former method
was applied to one-dimensional problems [10,11]
and then to tao-dimensional Poisson equaton [12]
and elasostatics [13]

This paper extends the above ideas and
imvestigates the mmerical performance of the global
collocation methodolegy to the soluton of
eigemvalue problems for scoustic cavifies. Although
the proposed methodology is applicable to arbitrary
shaped guadrilaterals, this smdy deals only wath
rectangular and cironlar caviges for which closed
form snalytical solufions are available in ltweramre.

2. GENERAL FORMULATION
2 1. The proposed Global Collecation
method

We consider a mwo dimensional acoustic cavity
which is discetized Im n xm, imtervals, ie
rz-l:n,+l]n-cli.!rl+1::| oodes [13] From these
nodes, m,=2(n,+n,| Dodes belmz to the

10.12.2020

TS5N 2304-TT09 IJAETCS (2015) Vol 2, No.1, 1-15
EResearch Article

[TROSSS o e s ey

LUMPED MASS COLLOCATION METHOD FOR
2D ELASTODYNAMIC ANALYSIS
C. G. Provandis
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ABSTRACT: This paper masdifies a previons global appromimation methed for the free vibration amaly=is of
elastic structures [Finite Elemens i Analysis and Design Vol 42(6), 2006, 518-331] by propesing a novel nodal
collocation method in which the mass matrix degenerates to the identity matrix This is accomplished by
positioning the internal nodes at the positions of Gausstdan peints, amons others. The propozed method iz
implemented to 2D problem: wiing zlobal approxvimation through tensor-product Lagrange polynomials or,
more generally, thromgsh Gordon-Coons (Le. transfinite) interpolation In addition to eigemvalue amalysis,
transient respomse analysis is performed as well The theory is snstained by nomerical examples om rectangular
and curvilinear domains under several bonndary or/and loading conditions, in which the approximate solntion
rapidly converges towards the exact solution.

EEYWORDS: Transfinite interpolation; Macroelement; Global collocation; Eigenvalues; Transient respomse;
Lumped mass.

1. INTRODIUTCTION: It is well known that, in early 1970s, an industrial team umder Gordon’s leadership, based on
the ideas put forward in (1), used transfinite blending fimction methods to interpolate the peometry and the varisble as
well, thus producing some mteresting element fannlies [(2), (3)] This moment was the beginnins of CAD/CAE
Lte STaton.

Cre decade later, closed-form expressions for the involved global shape funcrions were darived by others [(4)-(6)].
The first computations] results in confunction with Galetkin-Fitz formmlation concerned with 2D potential problems
(7) and 2D elasticity (8). These ideas were later exzended to oo symemetric potential problems (%), 2D free vibrational
anabyzis (10), sxdsymmesric elasticiry (11), and 3D problems (see (12), smong others). For a demiled review (of over
160 references) on the nse of CAD-based macroelements the reader is refemed to (13).

The computationsl experience has shown that simple domsing such as rectangles, circles, ellipses or hollow half
circles can be sccessfully treated in temms of the Galerkin-Ritr formmilation using 8 single macreelemenr, which
copstinges the so-called Cooms Pach Mecroelement (CPM) method (10). For dommin: of commplex shape,
decomposition in 3 certain member of large comvex macroelements is proposed However, dnce the net compiser
effort devoted o the CPM solution is comparable with that of standard finite elements, current nesds demand further
reduction of the commesponding compatational time. Therefors, in order to make the slobal approximation method
more atractive, since 2005 it has been proposed (see [14, p_ls"m]] to preserve the global imerpolation fimetions and
replace the Galetkin-Ritz procedure with a global collecation scheme. So far, this idea performed well in 210 swarc
amnalysis (15), 2D potential problems [(16), (17)] ad 1D elastodynamics [(18), (19)]. This paper extends these ideas to
the eigenvae and transient snalysis of 2D elastic stractures wsing the global collocation method and partioularly its
novel hmeped mags version.

Inifis]l findings in the eigenvalne extraction of 2D stmchures, in conjuncton with tensor-product Lagrange
polynomals, have revesled increased errors as well as the appearance of comiplen sigenvahies when the collocation
points are chosen at the interns]l nodal points of 2 uniform mesh (wodal collocation). In order to overcome this
drawback, arthogemal collocation has been proposed and saccessfnlly applied in conjunction with the Geussian poines
or the roots of Chebyshew polynomisls of 2* kind (20). Howeves, the lamer two choices lead to fully-pepulated mass
matrices, & fact that somehow diminizshes the advantaze of using the zlobal collocation method

Under these cirommstances it is imperafive to iwestigate whether there are snitable positions to put the mterpal
nodes of the conpuzational mesh and then perform a nodsl collocation at them.

The paper iz stuctured as follows. First, we propose the orthogomal global collocation method in fall
elastodynamics formmlsgon (sigemvae and transient anslysis). Second, we choose the nodsal poins to coincide with
those of the Gausian poines. In this way the mas: mamin degenerates w the identity masrix, thns no congrutational
cost is spent for it (it iz safficient to estimate the eigemcalues of the stiffness matriv only). Third, we theoretically

ElAY vol Xl issue 272015 2

(2015a)

IS5N 1584-T284 show that for a single Coons-Gordon macroelement wnder Dirichlet-rype bomdary condidons, the calonlated
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1. ntroduction

The uz= of CAD-hased global appraximation far the mumerical
sohtion of partial differential sgquations (CAE: computer
sidedenginesring) is ax old ax the theary of computer
aided-design {CAD) itsell & is well known that an industrial team
(at General Motars] under Gordon's leadership, in early 1970s,
used blending function methods, hased on the idas put forward
in [1 |, to produce some interesting slement families [2.3 | Although
this teampresentad the mathematical hackground for the comman
description betwesn the gsometric model and the unknown
varizhle (CAD[CAE integration). unknown reasors (perhaps the
high computational cost) prevented further dissemination of this
excellent idea

medecale liter, E1 -Zafrany and Coakson | 4.5] also used Coons”
and Bamhills ideas for quadribteral and rimgulr patches,
respactively, whereas Zhaobei and Zhigiang propossd the us= of
Coons” interpolation for the analysis of plates and shed ks 6]

Mevertheless computational results omeming CAD=hased
sopmameinc macroslements (ocoupying 2 Coons patch ABCTY)
were esenbed for the first time by Kamarachos, Derisotis and
Provatidis [7.8] in 2D potential and slxticty (static and dynamic)
problens, where the so-callal “Celement were sucoesciully
compared with conventional finite elements and boundary =le.
menits of similar mesh density. For a detailed review (of over 160

Emal addwix cpmy alomntsd e
LR bty o b vl
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(2016)

referenes ) on the use of CADWhasesd macrnel=ments the readeris
referred to [9].

Summarring some of the most important previous findings
@nceming marroslements that ocaupy a 2D quadrilateral patch
ABCD ar a 3D hexahedral blodk ABCDEFCH. in chronalogical e
spandence with the progress in CAD-theory {Coons, Cordon,
Bévier, Bsplines and NURBS) (see. for imsnce |10]1 it has been
reporiesd that

(i) (Boundary-only ) Coons interpalation is capble of creating a
broad family of arbitrary-noded elements that may be
equivalent to that of Serendipity type. For mample, the
mmentional 4= up to Snoded 20 elanents, as well as the
8 and Aenoded 3D elements can be directly derived
applying Coorms mterpolation [11-14].

(i) Cordon-Coons (tramsfinite blending function) imterpalation
when applisl © 2 stuctured macroslement of which the
boundary and inemal nadal points Ly at the same normal
ized (£ o) positions, degenerates to the dassical lagrangian
itype fnite dement [14].

(i) Cooms=Gordon  interpolation dlows for deding with a
(relatively ) unstructunsd mesh of inemal nodes Using a
single quadriliteral maooslsment, nat anly smple shapes
such ax a recangular or 2 drde can be treated, but aka it
was possible to perform analysis until the complexity of 2
pi=shaped domain (see, [14-16], among others). For mane
@mmplex  shapes, domain  decompositon  wsing  Lrge
macaekements beoomes neemany.
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B-SPLINES COLLOCATION FOR PLATE BENDING EIGENANALYSIS

CurisTOPHER (. PROVATIDNS

Follmwing the recent encouraging findings in the area of 2-[ acoustics, this paper imvestigates the per-
formance of a B-spline collocation method in the ex raction of natural frequencies Gigemvalue analysis)
of thin plates im bending. Mumerical formulation and associated results refer to uniformly discretized
rectangular and circular plates, for which closed-form analytical or approximate solutions are available in
the literature. The computational esults show that the proposed B-spline collocation method is of higher
guality than the previousty known cubic B-splines Galerkin-Ritr formulation; both of them comverge
more rapidly to the accurate sohtion than what the conventional finite element method does for the same
mesh density.

L. Imtroduction

Engincering analysis of arbitrarily shaped or arbitrarily loaded structures is usually performed using the
well-known finite element method (FEM) [Bathe 1996]. Particularly in mechanical engineering, whene
the: structural components generally consist of free shaped boundaries produced by a CAD system, it is
more convenient to deal with their B-splines representation [de Boor 1972; Farin et al. 2002; Piegl and
Tiller 1993]. In addition to a CAD model, computational engineering analysis (CAE) can be performed
on the basis of either B-splines [Hallig 2003] or NURBS [Cottrell et al. 2009]. For a detailed review on
the CAIVCAE inwegration, the interested reader may consult [Provatidis 2013].

B-splines based finike elements have been exiensively wsed in the finiie element praxis. In more detail,
structural engineering applications cover static, dynamic and stability analyses [Peng-Cheng et al. 1987;
Akhras and Li 2011]; an older survey is [Grigonrenko and Kryukov 1993]. A great number of papers
on B-splines fimite element models applied to plates and shells have been published in the last twenty
years. These include isotropic [Antes 1974; Guptaet al. 1991; Fan and Luah 1995]. orthotropic [Cheng
and Dade 1990], cross- and angle-ply multilayered laminated [Patlashenko and Weller 1995; Dawe and
Wang 1995; Kolli and Chandrashekhara 1997; Reddy and Palaninathan 1999; Park et al. 2008; Kapoor
and Kapania 2012; Golmakan and Mehrabian 2004], functional graded maienals {FGM) [Valradeh et al
2013; Tran et al. 2013] and shell [Echier et al. 2013] structures, among others. A tendency of the last few
years 1s o combine B-splines with wavelet ideas [Han et al. 2007; Zhang et al 2010; Li and Chen 2014].

Despite the aforementioned progess, it has been eporied that the compater ¢ fort required o esti-
make the matrices of these CA D-based macrockements (in potential and structural problems) is relative by
high [Provatidis 2004; 2012]. As a mmedy to this shortcoming, in 2005 the anthor proposed preserving
the global CAD-based interpolation but substituting the Galerkin-Ritz formulation (which needs domain
integration to estimate the mass and stiffness matmces) by a global collocation scheme [Provatidis 2006,
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procedures can be supported. For some of these interpolations, this paper investigates the quality of the
relevant numerical solution in several 2D and 3D engineering problems. It is shown that the global character
of all these CAD interpolations ensures excellent numerical solution, although somewhere the boundary may
be slightl ited. The study deals with several benchmark tests that span a large part in the spectrum of
engineering anal from potential problems (Poisson equation-electrostatics and acoustics) to elasticit
(beam in torsion, plate bending: statics and dynamics).
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BRICKS

Element type Calculated errors
5 1
Lagrangian Error of u: L, (in%) .80 0.60 0.06
Error (in%) of V 3538 —0.0809 0.0093

Brick rror of u: L, (in%) 3.34% 5.59% 3.00
Error (in%) of V 0. —3.29 —1.69
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Boundary-Element (BEM) Vs.
Galerkin-Ritz

s [he fundamental solution (GREEN'S function)
operates as a weighting function In the
Galerkin's method.

s Easiness when handling external problems (e.g.
acoustics).

= Difficulties when handling nen-homoegeneous
problems

= Elgenfreqguency analysis Is a non-algebraic
problem unless DR/BEM Is applied.
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Our Contribution

= Coons Interpolation was applied in conjunction
with BEM In Diploma-\Works | supervised, first in
elastostatics (Tzanakis 1991) and then In
acoustics (Mastorakis 1992).

= Official publications In Conferences only:
m 2001: 47 Europ. Conf. Noise: Control (C21)
m 2001: ASVE-Greek Conrerence (C26)
n 2002: 47 GRACM. Congress on Computational Mech.
m 2002: Acoustics 2002 Conf. (C40)
m 2003: 57 Europ. Solid Mech. Conf. (C55, C56)
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meplaced Iy |f.l1|:=.|'.l':|' l:;“.:‘._.l’.l‘ln'-:‘r.l'.l’f' . which requires a

trivial {e.g., 2%2, 3% 3. 424 ) Goussian quadragare.

Fig. 2 [a) Unil reference and (&) Real palch peometry.

S0, the final algebraic sysiem obiming te form

CU+THT U =Y G F? s
=l ipsl

where U is the displacemest vector of all modes on the
bowrelary of the sinsctere (ghmg the pach edges), U™ and
P¥ are displacement amd traction vectors refeming to the -
th paich. Also, the mamices HY and G are of order
L H-.'_‘, where % g the nusnber all nodes of the
whole struciure and .‘\'.‘_ 15 the number of the ip-th paich.
Their elements HY and G, each of order 3x3, relaie the &
th pevmetrical node of the gnciure with the ~th node of the
jp-th parch, The C-mairlx 15 & diaponal oae of order
IV, x3N,

It i% Beere reminded that apart of the partcular cass of an sdeal
amonth bandary, m most cises the nusmber of the geomsstry
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So, Eq. (15) Pnelly becomes
CU+HU=GP

: diagonal matrix { 3%, = 3N_}

+ digptacernent vecior { 3N, =1}

+ rnctiom vector { 3N _ =1

: total displecement —inflsence mamx { 3N =34 )
: otal smction-influence matrix § 3N = 3N _)

Aggain, the final displecemeni-inflwence maix ( H ) & squarne
while the traction-mfleence one (G ) will be TIN50 LT
possrEsing e dolomng tan rows.
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MW—C=01, == sm b mily enleubml o in dw
comventional BEM [3, 4] on dhe Basis of mgid body
comsiderations. In this work, no special attention was given o

thi gingiikar l'-l_-h-n-m

NUMERICAL EXAMFLES
The proposed method is sustamed by three examples.

Example 1= Culbe in cossion

A cube of unit length is fived ® its ane surface (x,=1)
while the apposate ade & uniformly loaded in temsion | .I""_ =1].
Elsstic miodulus and Polsssi ' estio ang; £=1, o=

This problem wis sobved for chree different uniform
meshes  of foeniy, fory-four md  siciy-four  geomenry
{displacemint) nodes. respectively, & shown in Fig. 5.

(=]

Fig. 3 Clamped unit cube model using (a) twenty, (b) forby-four and &) sixly-lour rodes, unifarmly distibuled
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Exh case wag alo mhved for three different Gaussian
quasdmmiuras: 23}, 3x3 and Lxd per cell, Resalis s prcsesind
in Teble |
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Exampile 1z Cube in bending

A cube al il kengih 18 Oxed 81 i one oirkice (o=
while the opposite side 15 knaded by o omiform shesr taction in
bemading (F =3.2). Blasic modukss and Folsson's macio ares
£=|_ v=01 This problem was solved for a wmiform mesh of
Forty-Ffour goometry  (displacement) nodes (Fig. 3b) using
three different Cia a: Txd, 33 gnd
2wd per cell As only approammae closed formulas exisa for
thiz exampde, now the results shown m Table 2 are compared
with the commercial FEM-code ALGOR (for the same
number of divesions),

i sl ach

Tabls 2 Calculated displacamenl af the baded surace:
Banding

Ciiagsd poins per cell ALGOR
1.3 KPR [T

953 1110 10235 10.13

000 .01 .00 .04

3008 | 2104 | ma9 | 3

Eximple 3; Thick hollsw cylinder umider intermal presure.

A thick hoBow cybmder (8= 1mm, 8 =30mm] and height
=20 w15 sebeecied sooa wniform miemal pressare P=320
WiFa. The model consisss of ooe-fourth (M) degress)
corcumierentially where ower and spper sides do mol move
plomed the axis of revolutiom but they omly rofl on the plase
i) shown in Frz 4. The malersil i dsotropae and liness
alagnic {F=210000 MPs, vw=l.3)

The numerical model conssis of forty-four geometry
{dasplacement} nodal poisds. In other wonds i consials of dix
patchis with sigiees nodes pir pelche Mumerieal fesilss ang
presintad o boundary podes (Tebles 3 and ) &5 well as ai
intemal points Inoall ceses these afe comgared with the
mnalyhcal solutson given as
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Inl %3 CTE] Exact
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Table 4 Circumlerentisl stresses o, (MPa) on iha
boundary
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OVERVIEW OF PUBLICATIONS

TABLE OF CAD/CAE INTEGRATION PUBLICATIONS

IGALERKIN-RITZ COLLOCATION BEM
J119,J114,J111. J108,J92,J69 | J129, J128., J126, J125., J121.
J47.J44, J42, J41, J37. J36.J29. | J117, J99, J93. J70, J67. J63.
J28.J24,7J19,J17 J60. J59
JOURNAL: 13 JOURNAL: 17 JOURNAL: 0

C236, C192, C191, C173, C136,
C108, C96, C89., C78. C57. C56,
C55, €53, C48, C25, C22, C19,
Cl2,C4

C193. C172, C135, C122

C56, C55, C36, C35, C26

CONFERENCE: 19

CONFERENCE: 4

CONFERENCE: 5

SUBTOTAL: 32

SUBTOTAL: 21

SUBTOTAL: 5

GENERAL SUM: 58 PAPERS
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- Publications
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DOMAIN Decomposition

Chapter 13
Domain Decomposition and Other
Advanced

Chapter 7

Generalized Formulation of Coons’ Interpolation

Ane os, Dionysios Grekas, and Chr & Provatidis

7.1 Introduction
Abstract While previous chapters : ingle macroele-

here we study the case of a y macroelements
mal surf

dement method sad &
Hending fun

interface between two adjacent patches is
on interpolation has to be extended in & proper way using anificial
The case of : ments that share the same edge bat do
same number of nodes along it is al ort discussion is devo
such as closed surface patches and loc ol. Mumerical examples refer
to potential problams (heat fiow and acoust elasticity problems (tension and
bending).

N-dimensional Transfini;

deseribe the into

Diegeneration - Non-rational Bemnstein—Bézier and B-spline

131 Usual Shortcomings in Subregion Coupling

1995: Workshop to the honor of G. Farin {1 General Problem

The value of a computational method as the method of using C.

i i I t th T_ I i uld be judzed regarding its capability to be applied in cc
(SI m I arl Ies WI S p I n e) ‘ 1 on of the d-':fn:n. Lfs1fath' each subregion ;nd]t:lscmraicl}'

synthes
tional small or larg

Michanics and lis

Provatidis, Springer, 2019
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Shape optimization
B-spline tensor product

Miesh and control poinis

Optirmal Shape
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AT EERE
ISR EENEEEE N

I

Provatidis, Tziola Publ., in Greek, 2017
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Books In Greek

BeAtiotomoinon & Noylouko KataoKevwv:

Nemepaopgva Erowyela, looyswpetpikd roryela, Iuvoplaxd Itoysin

Xprotodopog I NMpoParidng

Nenepaopéva Etoteia ot
AvaAuon Mnyavoloyikwv Kataokeuwv
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Bezier related Book

ekt Motedof the Balone Matematica kakana Bercovier M., Design of a Mesh Generator
as a EUCLID Application, Matra-Datavision
report, Orsay, 1986

Michel Bercovier

Tanya Matskewich
Burn JM., Bercovier M., Solid Modeling
Smooth Bézier Based CAD Systems Lead to the
Integration of Finite Element Modeling.
Surfa ces over First WId Conference on Computational
UnStrU Ctured Mechanics, Austin, Texas, Sept. 1986
MEShES JM Brun: developer of EUCLID

https://en.wikipedia.org/wiki/Euclid_(comp
uter_program)

Covers the period about 2000

2017: forwarded by TJR. Hughes
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CONCLUSIONS (1/4)

= Five CAD-based interpolation formulas, established well before
NURBS, have become the vehicle to develop higher-order FEM
macro-elements of high accuracy.

= [he above macroelements are applicable in conjunction with
Galerkin-Ritz., Glebal Co//ocation Method, and BEM.

= [he whole procedure Is rather automatic.

= \We were introduced in 1982 but we published with delay.

= Approx. eight Diploma Works-MSc Theses (conducted from time-to-
time)

s GALERKIN-RITZ “Pre-1GA™ was published first in 1989.

s BEM-"Pre-1GA” was developed in 1992-1993, documented in a few
official student Theses, but was published in early 2000.

s COLLOCATION="Pre-IGA™ was published in 2006 and then in 2008.

Prof. Dr-Ing. Chris PROVATIDIS, NTUA, Greece val
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CONGLUSIONS (2/4)

n Classical Serendipity elements are COONS-elements using
Lagrange interpolation (trial functions) per: side.

s Classical Tensor-LLagrange elements are GORDON's-
transfinite elements using Lagrange blending and Lagrange
trial functions.

= [ransfinite elements “live” between Serendipity. and
Lagrangian elements.

s [ensor-product (noen-rational) Bezierian elements are
mathematically equivalent with' Lagrangian elements.

s CORDON'and COONS are applicable in conjunction with
several blending and trial functions, such as cardinal B-
splines, cosine-like, etc.

Prof. Dr-Ing. Chris PROVATIDIS, NTUA, Greece 72
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CONCLUSIONS (3/4)

= [ensor-product B-spline and NURBS are simple extensions of
our older transfinite elements.

= Domain-decomposition and remeshing schemes have been
somenow studied but not to a sufficient extent.

= For example, we have implemented transfinite technigues
(to be published) te deal with: hanging nedes and also,
follewing Bernd Simeon's (Jonathan Jahnke’s programming
style for 1D THB-Spline-Finite Element), we saw. that for 2D
problems were selved using G+Smo facilities in C++)

= In-house or a widely accepted free CAD-tool (G+Smo +
ParaView + ?)?

m C++ or Python?

Prof. Dr-Ing. Chris PROVATIDIS, NTUA, Greece 73
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CONCLUSIONS (474)

x Overall'in pre-1GA: —60 papers (30 journals,
30 conferences), about 15% of team'’s
resume.

n [otal fund: 20,000 Euros only (In 2014-
2016)!

= In the lack of funding, since 1998, seven-to-
eight PhD’ candidates discontinued their
theses (NL C-elements, Bézier-elements, B-
splines, NURBS)
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sSummary. & Details

Solid Mechanics and Its Applications

14.3.2  Author’s “Odyssey” and “Tutankhamun’s Curse”

Christopher G. Provatidis

Most of you are surely aware about the meaning of “Odyssey” (one of two major

P re c u rS 0 rS Of ancient Greek epic poems attributed to Homer concerning the adventures of Odysseus

. to return at home after the Trojan War). On the other point of view, the reader may
| S 0 e 0 m et rl C be also aware about the meaning of “Tutankhamun’s Curse”. Pharaoh’s tomb was
g opened on November 29, 1922. Everyone who was present at the tomb’s opening
: died after a short period. The same is hypothesized to have occurred to the grave
A n a | yS I S robbers (https://en.wikipedia.org/wiki/Curse_of_the_pharaohs).

Sometimes I have the feeling that my attempt at NTUA to develop and promote
the idea of CAD-based macroelements was a personal Odyssey in the course toward
Ithaca, as will be exposed below. In more details, it should be reported that any student
who undertook to deal with the subject of CAD-based macroelements “failed”. Not
even the first Ph.D. student did nor complete and did not defend his thesis (officially
@ Springer started in January 1985) because in 1990 he succeeded as an owner of a private

company in mechanical engineering, but also the second one (D. G.) stopped very

Finite Elements, Boundary Elements,
and Collocation Methods
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