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OUTLINE 
 Progress of CAGD before NURBS (1964 – 2003, …), and the 
 First ideas on CAD/CAE integration (~1972, GM) 
 NTUA research 1984-1989: Pre-IGA (C-elements) 

 Using a reduced cardinal B-spline 
 Pre-IGA: BEM analysis (1991-1992) 
 Bézier patches and relevant macroelements (1992) 
 Pre-IGA: Volume Blocks (3D) 
 Pre-IGA Collocation Method: 2004-2006-2007 
 Applications: 

 Laplace – Poisson, 2D-acoustics, 2D-Elasticity, Plate-bending, 3D 
problems – Shape optimization 
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Spline Interpolation (< Schoenberg 1946) 
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“Modern” consideration of B-
splines 
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Chronological sequence of CAGD 

 Coons interpolation (S.A. Coons: 1964) 
 Gordon’s interpolation (W.J. Gordon: 1971) 
 Bézier interpolation (P. Bézier, 1970) 
 B-splines (J. Schoenberg 1946, C. de Boor 

1972, Cox 1972) 
 NURBS (L. Piegl, 1988, between others)IGA 
 T-splines 
 Etc…… 
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http://publications.csail.
mit.edu/lcs/pubs/pdf/MI
T-LCS-TR-041.pdf 

Some pioneering papers 
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Year 1976 
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GMSOLID 
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GMSOLID 
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GMSOLID 
(1984) 
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Gordon’s last work  
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Cavendish’s ~last work  

Hall’s ~last work  

Crack 



NTUA-attempts  
since 1984 
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National Technical University of Athens (NTUA)  
The biggest and oldest “Engineering University” (TU) in Greece 
-  Area: 900.000 m2  
-  10,000 students 
-  1,500 personnel 
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B-splines 
<Schoenberg 
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NTUA-attempts since summer 1984 
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The same interpolation for both the 
Geometry and the Analysis 



NTUA-attempts since 1984 
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Kanarachos, 1989 

Natural cardinal cubic B-
splines η 

ξ 

Using 
FEAP 



NTUA-attempts since 1984 
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Numerical integration on internal cells (Gaussian quadrature) 



NTUA-attempts since 1984 
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Kanarachos et al, 1989 

C-element: much 
better than 
DR/BEM 
(Nardini-Brebbia) 

Provatidis, 1987 



NTUA-attempts since 1984 
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Details in: Provatidis, 2019, ~p. 109  

Natural cardinal cubic B-splines 

Truncated power 

Old-fashioned Bspline 

Implemented in FEAP 



Activities 1990-1998 
1990: (~1988) Greece purchased 40 pieces of Mirage-

2000 aircrafts  OFFSETS. 
 MATRADATAVISION-Palaiseau (Paris), EUCLID_IS: 

6-weeks training in  Bézier/B-splines/NURBS. 
 We proposed the implementation of C-elements in 

EUCLID_IS but Matra-DataVision rejected the idea. 
 Essen: VDI-Tagung (neighbors of Babuska-Szabo: 

PROBE, Hinton-Owen, etc.) 
 1992-1993: A PhD in Bézier-FEA (J. Dimitriou) 
 Seven PhD students abandoned (Tutankhamun’s 

Curse) 
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Activities ~1992-1993 

24 Prof. Dr.-Ing. Chr.  PROVATIDIS, NTUA, Greece 

    “G+Smo, Meeting”                                                10.12.2020 

PhD Thesis: Finite Elements based 
on Analytical CAD-methods 

Mini-UNISURF 
(>10,000 commands 
in Turbo C v.2.0,  
Borland) 
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ECCM’99, Munich, 28 Aug-3 Sept. 1999. 

http://www.wseas.us/e-
library/conferences/athens2000/Papers2000/547.pdf (Two PhD Theses discontinued) 

http://users.ntua.gr/cprovat/yliko/763.pdf 
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http://users.ntua.gr/cprovat/yliko/763.pdf
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Session Chair: Robert L. Taylor 

 ~100 ATTENDEES at the Session: 
 Olek C. Zienkiewicz 
 A. Samuelson 
 T. J. R. Hughes 
 … 

The Session was 
Video-recorded! 

(developer of FEAP) 
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C-element 
 Minimizes errors in data transfer from CAD 

(geometric) model to FEA modeling (Casale 1989) 
 Needs less “labor costs”  for meshing 
 Accuracy in high-frequency analysis 
 Uses as fewer DOF as possible (it is a p-version) 
 Convenience in shape changes  during the 

design cycle (control points, whatever it means) 
 Accurate representation of geometry (as much 

as possible) 
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Two OPTIONS: Patches & Blocks 
 The problem domain 

 2D patches 
 3D blocks 

 Global approximation in  
 Quadrilateral patches 
 Volume blocks 
 Triangular patches 

 Applications  
 Laplace – Poisson 
 2D-acoustics, 
 2D-Elasticity 
 Plate-bending 
 3D problems  
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CAD/CAE Integration using B-
splines (1/5) 

 Casale, Bobrow & Underwood (1989, 1992): Trimmed-
patch boundary elements: bridging the gap between 
solid modeling and engineering analysis. Computer-
Aided Design 1992;24:193-199 

 Park & Lee (1997): Trivariate NURBS 
 Martin & Cohen (2001): Trivariate B-splines 
 Kagan, P., Fischer, A., and Bar-Yoseph, P. Z. (1998). 

New B-spline finite element approach for geometrical 
design and mechanical analysis. International Journal of 
Numerical Methods in Engineering, 41:435–458. 
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CAD/CAE Integration (2/5) 
 Kagan P, Fischer A. Integrated mechanical based CAE 

systems using B-spline based finite elements. Comput 
Aid Des 2000;32(8-9), 539-552. 

 Kagan, P., Fischer, A., and Bar-Yoseph, P. Z. (2003). 
Mechanically based models: Adaptive refinement for B-
spline finite element. International Journal of Numerical 
Methods in Engineering, 57:1145–1175. 

 Clark BW, Anderson DC. The penalty boundary method 
for combining meshes and solid models in finite element 
analysis. Engineering Computations 2003; 20(4): 344-
365.  
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CAD/CAE Integration (3/5) 
 Clark BW, Anderson DC. The penalty boundary method. 

Finite Elements in Analysis and Design 2003; 39: 387-
401. 

 Clark BW, Anderson DC. The penalty boundary method 
for combining meshes and solid models in finite element 
analysis. Engineering Computations 2003; 20(4): 344-
365.  

 Natekar D., Zhang X, Subbarayan G. Constructive solid 
analysis: a hierarchical, geometry-based meshless 
analysis procedure for integrated design and analysis. 
Computer-Aided Design, 36(5), 2004, pp. 473-486. 

 Etc. 
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 The solution U (x, y) of a PDE in a 2D domain 
constitutes (represents) a curved surface. 

 

 A curved surface can be approximated using CAD 
formulas. 
 

 CAD formulas for a surface (Farin, 1990): 
 Coons   (1964) 
 Gordon (1971) 
 Bézier   (1970) 
 B-splines (Schoenberg: 1946, De Boor: 1972) 
 NURBS (Piegl & Tiller ≅ 1985, among others) 

 

 Using any NEW CAD formula, a NEW macro-
element can be created 

Prof. Dr.-Ing. Chr.  PROVATIDIS, NTUA, Greece 

CAD/CAE Integration (4/5) 
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CAD/CAE Integration (5/5) 

 In some CAD interpolation formulas (Coons, 
Gordon-transfinite) the functional set of global 
basis functions is hidden. 

 In the rest formulas (Bézier, B-splines, NURBS) 
it is more apparent. 

    “G+Smo, Meeting”                                                10.12.2020 

Around 1990, the Journal COMPUTERS & STRUCTURES published a 
lot about B-splines FEM. 
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(2001) (2003) 

Extension to Axisymmetric Analysis 
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(2004a) (2004b) 
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(Unlucky) 

http://users.ntua.gr/cprovat/yliko/Provatidis_CAD_CAE_Integration.pdf  
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2003 
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(Unlucky) 

(Lucky: Evaluated at a score 9,9 out of 10,00) 

In 2002, a similar paper was submitted but … 
they could not find a willing Reviewer (!!!), so 
the paper was withdrawn. 

(Unlucky) 
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DIDYMO: Research on CAD/CAE integration  
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(2004) (2005) 

η 

ξ 
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Single 
element 
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(1 April 2005) (Online: April 2005) 
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(Online: April 2005) 

    “G+Smo, Meeting”                                                10.12.2020 



41 41 Prof. Dr.-Ing. Chris  PROVATIDIS, NTUA, Greece 

(Online: April 2005) 
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U(ξ,η,ζ) 

Pre-IGA: C-element 
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October 2005: IGA Appears! 
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(2005) (2006a) 
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(2006b) 

TRANSFINITE Element 
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(2006c) 

For the first time, we proposed the 
CAD-based Global Collocation Method  
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(2008a) (2008b) 
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(2008c) (2009a) 
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(2009) 

…Not so late, since 20 papers 
had been published earlier than 
2009 in refereed journals! 
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NOTE 

 Before 2009: 20 Journal papers  
 (10 of them before 2005 where IGA appeared for the 

first time in CMAME) 
 

 After 2009   : 15 papers 
 

49 Prof. Dr.-Ing. Chr.  PROVATIDIS, NTUA, Greece 

    “G+Smo, Meeting”                                                10.12.2020 



50 50 Prof. Dr.-Ing. Chris  PROVATIDIS, NTUA, Greece 

(2009) 
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A whole circle and a whole ellipse were 
treated as single (say) Lagrange element  

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
-1.5

-1

-0.5

0

0.5

1

1.5

1

2

3
4

5
6789

10

11

12
13

14
15

16
17

18

19

20

21
22

23
24

25
26

27

28

29

30
31

32
33

34
35

36

37

38
39

40
41

42
43

44

45

46
47

48
49

50
51

52

53

54

55
56

57
58

59
60

61

62

63

6465
66

67
68

69
70

71

72

73747576
77

78
79

80

81

LAGRANGE TYPE MACROELEMENT (nx=8)

X

Y

-1 -0.5 0 0.5 1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1
2

3
4 5 6 7

8
9

10
11

12

13

14

15

16

17

18

19
20

21
22232425

26
27

28

29

30

31

32

33

34

35

36
37

38 39 40 41
42

43 44 45 46 47 48

49 50 51 52 53 54

55 56 57 58 59 60

61 62 63 64 65 66

67
68 69 70 71

72

A B

CD

CIRCULAR CAVITY

X

Y

η 

ξ 



51 51 Prof. Dr.-Ing. Chris  PROVATIDIS, NTUA, Greece 

(2009) 
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(2009b) (2010) 
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(2011a) (2011b) 
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2005…2012 
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(2011c) (2012a) 
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(2012b) (2014a) 
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(2014b) (2014c) 
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(2014d) (2014e) 
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(2015a) (2015b) 

    “G+Smo, Meeting”                                                10.12.2020 



59 59 Prof. Dr.-Ing. Chris  PROVATIDIS, NTUA, Greece 

(2016) (2017) 
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(2017) 
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Provatidis (2017) 
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Boundary-Element (BEM) vs. 
Galerkin-Ritz 

 The fundamental solution (GREEN’s function) 
operates as a weighting function in the 
Galerkin’s method. 

 Easiness when handling external problems (e.g. 
acoustics). 

 Difficulties when handling non-homogeneous 
problems 

 Eigenfrequency analysis is a non-algebraic 
problem unless DR/BEM is applied.  
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Our Contribution 
 Coons interpolation was applied in conjunction 

with BEM in Diploma-Works I supervised, first in 
elastostatics (Tzanakis 1991) and then in 
acoustics (Mastorakis 1992). 

 Official publications in Conferences only: 
 2001: 4th Europ. Conf. Noise Control (C21) 
 2001: ASME-Greek Conference (C26) 
 2002: 4th GRACM Congress on Computational Mech. 
 2002: Acoustics 2002 Conf. (C40) 
 2003: 5th Europ. Solid Mech. Conf. (C55, C56) 
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A typical BEM 
Coons-based 

paper 
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OVERVIEW OF PUBLICATIONS 

66 Prof. Dr.-Ing. Chris  PROVATIDIS, NTUA, Greece 

URL: http://users.ntua.gr/cprovat    Publications 
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+ 

http://users.ntua.gr/cprovat


DOMAIN Decomposition 
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1995: Workshop to the honor of G. Farin 
         (similarities with T-spline) 

Provatidis, Springer, 2019 



Shape optimization 
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Provatidis, Tziola Publ., in Greek, 2017 

B-spline tensor product 



Books in Greek 
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700 pp. 960 pp. 



Bézier related Book 
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2017: forwarded by TJR. Hughes 

Bercovier M., Design of a Mesh Generator 
as a EUCLID Application, Matra-Datavision 
report, Orsay, 1986 

Burn JM., Bercovier M., Solid Modeling 
Based CAD Systems Lead to the 
Integration of Finite Element Modeling. 
First Wld Conference on Computational 
Mechanics, Austin, Texas, Sept. 1986 

Covers the period about 2000 

JM Brun: developer of EUCLID 
https://en.wikipedia.org/wiki/Euclid_(comp
uter_program) 



CONCLUSIONS (1/4) 
 Five CAD-based interpolation formulas, established well before 

NURBS, have become the vehicle to develop higher-order FEM 
macro-elements of high accuracy. 

 The above macroelements are applicable in conjunction with 
Galerk in-Ritz , Global Collocation Method, and BEM. 

 The whole procedure is rather automatic. 
 We were introduced in 1982 but we published with delay 
 Approx. eight Diploma Works-MSc Theses (conducted from time-to-

time) 
 GALERKIN-RITZ “Pre-IGA” was published first in 1989. 
 BEM-”Pre-IGA” was developed in 1992-1993, documented in a few 

official student Theses, but was published in early 2000. 
 COLLOCATION-”Pre-IGA” was published in 2006 and then in 2008. 
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CONCLUSIONS (2/4) 
 Classical Serendipity elements are COONS-elements using 

Lagrange interpolation (trial functions) per side. 
 Classical Tensor-Lagrange elements are GORDON’s-

transfinite elements using Lagrange blending and Lagrange 
trial functions. 

 Transfinite elements “live” between Serendipity and 
Lagrangian elements. 

 Tensor-product (non-rational) Bézierian elements are 
mathematically equivalent with  Lagrangian elements. 

 CORDON and COONS are applicable in conjunction with 
several blending and trial functions, such as cardinal B-
splines, cosine-like, etc. 
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CONCLUSIONS (3/4) 
 Tensor-product B-spline and NURBS are simple extensions of 

our older transfinite elements. 
 Domain-decomposition and remeshing schemes have been 

somehow studied but not to a sufficient extent. 
 For example, we have implemented transfinite techniques 

(to be published) to deal with hanging nodes and also, 
following Bernd Simeon’s (Jonathan Jahnke’s programming 
style for 1D THB-Spline-Finite Element), we saw that for 2D 
problems were solved using G+Smo facilities in C++) 

 In-house or a widely accepted free CAD-tool (G+Smo + 
ParaView + ?)? 

 C++ or Python? 
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CONCLUSIONS (4/4) 

 Overall in pre-IGA: ~60 papers (30 journals, 
30 conferences), about 15% of team’s 
resumé. 

 Total fund: 10,000 Euros only (in 2014-
2016)! 

 In the lack of funding, since 1998, seven-to-
eight PhD candidates discontinued their 
theses (NL C-elements, Bézier-elements, B-
splines, NURBS) 
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