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Περίληψη 

Στόχος της παρούσας διδακτορικής διατριβής είναι η µελέτη της συµπεριφοράς σύνθετων υποστυλωµάτων 
µε ράβδους δικτύωσης και τυχαίες συνοριακές συνθήκες υπό αξονική και εγκάρσια φόρτιση και η διατύπωση 
οδηγιών για το σχεδιασµό τους. Για την επίτευξη αυτού του στόχου ακολουθείται συνδυασµένη 
πειραµατική, αριθµητική και αναλυτική προσέγγιση. 

Αρχικά, παρουσιάζεται ο σχεδιασµός και η εκτέλεση µιας σειράς πειραµατικών δοκιµών σε δέκα αµφιέρειστα 
σύνθετα υποστυλώµατα µε ράβδους δικτύωσης (πέντε οµάδες µε δύο ίδια υποστυλώµατα στην κάθε µία για 
λόγους επαναληψιµότητας) µε ρεαλιστικές καθολικές και τοπικές ανηγµένες λυγηρότητες. Τα δοκίµια 
υποβάλλονται σε αξονικά θλιπτικά φορτία και συγκεντρωµένες ακραίες ροπές προκαλούµενες λόγω 
εκκεντρότητας των αξονικών φορτίων. Τα αποτελέσµατα για κάθε δοκίµιο παρουσιάζονται µε φωτογραφίες 
τους για διάφορα επίπεδα φόρτισης, και δρόµους ισορροπίας µε τη µορφή διαγραµµάτων φορτίου-
εγκάρσιας µετακίνησης καθώς και φορτίου-παραµόρφωσης σε χαρακτηριστικές θέσεις. Η συµπεριφορά όλων 
των δοκιµίων είναι αρχικά ελαστική, ενώ διαπιστώνεται πως σε όλες τις οµάδες η τοπική ελαστοπλαστική 
αστοχία ενός φατνώµατος οδηγεί σε καθολική αστοχία χωρίς περιθώρια ανακατανοµής της έντασης. Με 
βάση την τοπική συµπεριφορά των κρίσιµων φατνωµάτων καταδεικνύεται η επιρροή των αρχικών τοπικών 
ατελειών και των τοπικών εσωτερικών ροπών. 

Στη συνέχεια, πραγµατοποιείται αριθµητική προσοµοίωση των πειραµάτων µε τη µέθοδο πεπερασµένων 
στοιχείων, µε στόχο τη βαθµονόµηση των αριθµητικών προσοµοιωµάτων έχοντας ως βάση τα πειραµατικά 
αποτελέσµατα, ώστε να µπορούν να χρησιµοποιηθούν στη µετέπειτα πορεία της έρευνας. Για την 
προσοµοίωση τόσο των πελµάτων όσο και των ράβδων δικτύωσης χρησιµοποιούνται αρχικά επιφανειακά 
πεπερασµένα στοιχεία. Προκειµένου να ληφθεί υπόψη η παρουσία παραµενουσών τάσεων λόγω θερµικής 
κατεργασίας η διατοµή των πελµάτων χωρίζεται κατάλληλα σε τµήµατα, σε κάθε ένα εκ των οποίων 
αποδίδεται διαφορετική ποιότητα χάλυβα. Οι καθολικές και τοπικές γεωµετρικές ατέλειες ενσωµατώνονται 
στις αριθµητικές αναλύσεις σύµφωνα µε τις πρώτες ιδιοµορφές καθολικού και τοπικού λυγισµού, αντίστοιχα. 
Από τις αριθµητικές αναλύσεις προκύπτει πως εφόσον ληφθούν υπόψη στην ανάλυση η µη γραµµικότητα 
γεωµετρίας και υλικού, οι αρχικές γεωµετρικές καθολικές και τοπικές ατέλειες και οι παραµένουσες τάσεις 
θερµικής κατεργασίας, υπάρχει µια πολύ καλή συµφωνία µεταξύ αριθµητικών και πειραµατικών 
αποτελεσµάτων, σε όρους µετακινήσεων, παραµορφώσεων και αντοχής. Επιπλέον, η σύγκριση των 
αριθµητικών προσοµοιωµάτων µε επιφανειακά πεπερασµένα στοιχεία µε αντίστοιχα ραβδωτών 
πεπερασµένων στοιχείων οδηγεί στο συµπέρασµα πως η χρήση των δεύτερων µπορεί να προβλέψει 
ικανοποιητικά τη συµπεριφορά των σύνθετων µελών µε αισθητά µικρότερο υπολογιστικό κόστος. 

Στη συνέχεια, µε χρήση αριθµητικών προσοµοιωµάτων κυρίως ραβδωτών πεπερασµένων στοιχείων, 
διερευνάται η απόκριση σύνθετων υποστυλωµάτων µε ράβδους δικτύωσης µε καθολικές και τοπικές 
ατέλειες. ∆ιαπιστώνεται ότι η αστοχία εκδηλώνεται συνήθως ως τοπική ελαστοπλαστική αστοχία του 
κρίσιµου φατνώµατος, ή σπανιότερα ως καθολική ελαστική αστοχία. Στη δεύτερη περίπτωση η 
αλληλεπίδραση µεταξύ καθολικού και τοπικού λυγισµού είναι σηµαντική και θα πρέπει να λαµβάνεται 



 

υπόψη, ενώ στην πρώτη µπορεί να ενσωµατωθεί έµµεσα στην τοπική αντοχή του κρίσιµου φατνώµατος. Η 
µεγαλύτερη µείωση του φορτίου αστοχίας του ατελούς φορέα σε σχέση µε τον τέλειο πραγµατοποιείται και 
στις δύο περιπτώσεις όταν τα φορτία καθολικού λυγισµού, τοπικού λυγισµού και πλήρους διαρροής 
ταυτίζονται, ενώ η µικρότερη όταν το κρίσιµο φορτίο καθολικού λυγισµού είναι µικρότερο από του τοπικού. 
Η αδυναµία της ικανοποιητικής πρόβλεψης του φορτίου αστοχίας από τις διατάξεις του Ευρωκώδικα 3 στην 
περίπτωση της δεύτερης µορφής αστοχίας, καθώς δε λαµβάνεται εκεί υπόψη η αλληλεπίδραση καθολικού 
και τοπικού λυγισµού, αποτελεί κίνητρο για τη δηµιουργία µιας προσεγγιστικής αναλυτικής διαδικασίας που 
προβλέπει επαρκώς την απόκριση των σύνθετων µελών και στις δύο περιπτώσεις αστοχίας. Παρόλα αυτά, η 
πλέον συχνή µορφή αστοχίας στην πράξη είναι η πρώτη, λόγω χρήσης µελών µε µικρές ως µέτριες 
καθολικές και τοπικές ανηγµένες λυγηρότητες και λόγω συνύπαρξης σηµαντικών εγκάρσιων φορτίων, και µε 
βάση αυτή συνεχίζεται η παρούσα έρευνα. 

Εν συνεχεία, εφόσον η προσοµοίωση των σύνθετων µελών µε ράβδους δικτύωσης ως µελών Timoshenko 
κρίνεται επαρκής και αξιόπιστη, η έρευνα επικεντρώνεται στην πρόβλεψη του ελαστικού κρίσιµου φορτίου 
λυγισµού µελών Timoshenko µε τυχαίες συνοριακές συνθήκες µε τη µέθοδο του Engesser. Προτείνεται για 
αυτό το σκοπό ένα µητρώο ευστάθειας 3x3 που οδηγεί σε τρεις µη γραµµικές σχέσεις για αµετάθετα, 
µερικώς µεταθετά και µεταθετά µέλη. Εξάγονται επίσης εξισώσεις γωνιών στροφής µε τη µέθοδο Engesser 
για µέλη Timoshenko µε ηµι-άκαµπτες συνδέσεις στα άκρα τους. Με βάση αυτές, υπολογίζονται στροφικές 
δυσκαµψίες για τα προς αντικατάσταση µέλη Timoshenko σε πλαίσια, ανάλογα µε τη συνοριακή συνθήκη 
στο απέναντι άκρο τους και την παρουσία ή όχι αξονικής δύναµης. Η χρήση των µη γραµµικών σχέσεων και 
των στροφικών δυσκαµψιών συµβάλλει στον επαρκή υπολογισµό του ελαστικού κρίσιµου φορτίου λυγισµού 
πλαισίων που αποτελούνται από µέλη Timoshenko και από σύνθετα µέλη.  

Ακολούθως, διερευνάται η ανάλυση 2ης τάξης ατελών µελών Timoshenko µε τυχαίες συνοριακές συνθήκες 
υπό συνδυασµό αξονικού φορτίου και συνήθων εγκάρσιων φορτίων, µε στόχο να προταθούν κλειστές 
λύσεις για τον υπολογισµό εντατικών µεγεθών και µετακινήσεων κατά µήκος των µελών. Η ενσωµάτωση 
αρχικής καθολικής ατέλειας σύµφωνα µε το σχήµα της 1ης ιδιοµορφής καθολικού λυγισµού γίνεται µε χρήση 
προσεγγιστικού µεγεθυντικού συντελεστή που υπολογίζεται µε βάση τα φορτία λυγισµού της προηγούµενης 
παραγράφου. Οι εγκάρσιες φορτίσεις περιλαµβάνουν οµοιόµορφα κατανεµηµένο φορτίο, ακραίες 
συγκεντρωµένες ροπές και ακραίες συγκεντρωµένες δυνάµεις και η ανάλυση υπό την επίδρασή τους 
πραγµατοποιείται µε χρήση των εξισώσεων γωνίας στροφής 2ης τάξης µε τη µέθοδο Engesser για µέλη 
Timoshenko. Η σύγκριση µε αριθµητικά προσοµοιώµατα ραβδωτών πεπερασµένων στοιχείων οδηγεί σε 
πολύ ικανοποιητική συµφωνία µεταξύ τους. 

Ο τερµατισµός της ελαστικής ανάλυσης 2ης τάξης για τον υπολογισµό του φορτίου αστοχίας τους 
πραγµατοποιείται µε χρήση µιας προτεινόµενης απλής σχέσης αλληλεπίδρασης που βασίζεται στο 
συµπέρασµα ότι τα σύνθετα µέλη µε ράβδους δικτύωσης αστοχούν συνήθως λόγω τοπικής 
ελαστοπλαστικής αστοχίας. Συνεπώς, συνολικά η προτεινόµενη µέθοδος για µεµονωµένα σύνθετα µέλη µε 
τυχαίες συνοριακές συνθήκες περιλαµβάνει την ελαστική ανάλυση 2ης τάξης των ισοδύναµων µελών 
Timoshenko και τον τερµατισµό αυτής για τον προσδιορισµό του φορτίου αστοχίας µε βάση τη σχέση 
αλληλεπίδρασης. Η χρήση της προτεινόµενης διαδικασίας για τον υπολογισµό των µετακινήσεων και των 
φορτίων αστοχίας µεγάλου πλήθους σύνθετων υποστυλωµάτων µε ράβδους δικτύωσης αποδεικνύεται ότι 
ευρίσκεται σε πολύ καλή συµφωνία µε αριθµητικά αποτελέσµατα που πρόκυπτουν από πλήρως µη 
γραµµικές αναλύσεις. 

Τέλος, η προτεινόµενη µέθοδος εφαρµόζεται σε µονώροφα βιοµηχανικά πλαίσια µε σύνθετα υποστυλώµατα 
υπό συµµετρικές και αντισυµµετρικές φορτίσεις. Στις εφαρµογές αυτές, η δοκός του πλαισίου 
αντικαθίσταται από κατάλληλα στροφικά ελατήρια, όπως αυτά εξήχθησαν για τον υπολογισµό του 
ελαστικού φορτίου λυγισµού πολυώροφων κατασκευών από µέλη Timoshenko, ανάλογα µε το αν η φόρτιση 
προκαλεί παραµόρφωση µονής (αµετάθετη συµπεριφορά) ή διπλής (µεταθετή συµπεριφορά) καµπυλότητας. 
Ακολούθως αποµονώνεται το δυσµενέστερο υποστύλωµα και εφαρµόζεται η διαδικασία που περιγράφηκε 
στην προηγούµενη παράγραφο για µεµονωµένα σύνθετα µέλη µε τυχαίες συνοριακές συνθήκες. Η 
εφαρµογή της προτεινόµενης µεθόδου σε µονώροφα πλαίσια µε σύνθετα µέλη βρίσκεται σε ικανοποιητική 
συµφωνία µε αριθµητικά αποτελέσµατα που εξάγονται µε τη χρήση πλήρως µη γραµµικών αναλύσεων. Η 
χρήση της σύγχρονης µελετητικής πρακτικής σχεδιασµού οδηγεί σε λιγότερο ακριβή αποτελέσµατα από 
εκείνα της προτεινόµενης µεθόδου και σε αρκετές περιπτώσεις είναι κατά της ασφαλείας. Τέλος, µε βάση 
αυτή τη διερεύνηση προτείνονται πρακτικοί τρόποι προσοµοίωσης, ανάλυσης και ελέγχου επάρκειας των 
σύνθετων µελών, µε στόχο τη βελτίωση της αξιοπιστίας κατά το σχεδιασµό τους σε επίπεδο µελετητικής 
πρακτικής. 
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Abstract 

The present doctoral thesis aims at investigating the behaviour of laced built-up beam-columns with 

arbitrary boundary conditions and providing practical guidance for their design. To that effect, a combined 
experimental, numerical and analytical approach is adopted. 

Initially, the design and execution of a series of experimental tests on ten simply-supported laced built-up 

members (five pairs of similar columns for repeatability purposes) with realistic global and local non-
dimensional slenderness is presented. The specimens are subjected to axial compressive loads and to end 

concentrated moments due to axial loads’ eccentricity. The results for each specimen are presented with 
the use of photographs at various load levels, as well as with load-lateral displacement and load-strain 

graphs at characteristic locations. The specimens’ behaviour is initially elastic, while failure in all cases is 
due to local elastoplastic failure of a critical panel, without beneficial effects of stress redistribution. Based 

on the local behaviour of the critical panels the effect of initial local imperfections and local internal bending 

moments is identified. 

Next, numerical modelling of the experimental tests with the finite element method takes place, aiming at 

calibrating the numerical models based on the experimental results, so that they can then be used in the 

subsequent stages of research. Both chords and lacing bars are modelled with the use of shell elements. 
The effect of thermally induced residual stresses due to fabrication is incorporated in the chords’ behavior 

by discretizing their cross-sections into sufficiently small shell elements, each of which has different steel 
yield strength. Global and local geometrical imperfections are included in the numerical analyses according 

to the first global and local buckling modes, respectively. It is concluded that if geometrical and material 
nonlinearity, initial global and local geometrical imperfections and thermally induced residual stresses due 

to fabrication are included in the analysis, a very good correlation between numerical and experimental 
results is observed, in terms of deflections, deformations and strength. Moreover, the comparison of 

numerical shell element models to corresponding beam element models leads to the conclusion that the use 

of the latter ones can predict the response of laced members in a satisfactory manner, with significantly 
smaller computational effort. 

The behaviour of laced columns with global and local imperfections is then investigated with the use of 

numerical models, mainly employing beam elements. It is concluded that failure usually takes place due to 
local elastoplastic failure of the critical panel, or more rarely in the form of global elastic failure. In the 

second case, interaction between global and local buckling is important and should be taken into account, 
while in the first one this interaction can be incorporated indirectly in the local capacity of the critical panel. 

The largest reduction of collapse load of the imperfect structure when compared to the perfect one appears 
for both types of failure when the critical loads associated with global buckling, local buckling and yielding 

coincide, while the smallest reduction when the global buckling load is smaller than the local one. Because 
of the inability of Eurocode 3 to safely predict the collapse load corresponding to the second type of failure, 

as global and local buckling interaction is not accounted for, an approximate analytical procedure is 



 

formulated, by means of which the  response of laced built-up columns can be sufficiently evaluated in both 
cases. Nevertheless, local elastoplastic failure is much more frequent in practice, due to the use of 

members with small and intermediate values of global and local non-dimensional slenderness and due to 
the significant lateral loads, therefore, the subsequent stages of this research are based on this failure 

mode. 

Taking advantage of the fact that modelling of laced built-up members as equivalent Timoshenko ones is 
found to be sufficient and reliable, the research then focuses on the calculation of the elastic critical 

buckling load of Timoshenko members with arbitrary boundary conditions according to Engesser’s method. 

To that effect, a 3x3 stability matrix that leads to three nonlinear equations for braced, partially-braced and 
unbraced members is proposed. In addition, slope-deflection equations for Timoshenko members with 

semi-rigid connections at their ends based on Engesser’s method are derived. Based on them, a complete 
set of rotational stiffness coefficients for the replacement of Timoshenko members in frames, depending on 

the boundary condition at their far end and the eventual presence of axial force, is calculated. The use of 
the nonlinear equations and rotational stiffness coefficients contributes to the sufficient evaluation of the 

elastic critical buckling load of frames consisting of Timoshenko and built-up members. 

Next, the 2nd order analysis of imperfect Timoshenko members with arbitrary boundary conditions under 
the combined effect of axial load and commonly encountered lateral loads is investigated, in order to 

propose closed-form solutions for the calculation of internal forces and lateral deflections along such 
members. The incorporation of initial global imperfection according to the 1st global buckling load is 

achieved by using an approximate magnification factor, which is calculated based on the buckling loads 

mentioned in the previous paragraph. Lateral loads include uniformly distributed load, concentrated end 
moments and concentrated end forces and the analysis under their effect is performed with the use of 2nd 

order slope-deflection equations for Timoshenko members based on Engesser’s method. The comparison 
with numerical models with beam elements leads to very good agreement between them. 

The termination of the 2nd order elastic analysis for the calculation of the collapse load is achieved with the 

use of a proposed simple interaction equation based on the assumption that laced built-up members will fail 
due to local elastoplastic failure. Thus, the proposed method for laced built-up beam-columns with arbitrary 

boundary conditions consists of a 2nd order elastic analysis of equivalent Timoshenko members and its 
termination for the calculation of the collapse load according to the interaction equation. The use of the 

proposed method for the evaluation of lateral deflections and collapse loads of a large number of laced 
built-up members proves to be in very satisfactory agreement with the numerical results obtained with 

geometrically and materially nonlinear imperfection analyses. 

Finally, the proposed method is applied to single-story industrial frames with laced built-up columns under 
symmetrical and anti-symmetrical loadings. In these applications, the frame’s girder is replaced by 

appropriate rotational springs, as they are obtained for the calculation of the elastic critical buckling load of 

multi-story frames consisting of Timoshenko members, depending on whether the type of loading causes 
single curvature deformation (non-sway behaviour) or double curvature deformation (sway behaviour). 

Then, the more compressed column is isolated and the proposed procedure presented in the previous 
paragraphs for laced members with arbitrary supports is applied. The application of the proposed method 

to single-story frames with laced members is found to be in satisfactory agreement with numerical results 
obtained with geometrically and materially nonlinear imperfection analyses.  

It is noted that the approach used in modern design practice leads to less accurate results than the 

proposed method, and in many cases to unsafe predictions. In order to contribute towards improving this 
shortcoming, the results of this investigation are utilised in order to propose practical design-oriented 

methods of modelling, analysing and designing laced built-up members. 
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Μη γραµµική συµπεριφορά και σχεδιασµός σύνθετων υποστυλωµάτων από χάλυβα υπό αξονική και 

εγκάρσια φόρτιση 

A MΗ ΓΡΑΜΜΙΚΗ ΣΥΜΠΕΡΙΦΟΡΑ ΚΑΙ 

ΣΧΕ∆ΙΑΣΜΟΣ ΣΥΝΘΕΤΩΝ ΥΠΟΣΤΥΛΩΜΑΤΩΝ 

ΑΠΟ ΧΑΛΥΒΑ ΥΠΟ ΑΞΟΝΙΚΗ ΚΑΙ ΕΓΚΑΡΣΙΑ 

ΦΟΡΤΙΣΗ 

A.1. ΕΙΣΑΓΩΓΗ 

Τα σύνθετα υποστυλώµατα συντίθενται συνήθως από δύο πρότυπες διατοµές που βρίσκονται σε 

απόσταση και συνδέονται µεταξύ τους µε τη χρήση είτε ράβδων δικτύωσης είτε λεπίδων σύνδεσης. Οι 

πρότυπες διατοµές αποτελούν τα πέλµατα και προσφέρουν αξονική και καµπτική δυσκαµψία. Το 

συνδετικό µέσο των ράβδων δικτύωσης ή των λεπίδων σύνδεσης εξασφαλίζει τη συνεργασία µεταξύ 

των πελµάτων και προσφέρει διατµητική δυσκαµψία. Το βασικό χαρακτηριστικό των σύνθετων 

υποστυλωµάτων που τα χρίζει καταλληλότερα για περιπτώσεις µεγάλων φορτίων και µηκών λυγισµού 

είναι η διάταξη των µελών που ουσιαστικά βασίζεται στη ροή των εσωτερικών δυνάµεων. Η 

συγκέντρωση υλικού µακριά από τον ουδέτερο άξονα οδηγεί σε καλύτερη εκµετάλλευση του, ενώ ο 

προσανατολισµός των πελµάτων µε τέτοιο τρόπο ώστε ο ισχυρός τους άξονας να ενεργοποιείται για 

εκτός επιπέδου συµπεριφορά, οδηγεί στην επίτευξη παρόµοιας αντοχής και δυσκαµψίας και στους δύο 

άξονες. Τα κατασκευαστικά πλεονεκτήµατα των σύνθετων µελών εκτιµήθηκαν στις αρχές του 

προηγούµενου αιώνα, όταν άρχισαν να χρησιµοποιούνται σε µεγάλης κλίµακας κατασκευές. Παρόλα 

αυτά η διαφοροποίηση τους από τα συνήθη υποστυλώµατα έγινε κατανοητή µετά την κατάρρευση της 

υπό κατασκευής γέφυρας Quebec στον Καναδά, όπου αποδείχτηκε ότι η αστοχία οφειλόταν σε 

σύνθετο µέλος που είχε το ρόλο θλιπτήρα. 

Τα σύνθετα υποστυλώµατα διαφοροποιούνται από τα συνήθως χρησιµοποιούµενα µονοµελή ως προς 

την αλληλεπίδραση καθολικής και τοπικής συµπεριφοράς και ως προς την επιρροή των διατµητικών 

παραµορφώσεων. Σε αντίθεση µε τα µονοµελή υποστυλώµατα, η τοπική συµπεριφορά των σύνθετων 

µελών δύναται να επηρεάσει σηµαντικά την καθολική απόκριση, τόσο σε ό,τι αφορά τη δυσκαµψία 

όσο και την αντοχή. Επιπρόσθετα, τα σύνθετα µέλη χαρακτηρίζονται από µικρή διατµητική δυσκαµψία 

και σηµαντική καµπτική, το οποίο σηµαίνει πως οι διατµητικές παραµορφώσεις µπορεί να είναι 

συγκρίσιµου µεγέθους µε τις αντίστοιχες καµπτικές. Τα φαινόµενα αυτά θα πρέπει να λαµβάνονται 
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υπόψη σε συνδυασµό µε τη µη γραµµικότητα γεωµετρίας και υλικού για την ορθή αξιολόγηση της 

συµπεριφοράς. 

Τα σύνθετα υποστυλώµατα, χαρακτηριζόµενα από µεγάλη αξονική και καµπτική δυσκαµψία, 

χρησιµοποιούνται σε ένα µεγάλο εύρος κατασκευών. Συνήθως στην πράξη απαντώνται σε µονώροφα 

βιοµηχανικά κτίρια στα οποία κινούνται γερανογέφυρες. Σε τέτοιες περιπτώσεις, γίνεται χρήση 

διαδοχικών επίπεδων πλαισίων µε σύνθετα υποστυλώµατα, κατάλληλα προσανατολισµένα ώστε για 

εντός των πλαισίων συµπεριφορά, να ενεργοποιείται η σύνθετη λειτουργία. Η γερανογέφυρα 

στηρίζεται στα άκρα της είτε σε κατάλληλα διαµορφωµένο κοντό πρόβολο σε κάποιο ύψος του 

σύνθετου µέλους είτε στο εσωτερικό πέλµα του σύνθετου υποστυλώµατος. Επιπρόσθετα, σύνθετα 

µέλη χρησιµοποιούνται σε συστήµατα δυσκαµψίας και δικτυώµατα, κυρίως στη γεφυροποιία. 

Η παρούσα διδακτορική διατριβή επικεντρώνεται στη διερεύνηση της στατικής απόκρισης σύνθετων 

µελών µε ράβδους δικτύωσης υπό αξονική θλίψη και συνήθεις εγκάρσιες φορτίσεις. Για λόγους 

συντοµίας στις ενότητες Α.3-Α.11 µε τον όρο σύνθετα υποστυλώµατα ή µέλη θα αναφέρονται τα 

σύνθετα υποστυλώµατα ή µέλη µε ράβδους δικτύωσης. 

A.2. ΒΙΒΛΙΟΓΡΑΦΙΚΗ ΕΠΙΣΚΟΠΗΣΗ 

Η συµπεριφορά των σύνθετων υποστυλωµάτων έχει ερευνηθεί διεξοδικά σε επίπεδο πειραµατικό, 

αριθµητικό και αναλυτικό µε έµφαση σε αξονικά θλιβόµενα αµφιέρειστα µέλη. Η αλληλεπίδραση 

καθολικού και τοπικού λυγισµού καθώς και η επιρροή των διατµητικών παραµορφώσεων έχουν επίσης 

διερευνηθεί εκτενώς και στην παρούσα ενότητα παρουσιάζονται ενδεικτικές σηµαντικές βιβλιογραφικές 

αναφορές. 

A.2.1. Έρευνα στην απόκριση σύνθετων υποστυλωµάτων 

Η συµπεριφορά ενός ελαστικού τέλειου υποστυλώµατος διερευνήθηκε αναλυτικά από τον Euler [2-1], 

ενώ η ενσωµάτωση των διατµητικών παραµορφώσεων σε ανάλυση λυγισµού πραγµατοποιήθηκε από 

τον Engesser [2-3], [2-4]. Στις αρχές του προηγούµενου αιώνα πραγµατοποιήθηκε µεγάλο πλήθος 

πειραµατικών διερευνήσεων [2-7]-[2-15] µε έµφαση σε αµφιέρειστα µέλη υπό αξονικό θλιπτικό φορτίο 

και εξήχθησαν κυρίως ποιοτικά συµπεράσµατα σε ό,τι αφορά την απόκριση των σύνθετων µελών. 

Οι Klӧppel και Ramm [2-21] διερεύνησαν αναλυτικά και πειραµατικά τη συµπεριφορά 43 έκκεντρα 

φορτιζόµενων υπό θλιπτική αξονική δύναµη αµφιέρειστων σύνθετων υποστυλωµάτων µε ράβδους 

δικτύωσης. Εξήχθησαν συµπεράσµατα που αφορούν την επιρροή του µοχλοβραχίονα µεταξύ των 

πελµάτων, του µήκους του φατνώµατος, του µεγέθους της εκκεντρότητας και του είδους της 

δικτύωσης στην απόκριση και αστοχία των δοκιµίων. Επιπρόσθετα, διερευνήθηκε η πιθανή επιρροή 

των παραµενουσών τάσεων λόγω συγκολλήσεων των ράβδων δικτύωσης στα πέλµατα καθώς 

παρατηρήθηκε πρώιµη πλαστικοποίηση στις περιοχές των συνδέσεων. Οι ίδιοι συγγραφείς [2-22] 

ανέλυσαν τη συµπεριφορά σύνθετων υποστυλωµάτων µε 4 πέλµατα που χρησιµοποιούνται ευρέως σε 

γερανούς. Οι Ramm και Uhlmann [2-23] συνόψισαν τα αποτελέσµατα των προαναφερθεισών 

δηµοσιεύσεων και πρότειναν απλές αναλυτικές διαδικασίες για τον έλεγχο σύνθετων µελών στην πράξη 

που έχουν ενσωµατωθεί στις οδηγίες του Ευρωκώδικα 3 (EC3) [2-24]. 

Οι Lee και Bruneau ασχολήθηκαν πειραµατικά [2-37] και αναλυτικά [2-38] µε τη σεισµική απόκριση 

σύνθετων µελών µε ράβδους δικτύωσης. Πραγµατοποίησαν 12 δοκιµές ψευδο-στατικής φόρτισης και 

τα αποτελέσµατα χρησιµοποιήθηκαν για την εξαγωγή συµπερασµάτων που αφορούσαν την 

πλαστιµότητα, απορρόφηση ενέργειας, αντοχή και πτώση αντοχής µετά το λυγισµό για διάφορους 

λόγους καθολικής και τοπικής λυγηρότητας των υποστυλωµάτων. Οι Hashemi και Jafari [2-40] έκαναν 

µια σύντοµη αναφορά για τη συµπεριφορά και τους τρόπους αστοχίας που παρατηρήθηκαν σε 

υποστυλώµατα µε λεπίδες σύνδεσης µετά το σεισµό του Bam το 2003, καταλήγοντας πως οι 
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ανεπαρκείς οδηγίες σχεδιασµού τέτοιων µελών οδήγησαν σε εκτεταµένες αστοχίες. Οι κύριες µορφές 

αστοχίας που καταγράφηκαν περιλαµβάνουν καθολικό λυγισµό, τοπικό λυγισµό, στρεπτοκαµπτικό 

λυγισµό, αστοχία των λεπίδων σύνδεσης, αστοχία των συγκολλήσεων των λεπίδων σύνδεσης και 

πλαστική διατµητική παραµόρφωση των λεπίδων σύνδεσης. Οι ίδιοι συγγραφείς [2-44] 

πραγµατοποίησαν πειράµατα ανακυκλιζόµενης φόρτισης σε σύνθετα µέλη µε λεπίδες σύνδεσης, 

καταλήγοντας πως η χρήση τους σε περιοχές υψηλής σεισµικότητας θα πρέπει να αποφεύγεται εξαιτίας 

της µικρής τους πλαστιµότητας. 

Οι Bonab και Hashemi [2-49] πραγµατοποίησαν αριθµητικές αναλύσεις σε σύνθετα δικτυωτά µέλη µε 

στατικό σύστηµα προβόλων υπό εγκάρσια και αξονική ανακυκλιζόµενη φόρτιση. Στα συµπεράσµατα 

τους αναφέρουν πως όσο µεγαλύτερο είναι το αξονικό φορτίο τόσο µικρότερη η διαθέσιµη 

πλαστιµότητα και πως οι εσωτερικές ροπές των πελµάτων παίζουν σηµαντικό ρόλο. Οι Bonab et al.  

[2-50] πραγµατοποίησαν πειράµατα για τον προσδιορισµό του ελαστικού κρίσιµου φορτίου λυγισµού 

και του φορτίου αστοχίας κεντρικώς θλιβόµενων δικτυωτών µελών και πρότειναν ένα τροποποιηµένο 

διάγραµµα Southwell για την ενσωµάτωση διατµητικών παραµορφώσεων. Κατέληξαν στο συµπέρασµα 

πως η µέθοδος Engesser για τον υπολογισµό του κρίσιµου φορτίου λυγισµού βρίσκεται σε πολύ καλή 

συµφωνία µε τα πειραµατικά αποτελέσµατα. Επιπρόσθετα, ανέφεραν πως για τον προσδιορισµό του 

φορτίου αστοχίας, η µέθοδος Ayrton-Perry οδηγεί σε συντηρητικά αποτελέσµατα, ενώ αντίθετα η 

χρήση καµπυλών πλήρους αντοχής σε υπερεκτίµηση της αντοχής. 

A.2.2. Έρευνα στην αλληλεπίδραση καθολικής και τοπικής απόκρισης 

Tα σύνθετα υποστυλώµατα αποτελούνται από πολλά στοιχεία που συνεργάζονται και συνιστούν µια 

ενιαία κατασκευή. Συνεπώς η τοπική συµπεριφορά των στοιχείων δύναται να επηρεάσει την καθολική 

συµπεριφορά της κατασκευής. ∆ηµοσιεύσεις σχετικές µε το συγκεκριµένο θέµα παρουσιάζονται σε 

αυτή την υποενότητα. 

Τα σχήµατα των ιδιοµορφών καθολικού και τοπικού λυγισµού για τυπικό αµφιέρειστο δικτυωτό 

σύνθετο υποστύλωµα φαίνονται στο Σχήµα 1. Η ιδιοµορφή καθολικού λυγισµού συνδέεται µε το 

φορτίο καθολικού λυγισµού (Σχήµα 1(α)), στο οποίο ολόκληρο το υποστύλωµα αποκλίνει από την 

τέλεια και ευθύγραµµη γεωµετρία του. Στην περίπτωση που η δικτύωση είναι ισχυρή, το φορτίο 

καθολικού λυγισµού είναι το φορτίο Euler που δίνεται από: 

( )

2
eff

Ε 2

π ΕΙ
P =

KL
 (1) 

όπου EIeff είναι η καµπτική δυσκαµψία του σύνθετου υποστυλώµατος θεωρούµενου ως ενιαίου, Κ ο 

συντελεστής ισοδύναµου µήκους λυγισµού (Κ=1 για αµφιέρειστα υποστυλώµατα) και L είναι το µήκος 

του υποστυλώµατος. Σε περίπτωση σηµαντικών διατµητικών παραµορφώσεων θα πρέπει το φορτίο 

καθολικού λυγισµού να τροποποιηθεί κατάλληλα. 

Η ιδιοµορφή τοπικού λυγισµού σχετίζεται µε τον ανεξάρτητο λυγισµό των φατνωµάτων ως 

αµφιέρειστων µελών µεταξύ των συνδέσεων της δικτύωσης µε τα πέλµατα (Σχήµα 1(β)). Το φορτίο 

τοπικού λυγισµού προκύπτει από το άθροισµα των φορτίων λυγισµού των φατνωµάτων κάθε 

πέλµατος: 

2
ch,z

L 2

2π ΕΙ
P =

a
 (2)

όπου EIch,z είναι η εντός επιπέδου καµπτική δυσκαµψία του κάθε πέλµατος και a είναι το µήκος του 

κάθε φατνώµατος (απόσταση µεταξύ διαδοχικών συνδέσεων).  
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Το φορτίο τοπικού λυγισµού µπορεί να είναι ελαφρώς µεγαλύτερο σε σύνθετα µέλη µε λεπίδες 

σύνδεσης εξαιτίας της στροφικής δυσκαµψίας που προσφέρουν αυτές στα άκρα των φατνωµάτων. 

Από την ανωτέρω περιγραφή καθίσταται σαφές πως ο τοπικός λυγισµός σε σύνθετα υποστυλώµατα 

δεν αναφέρεται στον τοπικό λυγισµό πλακοειδών στοιχείων ελατών ή συγκολλητών διατοµών. 

  

(α) (β) 

Σχήµα 1: (α) Ιδιοµορφή καθολικού λυγισµού αµφιέρειστου δικτυωτού µέλους και (β) ιδιοµορφή τοπικού λυγισµού 

Το φορτίο πλήρους διαρροής είναι η τρίτη µορφή αστοχίας του τέλειου σύνθετου µέλους: 

ch yYP =2A f  (3)

όπου Ach είναι το εµβαδόν της διατοµής του κάθε πέλµατος και fy το όριο διαρροής του υλικού. Η 

κρίσιµη µεταξύ των τριών ανωτέρω µορφών αστοχίας, αγνοώντας την αλληλεπίδραση µεταξύ τους και 

τα µη γραµµικά φαινόµενα, αντιστοιχεί στην ελάχιστη τιµή φορτίου, όπως υπολογίζεται από τις        

Εξ. (1)-(3). 

Από θεωρητική οπτική γωνία, ο Van der Neut [2-51] ήταν ο πρώτος που ασχολήθηκε µε ένα 

εξιδανικευµένο θλιβόµενο µέλος που αποτελείτο από δύο λεπτότοιχα πέλµατα και ένα κορµό που 

διατηρούσε την ενότητα της κατασκευής. Οι Koiter and Kuiken [2-52] αντιµετώπισαν το ίδιο πρόβληµα 

και απέδειξαν ότι ο σχεδιασµός µε βάση τη βελτιστοποίηση που σχετίζεται µε εξίσωση του φορτίων 

καθολικού και τοπικού λυγισµού οδηγεί σε µεγάλη απώλεια αντοχής λόγω αλληλεπίδρασης ιδιοµορφών 

υπό την παρουσία αρχικών ατελειών. Οι Thompson and Hunt [2-54] πραγµατοποιώντας µια ανάλυση 

µε τροποποιηµένη καµπτική δυσκαµψία για την ενσωµάτωση αρχικών τοπικών ατελειών στο κρίσιµο 

φορτίο καθολικού λυγισµού οδηγήθηκαν στα ίδια συµπεράσµατα. Οι Svensson and Kragerup [2-58] 

επιβεβαίωσαν τα προηγούµενα συµπεράσµατα και τα επέκτειναν µε χρήση ελαστικών αναλύσεων µέχρι 

την πρώτη διαρροή υλικού. Κατέληξαν στο συµπέρασµα πως η µεγαλύτερη απώλεια αντοχής λαµβάνει 

χώρα όταν τα φορτία καθολικού λυγισµού, τοπικού λυγισµού και πλήρους διαρροής ταυτίζονται. Αυτή 

η µείωση γίνεται ιδιαίτερα σηµαντική υπό την παρουσία αρχικών ατελειών φτάνοντας µεγέθη της 

τάξης του 50%. 

Μια γραφική απεικόνιση της ευαισθησίας σε αρχικές ατέλειες ελαστικών σύνθετων υποστυλωµάτων 

φαίνεται στο Σχήµα 2. Στον οριζόντιο άξονα φαίνεται ο λόγος µεταξύ των φορτίων καθολικού και 

τοπικού λυγισµού, ενώ στον κατακόρυφο άξονα φαίνεται ο λόγος µεταξύ του φορτίου αστοχίας και 

του φορτίου τοπικού λυγισµού. Απεικονίζεται η απόκριση τόσο του τέλειου όσο και του ατελούς 

φορέα, καθιστώντας σαφές ότι όταν τα δύο κρίσιµα φορτία λυγισµού ταυτίζονται (Pcr/PL=1), η µείωση 

του φορτίου P εξαιτίας της παρουσίας αρχικών ατελειών είναι πολύ µεγαλύτερη σε σχέση µε εκείνη 
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που αντιστοιχεί σε άλλους λόγους Pcr/PL. Για λόγους Pcr/PL µεγαλύτερους από τη µονάδα η µείωση είναι 

µεσαίας τάξης, ενώ η µικρότερη µείωση εµφανίζεται για λόγους µικρότερους της µονάδας. 

 

Σχήµα 2: ∆ιάγραµµα ευαισθησίας σε αρχικές ατέλειες για σύνθετο µέλος 

A.2.3. Έρευνα στην επιρροή των διατµητικών παραµορφώσεων 

Τα µέλη συµπαγούς διατοµής υπόκεινται σε καµπτικές, διατµητικές και αξονικές παραµορφώσεις αλλά 

η επιρροή των δύο τελευταίων στην απόκριση και αντοχή επιτρέπει την αγνόηση τους (µέλη Euler-

Bernoulli). Σε υποστυλώµατα µικρού µήκους, µεγάλης καµπτικής ή µικρής διατµητικής δυσκαµψίας, ή 

συνδυασµού των προηγούµενων τριών περιπτώσεων, η επιρροή των διατµητικών παραµορφώσεων 

µπορεί να είναι σηµαντική, και θα πρέπει να ληφθεί υπόψη, καθώς οι καµπτικές παραµορφώσεις 

γίνονται συγκρίσιµου µεγέθους µε τις διατµητικές. Τα µέλη που υπόκεινται σε διατµητικές 

παραµορφώσεις ονοµάζονται µέλη Timoshenko και σε σχέση µε τα αντίστοιχα µέλη Euler-Bernoulli 

έχουν µικρότερα φορτία λυγισµού και υπόκεινται σε σηµαντικότερα φαινόµενα 2ης τάξης. 

Ο υπολογισµός της καµπτικής δυσκαµψίας βασίζεται στο µέτρο ελαστικότητας Ε και στη ροπή 

αδράνειας Ι της διατοµής περί τον εξεταζόµενο άξονα κάµψης. Η διατµητική δυσκαµψία ορίζεται ως το 

γινόµενο του συντελεστή σχήµατος k, του εµβαδού της διατοµής και του µέτρου δυστµησίας G. Ο 

Cowper [2-61], [2-62] παρείχε αναλυτικούς υπολογισµούς για το συντελεστή σχήµατος ανάλογα µε τα 

γεωµετρικά χαρακτηριστικά της διατοµής και τις ιδιότητες του υλικού. Οι Scheer και Plumeyer [2-63] 

συµπέραναν πως ο αδιαστατοποιηµένος λόγος 1/µ είναι ενδεικτικός της επιρροής των διατµητικών 

παραµορφώσεων: 

21

µ

kAGL
=

EI
 (4)

Με βάση παραµετρική ανάλυση, έδειξαν πως οι διατµητικές παραµορφώσεις θα πρέπει να λαµβάνονται 

υπόψη για τιµές του λόγου 1/µ µικρότερες του 115 για ισοστατικούς φορείς και 385 για υπερστατικούς 

φορείς. Γίνεται συνεπώς κατανοητό πως οι υπερστατικοί φορείς αναµένεται να υπόκεινται σε πιο 

σηµαντικές διατµητικές παραµορφώσεις. 

Τα σύνθετα υποστυλώµατα υπόκεινται συνήθως σε σηµαντικές διατµητικές παραµορφώσεις. Πιο 

συγκεκριµένα, τα σύνθετα υποστυλώµατα µε ράβδους δικτύωσης χαρακτηρίζονται από µειωµένη 

διατµητική δυσκαµψία, ενώ ο µεγάλος µοχλοβραχίονας µεταξύ των πελµάτων οδηγεί σε µεγάλη 

καµπτική δυσκαµψία. Για αυτό το λόγο, παρά το µεγάλο µήκος που συνήθως έχουν, αναπτύσσουν 

σηµαντικές διατµητικές παραµορφώσεις. Παροµοίως, τα σύνθετα υποστυλώµατα µε λεπίδες σύνδεσης 

έχουν πολύ µικρή διατµητική δυσκαµψία και παρά το γεγονός πως έχουν µεγάλο µήκος και µικρή 

καµπτική δυσκαµψία, υπόκεινται επίσης σε σηµαντικές διατµητικές παραµορφώσεις. Συνεπώς, και τα 

δύο είδη σύνθετων µελών χαρακτηρίζονται από µικρούς λόγους 1/µ. Η µεταβολή του συντελεστή µ σε 
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συνάρτηση µε το µήκος του µέλους φαίνεται στο Σχήµα 3 για τέσσερις τυπικές διατοµές διπλού-ταυ. Ο 

συντελεστής µ γίνεται µεγάλος (και συνεπώς ο λόγος 1/µ µικρός) για µικρά µήκη υποστυλωµάτων και 

για διατοµές µε σχετικά µεγάλη καµπτική δυσκαµψία. Σε σύνθετα µέλη, ο συντελεστής µ συνήθως 

κυµαίνεται από 0.001 έως 0.1 τονίζοντας τη σηµασία των διατµητικών παραµορφώσεων σε τέτοια 

µέλη. 

 

Σχήµα 3: Επιρροή του µήκους του υποστυλώµατος στο συντελεστή µ για τέσσερις τυπικές διατοµές Ι 

A.2.3.1. Μέθοδος Engesser 

Σύµφωνα µε τη µέθοδο Engesser [2-3], [2-4] για την ενσωµάτωση διατµητικών παραµορφώσεων 

στην ανάλυση αµφιέρειστου µέλους µε καµπτική δυσκαµψία EI και διατµητική δυσκαµψία Sv που 

υπόκειται σε θλιπτική αξονική δύναµη P, η συνολική στροφή w’ συνίσταται από τη στροφή ψ λόγω 

κάµψης µόνο και τη διατµητική παραµόρφωση γ: 

w'=ψ+γ  (5)

Η καµπτική ροπή κατά µήκος του µέλους είναι συνεπώς ίση µε: 

( ) ( )M x =-EIψ' x  (6)

H τέµνουσα δύναµη που είναι κάθετη στον παραµορφωµένο άξονα είναι ίση µε: 

Q=-EIψ''=Pw'  (7)

H διατµητική παραµόρφωση γ είναι ίση µε: 

v

Pw'
γ=

S
 (8)

Η διαφορική εξίσωση που διέπει το πρόβληµα είναι: 

v

P Pw
w'' 1- + =0

S EI

 
 
 

 (9)

και η λύση της ανωτέρω οµογενούς διαφορικής εξίσωσης είναι: 
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( ) ( ) ( )1 2
w x =A sin αx +A cos αx  (10)

όπου οι συντελεστές Α1 και Α2 αποτελούν σταθερές ολοκλήρωσης, 
2 P

α =
EIβ

και 
v

P
β= 1-

S

 
 
 

. 

Με παρόµοιο τρόπο εξάγεται η οµογενής διαφορική εξίσωση συναρτήσει της στροφής λόγω κάµψης 

µόνο: 

v

P
EIψ'' 1- +Pψ=0

S

 
 
 

 (11)

Το ελαστικό κρίσιµο φορτίο λυγισµού για αµφιέρειστο µέλος Timoshenko σύµφωνα µε τη µέθοδο 

Engesser είναι ίσο µε: 

E
cr,E

E

E vv

P 1
P = =

P 1 1
+1+

P SS

 
(12)

όπου PE είναι το φορτίο λυγισµού Euler του αµφιέρειστου µέλους. Επιπρόσθετα, για πολύ κοντά 

υποστυλώµατα που χαρακτηρίζονται από πολύ µεγάλο φορτίο λυγισµού Euler, το κρίσιµο φορτίο 

λυγισµού είναι ίσο µε τη διατµητική δυσκαµψία. 

A.2.3.2. Μέθοδος Haringx 

Σύµφωνα µε τη µέθοδο Haringx [2-65], [2-66] που χρησιµοποιείται για την ενσωµάτωση διατµητικών 

παραµορφώσεων, στην ανάλυση αµφιέρειστου µέλους µε καµπτική δυσκαµψία EI και διατµητική 

δυσκαµψία Sv που υπόκειται σε θλιπτική αξονική δύναµη P, η συνολική στροφή w’ συνίσταται από τη 

στροφή ψ λόγω κάµψης µόνο και τη διατµητική παραµόρφωση γ: 

w'=ψ+γ  (13)

Η διαφορά από τη µέθοδο Engesser είναι ότι η τέµνουσα δύναµη προκύπτει µε βάση τη στροφή λόγω 

κάµψης µόνο ως: 

( )xQ =Pψ  (14)

Κατά αντιστοιχία µε τη µέθοδο Engesser, η µέθοδος Haringx οδηγεί στο ακόλουθο φορτίο λυγισµού: 

E

cr,H

v

v

4P
-1+ 1+

S
P =

2

S

 (15)

όπου PE είναι το φορτίο λυγισµού Euler του αµφιέρειστου µέλους. Επιπλέον, η χρήση του φορτίου 

λυγισµού µε τη µέθοδο Haringx οδηγεί σε µεγαλύτερη τιµή σε σχέση µε εκείνη που προκύπτει µε τη 

µέθοδο Engesser. Σύµφωνα µε την έρευνα της παρούσας διδακτορικής διατριβής η µέθοδος Engesser 

είναι καταλληλότερη για την προσοµοίωση σύνθετων υποστυλωµάτων µε ισοδύναµα µέλη 

Timoshenko. Αυτό το συµπέρασµα επιβεβαιώνεται και από τους Bazant και Cedolin [2-73], [2-74] και 

Gjelsvik [2-67]. Επιπρόσθετα, για πολύ κοντά υποστυλώµατα που χαρακτηρίζονται από πολύ µεγάλο 
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φορτίο λυγισµού Euler, το κρίσιµο φορτίο λυγισµού απειρίζεται, οδηγώντας στο συµπέρασµα πως 

πρακτικά το µέλος δε λυγίζει. 

A.2.4. Κανονιστικές διατάξεις EC3 

Στον EC3 [2-24] παρέχονται οδηγίες για την ανάλυση και σχεδιασµό αµφιέρειστων σύνθετων 

υποστυλωµάτων υπό αξονική θλίψη και µικρά εγκάρσια φορτία που προκαλούν παραµόρφωση µονής 

καµπυλότητας. Τα σύνθετα µέλη προτείνεται να προσοµοιώνονται ως µέλη Timoshenko µε ισοδύναµη 

καµπτική και διατµητική δυσκαµψία, ενώ η καθολική ατέλεια συνιστάται να έχει το σχήµα της 1ης 

ιδιοµορφής λυγισµού και να λαµβάνεται ίση µε eo=L/500 στο µέσο του ύψους (L=ύψος του σύνθετου 

µέλους). Για σύνθετο µέλος µε δύο όµοια πέλµατα, η αξονική δύναµη στο κάθε πέλµα είναι ίση µε: 

Ed o ch
ch,Ed Ed

eff

M h A
N =0.5N +

2I
 (16)

όπου NEd είναι η αξονική θλιπτική δύναµη που ασκείται στο σύνθετο µέλος, ho ο µοχλοβραχίονας 

µεταξύ των Κ.Β. των πελµάτων, Ach το εµβαδό του κάθε πέλµατος, Ieff η ισοδύναµη ροπή αδρανείας 

και MEd η µέγιστη καµπτική ροπή στο µέσο του ύψους, η οποία είναι ίση µε: 

I
Ed o Ed

Ed
Ed Ed

cr v

N e +M
M =

N N
1- -

N S

 
(17)

όπου 
I
EdM  είναι η ροπή 1ης τάξης στο µέσο του ύψους λόγω εγκάρσιων φορτίων, Sv η διατµητική 

δυσκαµψία του µέλους, και Ncr το ελαστικό κρίσιµο φορτίο λυγισµού του µέλους αν αγνοηθούν οι 

διατµητικές παραµορφώσεις, όπως προκύπτει από την ακόλουθη σχέση: 

2
eff

cr 2

π EI
N =

L
 (18)

Η µέγιστη τέµνουσα δύναµη δίνεται από: 

Ed
Ed

M
V =π

L
 (19)

Στις προδιαγραφές του EC3 αναφέρεται πως απαιτείται κατάλληλη τροποποίηση των 

προαναφερθεισών οδηγιών για άλλες περιπτώσεις συνοριακών συνθηκών. 

A.2.4.1. Σύνθετα υποστυλώµατα µε ράβδους δικτύωσης 

H ροπή αδρανείας µια σύνθετης διατοµής αποτελείται από τις ροπές αδρανείας των πελµάτων και τον 

όρο Steiner: 

2
ch o

eff ch

A h
I = +2I

2
 (20)

όπου Ich είναι η εντός επιπέδου ροπή αδρανείας του κάθε πέλµατος. Η διατµητική δυσκαµψία 

παρέχεται από τις ράβδους δικτύωσης και εξαρτάται από τη διάταξη τους. Στον EC3 περιέχονται 

κλειστοί τύποι για τον υπολογισµό της για διάφορους τύπους δικτύωσης. Ο σχεδιασµός του σύνθετου 

υποστυλώµατος βασίζεται στον έλεγχο του πλέον δυσµενέστερου φατνώµατος, συγκρίνοντας την 

αξονική δύναµη σχεδιασµού µε την τοπική αντοχή καµπτικού λυγισµού Nb,Rd µε βάση τις καµπύλες 

λυγισµού: 
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≤ch,Ed b,RdN N  (21)

Ο συντελεστής ισοδύναµου µήκους λυγισµού µπορεί να ληφθεί ίσος µε τη µονάδα. Επιπρόσθετα, θα 

πρέπει να πραγµατοποιηθεί έλεγχος της αξονικής δύναµης που καταπονεί την πλέον δυσµενή ράβδο 

δικτύωσης στα άκρα του αµφιέρειστου µέλους σύµφωνα µε τη µέγιστη τέµνουσα δύναµη Q.  

A.2.4.2. Σύνθετα υποστυλώµατα µε λεπίδες σύνδεσης 

Η ανάλυση και ο σχεδιασµός των σύνθετων υποστυλωµάτων µε λεπίδες σύνδεσης βρίσκονται σε 

πλήρη αντιστοιχία µε την περίπτωση που το συνδετικό µέσο των πελµάτων είναι οι ράβδοι δικτύωσης. 

Αναλυτική περιγραφή τους παρουσιάζεται στο πλήρες κείµενο της διδακτορικής διατριβής. 

A.3. ΠΕΙΡΑΜΑΤΙΚΗ ∆ΙΕΡΕΥΝΗΣΗ 

A.3.1. Περιγραφή πειραµάτων 

Πραγµατοποιήθηκαν πειραµατικές δοκιµές σε δέκα αµφιέρειστα δοκίµια (πέντε ζεύγη όµοιων δοκιµίων 

για λόγους επαναληψιµότητας) µε ρεαλιστικές καθολικές και τοπικές λυγηρότητες, υποκείµενα σε 

αξονικό θλιπτικό φορτίο και ακραίες συγκεντρωµένες ροπές λόγω εκκεντρότητας του ασκούµενου 

αξονικού φορτίου. Η Οµάδα 1 αποτέλεσε τη βάση σύγκρισης των πειραµατικών δοκιµών, έχοντας 

διατοµές πελµάτων UNP60, µήκος φατνώµατος 40cm και ακραίες εκκεντρότητες 10cm προκαλούσες 

παραµόρφωση µονής καµπυλότητας. Κάθε µια εκ των υπολοίπων οµάδων διέφερε ως προς µια 

παράµετρο, ώστε η επιρροή αυτής να µπορεί να αξιολογηθεί. Τα δοκίµια της Οµάδας 2 έχουν το µισό 

µήκος φατνώµατος, ενώ η Οµάδα 3 έχει διατοµή πελµάτων IPE80. Στα δοκίµια της 4ης Οµάδας 

ασκούνται ακραίες ροπές προκαλούσες παραµόρφωση διπλής καµπυλότητας, ενώ σε εκείνα της 

Οµάδας 5 η εκκεντρότητα είναι µισή σε σχέση µε εκείνη της Οµάδας 1. Το διάγραµµα τάσεων-

παραµορφώσεων του χάλυβα εξήχθη από δοκιµές µονοαξονικού εφελκυσµού σε κατάλληλα 

διαµορφωµένα δοκίµια. Τα συγκεκριµένα πειράµατα διαφέρουν από τα αντίστοιχα βιβλιογραφίας στο 

ότι χρησιµοποιούνται µεγαλύτερες εκκεντρότητες των φορτίων στα άκρα. Οι µετρήσεις περιελάµβαναν 

καθολικές µετρήσεις µετακινήσεων και τοπικές µετρήσεις παραµορφώσεων, διευκολύνοντας κατ’ αυτόν 

τον τρόπο την κατανόηση της συµπεριφοράς των δοκιµίων. Ένα τυπικό δοκίµιο µετά την τοποθέτηση 

του στο πλαίσιο δοκιµών φαίνεται στο Σχήµα 4. ∆ιακρίνονται επίσης οι αρθρωτές στηρίξεις στο άνω 

και κάτω άκρο του δοκιµίου, το έµβολο άσκησης του εξωτερικού φορτίου και οι οριζόντιες δοκοί που 

απαγορεύουν την εκτός επιπέδου µετακίνηση του δοκιµίου. 

 

Σχήµα 4: Τυπικό δοκίµιο µετά την τοποθέτηση του στο πλαίσιο δοκιµών 
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A.3.2. Περιγραφή αποτελεσµάτων 

Τα αποτελέσµατα παρουσιάζονται µε χαρακτηριστικές φωτογραφίες για διάφορα επίπεδα φόρτισης, µε 

δρόµους ισορροπίας και µε διαγράµµατα φορτίου-παραµόρφωσης σε χαρακτηριστικά σηµεία. 

Παρατηρείται πολύ ικανοποιητική συµφωνία ανάµεσα στα αποτελέσµατα µεταξύ δοκιµίων της ίδιας 

οµάδας τόσο σε καθολικό όσο και σε τοπικό επίπεδο, κάτι το οποίο αναδεικνύει το γεγονός πως τα 

πειραµατικά αποτελέσµατα µπορούν να θεωρηθούν ως αξιόπιστα. Στο Σχήµα 5 φαίνονται ενδεικτικά οι 

πειραµατικοί δρόµοι ισορροπίας των δοκιµίων της Οµάδας 3 παρατηρώντας την πολύ καλή συµφωνία 

µεταξύ τους. Η συµπεριφορά όλων των δοκιµίων είναι στην αρχή ελαστική, ενώ για µεγαλύτερα 

φορτία παρατηρείται σταδιακή µείωση της δυσκαµψίας. Αυτή η µείωση αποδίδεται στην ύπαρξη 

παραµενουσών τάσεων θερµικής κατεργασίας που οδηγεί σε πρόωρη πλαστικοποίηση των πελµάτων. 

Το φορτίο που αντιστοιχεί σε µηδενική δυσκαµψία θεωρείται ως το φορτίο αστοχίας, ενώ µετά την 

επίτευξη του ακολουθεί πτωτικός µεταλυγισµικός κλάδος. Σε όλα τα δοκίµια, τοπική ελαστοπλαστική 

αστοχία του κρίσιµου φατνώµατος οδήγησε σε καθολική αστοχία. Σε αρκετές περιπτώσεις, δοκίµια της 

ίδιας οµάδας αστόχησαν σε διαφορετικά φατνώµατα, τονίζοντας την επιρροή των αρχικών τοπικών 

ατελειών. Επιπλέον, η ύπαρξη τοπικών εσωτερικών ροπών κατά µήκος των πελµάτων επιβεβαιώνεται 

από την προς το εσωτερικό των σύνθετων µελών µετακίνηση των κρίσιµων φατνωµάτων σε κάθε 

οµάδα, ανεξάρτητα από το αν η διατοµή των πελµάτων είναι µονής ή διπλής συµµετρίας.  

 

Σχήµα 5: Πειραµατικοί δρόµοι ισορροπίας δοκιµίων Οµάδας 3 

Συγκρίνοντας τις οµάδες µεταξύ τους αξιολογείται η επιρροή των µεταβαλλόµενων παραµέτρων. Από 

τη σύγκριση των Οµάδων 1 και 2 διαπιστώνεται πως παρά την πύκνωση των ράβδων δικτύωσης δεν 

υπάρχει σηµαντική αύξηση της αντοχής και της δυσκαµψίας. Επιπρόσθετα, δεν εντοπίζεται σηµαντική 

επιρροή των παραµενουσών τάσεων λόγω συγκολλήσεων των ράβδων δικτύωσης στα πέλµατα στην 

περίπτωση της Οµάδας 2. Συγκρίνοντας την Οµάδα 1 µε την 3, διαπιστώνεται πως τα πέλµατα 

επηρεάζουν τόσο τη δυσκαµψία όσο και την αντοχή και θα πρέπει να αποτελούν το βασικό κριτήριο 

σχεδιασµού. Συγκρίνοντας την Οµάδα 1 µε την 4, διαπιστώνεται πως η παραµόρφωση διπλής 

καµπυλότητας οδηγεί σε αύξηση του φορτίου αστοχίας σε σχέση µε εκείνο που προκύπτει για 

παραµόρφωση µονής καµπυλότητας. Τέλος, η µικρότερη εκκεντρότητα στην Οµάδα 5 οδηγεί σε 

µεγαλύτερη οριακή αντοχή αλλά και σηµαντικότερη επιρροή της µη γραµµικότητας γεωµετρίας σε 

σχέση µε τον Οµάδα 1. 
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A.4. ΑΡΙΘΜΗΤΙΚΗ ΠΡΟΣΟΜΟΙΩΣΗ ΠΕΙΡΑΜΑΤΩΝ 

A.4.1. Περιγραφή αριθµητικών προσοµοιωµάτων και αναλύσεων 

Η πρόοδος που συντελέστηκε τα τελευταία χρόνια στην επιστήµη των υπολογιστών καθιστά πλέον 

δυνατή την πραγµατοποίηση πολύπλοκων αριθµητικών αναλύσεων µε βάση προγράµµατα 

πεπερασµένων στοιχείων. Με βάση τα πειράµατα, βαθµονοµήθηκαν αριθµητικά προσοµοιώµατα ώστε 

να είναι δυνατή η χρήση των τελευταίων στη συνέχεια της έρευνας της παρούσας διδακτορικής 

διατριβής. Για αυτό το σκοπό χρησιµοποιείται το πρόγραµµα πεπερασµένων στοιχείων ADINA [4-3]. 

Τόσο τα πέλµατα όσο και οι ράβδοι δικτύωσης προσοµοιώνονται µε χρήση επιφανειακών 

πεπερασµένων στοιχείων, ενώ οι στηρίξεις εισάγονται στα αριθµητικά προσοµοιώµατα µε χρήση 

άκαµπτων συνδέσµων. Στα άκρα των άκαµπτων συνδέσµων ασκούνται επίσης τα εξωτερικά φορτία ως 

συγκεντρωµένες δυνάµεις και ροπές. Η αριθµητική προσοµοίωση ενός εκ των πειραµατικών δοκιµίων 

φαίνεται στο Σχήµα 6. Η δέσµευση της εκτός επιπέδου µετακίνησης επιτυγχάνεται µε κατάλληλες 

στηρίξεις στο µέσο του ύψους των αριθµητικών προσοµοιωµάτων. 

Η στρατηγική που προτάθηκε από τους Gantes και Fragkopoulos [4-4] για την αριθµητική επαλήθευση 

των κατασκευών σε οριακή κατάσταση αστοχίας χρησιµοποιήθηκε στην παρούσα διατριβή. Η 

Γραµµικοποιηµένη Ανάλυση Λυγισµού (LBA) αρχικά χρησιµοποιείται για τον υπολογισµό της αντοχής 

του τέλειου φορέα και των ιδιοµορφών λυγισµού. Τα τελικά αποτελέσµατα εξάγονται µε χρήση Μη 

Γραµµικής Ανάλυσης Γεωµετρίας και Υλικού Με Αρχικές Ατέλειες (GMNIA) µε βάση τη µέθοδο Arc-

length [4-6], [4-9] ώστε να προσδιοριστεί και ο µεταλυγισµικός κλάδος.  

   

(α) (β) (γ) 

Σχήµα 6: (α) Τυπικό δοκίµιο και το αντίστοιχο αριθµητικό προσοµοίωµα, (β) αριθµητική προσοµοίωση της άνω 
στήριξης και (γ) αριθµητική προσοµοίωση των πελµάτων, ράβδων δικτύωσης και συνδέσεων σε ενδιάµεση θέση 

Οι γεωµετρικές καθολικές και τοπικές αρχικές ατέλειες ενσωµατώνονται µε χρήση των σχηµάτων της 

ιδιοµορφής καθολικού και τοπικού λυγισµού, αντίστοιχα. Το µέγεθος των γεωµετρικών ατελειών 

βασίζεται στις προδιαγραφές του EC3, καθώς δεν πραγµατοποιήθηκαν σχετικές µετρήσεις στα 

πειραµατικά δοκίµια. Η επιρροή των παραµενουσών τάσεων λόγω θερµικής κατεργασίας εισάγεται µε 

λεπτοµερή διακριτοποίηση της διατοµής των πελµάτων σε µικρά τµήµατα (Σχήµα 7) και κατάλληλη 

τροποποίηση του υλικού σε αυτά, ώστε να εφαρµόζονται ορθά η κατανοµή και το µέγεθος των 

παραµενουσών τάσεων, όπως προτείνονται στον ECCS [4-11]. 
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Σχήµα 7: Αριθµητική προσοµοίωση παραµενουσών τάσεων σε διατοµή IPE80 που υπόκειται σε θλίψη 

A.4.2. Περιγραφή αποτελεσµάτων 

Με βάση τα αποτελέσµατα των αριθµητικών αναλύσεων διαπιστώνεται πως η χρήση GMNIA σε 

προσοµοιώµατα µε επιφανειακά πεπερασµένα στοιχεία οδηγεί σε πολύ καλή συµφωνία µε εκείνα των 

πειραµατικών διερευνήσεων, τόσο σε καθολικό όσο και σε τοπικό επίπεδο. Στην περίπτωση που οι 

αρχικές γεωµετρικές ατέλειες και παραµένουσες τάσεις αγνοούνται, προβλέπονται µεγαλύτερα φορτία 

αστοχίας και η πρόωρη πλαστικοποίηση σε υψηλά επίπεδα φόρτισης δεν προσδιορίζεται σε 

ικανοποιητικό βαθµό. Οι δρόµοι ισορροπίας όπως προκύπτουν από την πειραµατική διερεύνηση και τις 

αριθµητικές αναλύσεις µε και χωρίς ενσωµάτωση αρχικών ατελειών (γεωµετρικών ατελειών και 

παραµενουσών τάσεων θερµικής κατεργασίας) για τα δοκίµια της Οµάδας 3 φαίνονται στο Σχήµα 8. 

Παρατηρείται η πολύ καλή σύγκριση των πειραµατικών και των αριθµητικών αποτελεσµάτων, σε ό,τι 

αφορά τόσο τη δυσκαµψία όσο και το φορτίο αστοχίας, ιδιαίτερα στην περίπτωση που 

ενσωµατώνονται στα αριθµητικά προσοµοιώµατα οι αρχικές ατέλειες. Στο Σχήµα 9 διακρίνεται η 

πειραµατική και αριθµητική εικόνα του κρίσιµου φατνώµατος δοκιµίου της Οµάδας 5, για φόρτιση που 

αντιστοιχεί σε σηµείο του µεταλυγισµικού κλάδου. 

 

Σχήµα 8: Σύγκριση πειραµατικών (συνεχείς γραµµές) και αριθµητικών δρόµων ισορροπίας για τα δοκίµια της 
Οµάδας 3 για την περίπτωση που λαµβάνονται υπόψη αρχικές ατέλειες (αραιή διακεκοµµένη γραµµή) και για την 

περίπτωση που αγνοούνται οι αρχικές ατέλειες (πυκνή διακεκοµµένη γραµµή) 

Τέλος, τα αριθµητικά προσοµοιώµατα µε επιφανειακά και µε ραβδωτά πεπερασµένα στοιχεία 

συγκρίνονται µεταξύ τους προκειµένου να αξιολογηθεί η χρήση των τελευταίων. ∆ιαπιστώνεται ότι η 
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συµπεριφορά των σύνθετων δοκιµίων µπορεί να προβλεφθεί πολύ ικανοποιητικά µε χρήση ραβδωτών 

πεπερασµένων στοιχείων, µε πολύ µικρότερο υπολογιστικό φόρτο συγκρινόµενο µε εκείνον που 

απαιτείται για χρήση επιφανειακών πεπερασµένων στοιχείων. 

  

(α) (β) 

Σχήµα 9: Σύγκριση πειραµατικής και αριθµητικής παραµορφωµένης κατάστασης του κρίσιµου φατνώµατος 
δοκιµίου της Οµάδας 5 

A.5. ΑΡΙΘΜΗΤΙΚΗ ΚΑΙ ΑΝΑΛΥΤΙΚΗ ∆ΙΕΡΕΥΝΗΣΗ ΣΥΝΘΕΤΩΝ ΥΠΟΣΤΥΛΩΜΑΤΩΝ 

A.5.1. Περιγραφή αριθµητικών αναλύσεων και αποτελέσµατα 

Μετά την αριθµητική προσοµοίωση των πειραµάτων και τη διαπίστωση ότι τα αριθµητικά 

προσοµοιώµατα µε πεπερασµένα στοιχεία δοκού µπορούν επαρκώς να προβλέψουν τη συµπεριφορά 

των σύνθετων υποστυλωµάτων µε ράβδους δικτύωσης, διερευνάται αριθµητικά η απόκριση ατελών 

σύνθετων υποστυλωµάτων υπό αξονική θλίψη. Οι πιθανοί τρόποι αστοχίας ενός τέλειου σύνθετου 

υποστυλώµατος υπό αξονική θλίψη συνοψίζονται στην υποενότητα Α.2.2. Οι αριθµητικές αναλύσεις 

περιλαµβάνουν τόσο καθολικές όσο και τοπικές ατέλειες, µε βάση τα σχήµατα των ιδιοµορφών 

καθολικού και τοπικού λυγισµού, αντίστοιχα. Το υλικό θεωρείται είτε ελαστικό είτε διγραµµικό 

ελαστοπλαστικό χωρίς κράτυνση, ανάλογα µε το είδος της ανάλυσης που πραγµατοποιείται.  

Αρχικά πραγµατοποιείται µια εκτεταµένη παραµετρική ανάλυση που περιλαµβάνει 5 σύνθετα 

υποστυλώµατα που διαφέρουν σε ό,τι αφορά το µοχλοβραχίονα µεταξύ των πελµάτων. Κατ’ αυτόν 

τον τρόπο, το καθένα εξ’ αυτών αντιστοιχεί σε διαφορετικό λόγο ελαστικού κρίσιµου φορτίου 

καθολικού λυγισµού προς το αντίστοιχο τοπικού λυγισµού (x=Pcr/PL), που αποτελεί βασικό κριτήριο 

ελέγχου της αλληλεπίδρασης µεταξύ καθολικού και τοπικού λυγισµού. Η πραγµατοποίηση Μη 

Γραµµικών Αναλύσεων Γεωµετρίας µε Αρχικές Ατέλειες θεωρώντας ελαστικό υλικό διακρίνεται στην 

περίπτωση που λαµβάνονται υπόψη αρχικές ατέλειες τόσο καθολικές όσο και τοπικές, και στην 

περίπτωση που θεωρούνται µόνο καθολικές ατέλειες. Παρατηρείται πως συγκρίνοντας την πρώτη και 

τη δεύτερη περίπτωση, στην πρώτη υπάρχει µεγαλύτερη µείωση του φορτίου αντοχής και 

µεγαλύτερες εγκάρσιες καθολικές µετακινήσεις λόγω της επιρροής των τοπικών ατελειών και 

παραµορφώσεων στην καθολική απόκριση. Επιπλέον, για λόγο x ίσο µε τη µονάδα (ταύτιση ελαστικών 

φορτίων καθολικού και τοπικού λυγισµού), η µείωση της αντοχής είναι µέγιστη. Ακολούθως 

πραγµατοποιούνται Μη Γραµµικές Αναλύσεις Γεωµετρίας και Υλικού µε Αρχικές Ατέλειες, τα 

αποτελέσµατα των οποίων συνοψίζονται στο Σχήµα 10. Για λόγο x=1, τα φορτία καθολικού λυγισµού, 

τοπικού λυγισµού και πλήρους διαρροής ταυτίζονται και οδηγούν στη µέγιστη απώλεια αντοχής λόγω 
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αρχικών ατελειών, όπως διαπιστώθηκε αρχικά από τους Svensson και Kragerup [5-8]. Σε όλες τις 

περιπτώσεις η αστοχία είναι τοπική ελαστοπλαστική του κρίσιµου φατνώµατος.  

 

Σχήµα 10: ∆ρόµοι ισορροπίας ατελών σύνθετων µελών µε ράβδους δικτύωσης µε ελαστοπλαστικό υλικό για 
λόγους x=1.6, x=1.3, x=1, x=0.8 και x=0.4 

A.5.2. Προτεινόµενη µέθοδος 

Στον EC3 λαµβάνονται υπόψη οι τρεις µορφές αστοχίας του τέλειου φορέα αλλά δεν ενσωµατώνεται η 

επιρροή των τοπικών ατελειών στην καθολική απόκριση του µέλους. Για αυτό το λόγο, στη διατριβή 

προτείνεται µια τροποποιηµένη διαδικασία για την ενσωµάτωση των αρχικών τοπικών ατελειών στην 

καµπτική δυσκαµψία αµφιέρειστου σύνθετου µέλους. Το τελικό βέλος στο µέσο ατελούς σύνθετου 

µέλους θεωρώντας αρχική καθολική ατέλεια wo στο µέσο του είναι: 

oT

*
cr

1
w =w

P
1-

P

 
 
 
 
 
 

 (22)

όπου *

cr
P  είναι ένα τροποποιηµένο ελαστικό κρίσιµο φορτίο λυγισµού: 
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(23)

Στο τροποποιηµένο κρίσιµο φορτίο λυγισµού ενσωµατώνεται η τροποποιηµένη ισοδύναµη καµπτική 

δυσκαµψία του σύνθετου µέλους *
effEI : 

( )* 2 * *
oeff ch,1 ch,2

EI =0.25h EA +EA  (24)

H αξονική δυστένεια του πλέον θλιβόµενου πέλµατος δίνεται από: 

( )
( )

22 2
L

3*
chch,1 L 1

π η 0.5P1 1
= +

EAEA 2 0.5P -P
 (25)

όπου η είναι ο συντελεστής τοπικών ατελειών, θεωρώντας ότι το µέγεθος τους είναι γραµµική 

συνάρτηση του µήκους του φατνώµατος a (zo=ηa) και P1 είναι η αξονική δύναµη στο πλέον θλιβόµενο 

πέλµα. Αντίστοιχα υπολογίζεται και η αξονική δυστένεια στο λιγότερο θλιβόµενο πέλµα. Συνεπώς η 

αξονική δύναµη στο πλέον θλιβόµενο πέλµα δύναται να υπολογιστεί ως: 

o
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w 1
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P h
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(26)

όπου r είναι ένας συντελεστής που κυµαίνεται από 0 έως 1. Για τον υπολογισµό του φορτίου αστοχίας 

απαιτείται επαναληπτική διαδικασία θεωρώντας διαφορετικές τιµές του r, ως εξής: 

− Υπόθεση r=1 και επίλυση της Εξ. (26) ως προς P. 

− Επίλυση της Εξ. (26) ως προς P για ελαφρώς µικρότερη τιµή του r. 

− Σύγκριση των φορτίων αστοχίας των δύο προηγούµενων βηµάτων. Αν το φορτίο του δεύτερου 

βήµατος είναι µικρότερο από εκείνο του πρώτου βήµατος, τότε το φορτίο αστοχίας Pu είναι αυτό 

που υπολογίστηκε στο πρώτο βήµα και η µορφή αστοχίας είναι τοπική ελαστοπλαστική του κρίσιµου 

φατνώµατος (r=1). Αν όχι, τότε θα πρέπει να πραγµατοποιηθεί το επόµενο βήµα. 

− ∆οκιµή µικρότερων τιµών r µέχρι την εύρεση του µέγιστου φορτίου P. Αυτή η µέγιστη τιµή 

αντιστοιχεί στο φορτίο αστοχίας Pu. Σε αυτή την περίπτωση, η αστοχία οφείλεται σε καθολική 

αστάθεια χωρίς τη διαρροή κάποιας διατοµής των πελµάτων. 

A.5.3. Αριθµητική επαλήθευση προτεινόµενης µεθόδου 

Η προτεινόµενη µέθοδος επαληθεύτηκε για ένα µεγάλο πλήθος αριθµητικών προσοµοιωµάτων. Τα 

αποτελέσµατα για δύο ενδεικτικές περιπτώσεις παρουσιάζονται στο Σχήµα 11 και στο Σχήµα 12. Η 

πρώτη περίπτωση αναφέρεται σε σύνθετο υποστύλωµα που αστοχεί λόγω τοπικής ελαστοπλαστικής 

αστοχίας του κρίσιµου φατνώµατος. Η διαδικασία του EC3 και η προτεινόµενη µέθοδος δίνουν 

παραπλήσια αποτελέσµατα, τόσο σε ό,τι αφορά τις οριζόντιες µετακινήσεις όσο και σε ό,τι αφορά το 

φορτίο αστοχίας. Στη δεύτερη περίπτωση, η αστοχία οφείλεται σε ελαστική καθολική αστάθεια και 

είναι φανερό πως η πρόβλεψη του EC3 είναι κατά της ασφαλείας σε ό,τι αφορά τη δυσκαµψία και την 

οριακή αντοχή. Αντίθετα, η προτεινόµενη µέθοδος που λαµβάνει υπόψη την επιρροή των τοπικών 

ατελειών στην καθολική απόκριση του µέλους είναι κοντά στα αριθµητικά αποτελέσµατα.  
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Σχήµα 11: Σύγκριση αριθµητικών (µπλε συνεχής γραµµή), αναλυτικών µε βάση τον EC3 (πράσινη αραιή 
διακεκοµµένη γραµµή) και αναλυτικών µε βάση την προτεινόµενη µέθοδο (κόκκινη πυκνή διακεκοµµένη γραµµή) 

αποτελεσµάτων για την περίπτωση τοπικής ελαστοπλαστικής αστοχίας 
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Σχήµα 12: Σύγκριση αριθµητικών (µπλε συνεχής γραµµή), αναλυτικών µε βάση τον EC3 (πράσινη αραιή 
διακεκοµµένη γραµµή) και αναλυτικών µε βάση την προτεινόµενη µέθοδο (κόκκινη πυκνή διακεκοµµένη γραµµή) 

αποτελεσµάτων για την περίπτωση ελαστικής καθολικής αστοχίας 

Ο τύπος αστοχίας που παρατηρείται στην πλειονότητα των περιπτώσεων πρακτικών εφαρµογών 

οφείλεται σε τοπική ελαστοπλαστική αστοχία του κρίσιµου φατνώµατος, κυρίως εξαιτίας των σχετικά 

µικρών καθολικών και τοπικών ανηγµένων λυγηροτήτων που χρησιµοποιούνται. Συνεπώς, οι 

προδιαγραφές του EC3 αναµένεται να είναι επαρκείς και η έρευνα στη συνέχεια της διατριβής βασίζεται 

στη συνηθέστερη αυτή µορφή αστοχίας. 
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A.6. ΦΟΡΤΙΟ ΛΥΓΙΣΜΟΥ ΠΟΛΥΩΡΟΦΩΝ ΠΛΑΙΣΙΩΝ ΜΕ ΜΕΛΗ TIMOSHENKO 

A.6.1. Περιγραφή προτεινόµενης αναλυτικής µεθόδου 

Ο επαρκής υπολογισµός του ελαστικού κρίσιµου φορτίου λυγισµού είναι απαραίτητος για την ορθή 

αξιολόγηση της αντοχής του τέλειου ελαστικού φορέα που στη συνέχεια χρησιµοποιείται από 

σύγχρονες κανονιστικές διατάξεις για τον υπολογισµό της ανηγµένης λυγηρότητας. Η προτεινόµενη 

αναλυτική µέθοδος επεκτείνει την αντίστοιχη που προτάθηκε από τους Gantes και Mageirou            

[6-1], [6-2] για τον υπολογισµό του ελαστικού φορτίου λυγισµού πολυώροφων πλαισίων µε άκαµπτες 

και ηµι-άκαµπτες συνδέσεις στην περίπτωση που τα υποστυλώµατα και/ή οι δοκοί υπόκεινται σε µη 

αµελητέες διατµητικές παραµορφώσεις. Η λογική βασίζεται στην αποµόνωση του υποστυλώµατος προς 

διερεύνηση µε τη χρήση κατάλληλων στροφικών ελατηρίων που προσοµοιώνουν τη στροφική 

δυσκαµψία που προσφέρεται από τα γειτονικά µέλη σε αυτό και κατάλληλου ελατηρίου µετάθεσης που 

προσοµοιώνει τη δυνατότητα σχετικής εγκάρσιας µετακίνησης των δύο άκρων (Σχήµα 13). 

 

Σχήµα 13: (α) Υποστύλωµα ΤΒ ως τµήµα πλαισίου και (β) ισοδύναµο προσοµοίωµα υποστυλώµατος ΤΒ            

A.6.2. Μη γραµµικές σχέσεις για προσδιορισµό φορτίου λυγισµού 

Για αυτό το σκοπό, σε πρώτη φάση θεωρείται το αξονικά θλιβόµενο µέλος Timoshenko µε τυχαίες 

συνοριακές συνθήκες που φαίνεται στο Σχήµα 14 και για το οποίο εξάγεται το µητρώο ευστάθειας. 

Θέτοντας τη σταθερά του ελατηρίου µετάθεσης cbr,b ίση µε πολύ µεγάλη τιµή, το µέλος στο Σχήµα 14 

µετατρέπεται σε εκείνο που φαίνεται στο Σχήµα 13(β). Τελικά, µε χρήση της ορίζουσας ευστάθειας, 

εξάγονται 3 µη γραµµικές σχέσεις για τον υπολογισµό του φορτίου λυγισµού. 

 

Σχήµα 14: Αξονικά θλιβόµενο µέλος Timoshenko µε τυχαίες συνοριακές συνθήκες 
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Η κάθε µια εξ’ αυτών αντιστοιχεί σε µια περίπτωση µεταθετότητας των άκρων του µέλους: µεταθετή, 

αµετάθετη και µερικώς µεταθετή συµπεριφορά. Για την περίπτωση µερικώς µεταθετής συµπεριφοράς 

που αποτελεί την πιο γενική περίπτωση προκύπτει: 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )( )

2 4
2

br t b br t b t b t b brcr cr cr cr cr

3 5 3
2 2

t b t b t b br t bcr cr cr cr cr cr cr

br t b t bcr cr cr cr

-32c z -1 z -1 +4cos α L 8c z -1 z -1 + z +z -2z z α L β c -β α L +

+sin α L -16 α L β 1-z -z +z z + α L β z z - α L β c z z +

                 +4 α L c 4β - 4β +1 z +z + 4β +2 z z =0

 
  







 (27)
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4EI
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L
, c c

b t

c b c t

c c
z = , z =

c +c c +c
, 

3br
br

c
c = L

EI
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( )
2cr

cr

1
β =

1+ α L µ

. 

Η Εξ. (27) µπορεί να επιλυθεί για τον υπολογισµό του αcrL=φcr για διάφορες τιµές του µ που ορίστηκε 

στην ενότητα Α.2. Το φορτίο λυγισµού µπορεί τότε να υπολογισθεί από την σχέση (ΕΙ=ΕΙc): 

2

cr c
cr 2

2 cr c

v

φ EI
P =

φ EI
L +

S

 

(28)

Η Εξ. (27) αποτελεί την πιο γενική περίπτωση και συγκλίνει στις αντίστοιχες σχέσεις αµετάθετης και 

µεταθετής συµπεριφοράς µε χρήση κατάλληλης τιµής µετακινησιακού ελατηρίου. Για την περίπτωση 

της αµετάθετης συµπεριφοράς και για τιµές του µ ίσες µε 0.001 (κόκκινες γραµµές), 0.01 (µπλε 

γραµµές) και 0.1 (πράσινες γραµµές), η γραφική απεικόνιση των λύσεων φαίνεται στο Σχήµα 15. 

Παρατηρείται πως για ίσες τιµές στροφικών ελατηρίων στα άκρα και αµετάθετη συµπεριφορά του 

µέλους, οι λύσεις της Εξ. (27) είναι ανεξάρτητες του µ και ταυτίζονται. 

 

Σχήµα 15: Γραφική απεικόνιση των λύσεων της Εξ. (27) για αµετάθετη συµπεριφορά και τιµές του µ ίσες µε 0.001 
(κόκκινες γραµµές), 0.01 (µπλε γραµµές) και 0.1 (πράσινες γραµµές) 
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A.6.3. Εξισώσεις γωνίας-στροφής για µέλη Timoshenko µε ηµι-άκαµπτες συνδέσεις 

Οι προτεινόµενες εξισώσεις γωνίας-στροφής για µέλη Timoshenko µε ηµι-άκαµπτες συνδέσεις 

εξάγονται µε βάση τη µέθοδο Engesser για την ενσωµάτωση των διατµητικών παραµορφώσεων. Οι 

υπολογισµοί βασίζονται στην παραµορφωµένη κατάσταση του µέλους όπως φαίνεται στο Σχήµα 16 και 

θεωρώντας τριγωνοµετρικές συναρτήσεις για το συνολικό βέλος w και τη στροφή λόγω κάµψης ψ. Οι 

ροπές στο κάθε άκρο είναι ίσες µε: 

n(i) 11(i) n(i) 12(i) f(i)
i ii i i i

i i
i i

∆ ∆EI E I
M = A θ - + A θ -

L LL L

   
      
   

 (29)

f(i) 21(i) n(i) 22(i) f(i)
i ii i i i

i i
i i

∆ ∆EI E I
M = A θ - + A θ -

L LL L

   
      
   

 (30)

 

Σχήµα 16: Απαραµόρφωτη και παραµορφωµένη κατάσταση µέλους Timoshenko µε ηµι-άκαµπτες συνδέσεις στα 
άκρα υπό την επιρροή θλιπτικού αξονικού φορτίου και συγκεντρωµένων ροπών στα άκρα 

Ο Πίνακας 1 περιέχει τους συντελεστές δυσκαµψίας περιλαµβάνοντας παραµέτρους που επεξηγήθηκαν 

προηγουµένως και θα πρέπει να τροποποιηθούν κατάλληλα, ώστε να εφαρµοσθούν στο µέλος στο 

Σχήµα 16. Η επιρροή των ηµι-άκαµπτων συνδέσεων υπεισέρχεται στους συντελεστές κατανοµής zn(i) 

και zf(i). Θέτοντας τους συντελεστές κατανοµής στα δύο άκρα ίσους µε το 0 προκύπτουν οι 

συντελεστές δυσκαµψίας για µέλος µε άκαµπτες συνδέσεις στα άκρα και τα σχετικά αποτελέσµατα 

περιέχονται στον Πίνακας 2. Και στις δύο προαναφερθείσες περιπτώσεις ισχύει ότι φi=αiLi. 

Οι συντελεστές δυσκαµψίας για την περίπτωση χωρίς αξονική δύναµη µπορούν να προσδιορισθούν αν 

ακολουθηθεί η ίδια αναλυτική διαδικασία αλλά χρησιµοποιηθούν πολυωνυµικές συναρτήσεις για το 

συνολικό βέλος w και τη στροφή λόγω κάµψης ψ. Προσεγγιστικός υπολογισµός των συντελεστών 

αυτών µπορεί να επιτευχθεί αν τεθεί σχετικά µικρή τιµή της αξονικής δύναµης P στους συντελεστές 

δυσκαµψίας που αναφέρονται στην παρούσα υποενότητα. 



A-20 Εκτενής Περίληψη 

∆ιδακτορική ∆ιατριβή Κωνσταντίνου Ε. Καλοχαιρέτη Ε.Μ.Π. 2014 

Πίνακας 1: Συντελεστές δυσκαµψίας για µέλος Timoshenko µε ηµι-άκαµπτες συνδέσεις υπό αξονική θλίψη 
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Πίνακας 2: Συντελεστές δυσκαµψίας για µέλος Timoshenko µε άκαµπτες συνδέσεις υπό αξονική θλίψη 

( )11(i)

2

i i i i i

22 i

i i i i

φsinφ -β φ cosφ
S =S =

-2cosφ -β φsinφ +2
 

12(i)

2

i i i i

21(i)

i i i i

β φ -φsinφ
S =S =

-2cosφ -β φsinφ +2
 

A.6.4. Στροφικές δυσκαµψίες προς αντικατάσταση µελών 

Όπως επεξηγήθηκε προηγουµένως, τα µέλη που συγκλίνουν στο άνω και κάτω άκρο του υπό εξέταση 

υποστυλώµατος, προσφέρουν στροφική δυσκαµψία στα άκρα του και συνεπώς µπορούν να 

αντικατασταθούν µε ισοδύναµα στροφικά ελατήρια. Η τιµή του ισοδύναµου στροφικού ελατηρίου 

εξαρτάται από το αν το µέλος υπόκειται σε αξονική θλιπτική δύναµη ή όχι και από τη συνοριακή 

συνθήκη στο απέναντι άκρο του. Για τη γενική περίπτωση που το µέλος υπόκειται σε θλιπτική αξονική 

δύναµη Pi και έχει άκαµπτο κόµβο στο πλησίον άκρο και τυχαίες συνοριακές συνθήκες στο απέναντι 

άκρο, το ισοδύναµο στροφικό ελατήριο µπορεί να προσδιοριστεί ως 
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f(i) 11(i)12(i)i i
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 (31)

όπου η τιµή c# προκύπτει τόσο για το µεταφορικό όσο και για το στροφικό ελατήριο ως i

i i

# cL
c =

EI
. 
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A.6.5. Αριθµητική επαλήθευση 

H χρήση της προτεινόµενης αναλυτικής µεθόδου για τον υπολογισµό του ελαστικού κρίσιµου φορτίου 

λυγισµού πολυώροφου πλαισίου, που αποτελείται από µέλη Timoshenko, επαληθεύτηκε αριθµητικά σε 

µεγάλο πλήθος φορέων. Στην παρούσα υποενότητα παρουσιάζονται τα αποτελέσµατα για µεταθετό 

µονώροφο βιοµηχανικό πλαίσιο που αποτελείται από σύνθετα υποστυλώµατα µε ράβδους δικτύωσης 

και από µια δικτυωτή δοκό. Η ιδιοµορφή καθολικού λυγισµού του πλαισίου, όπως προκύπτει 

αριθµητικά, φαίνεται στο Σχήµα 17 και αντιστοιχεί σε φορτίο λυγισµού 33740kN. Με χρήση της 

προτεινόµενης µεθόδου προβλέπεται ελαστικό κρίσιµο φορτίο καθολικού λυγισµού ίσο µε 33179kN, 

που βρίσκεται σε ικανοποιητική συµφωνία µε το αντίστοιχο αριθµητικό αποτέλεσµα. Η πρόβλεψη του 

EC3 για το φορτίο λυγισµού είναι ίση µε 40270kN, αναδεικνύοντας τη σηµασία των διατµητικών 

παραµορφώσεων στη συγκεκριµένη περίπτωση. 

 

Σχήµα 17: Ιδιοµορφή καθολικού λυγισµού µεταθετού µονώροφου βιοµηχανικού πλαισίου 

A.7. ΑΝΑΛΥΣΗ 2ΗΣ ΤΑΞΗΣ ΜΕΛΩΝ TIMOSHENKO 

Στην παρούσα ενότητα παρουσιάζονται κλειστές αναλυτικές σχέσεις για τον προσδιορισµό των 

µετακινήσεων και των εντατικών µεγεθών κατά µήκος ατελών µελών Timoshenko υπό αξονική θλίψη 

και συνήθεις εγκάρσιες φορτίσεις. Η ενσωµάτωση των διατµητικών παραµορφώσεων γίνεται σύµφωνα 

µε τη µέθοδο Engesser. Η κάθε µια εκ των περιπτώσεων φόρτισης εξετάζεται αναλυτικά στις 

ακόλουθες υποενότητες. Στην περίπτωση της αρχικής ατέλειας γίνεται χρήση του µεγεθυντικού 

συντελεστή που προτάθηκε από τον Young [7-5], ενώ στις εγκάρσιες φορτίσεις γίνεται χρήση των 

συντελεστών δυσκαµψίας για µέλη Timoshenko µε άκαµπτες συνδέσεις στα άκρα που περιέχει ο 

Πίνακας 2. 

A.7.1. Αρχική ατέλεια 

Θεωρώντας ένα ατελές µέλος Timoshenko µε τυχαίες συνοριακές συνθήκες και λαµβάνοντας υπόψη 

µόνο την 1η ιδιοµορφή λυγισµού ως σχήµα αρχικής ατέλειας, όπως φαίνεται στο Σχήµα 18, είναι 

δυνατή η πραγµατοποίηση προσεγγιστικής ανάλυσης 2ης τάξης. Τα αποτελέσµατα βασίζονται στη 

χρήση του µεγεθυντικού συντελεστή που χρησιµοποιείται ευρέως από σύγχρονες κανονιστικές 

διατάξεις. Ο Πίνακας 3 περιέχει τις απαραίτητες αναλυτικές σχέσεις, στις οποίες wo είναι η µέγιστη τιµή 

της αρχικής ατέλειας, P είναι το αξονικό θλιπτικό φορτίο, Pcr το ελαστικό κρίσιµο φορτίο λυγισµού του 

µέλους που συνδέεται άµεσα µε το αcr σύµφωνα µε την Εξ. (28) και x1 είναι η θέση κατά µήκος του 

µέλους όπου η ατέλεια λαµβάνει τη µέγιστη τιµή της (µε βάση το σχήµα της 1ης ιδιοµορφής λυγισµού). 
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Σχήµα 18: Ατελές µέλος Timoshenko µε τυχαίες συνοριακές συνθήκες υπό αξονική θλίψη 

Πίνακας 3: Αναλυτικές σχέσεις για την περίπτωση αρχικής ατέλειας σύµφωνα µε το σχήµα 1ης ιδιοµορφής 

Συνολικό βέλος 
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Το x1 βρίσκεται µεγιστοποιώντας τη συνάρτηση: ( ) ( )( )cr 1 cr 11 12 3
max f sin α x +cos α x +f x +f  

Ροπή κάµψης 
( ) o

imp

cr

Pw
Μ x = f

P
1-

P

, όπου 
( ) ( )

( ) ( )
cr cr1

cr cr1 1 1 12 3

f sin α x +cos α x
f=

f sin α x +cos α x +f x +f
 

Τέµνουσα δύναµη 
κάθετη στον 

παραµορφωµένο 
άξονα 

( ) cr o
imp

cr

α Pw 'Q x = f
P

1-
P

, όπου 
( ) ( )

( ) ( )
cr cr1

cr cr1 1 1 12 3

f cos α x -sin α x'f =
f sin α x +cos α x +f x +f

 

A.7.2. Εγκάρσιο οµοιόµορφα κατανεµηµένο φορτίο 

Το ίδιο µέλος Timoshenko µε τυχαίες συνοριακές συνθήκες υπό αξονικό θλιπτικό φορτίο και εγκάρσιο 

οµοιόµορφα κατανεµηµένο φορτίο q φαίνεται στο Σχήµα 19. Θεωρώντας θετικές τις ροπές και 

στροφές που είναι σύµφωνες µε την ωρολογιακή φορά είναι δυνατή η πραγµατοποίηση ανάλυσης 2ης 

τάξης και ο Πίνακας 4 περιέχει τις κλειστές αναλυτικές λύσεις του προβλήµατος. 

 

Σχήµα 19: Μέλος Timoshenko υπό αξονική θλίψη και εγκάρσιο οµοιόµορφα κατανεµηµένο φορτίο 
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Μη γραµµική συµπεριφορά και σχεδιασµός σύνθετων υποστυλωµάτων από χάλυβα υπό αξονική και 

εγκάρσια φόρτιση 

Πίνακας 4: Αναλυτικές σχέσεις για την περίπτωση εγκάρσιου οµοιόµορφα κατανεµηµένου φορτίου 

Ροπή κάµψης στο 
άκρο Α 

( ) ( ) ( )
q q

11 12 FAB q A q B q

∆∆EI EI
M = S ψ - + S ψ - -M

L LL L

  
       

 

,όπου 
F 2

v

Lα αL ΕΙq
M = 1- cot + q

α 2β 2 S

  
    

 

Ροπή κάµψης στο 
άκρο Β ( ) ( ) ( )

q q

12 11 FBA q A q B q

∆∆EI EI
M = S ψ - + S ψ - +M

L LL L

  
       

 

Τέµνουσα δύναµη 
στο άκρο Α ( )

( ) ( ) qAB q BA q

AB q

M +M +P∆
V =0.5qL-

L
 

Τέµνουσα δύναµη 
στο άκρο Β ( )

( ) ( ) qAB q BA q

BA q

M +M +P∆
V =0.5qL+

L
 

Bέλος στο άκρο Α 
qbr,t

q
br,b br,t

qL-c ∆
δ =

c +c
 

∆ιαφορικό βέλος 
µεταξύ άκρων Α και Β 

( ) ( )( ) qt1 A q B qbq
ρ -c ψ -c ψ +χ∆

=
L ω

, όπου ρ1=1+cbr,t/cbr,b, ρ2=1-cbr,t/cbr,b, χq=0.5qρ2L
2 και 

2
1br,t

P
ω=L c -ρ

L

 
 
 

 

Στροφή λόγω κάµψης 
στο άκρο Α 

( )

( ) ( )
( ) ( ) ( ) ( )

#F F
q qt t t1 11 112

A q # #
t t t1 1 11 1 11 112 12b b b

-ωM L ωM L
ωS +Sρ c +Sχ - ωS +ωc +Sρ c +Sχ

EI EI
ψ =

ωS +Sρ c ωS +Sρ c - ωS +ωc +Sρ c ωS +ωc +Sρ c

   
   
    , όπου 

S=S11+S12 και # i
i

c L
c =

EI
 

Στροφή λόγω κάµψης 
στο άκρο Β ( )

( )( ) ( )
#F

q 11 1 A qb b

B q
t112

ωM L
χ S+ - ω S +c +Sρ c ψ

EIψ =
ωS +Sρ c

 

Ροπή κάµψης ( ) ( ) ( ) ( ) ( )( ) 2
q q q qΑΒ q AB q

'Μ x =-EIψ x =Μ +V x+P w x -δ -0.5qx  

Τέµνουσα δύναµη 
κάθετη στον 

παραµορφωµένο 
άξονα 

( ) ( ) ( ) ( )q q qAB q
'' 'Q x =-EIψ x =V +Pw x -qx   

Συνολικό βέλος 

( )
( ) ( ) ( )

( ) ( ) ( )

2
qAB q AB q AB q2 2

V V

q

2
qAB q AB q AB q2 2

V V

1 1 EI 1 EI
- M +q + cosαL+M +V L+q + -0.5L +∆

P S Sα α
w x = sinαx+

sinαL

1 1 EI 1 1 EI
+ M +q + cosαx+ -M -V x+Pδ +q - - +0.5x

P S P Sα α

     
               

      
                  

 

Συνολική στροφή 

( )
( ) ( ) ( )

( ) ( )( )

2
qAB q AB q AB q2 2

V V

q

AB q AB q2
V

1 1 EI 1 EI
- M +q + cosαL+M +V L+q + -0.5L +∆

P S Sα α'w x =α cosαx-
sinαL

α 1 EI 1
- M +q + sinαx+ -V +qx
P S Pα
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A.7.3. Συγκεντρωµένες ροπές στα άκρα 

Χρησιµοποιείται το ίδιο µέλος Timoshenko µε τυχαίες συνοριακές συνθήκες (Σχήµα 19) υπό αξονικό 

θλιπτικό φορτίο και συγκεντρωµένες ροπές στα άκρα Μ1 και Μ2, αντίστοιχα, θεωρώντας θετικές τις 

ροπές και στροφές που είναι σύµφωνες µε την ωρολογιακή φορά (οι δείκτες q γίνονται Μ). Ο Πίνακας 

5 περιέχει τις κλειστές αναλυτικές λύσεις του προβλήµατος. 

Πίνακας 5: Αναλυτικές σχέσεις για την περίπτωση συγκεντρωµένων ροπών στα άκρα 

Ροπή κάµψης στο 
άκρο Α ( ) ( ) ( )

M M
11 12AB M A M B M

∆∆EI EI
M = S ψ - + S ψ -

L LL L

  
  

   
 

Ροπή κάµψης στο 
άκρο Β ( ) ( ) ( )

M M
12 11BA M A M B M

∆∆EI EI
M = S ψ - + S ψ -

L LL L

  
  

   
 

Τέµνουσα δύναµη στο 
άκρο Α ( )

( ) ( ) MAB M BA M

AB M

M +M +P∆
V =-

L
 

Τέµνουσα δύναµη στο 
άκρο Β ( )

( ) ( ) MAB M BA M

BA M

M +M +P∆
V =

L
 

Bέλος στο άκρο Α 
Mbr,t

M
br,b br,t

c ∆
δ =-

c +c
 

∆ιαφορικό βέλος 
µεταξύ άκρων Α και Β 

( ) ( )( )t1 Mb A M B MM
ρ -c ψ -c ψ +χ∆

=
L ω

, όπου χM=(M1+M2)ρ1 

Στροφή λόγω κάµψης 
στο άκρο Α ( )

( ) ( )
( ) ( ) ( ) ( )

#2 1
t t t1 M 11 1 M12

A M # #
t t t1 1 11 1 11 112 12b b b

ωM L -ωM L
ωS +Sρ c +Sχ + ωS +ωc +Sρ c -Sχ

EI EI
ψ =

ωS +Sρ c ωS +Sρ c - ωS +ωc +Sρ c ωS +ωc +Sρ c

   
   

    

Στροφή λόγω κάµψης 
στο άκρο Β ( )

( )( ) ( )
#1

M 11 1b b A M

B M
t112

ωM L
χ S+ - ω S +c +Sρ c ψ

EIψ =
ωS +Sρ c

 

Ροπή κάµψης ( ) ( ) ( ) ( )( )M M MΑΒ M AB M
Μ x =Μ +V x+P w x -δ  

Τέµνουσα δύναµη 
κάθετη στον 

παραµορφωµένο 
άξονα 

( ) ( ) ( )M MAB M
'Q x =V +Pw x  

Συνολικό βέλος ( )
( ) ( ) ( )

( )
( ) ( )( )

AB M AB M

M AB M

M MAB M AB M

M V L
1-cosαL + +∆ M 1P Pw x = sinαx+ cosαx+ -M -V x+Pδ

sinαL P P
 

Συνολική στροφή 
( )

( ) ( ) ( )
( ) ( )

AB M AB M

M AB M AB M

M

M V L
1-cosαL + +∆ M V

' P Pw x =α cosαx-α sinαx-
sinαL P P

 

A.7.4. Εγκάρσιες συγκεντρωµένες δυνάµεις στα άκρα 

Χρησιµοποιείται το ίδιο µέλος Timoshenko µε τυχαίες συνοριακές συνθήκες (Σχήµα 19) υπό αξονικό 

θλιπτικό φορτίο και συγκεντρωµένα εγκάρσια φορτία στα άκρα H1 και H2, αντίστοιχα, θεωρούµενα ως 

θετικά αν έχουν τη φορά του θετικού άξονα των εγκάρσιων βελών. Επίσης θεωρούνται θετικές οι 

ροπές και στροφές που είναι σύµφωνες µε την ωρολογιακή φορά (οι δείκτες q γίνονται H). Ο Πίνακας 

6 περιέχει τις κλειστές αναλυτικές λύσεις του προβλήµατος. 
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εγκάρσια φόρτιση 

Πίνακας 6: Αναλυτικές σχέσεις για την περίπτωση συγκεντρωµένων εγκάρσιων δυνάµεων στα άκρα 

Ροπή κάµψης στο 
άκρο Α ( ) ( ) ( )

H H
11 12AB H A H B H

∆∆EI EI
M = S ψ - + S ψ -

L LL L

  
  

   
 

Ροπή κάµψης στο 
άκρο Β ( ) ( ) ( )

H H
12 11BA H A H B H

∆∆EI EI
M = S ψ - + S ψ -

L LL L

  
  

   
 

Τέµνουσα δύναµη 
στο άκρο Α  ( )

( ) ( ) HAB H BA H

AB H

M +M +P∆
V =-

L
 

Τέµνουσα δύναµη 
στο άκρο Β ( )

( ) ( ) HAB H BA H

BA H

M +M +P∆
V =

L
 

Bέλος στο άκρο Α 
1 H2 br,t

H
br,b br,t

H +H -c ∆
δ =

c +c
 

∆ιαφορικό βέλος 
µεταξύ άκρων Α και Β 

( ) ( )( )t1 Hb A H B HH
ρ -c ψ -c ψ +χ∆

=
L ω

, όπου χH=L(H2-H1cbr,t/cbr,b) 

Στροφή λόγω κάµψης 
στο άκρο Α ( )

( ) ( )
( ) ( ) ( ) ( )

#
t11 H12

A H # #
t t t1 1 11 1 11 112 12b b b

ωS -ωS -ωc Sχ
ψ =

ωS +Sρ c ωS +Sρ c - ωS +ωc +Sρ c ωS +ωc +Sρ c
 

Στροφή λόγω κάµψης 
στο άκρο Β ( )

( )( ) ( )
#

H 11 1b b A H

B H
t112

χ S- ω S +c +Sρ c ψ
ψ =

ωS +Sρ c
 

Ροπή κάµψης ( ) ( ) ( ) ( )( )H H HΑΒ H AB H
Μ x =Μ +V x+P w x -δ  

Τέµνουσα δύναµη 
κάθετη στον 

παραµορφωµένο 
άξονα 

( ) ( ) ( )H HAB H
'Q x =V +Pw x  

Συνολικό βέλος 
( )

( ) ( ) ( )
( )

( ) ( )( )
AB H AB H

H AB H

H HAB H AB H

M V L
1-cosαL + +∆ M 1P Pw x = sinαx+ cosαx+ -M -V x+Pδ

sinαL P P
 

Συνολική στροφή ( )
( ) ( ) ( )

( ) ( )
AB Η AB Η

Η AB Η AB Η

H

M V L
1-cosαL + +∆ M V

' P Pw x =α cosαx-α sinαx-
sinαL P P

 

A.7.5. Επαλληλία φορτίσεων 

Οι ξεχωριστά εξεταζόµενες περιπτώσεις αρχικής ατέλειας, εγκάρσιου οµοιόµορφα κατανεµηµένου 

φορτίου, συγκεντρωµένων ροπών στα άκρα και συγκεντρωµένων εγκάρσιων φορτίων στα άκρα 

δύνανται να επαλληλιστούν στην περίπτωση ανάλυσης 2ης τάξης για σταθερό αξονικό φορτίο P. 

Συνεπώς προκύπτει ότι η συνδυασµένη επιρροή τους στην καµπτική ροπή, τέµνουσα δύναµη κάθετη 

στον παραµορφωµένο άξονα και εγκάρσιο βέλος υπολογίζεται αντίστοιχα ως: 

( ) ( ) ( ) ( ) ( )qimp M HΜ x =Μ x +Μ x +Μ x +Μ x  (32)

( ) ( ) ( ) ( ) ( )qimp M HQ x =Q x +Q x +Q x +Q x  (33)

( ) ( ) ( ) ( ) ( )qT M Hw x =w x +w x +w x +w x  (34)
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A.7.6. Αριθµητική επαλήθευση 

Οι προαναφερθείσες κλειστές αναλυτικές σχέσεις ελέγχθηκαν έναντι Μη Γραµµικών Αναλύσεων 

Γεωµετρίας µε Αρχική Ατέλεια GNIA σε πλήθος µελών Timoshenko µε αµετάθετα, µερικώς µεταθετά 

και µεταθετά άκρα υπό την επιρροή τυχαίων φορτίσεων.  

Στην παρούσα υποενότητα παρουσιάζονται τα αποτελέσµατα που εξήχθησαν για την περίπτωση 

µερικώς µεταθετού µέλους Timoshenko µε µήκος L=3m, και διατοµή από χάλυβα (µέτρο 

ελαστικότητας E=210GPa και λόγο Poisson ν=0.3) µε διατµητική δυσκαµψία Sv=16154kN και ροπή 

αδρανείας περί τον άξονα κάµψης ίση µε I=8.33e-6m4. Στα άκρα οι συνοριακές συνθήκες ορίζονται µε 

βάση ελατήρια σταθερών cb=2000kNm, cbr,b→∞, ct→∞ και cbr,t=1000kN/m. Το µέλος Timoshenko έχει 

συντελεστή µ=0.012 και θα µπορούσε να αντιστοιχεί σε ένα σύνθετο υποστύλωµα µε ράβδους 

δικτύωσης. Το ελαστικό κρίσιµο φορτίο λυγισµού υπολογίζεται αριθµητικά ίσο µε Pcr=3438kN, ενώ 

αναλυτικά µε βάση την Εξ. (27) ίσο µε Pcr=3454kN. Η αρχική ατέλεια θεωρείται ίση µε 

wo=L/500=0.006m και βασίζεται στην 1η ιδιοµορφή λυγισµού του µέλους. Οι εγκάρσιες φορτίσεις 

περιλαµβάνουν εγκάρσιο οµοιόµορφα κατανεµηµένο φορτίο q, συγκεντρωµένες ροπές στα άκρα M1 

και M2 και συγκεντρωµένα φορτία στα άκρα H1 και H2 που είναι ίσα µε 10kN/m, 50kNm, -100kNm, 

50kN και 10kN, αντίστοιχα. 

Ο δρόµος ισορροπίας µε βάση την εγκάρσια µετακίνηση σε τυχαίο σηµείο παρουσιάζεται στο Σχήµα 20 

και παρατηρείται πολύ καλή σύγκριση µεταξύ του αριθµητικού αποτελέσµατος και της προτεινόµενης 

αναλυτικής µεθόδου. Η προσεγγιστική αναλυτική µέθοδος χάνει την ακρίβεια της για µεγάλο αξονικό 

φορτίο πλησίον του ελαστικού κρίσιµου φορτίου λυγισµού. Για αξονικό φορτίο ίσο µε 0.8Pcr τα 

διαγράµµατα τεµνουσών δυνάµεων καθέτων στον παραµορφωµένο άξονα και καµπτικών ροπών 

φαίνονται στο Σχήµα 21 και στο Σχήµα 22, αντίστοιχα. 
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Σχήµα 20: ∆ρόµος ισορροπίας για το εξεταζόµενο µέλος Timoshenko µε τυχαίες συνοριακές συνθήκες 
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Σχήµα 21: ∆ιάγραµµα τεµνουσών δυνάµεων καθέτων στον παραµορφωµένο άξονα κατά µήκος του εξεταζόµενου 
µέλους για αξονική δύναµη ίση µε 0.8Pcr 
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Σχήµα 22: ∆ιάγραµµα καµπτικών ροπών κατά µήκος του εξεταζόµενου µέλους για αξονική δύναµη ίση µε 0.8Pcr 

A.8. ΣΥΜΠΕΡΙΦΟΡΑ ΣΥΝΘΕΤΩΝ ΜΕΛΩΝ ΥΠΟ ΑΞΟΝΙΚΗ ΚΑΙ ΕΓΚΑΡΣΙΑ ΦΟΡΤΙΣΗ 

A.8.1. Φορτίο αστοχίας σύνθετου µέλους 

Η διαδικασία υπολογισµού της συµπεριφοράς σύνθετων µελών µε ράβδους δικτύωσης βασίζεται στην 

παραδοχή ότι µπορούν να προσοµοιωθούν ως µέλη Timoshenko µε ισοδύναµη καµπτική και διατµητική 

δυσκαµψία. Η προτεινόµενη αναλυτική διαδικασία που παρουσιάστηκε στην ενότητα Α.7 και βασίζεται 

σε υπολογιστικά εργαλεία και ποιοτικά συµπεράσµατα που παρουσιάστηκαν στις ενότητες Α.3-Α.6, 

δύναται να χρησιµοποιηθεί στον υπολογισµό των εντατικών µεγεθών και µετακινήσεων κατά µήκος 

ενός ατελούς µέλους Timoshenko που υπόκειται σε διάφορες εγκάρσιες φορτίσεις και σε αξονική 

θλίψη. Προκειµένου να προσδιοριστεί το φορτίο αστοχίας σύνθετου µέλους µε ράβδους δικτύωσης θα 

πρέπει αυτά τα εντατικά µεγέθη να χρησιµοποιηθούν για τον υπολογισµό των εντατικών µεγεθών των 

συστατικών µερών (πέλµατα και ράβδοι δικτύωσης) του σύνθετου µέλους. Εφόσον τα συστατικά µέρη 

των σύνθετων µελών µε ράβδους δικτύωσης καταπονούνται κυρίως από αξονικές δυνάµεις, ο 

τερµατισµός της ελαστικής ανάλυσης 2ης τάξης επιτυγχάνεται µε χρήση µιας κατάλληλης σχέσης 

αλληλεπίδρασης που συνδέεται αποκλειστικά µε αυτές. Η σχέση αλληλεπίδρασης βασίζεται στο 

συµπέρασµα ότι η συνηθέστερη µορφή αστοχίας στην πράξη είναι τοπική ελαστοπλαστική αστοχία του 

κρίσιµου φατνώµατος (συνήθως υπό θλίψη) που οδηγεί σε καθολική κατάρρευση του µέλους. 
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Θέτοντας την αξονική δύναµη στο πλέον θλιβόµενο πέλµα ίση µε την τοπική αντοχή σε λυγισµό του 

φατνώµατος προκύπτει: 

max
L

o

MP
+ =N

2 h
 (35)

όπου P είναι το αξονικό φορτίο επί του σύνθετου µέλους και Mmax είναι η µέγιστη καµπτική ροπή κατά 

µήκος του ισοδύναµου µέλους Timoshenko (προκύπτει µεγιστοποιώντας την Εξ. (32)). Η Εξ. (35) 

τροποποιείται στην περίπτωση που η µέγιστη καµπτική ροπή εµφανίζεται στα άκρα του µέλους (στο 

x=0 ή L) και συγκλίνει διαγώνια ράβδος στο άκρο του κρίσιµου φατνώµατος, λαµβάνοντας κατ’ αυτόν 

τον τρόπο υπόψη το γεγονός ότι ένα τµήµα της αξονικής δύναµης παραλαµβάνεται από τη διαγώνια 

ράβδο (είτε σε θλίψη είτε σε εφελκυσµό ανάλογα µε τη φορά της τέµνουσας δύναµης). Η τέµνουσα 

δύναµη Q υπολογίζεται µε χρήση της Εξ. (33). Για την περίπτωση δικτύωσης Χ και Χ µε ορθοστάτες η 

Εξ. (35) γίνεται: 

( )max l
L

o

Q 0;L tanφM (0;L)P
+ ± =N

2 h 2
 (36)

Στις περιπτώσεις δικτύωσης Ν, V και Ζ, η Εξ. (35) γίνεται: 

( )max
Ll

o

M (0;L)P
+ ± Q 0;L tanφ =N

2 h
 (37)

Οι άγνωστες παράµετροι στις σχέσεις αλληλεπίδρασης είναι τόσο το φορτίο αστοχίας P όσο και η θέση 

µεγιστοποίησης της καµπτικής ροπής κατά µήκος του εξεταζόµενου µέλους και συνεπώς απαιτείται µια 

επαναληπτική διαδικασία για την εύρεση του φορτίου αστοχίας. Στην τοπική αντοχή NL λαµβάνεται 

υπόψη η επιρροή των τοπικών ατελειών και της διαρροής. Το κρίσιµο φάτνωµα µπορεί να θεωρηθεί 

απλοποιητικά ως αµφιέρειστο, κάτι το οποίο δεν είναι πάντα ακριβές αλλά οδηγεί σε συντηρητικές 

προβλέψεις αντοχής. Η τοπική αντοχή µπορεί να βασίζεται είτε στην 1η διαρροή της διατοµής είτε να 

λαµβάνει υπόψη και την επέκταση της διαρροής για την επίτευξη ακριβέστερων αποτελεσµάτων. 

A.8.2. Αριθµητικός έλεγχος 

Η προτεινόµενη µέθοδος για ατελή σύνθετα µέλη υπό αξονική και εγκάρσια φόρτιση ελέγχεται στην 

παρούσα υποενότητα µε χρήση αποτελεσµάτων πεπερασµένων στοιχείων που εξήχθησαν µε το 

πρόγραµµα ADINA. Οι αριθµητικές αναλύσεις χρησιµοποιούνται για τον υπολογισµό του φορτίου 

αστοχίας και ενσωµατώνουν µη γραµµικότητα τόσο γεωµετρίας όσο και υλικού. Οι καθολικές και 

τοπικές ατέλειες βασίζονται στα αντίστοιχα σχήµατα ιδιοµορφών λυγισµού. Το µέγεθος της καθολικής 

ατέλειας λαµβάνεται ίσο µε L/500, ενώ το µέγεθος της τοπικής ατέλειας βασίζεται είτε στην 

προδιαγραφή του ΕC3 είτε λαµβάνεται ίσο µε a/500. Σε κάθε περίπτωση η τοπική ατέλεια έχει τέτοια 

φορά ώστε να οδηγεί στο ελάχιστο φορτίο αντοχής. Η ποιότητα του χάλυβα θεωρείται ίση µε S355 και 

το διάγραµµα τάσεων-παραµορφώσεων διγραµµικό χωρίς κράτυνση. Η αστοχία των ράβδων 

δικτύωσης αποκλείεται από τις εξεταζόµενες περιπτώσεις, καθώς θεωρείται πως έχουν σχεδιαστεί µε 

ικανοποιητική υπεραντοχή (ως είθισται στην πράξη). Οι µέθοδοι που χρησιµοποιούνται και ελέγχονται 

είναι: 

− GMNIA: Μη Γραµµική Ανάλυση Γεωµετρίας και Υλικού µε Αρχικές Ατέλειες. Το φορτίο αστοχίας που 

προκύπτει θεωρείται το µέτρο σύγκρισης, καθώς βασίζεται στη βέλτιστη µέθοδο από άποψη 

ακρίβειας αποτελεσµάτων. 

− Προτεινόµενη Μέθοδος-A (Πρ. Μέθοδος-A): Το φορτίο αστοχίας προκύπτει µε χρήση των 

αναλυτικών σχέσεων που προτάθηκαν στις υποενότητες Α.6 και Α.7 και της κατάλληλης σχέσης 
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αλληλεπίδρασης εκ των Εξ. (35)-(37). Η τοπική αντοχή βασίζεται στην 1η διαρροή του κρίσιµου 

φατνώµατος. 

− Προτεινόµενη Μέθοδος-Β (Πρ. Μέθοδος-Β): Το φορτίο αστοχίας προκύπτει µε χρήση των 

αναλυτικών σχέσεων που προτάθηκαν στις υποενότητες Α.6 και Α.7 και της κατάλληλης σχέσης 

αλληλεπίδρασης εκ των Εξ. (35)-(37). Στην τοπική αντοχή λαµβάνεται υπόψη η επέκταση της 

διαρροής στη διατοµή του κρίσιµου φατνώµατος. 

− Λογισµικό 1 και Λογισµικό 2: Χρήση εµπορικού λογισµικού για την εκτέλεση ανάλυσης 1ης τάξης 

(Λογισµικό 1) και µη γραµµικής ανάλυσης γεωµετρίας µε φαινόµενα P-∆ (Λογισµικό 2) όπου δε 

λαµβάνονται υπόψη αρχικές καθολικές ατέλειες. Φορτίο αστοχίας θεωρείται εκείνο που οδηγεί σε 

οριακή ικανοποίηση της κατωτέρω ανίσωσης: 

z
zz

z ych z,pl,Rd

MΝ
+k 1

χ Α f M
≤  (38)

όπου N και Mz είναι η αξονική δύναµη και η καµπτική ροπή στην εξεταζόµενη διατοµή του πέλµατος, χz 

ο µειωτικός συντελεστής για καµπτικό λυγισµό περί τον ασθενή άξονα (λαµβάνοντας έµµεσα την 

επιρροή αρχικών τοπικών ατελειών), kzz ο συντελεστής αλληλεπίδρασης όπως ορίζεται από τη Μέθοδο 

2 του EC3 και Mz,pl,Rd η πλαστική ροπή αντοχής της διατοµής για κάµψη περί τον ασθενή άξονα. 

Ενδεικτικά για την περίπτωση σύνθετου υποστυλώµατος µε ράβδους δικτύωσης και τυχαίες 

συνοριακές συνθήκες που υπόκειται σε αξονική και σε διάφορες εγκάρσιες φορτίσεις , το διάγραµµα 

αλληλεπίδρασης φαίνεται στο Σχήµα 23. Παρατηρείται πολύ καλή σύγκριση µεταξύ GMNIA και των 

προτεινόµενων µεθόδων, ειδικά της Προτεινόµενης Μεθόδου-Β που λαµβάνει υπόψη την επέκταση της 

διαρροής στη διατοµή. Η χρήση εµπορικού λογισµικού και ανάλυσης µε φαινόµενα P-∆ (Λογισµικό 2) 

οδηγεί σε ικανοποιητικά αποτελέσµατα, εκτός της περίπτωσης συµπεριφοράς υποστυλώµατος που 

είναι κατά της ασφαλείας. Η χρήση γραµµικής ελαστικής ανάλυσης µε εµπορικό λογισµικό     

(Λογισµικό 1) οδηγεί σε αποτελέσµατα τόσο κατά όσο και υπέρ της ασφαλείας και θα πρέπει να 

αποφεύγεται.  

 

Σχήµα 23: ∆ιάγραµµα αλληλεπίδρασης για σύνθετο µέλος µε τυχαίες συνοριακές συνθήκες και συνύπαρξη 
αξονικής δύναµης και εγκάρσιων φορτίσεων 
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Η χρήση της προτεινόµενης διαδικασίας για τον υπολογισµό των µετακινήσεων και των φορτίων 

αστοχίας ελέγχθηκε σε µεγάλο πλήθος αριθµητικών προσοµοιωµάτων σύνθετων υποστυλωµάτων µε 

ράβδους δικτύωσης µε χρήση διάφορων εγκάρσιων φορτίσεων. Εξήχθη το συµπέρασµα ότι ευρίσκεται 

σε πολύ καλή συµφωνία µε αριθµητικά αποτελέσµατα που προκύπτουν από πλήρως µη γραµµικές 

αναλύσεις, σε ό,τι αφορά τόσο τη δυσκαµψία όσο και το φορτίο αντοχής. Επιπρόσθετα, αποδείχτηκε 

ότι η προτεινόµενη µέθοδος είναι επαρκέστερη συγκρινόµενη µε τη συνήθη µελετητική πρακτική που 

βασίζεται σε γραµµική ελαστική ανάλυση και η οποία µπορεί να είναι κατά της ασφαλείας σε 

περιπτώσεις λυγηρών φορέων που υπόκεινται σε σηµαντική µη γραµµικότητα γεωµετρίας. 

A.9. ΣΥΜΠΕΡΙΦΟΡΑ ΒΙΟΜΗΧΑΝΙΚΩΝ ΠΛΑΙΣΙΩΝ 

A.9.1. Εφαρµογή προτεινόµενης µεθόδου σε βιοµηχανικά πλαίσια 

Η προτεινόµενη µέθοδος εφαρµόζεται σε µονώροφα βιοµηχανικά πλαίσια µε σύνθετα υποστυλώµατα 

υπό συµµετρικές και αντισυµµετρικές φορτίσεις. Στις εφαρµογές αυτές, η δοκός του πλαισίου 

αντικαθίσταται από κατάλληλα στροφικά ελατήρια, όπως αυτά εξήχθησαν για τον υπολογισµό του 

ελαστικού φορτίου λυγισµού πολυώροφων κατασκευών από µέλη Timoshenko, ανάλογα µε το αν η 

φόρτιση προκαλεί παραµόρφωση µονής (αµετάθετη συµπεριφορά) ή διπλής (µεταθετή συµπεριφορά) 

καµπυλότητας. Ακολούθως αποµονώνεται το δυσµενέστερο υποστύλωµα και εφαρµόζεται η διαδικασία 

που περιγράφηκε στην προηγούµενη παράγραφο για µεµονωµένα σύνθετα µέλη µε τυχαίες 

συνοριακές συνθήκες. Η διαγραµµατική απεικόνιση της µετατροπής του πλαισίου σε ισοδύναµο 

στατικό προσοµοίωµα µέλους Timoshenko φαίνεται στο Σχήµα 24. 

 

Σχήµα 24: Μετατροπή πλήρους πλαισίου σε στατικά ισοδύναµο προσοµοίωµα µέλους Timoshenko 
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A.9.2. Αριθµητικός έλεγχος 

Στην παρούσα υποενότητα παρουσιάζεται ένα ενδεικτικό αριθµητικό παράδειγµα του αµφίπακτου 

µονώροφου βιοµηχανικού πλαισίου που φαίνεται στο Σχήµα 25. Εξετάζεται η περίπτωση συνδυασµού 

κατακόρυφων και οριζόντιων φορτίσεων. Οι µέθοδοι που χρησιµοποιούνται και ελέγχονται είναι ίδιες 

µε εκείνες που παρουσιάστηκαν στην ενότητα Α.8. Επιπλέον εξετάζεται και η περίπτωση Μη Γραµµικής 

Ανάλυσης Γεωµετρίας (GNIA) του ισοδύναµου πλαισίου Timoshenko για τον προσδιορισµό των 

οριζόντιων µετακινήσεων και έπειτα εφαρµογή της κατάλληλης σχέσης αλληλεπίδρασης εκ των        

Εξ. (35)-(37) για τον προσδιορισµό του φορτίου αστοχίας. Οι δρόµοι ισορροπίας παρουσιάζονται στο 

Σχήµα 26 για όλες τις µεθόδους. ∆ιακρίνεται η σηµαντική απόκλιση της γραµµικής ελαστικής ανάλυσης 

(Λογισµικό 1) που οδηγεί σε υποεκτίµηση των οριζόντιων µετακινήσεων αλλά σε ασφαλή πρόβλεψη 

του φορτίου αστοχίας. Η χρήση µη γραµµικής ελαστικής ανάλυσης (Λογισµικό 2) οδηγεί σε βελτίωση 

της πρόβλεψης των οριζόντιων µετακινήσεων και σε συντηρητική πρόβλεψη του φορτίου αστοχίας. Η 

χρήση της Προτεινόµενης Μεθόδου-Β οδηγεί σε πολύ ικανοποιητική πρόβλεψη τόσο των οριζόντιων 

µετακινήσεων όσο και του φορτίου αστοχίας. Η καλύτερη σύγκριση µε τις πλήρως µη γραµµικές 

αναλύσεις GMNIA επιτυγχάνεται µε χρήση GNIA σε ισοδύναµο πλαίσιο µε µέλη Timoshenko. 

 

Σχήµα 25: Εξεταζόµενο µονώροφο βιοµηχανικό πλαίσιο υπό συνδυασµό κατακόρυφων και οριζόντιων φορτίσεων 
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Σχήµα 26: ∆ρόµοι ισορροπίας για το εξεταζόµενο µονώροφο βιοµηχανικό πλαίσιο υπό συνδυασµό κατακόρυφων 
και οριζόντιων φορτίσεων 
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Πραγµατοποιήθηκε πλήθος εφαρµογών και εξήχθησαν παρόµοια συµπεράσµατα. Εν κατακλείδι, η 

εφαρµογή της προτεινόµενης µεθόδου σε µονώροφα πλαίσια µε σύνθετα µέλη µε ράβδους δικτύωσης 

βρίσκεται σε ικανοποιητική συµφωνία µε αριθµητικά αποτελέσµατα που εξάγονται µε τη χρήση πλήρως 

µη γραµµικών αναλύσεων GMNIA. Η χρήση της σύγχρονης µελετητικής πρακτικής σχεδιασµού οδηγεί 

σε λιγότερο ακριβή αποτελέσµατα από εκείνα της προτεινόµενης µεθόδου που σε αρκετές περιπτώσεις 

είναι κατά της ασφαλείας. 

Τέλος, διερευνήθηκε η απόκριση µονώροφων βιοµηχανικών πλαισίων µε µη οµοιόµορφα καθ’ ύψος 

σύνθετα υποστυλώµατα µε ράβδους δικτύωσης που απαντώνται συχνά σε περιπτώσεις που απαιτείται 

στήριξη γερανογέφυρας στο εσωτερικό πέλµα των υποστυλωµάτων. Αριθµητικές αναλύσεις έδειξαν 

πως αυτή η πρακτική οδηγεί σε σηµαντική µείωση του φορτίου αντοχής και σε σηµαντική αύξηση των 

εγκάρσιων µετακινήσεων, κάτι το οποίο αποδίδεται στη µη πλήρη συνεργασία µεταξύ δοκού και 

υποστυλωµάτων. Η χρήση ενός κοντού προβόλου σε ενδιάµεσο ύψος για τη στήριξη της 

γερανογέφυρας ίσως είναι καταλληλότερη. 

A.10. ΣΥΝΟΨΗ ΚΑΙ ΣΥΜΠΕΡΑΣΜΑΤΑ 

Στόχος της παρούσας διδακτορικής διατριβής είναι η µελέτη της συµπεριφοράς σύνθετων 

υποστυλωµάτων µε ράβδους δικτύωσης και τυχαίες συνοριακές συνθήκες υπό αξονική και εγκάρσια 

φόρτιση και η διατύπωση οδηγιών για το σχεδιασµό τους. Για την επίτευξη αυτού του στόχου 

ακολουθείται συνδυασµένη πειραµατική, αριθµητική και αναλυτική προσέγγιση. 

Αρχικά, παρουσιάζεται ο σχεδιασµός και η εκτέλεση µιας σειράς πειραµατικών δοκιµών σε δέκα 

αµφιέρειστα σύνθετα υποστυλώµατα µε ράβδους δικτύωσης (πέντε οµάδες µε δύο ίδια υποστυλώµατα 

στην κάθε µία για λόγους επαναληψιµότητας) µε ρεαλιστικές καθολικές και τοπικές ανηγµένες 

λυγηρότητες. Τα δοκίµια υποβάλλονται σε αξονικά θλιπτικά φορτία και συγκεντρωµένες ακραίες ροπές 

προκαλούµενες λόγω εκκεντρότητας των αξονικών φορτίων. Τα αποτελέσµατα για κάθε δοκίµιο 

παρουσιάζονται µε φωτογραφίες τους για διάφορα επίπεδα φόρτισης, και δρόµους ισορροπίας µε τη 

µορφή διαγραµµάτων φορτίου-εγκάρσιας µετακίνησης καθώς και φορτίου-παραµόρφωσης σε 

χαρακτηριστικές θέσεις. Η συµπεριφορά όλων των δοκιµίων είναι αρχικά ελαστική, ενώ διαπιστώνεται 

πως σε όλες τις οµάδες η τοπική ελαστοπλαστική αστοχία ενός φατνώµατος οδηγεί σε καθολική 

αστοχία χωρίς περιθώρια ανακατανοµής της έντασης. Με βάση την τοπική συµπεριφορά των κρίσιµων 

φατνωµάτων καταδεικνύεται η επιρροή των αρχικών τοπικών ατελειών και των τοπικών εσωτερικών 

ροπών. 

Στη συνέχεια, πραγµατοποιείται αριθµητική προσοµοίωση των πειραµάτων µε τη µέθοδο 

πεπερασµένων στοιχείων, µε στόχο τη βαθµονόµηση των αριθµητικών προσοµοιωµάτων έχοντας ως 

βάση τα πειραµατικά αποτελέσµατα, ώστε να µπορούν να χρησιµοποιηθούν στη µετέπειτα πορεία της 

έρευνας. Για την προσοµοίωση τόσο των πελµάτων όσο και των ράβδων δικτύωσης χρησιµοποιούνται 

αρχικά επιφανειακά πεπερασµένα στοιχεία. Προκειµένου να ληφθεί υπόψη η παρουσία παραµενουσών 

τάσεων λόγω θερµικής κατεργασίας η διατοµή των πελµάτων χωρίζεται κατάλληλα σε τµήµατα, σε 

κάθε ένα εκ των οποίων αποδίδεται διαφορετική ποιότητα χάλυβα. Οι καθολικές και τοπικές 

γεωµετρικές ατέλειες ενσωµατώνονται στις αριθµητικές αναλύσεις σύµφωνα µε τις πρώτες ιδιοµορφές 

καθολικού και τοπικού λυγισµού, αντίστοιχα. Από τις αριθµητικές αναλύσεις προκύπτει πως εφόσον 

ληφθούν υπόψη στην ανάλυση η µη γραµµικότητα γεωµετρίας και υλικού, οι αρχικές γεωµετρικές 

καθολικές και τοπικές ατέλειες και οι παραµένουσες τάσεις θερµικής κατεργασίας, υπάρχει µια πολύ 

καλή συµφωνία µεταξύ αριθµητικών και πειραµατικών αποτελεσµάτων, σε όρους µετακινήσεων, 

παραµορφώσεων και αντοχής. Επιπλέον, η σύγκριση των αριθµητικών προσοµοιωµάτων µε 

επιφανειακά πεπερασµένα στοιχεία µε αντίστοιχα ραβδωτών πεπερασµένων στοιχείων οδηγεί στο 
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συµπέρασµα πως η χρήση των δεύτερων µπορεί να προβλέψει ικανοποιητικά τη συµπεριφορά των 

σύνθετων µελών µε αισθητά µικρότερο υπολογιστικό κόστος. 

Στη συνέχεια, µε χρήση αριθµητικών προσοµοιωµάτων κυρίως ραβδωτών πεπερασµένων στοιχείων, 

διερευνάται η απόκριση σύνθετων υποστυλωµάτων µε ράβδους δικτύωσης µε καθολικές και τοπικές 

ατέλειες. ∆ιαπιστώνεται ότι η αστοχία εκδηλώνεται συνήθως ως τοπική ελαστοπλαστική αστοχία του 

κρίσιµου φατνώµατος, ή σπανιότερα ως καθολική ελαστική αστοχία. Στη δεύτερη περίπτωση η 

αλληλεπίδραση µεταξύ καθολικού και τοπικού λυγισµού είναι σηµαντική και θα πρέπει να λαµβάνεται 

υπόψη, ενώ στην πρώτη µπορεί να ενσωµατωθεί έµµεσα στην τοπική αντοχή του κρίσιµου 

φατνώµατος. Η µεγαλύτερη µείωση του φορτίου αστοχίας του ατελούς φορέα σε σχέση µε τον τέλειο 

πραγµατοποιείται και στις δύο περιπτώσεις όταν τα φορτία καθολικού λυγισµού, τοπικού λυγισµού και 

πλήρους διαρροής ταυτίζονται, ενώ η µικρότερη όταν το κρίσιµο φορτίο καθολικού λυγισµού είναι 

µικρότερο από του τοπικού. Η αδυναµία της ικανοποιητικής πρόβλεψης του φορτίου αστοχίας από τις 

διατάξεις του Ευρωκώδικα 3 στην περίπτωση της δεύτερης µορφής αστοχίας, καθώς δε λαµβάνεται 

εκεί υπόψη η αλληλεπίδραση καθολικού και τοπικού λυγισµού, αποτελεί κίνητρο για τη δηµιουργία µιας 

προσεγγιστικής αναλυτικής διαδικασίας που προβλέπει επαρκώς την απόκριση των σύνθετων µελών 

και στις δύο περιπτώσεις αστοχίας. Παρόλα αυτά, η πλέον συχνή µορφή αστοχίας στην πράξη είναι η 

πρώτη, λόγω χρήσης µελών µε µικρές ως µέτριες καθολικές και τοπικές ανηγµένες λυγηρότητες και 

λόγω συνύπαρξης σηµαντικών εγκάρσιων φορτίων, και µε βάση αυτή συνεχίζεται η παρούσα έρευνα. 

Εν συνεχεία, εφόσον η προσοµοίωση των σύνθετων µελών µε ράβδους δικτύωσης ως µελών 

Timoshenko κρίνεται επαρκής και αξιόπιστη, η έρευνα επικεντρώνεται στην πρόβλεψη του ελαστικού 

κρίσιµου φορτίου λυγισµού µελών Timoshenko µε τυχαίες συνοριακές συνθήκες µε τη µέθοδο του 

Engesser. Προτείνεται για αυτό το σκοπό ένα µητρώο ευστάθειας 3x3 που οδηγεί σε τρεις µη 

γραµµικές σχέσεις για αµετάθετα, µερικώς µεταθετά και µεταθετά µέλη. Εξάγονται επίσης εξισώσεις 

γωνίας στροφής µε τη µέθοδο Engesser για µέλη Timoshenko µε ηµι-άκαµπτες συνδέσεις στα άκρα 

τους. Με βάση αυτές, υπολογίζονται στροφικές δυσκαµψίες για τα προς αντικατάσταση µέλη 

Timoshenko σε πλαίσια, ανάλογα µε τη συνοριακή συνθήκη στο απέναντι άκρο τους και την παρουσία 

ή όχι αξονικής δύναµης. Η χρήση των µη γραµµικών σχέσεων και των στροφικών δυσκαµψιών 

συµβάλλει στον επαρκή υπολογισµό του ελαστικού κρίσιµου φορτίου λυγισµού πλαισίων που 

αποτελούνται από µέλη Timoshenko και από σύνθετα µέλη.  

Ακολούθως, διερευνάται η ανάλυση 2ης τάξης ατελών µελών Timoshenko µε τυχαίες συνοριακές 

συνθήκες υπό συνδυασµό αξονικού φορτίου και συνήθων εγκάρσιων φορτίων, µε στόχο να 

προταθούν κλειστές σχέσεις για τον υπολογισµό εντατικών µεγεθών και µετακινήσεων κατά µήκος των 

µελών. Η ενσωµάτωση αρχικής καθολικής ατέλειας σύµφωνα µε το σχήµα της 1ης ιδιοµορφής 

καθολικού λυγισµού γίνεται µε χρήση προσεγγιστικού µεγεθυντικού συντελεστή που υπολογίζεται µε 

βάση τα φορτία λυγισµού της προηγούµενης παραγράφου. Οι εγκάρσιες φορτίσεις περιλαµβάνουν 

οµοιόµορφα κατανεµηµένο φορτίο, ακραίες συγκεντρωµένες ροπές και ακραίες συγκεντρωµένες 

δυνάµεις και η ανάλυση υπό την επίδρασή τους πραγµατοποιείται µε χρήση των εξισώσεων γωνίας 

στροφής 2ης τάξης µε τη µέθοδο Engesser για µέλη Timoshenko. Η σύγκριση µε αριθµητικά 

προσοµοιώµατα ραβδωτών πεπερασµένων στοιχείων οδηγεί σε πολύ ικανοποιητική συµφωνία µεταξύ 

τους. 

Ο τερµατισµός της ελαστικής ανάλυσης 2ης τάξης για τον υπολογισµό του φορτίου αστοχίας τους 

πραγµατοποιείται µε χρήση µιας προτεινόµενης απλής σχέσης αλληλεπίδρασης που βασίζεται στο 

συµπέρασµα ότι τα σύνθετα µέλη µε ράβδους δικτύωσης αστοχούν συνήθως λόγω τοπικής 

ελαστοπλαστικής αστοχίας. Συνεπώς, συνολικά η προτεινόµενη µέθοδος για µεµονωµένα σύνθετα 

µέλη µε τυχαίες συνοριακές συνθήκες περιλαµβάνει την ελαστική ανάλυση 2ης τάξης των ισοδύναµων 

µελών Timoshenko και τον τερµατισµό αυτής για τον προσδιορισµό του φορτίου αστοχίας µε βάση τη 

σχέση αλληλεπίδρασης. Η χρήση της προτεινόµενης διαδικασίας για τον υπολογισµό των µετακινήσεων 
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και των φορτίων αστοχίας µεγάλου πλήθους σύνθετων υποστυλωµάτων µε ράβδους δικτύωσης 

αποδεικνύεται ότι ευρίσκεται σε πολύ καλή συµφωνία µε αριθµητικά αποτελέσµατα που προκύπτουν 

από πλήρως µη γραµµικές αναλύσεις. 

Τέλος, η προτεινόµενη µέθοδος εφαρµόζεται σε µονώροφα βιοµηχανικά πλαίσια µε σύνθετα 

υποστυλώµατα υπό συµµετρικές και αντισυµµετρικές φορτίσεις. Στις εφαρµογές αυτές, η δοκός του 

πλαισίου αντικαθίσταται από κατάλληλα στροφικά ελατήρια, όπως αυτά εξήχθησαν για τον υπολογισµό 

του ελαστικού φορτίου λυγισµού πολυώροφων κατασκευών από µέλη Timoshenko, ανάλογα µε το αν 

η φόρτιση προκαλεί παραµόρφωση µονής (αµετάθετη συµπεριφορά) ή διπλής (µεταθετή 

συµπεριφορά) καµπυλότητας. Ακολούθως αποµονώνεται το δυσµενέστερο υποστύλωµα και 

εφαρµόζεται η διαδικασία που περιγράφηκε στην προηγούµενη παράγραφο για µεµονωµένα σύνθετα 

µέλη µε τυχαίες συνοριακές συνθήκες. Η εφαρµογή της προτεινόµενης µεθόδου σε µονώροφα πλαίσια 

µε σύνθετα µέλη βρίσκεται σε ικανοποιητική συµφωνία µε αριθµητικά αποτελέσµατα που εξάγονται µε 

τη χρήση πλήρως µη γραµµικών αναλύσεων. Η χρήση της σύγχρονης µελετητικής πρακτικής 

σχεδιασµού οδηγεί σε λιγότερο ακριβή αποτελέσµατα από εκείνα της προτεινόµενης µεθόδου και σε 

αρκετές περιπτώσεις είναι κατά της ασφαλείας. Τέλος, µε βάση αυτή τη διερεύνηση προτείνονται 

πρακτικοί τρόποι προσοµοίωσης, ανάλυσης και ελέγχου επάρκειας των σύνθετων µελών, µε στόχο τη 

βελτίωση της αξιοπιστίας κατά το σχεδιασµό τους σε επίπεδο µελετητικής πρακτικής. 

A.11. ΠΡΩΤΟΤΥΠΗ ΣΥΜΒΟΛΗ ΤΗΣ ∆ΙΑΤΡΙΒΗΣ 

Η παρούσα διδακτορική διατριβή ασχολείται µε τη µη γραµµική συµπεριφορά και το σχεδιασµό 

σύνθετων µελών µε ράβδους δικτύωσης υπό αξονική και εγκάρσια φόρτιση λαµβάνοντας υπόψη την 

επιρροή αρχικών καθολικών και τοπικών ατελειών. Για την επίτευξη αυτού του στόχου, 

πραγµατοποιείται πειραµατική, αριθµητική και αναλυτική διερεύνηση που περιλαµβάνει επιστηµονική 

πρωτοτυπία. Βάσει αυτής, διατυπώνονται επίσης βασικές οδηγίες ανάλυσης και σχεδιασµού σύνθετων 

µελών µε ράβδους δικτύωσης, συµβάλλοντας έτσι στην πρόοδο της µελετητικής πρακτικής στο 

συγκεκριµένο θέµα. 

A.11.1. Συµβολή στην επιστήµη του µηχανικού 

Η συµβολή στην επιστήµη του µηχανικού περιλαµβάνει: 

− Εκτέλεση πρωτότυπων πειραµάτων σε δοκίµια σύνθετων µελών µε ράβδους δικτύωσης µε 

ρεαλιστικές καθολικές και τοπικές ανηγµένες λυγηρότητες που περιλαµβάνουν τόσο καθολικές όσο 

και τοπικές µετρήσεις διευκολύνοντας την ποιοτική και ποσοτική ερµηνεία της απόκρισης των 

δοκιµίων ([10-1], [10-2]). 

− Χρήση Μη Γραµµικών Αναλύσεων Γεωµετρίας και Υλικού µε Αρχικές Ατέλειες (GMNIA), 

συµπεριλαµβάνοντας την επιρροή παραµενουσών τάσεων θερµής έλασης βασιζόµενοι σε ένα 

υπολογιστικό τέχνασµα τροποποίησης της αντοχής του υλικού σε συγκεκριµένες περιοχές της 

διατοµής, µε στόχο τη βαθµονόµηση των αριθµητικών προσοµοιωµάτων µε βάση τα πειραµατικά 

αποτελέσµατα. Η αριθµητική προσοµοίωση τέτοιου τύπου είναι πρωτότυπη και συµπεράσµατα που 

εξάγονται κατά τη διάρκεια της αριθµητικής προσοµοίωσης µπορεί να αποδειχτούν χρήσιµα για 

άλλους ερευνητές ([10-1], [10-2]). 

− Πραγµατοποίηση εκτεταµένων παραµετρικών αναλύσεων και εξαγωγή του συµπέρασµατος ότι 

ατελή σύνθετα υποστυλώµατα µε ράβδους δικτύωσης αστοχούν είτε λόγω καθολικής ελαστικής 

αστοχίας είτε λόγω τοπικής ελαστοπλαστικής αστοχίας του κρίσιµου φατνώµατος, µε τη δεύτερη 

περίπτωση να απαντάται συχνότερα στην πράξη. Προτείνεται αναλυτική µέθοδος που µπορεί να 

προβλέψει ικανοποιητικά τη συµπεριφορά των σύνθετων µελών και στις δύο περιπτώσεις. Ελλείψει 

υπαρχουσών αναλυτικών µεθόδων που να µπορούν να χρησιµοποιηθούν για την ικανοποιητική 
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πρόβλεψη και των δύο µηχανισµών αστοχίας, η µόνη εναλλακτική µέθοδος είναι η χρήση µη 

γραµµικής αριθµητικής ανάλυσης που απαιτεί πολύ µεγαλύτερο υπολογιστικό φόρτο από την 

προτεινόµενη αναλυτική διαδικασία ([10-3]). 

− Πρόταση αναλυτικής µεθόδου για τον υπολογισµό του ελαστικού κρίσιµου φορτίου λυγισµού 

πολυώροφων πλαισίων µε µέλη Timoshenko µε βάση τη µέθοδο Engesser. Για αυτό το σκοπό, 

µορφώνονται µητρώο ευστάθειας για µέλος Timoshenko µε τυχαίες συνοριακές συνθήκες και 

εξισώσεις γωνίας στροφής για µέλη Timoshenko µε ηµι-άκαµπτες συνδέσεις µε βάση τη µέθοδο 

Engesser. Προτείνονται επίσης στροφικές δυσκαµψίες για τα προς αντικατάσταση µέλη που 

συντρέχουν στον άνω και κάτω κόµβο του εξεταζόµενου υποστυλώµατος ([10-4]). 

− Εξαγωγή κλειστών σχέσεων για τον άµεσο υπολογισµό των εντατικών µεγεθών και µετακινήσεων 

κατά µήκος ατελούς µέλους Timoshenko µε τυχαίες συνοριακές συνθήκες που υπόκειται σε αξονική 

θλίψη και εγκάρσιες φορτίσεις. Η ενσωµάτωση των διατµητικών παραµορφώσεων πραγµατοποιείται 

µε τη µέθοδο Engesser. Οι εγκάρσιες φορτίσεις περιλαµβάνουν εγκάρσιο οµοιόµορφα κατανεµηµένο 

φορτίο, συγκεντρωµένες ροπές στα άκρα και συγκεντρωµένες εγκάρσιες δυνάµεις στα άκρα ([10-5], 

[10-6], [10-7]). 

− Χρήση των αναλυτικών αποτελεσµάτων των δύο προηγούµενων παραγράφων, για τον τερµατισµό 

της ελαστικής ανάλυσης 2ης τάξης µε βάση µια απλή σχέση αλληλεπίδρασης προς υπολογισµό του 

φορτίου αστοχίας καθολικά και τοπικά ατελούς σύνθετου υποστυλώµατος µε τυχαίες συνοριακές 

συνθήκες υπό αξονική θλίψη και τυπικές εγκάρσιες φορτίσεις, είτε το σύνθετο µέλος είναι 

µεµονωµένο είτε θεωρείται µέλος µονώροφου βιοµηχανικού πλαισίου ([10-5], [10-6], [10-7]). 

A.11.2. Συµβολή στη µελετητική πρακτική 

Στην τρέχουσα µελετητική πρακτική προβλέπεται τρόπος σχεδιασµού αµφιέρειστων υποστυλωµάτων, 

ενώ στην πράξη τα σύνθετα µέλη είναι τµήµατα µεγαλύτερων πλαισίων. Για αυτό το λόγο, οι 

υπάρχουσες αναλυτικές προβλέψεις δεν είναι δυνατό να χρησιµοποιηθούν σε πιο περίπλοκες 

περιπτώσεις και απαιτούνται κατάλληλες τροποποιήσεις. Η κύρια συνεισφορά της παρούσας 

διδακτορικής διατριβής στη µελετητική πρακτική συνοψίζεται ως: 

− Η προτεινόµενη µέθοδος, βασιζόµενη σε αναλυτικούς υπολογισµούς και σε απλή σχέση 

αλληλεπίδρασης, µπορεί να χρησιµοποιηθεί για τον προσδιορισµό της συµπεριφοράς σύνθετων 

µελών, ανεξάρτητα από το αν αποτελούν µέρος πλαισίων ή όχι. Αυτό διευκολύνει την άµεση χρήση 

από τους µηχανικούς της πράξης. Η προτεινόµενη µέθοδος οδηγεί σε υπολογισµό των εντατικών 

µεγεθών και εγκάρσιων βελών σε κάθε στάθµη φόρτισης και σε επαρκή προσδιορισµό της αντοχής 

του σύνθετου µέλους. 

− Η προτεινόµενη µέθοδος βασίζεται σε αναλυτικές σχέσεις που είναι σχετικά εύκολες στη χρήση, 

ιδιαίτερα αν ενσωµατωθούν µε τη µορφή κώδικα σε κατάλληλο λογισµικό. Προσφέρουν κατ’ αυτόν 

τον τρόπο ακριβή αποτελέσµατα µε σχετικά µικρό υπολογιστικό κόστος. Συνεπώς µπορούν να 

χρησιµοποιηθούν σε εκτεταµένες παραµετρικές αναλύσεις κατά τη διάρκεια προµελέτης και για τον 

έλεγχο των αποτελεσµάτων που εξάγονται από αριθµητικές αναλύσεις µε εµπορικά λογισµικά. 

− Χρήσιµα συµπεράσµατα εξάγονται για την ανάλυση και σχεδιασµό σύνθετων µελών στην πράξη 

συγκρίνοντας τις συνήθεις µελετητικές πρακτικές ανάλυσης και σχεδιασµού µε αποτελέσµατα που 

προκύπτουν από πλήρως µη γραµµικές αναλύσεις. Η χρήση ελαστικής γραµµικής ανάλυσης 

αποδεικνύεται αξιόπιστη µόνο στην περίπτωση που το πλαίσιο συµπεριφέρεται πολύ δύσκαµπτα, 

ενώ η ενσωµάτωση της µη γραµµικότητας γεωµετρίας στην ανάλυση είναι εν γένει σκόπιµη. Η 

πρόβλεψη της αντοχής µπορεί να βελτιωθεί αν στην Εξ. (38) συµπεριληφθεί µόνο ο όρος που 

συνδέεεται µε την αξονική δύναµη. 
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− Η προσοµοίωση του πλήρους πλαισίου µε µέλη Timoshenko, η πραγµατοποίηση µη γραµµικής 

ανάλυσης γεωµετρίας και η χρήση της προτεινόµενης σχέσης αλληλεπίδρασης οδηγεί σε πολύ 

ικανοποιητικά αποτελέσµατα, σε ό,τι αφορά τόσο εγκάρσιες µετακινήσεις όσο και το φορτίο 

αστοχίας. Η συγκεκριµένη διαδικασία δεν απαιτεί λεπτοµερή προσοµοίωση των σύνθετων µελών και 

συνεπώς είναι πιο γρήγορη και κατάλληλη σε φάση προµελέτης. 

− Η χρήση µη οµοιόµορφων καθ’ ύψος σύνθετων υποστυλωµάτων, για παράδειγµα σε περιπτώσεις 

χρήσης γερανογέφυρας και στήριξης αυτής στο εσωτερικό πέλµα, θα πρέπει να αποφεύγεται. 

Αριθµητικές αναλύσεις έδειξαν πως οδηγεί σε σηµαντική µείωση του φορτίου αντοχής και σε 

σηµαντική αύξηση των εγκάρσιων µετακινήσεων, κάτι το οποίο αποδίδεται στη µη πλήρη 

συνεργασία µεταξύ δοκού και υποστυλωµάτων. Η χρήση ενός κοντού προβόλου σε ενδιάµεσο ύψος 

για τη στήριξη της γερανογέφυρας ίσως είναι καταλληλότερη. 

 



Nonlinear behaviour and design of steel built-up columns under axial and transverse loading 

1 INTRODUCTION 

1.1 PREFACE 

Columns may be defined as compressed longitudinal structural members. Metal columns appeared in 

the late 18th century as wrought-iron members and their use was based on empirical evaluations. With 

the introduction of steel to constructional engineering and with the larger demand for safe and 

economical structures, the necessity for a thorough investigation of steel columns’ behaviour became 

prominent. 

After the observation by Leonhard Euler [1-1] that the column’s strength was not only a problem of 

crushing but also of stability, many theories [1-2], [1-3] were developed accounting for these failure 

modes. The combination of theoretical and experimental investigation that took place during the first 

half of the 21st century was strengthened by the advances in computer engineering during the second 

half of the same century, allowing for complicated calculations and advanced types of analyses. These 

decades of analytical, experimental and numerical research included plasticity, large deflections, 

residual stresses and initial imperfections and resulted in the single and multiple column curves that 

are incorporated in modern code provisions for the efficient design of columns [1-4]. In practice 

structural members are usually subjected to both axial and lateral loads and in such cases they are 

called beam-columns. Axial forces and bending moments of comparable magnitude coexist along the 

beam-columns and both should be considered in their design. To that purpose modern design guides 

contain appropriate interaction formulae that account for both geometrical and material nonlinearity. 

Columns with single and solid cross-section along their length have been thoroughly investigated over 

the last century and modern codes provide sufficient guidance to engineers for the design of such 

members. Despite that fact, in many structures, the existing cross-sections may not satisfy in an 

economical way strength and/or serviceability criteria. A powerful alternative in steel buildings and 

bridges providing economical solutions in cases of large spans, large buckling lengths and/or heavy 

loads is the use of built-up columns. 

1.2 BUILT-UP COLUMNS 

Built-up columns consist of the longitudinal chords (or flanges) and the shear system that provides 

shear rigidity and structural integrity by connecting the chords between each other. They have a 
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double-symmetrical cross-section and are characterized by large static indeterminacy. Both the flanges 

and the shear system are constructed by either rolled or welded cross-sections. Usually built-up 

columns have two chords and depending on the type of the shear system they are distinguished in 

two main categories: laced and battened built-up members. The shear system consists of lacing bars 

and batten plates in the first and second category, respectively, which are usually constructed in two 

parallel planes. The built-up behaviour corresponds to the plane of the shear system. In the response 

perpendicular to the plane of the shear system, the two chords work as two closely spaced cross-

sections. Typical views of an I-profile column, a laced built-up column and a battened built-up 

member are shown in Figure 1-1(a)-(c), respectively. In the first case, the flanges are continuously 

connected with the web along the height of the column. In the laced and battened columns of this 

example, U-profiles are used as flanges while the lacing bars and the batten plates play the role of the 

web.  

 

 
 

(a) (b) (c) 

Figure 1-1: (a) I-profile column (b) laced built-up column and (c) battened built-up column 

The key characteristic that makes built-up columns structurally more efficient than solid web members 

is the arrangement of the single counterparts, which follows the flux of the internal forces. The 

concentration of material far from the cross-section’s elastic neutral axis results in its better 

exploitation. By orienting the cross-section of the built-up columns’ flanges in a way that its strong 

axis is activated for out-of plane (perpendicular to the plane of the shear system) bending as shown in 

Figure 1-1, strength and stiffness of similar magnitude can be achieved for both axes. 

The structural advantages of built-up struts were appreciated from the beginning of the 21st century, 

when they were used in large scale constructions. At the same time, their differentiation from other 

structural members became clear in the most tragic way in Canada. The Quebec Bridge [1-5] covering 

the width of St. Lawrence River collapsed in 15 seconds during its construction in 1907, leading to 

death 75 workers from a total of 86 working that day. The failure was attributed to the buckling of a 

built-up diagonal. New efforts took place and the bridge was totally reconstructed in 1919 (Photo 1-1). 

Built-up columns are differentiated from commonly used columns in two aspects. The first one is the 

important and detrimental effect of shear deformations, which is attributed to their significantly 

deformable shear systems. The second is the interaction between global and local behavior of such 

columns. The interaction should be taken into account because the arrangement of the diagonal bars 
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or of the batten plates leads to the appearance of several panels in elevation which make the 

consideration of the local behavior necessary. 

  

(a) (b) 

Photo 1-1 (a) The collapse of the Quebec Bridge in 1907 and (b) the Quebec Bridge today 

1.3 LACED BUILT-UP COLUMNS 

As already mentioned, laced built-up columns usually consist of two flanges that are connected 

between each other with the use of diagonal bars constructed in two parallel planes. The lever arm 

between the two flanges is relatively large and the diagonals can be either bolted or welded on the 

flanges, forming triangles and resulting in a truss like static system. The lacing system can vary 

depending on the arrangement of diagonals. Some of the ones encountered often in practice are 

presented in Figure 1-2. The bending and axial rigidities are provided by the longitudinal chords, while 

the shear rigidity is mainly offered by the lacing bars. As will be pointed out in the following chapters, 

laced members are usually characterized by large bending and shear rigidities making them suitable 

for resisting both axial and lateral loading. 

 

Figure 1-2: Different arrangements of lacing bars 

Laced built-up columns are often used in industrial buildings carrying crane bridges such as the one 

depicted in Figure 1-3. The demand for large columns’ height, heavy loads and small displacements in 

such structures makes laced columns a tempting solution. In general, industrial buildings consist of 

consecutive planar frames in which laced columns are positioned appropriately so that for in-plane 

loads the built-up behaviour is activated. The crane bridge is usually directly supported by the inner 

chord of the laced columns, while the outer chord is used for the connection of the columns with the 

frame girder as shown in Figure 1-3 [1-6]. 
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Figure 1-3: Typical industrial frame with laced built-up columns carrying crane bridge 

Extensive use of laced columns in industrial frames (naval stations and hangars) serving military 

purposes took place over the last century, satisfying the need for protecting massive military 

equipment under large covered areas as depicted in Photo 1-2. A typical example of laced columns 

used in a modern industrial structure in Greece is shown in Photo 1-3 (a)-(b). In Photo 1-3 (c)-(d), the 

first transformer plant of Hyundai in the United States [1-7] that was completed at the end of 2011 is 

shown. The use of massive laced columns was necessary for supporting the 6000-ton transformer 

plant covered by large jack trusses. 

 

Photo 1-2: Laced built-up columns in a naval station 

Laced columns have also been extensively used in bridge engineering, especially throughout the 

United States, either as frames’ columns or as bracing members. Four cases are shown in Photo 1-4, 

in which the lacing bars are riveted on the flanges. Photo 1-4 (a) comes from the recent retrofit of 

San-Francisco-Oakland Bay Bridge [1-8], at which the strengthening took place while the bridge was 

still open to traffic. The use of laced ties aimed at protecting the bridge from severe seismic actions. 

Photo 1-4 (b) was taken from the historical Gale Road Bridge in Michigan [1-9] which was built in 

1897 with the use of riveted laced columns and trusses. 
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(a) (b) 

  

(c) (d) 

Photo 1-3 (a)-(d) Laced built-up column in modern industrial buildings with welded connection of the lacing bars 
on the chords 

Another use of laced columns is related to tower cranes used often in large construction sites. The 

need for sufficiently large stiffness and strength in both axes of bending without the use of laterally 

supportive systems makes laced columns a unique solution. Usually laced columns used as tower 

cranes consist of four chords connected between each other with four planes of lacing serving the 

previously mentioned needs. Significant bending moments due to load eccentricities and lateral loads 

can be safely delivered to the ground with the use of a limited amount of steel. A view of a tower 

crane at the Mont Blanc mountain top is shown in Photo 1-5 [1-10]. 
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(a) (b) 

Photo 1-4: Steel laced built-up struts used as (a) bracing members and (b) part of frames in bridge engineering in 

the United States 

 

Photo 1-5: Laced tower crane at Mont Blanc 

1.4 BATTENED BUILT-UP COLUMNS 

Battened built-up columns usually consist of two flanges that are connected between each other with 

the use of batten plates (battens) constructed in two parallel planes. The lever arm between the two 

flanges is relatively small in comparison to laced built-up columns and the battens are welded on the 

flanges, resulting in a static system similar to the Vierendeel truss. The rigid connection between the 

battens and the chords is necessary for the transmission of shear between the longitudinal flanges. In 

the case that the battens are attached to the flanges by hinged connections, the column is called 

spaced and the flanges work individually. In battened members the bending rigidity is offered by the 

longitudinal chords while the shear rigidity is offered by both the chords and the battens. As will be 

pointed out in the following chapters, battened members are usually characterized by small shear 
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rigidity making them suitable for resisting mainly axial loading. Due to this disadvantage battened 

built-up columns are not permitted by U.S. design provisions. 

Battened members are usually used as compression struts, like in the bridge cases depicted in Photo 

1-6 [1-11]. The use of bracing systems in the plane of the battens in these photos verifies that 

battened columns are not usually designed for resisting significant lateral forces. A similar use of 

battened struts can be seen in Photo 1-7 [1-12], in an arch-shaped structure belonging to a hydro-

electrical plant in Pueblo Nuevo Vinas in Guatemala. The static system of the arch clarifies that the 

battened members act as transverse and diagonal truss bars, mainly stressed by axial forces. 

  

(a) (b) 

Photo 1-6: (a)-(b) Steel battened built-up struts used in bridge engineering 

 

Photo 1-7: Steel battened built-up struts in a hydro-electrical structure in Pueblo Nuevo Vinas in Guatemala 

1.5 OBJECTIVE AND CONTENTS OF THE DOCTORAL THESIS 

This thesis focuses on built-up beam-columns, especially on laced ones that are more frequently used 

in practice. The main purpose of this research is to thoroughly investigate and to provide useful 

guidelines for their analysis and design. The present research is based on the three main aspects used 

in modern civil engineering research which include analytical procedures, numerical calculations and 

experimental tests. 

The introduction to columns in general and built-up columns in particular, presented in this first 

chapter, is followed by Chapter 2 that contains a literature review regarding the behaviour of laced 

and battened built-up members, the second-order analysis of Timoshenko beam-columns and 

provisions incorporated in modern design codes related to the analysis and design of built-up 
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columns. Chapter 3 describes in detail the set-up and the results of an experimental work that took 

place at the Institute of Metal Structures at the School of Civil Engineering of the National Technical 

University of Athens, in the context of the present doctoral thesis. In Chapter 4, the experimental 

outcomes are compared with numerical results for the calibration of the numerical models and useful 

conclusions are drawn about the numerical modelling of laced columns. Chapter 5 presents the types 

of failure that laced built-up members can exhibit and a proposed interaction equation for the 

calculation of the collapse load of imperfect simply-supported laced built-up columns is presented. In 

Chapter 6, the problem of the calculation of the elastic critical buckling load of frames consisting of 

Timoshenko members is thoroughly examined and an analytical procedure is proposed. In Chapter 7, 

imperfect Timoshenko beam-columns with arbitrary supports under axial compressive and lateral 

loading are examined and closed-form solutions are proposed for calculating their second-order elastic 

response. In Chapter 8, the structural behaviour of imperfect steel built-up beam-columns with any 

type of boundary conditions subjected to combined axial and lateral actions is investigated by making 

also use of the results obtained in Chapters 5, 6 and 7. Chapter 9 provides examples for the practical 

use of the proposed procedures in the calculation of the response and failure load of laced built-up 

columns belonging to planar and symmetrical industrial frames. Additionally, guidelines for their 

design and numerical modelling in practice are provided. Finally, Chapter 10 includes a summary of 

the present doctoral thesis, the main contribution to the research field related to it and 

recommendations for future research. 
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2 LITERATURE REVIEW 

2.1 INTRODUCTION 

The structural response of built-up columns has been studied extensively and many relevant 

publications can be encountered in the literature. They include analytical methods, numerical 

simulations and experimental tests covering all possible research approaches in the field of structural 

engineering. These works are mainly related to simply-supported built-up columns under axial loading. 

Two main aspects that differentiate built-up columns from commonly used struts have been 

thoroughly investigated: (i) the modelling of built-up members as equivalent Timoshenko struts 

including the effect of shear deformations and (ii) the effect of interaction between global and local 

behaviour. In this chapter, a review of the existing literature for the response and failure types of 

laced and battened built-up columns will be initially presented. Then, publications related to 

interaction between global and local buckling will be mentioned, focusing on the effect of global and 

local imperfections on the overall behaviour. Additionally, as will be illustrated in the following 

chapters, modelling built-up struts as equivalent Timoshenko members is very convenient in analytical 

procedures. Therefore research with emphasis on the second-order response of Timoshenko beam-

columns will be summarized. Finally, the provisions of modern design codes for built-up columns will 

be presented and conclusions on the literature review will be drawn. All research topics into which this 

chapter is separated are directly connected between each other. Their separate presentation is used 

for the reader’s facilitation and is based on the field to which each research work made the largest 

contribution. 

2.2 RESEARCH ON BUILT-UP COLUMNS 

Built-up columns consist of many counterparts and as a result their behaviour differs from the one of 

solid struts. In the present section, publications related to experimental tests and analytical 

procedures, either empirical or not, will be presented. It will be shown that during the last century 

researchers tried to approach the behaviour of built-up members using various approximations, 

sometimes very far from reality. A typical laced column and its cross-section are depicted in Figure 

2-1. The two flanges offer both axial and bending rigidity and the lever arm between them is ho. In 

this specific example the chords consist of I-shaped cross-sections positioned in such a way that their 

strong axis y-y is parallel to the plane of the lacing. Therefore, for behaviour in the lacing’s plane the 
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weak axis z-z is activated. The total length L of the built-up column is divided in a finite number of 

smaller parts usually called panels. Each panel’s length is denoted as “a” and is equal to the distance 

between adjacent joints. The diagonal and transverse bars (the angle between them is denoted as φl) 

offer the necessary shear rigidity to the built-up member. They are usually welded on the flanges 

ensuring integrity between them. The end transverse bars may have the same cross-section as 

intermediate transverse members or much larger ones, leading to the so called “end rigid plates”. The 

technical terminology of laced struts applies also for the case of battened columns, with the difference 

that diagonal bars are absent and transverse members (battens) are rigidly connected to the flanges. 

 

Figure 2-1: (a) Typical laced built-up column and (b) its cross-section B-B’ 

The buckling of an elastic perfect column under axial compressive load was initially mathematically 

investigated by Euler [2-1]. The distinction of the behaviour between stocky and slender columns was 

made by Tetmajer [2-2] who proposed that Euler’s formula could be applied in the elastic region of 

slender members. Engesser [2-3], [2-4] was the first one to incorporate into the elastic critical 

buckling load of built-up columns the effect of both bending and shear deformations. His theoretical 

analyses on battened columns resulted in analytical formulas, which take into consideration the 

deformations of battened column’s counterparts. Until today, one of the existing methods for 

incorporating shear deformations in buckling analyses bears his name. 

Emperger [2-5] published the results of tests on flat ended riveted battened built-up columns, 

concluding that the action of the column as a whole can be achieved with double riveted batten 

plates, while single riveted battens were unable to transfer shear from one chord to another. The 

author also concluded that the capacity of a built-up member could not be larger than the equivalent 

solid column’s as a whole whatever the strength of the lacing bars. Krohn [2-6] analyzed battened 

built-up columns considering that the totally applied load was unevenly distributed between the two 
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chords as the column deflected. Additionally, he proposed that the shear force transferred to the 

battens at the ends of a simply-supported column could be calculated by considering a sinusoidal 

deflection. 

Müller-Breslau [2-7] worked on eccentrically loaded battened built-up columns, considering them as 

homogeneous members in cases of more than four panels and sufficiently stiff battens. Surprisingly, 

one of his conclusions was that the effect of shear on the capacity of battened members was 

negligible. This is incorrect, as today it is well-known that built-up members may be susceptible to 

significant shear deformations capable of reducing their bearing capacity. In 1910, Talbot and Moore 

[2-8] presented an experimental effort related to the investigation of steel and wrought-iron built-up 

columns’ behaviour under load. The research aimed at determining experimentally the variation of 

compressive stresses and strains along the length of the chords and other components. It is 

interesting that the concepts of local non-straightness and non homogeneity of the material were 

clearly mentioned by the authors. 

With the aid of the American Railway Engineering Association in 1918, tests were performed [2-9] on 

battened steel columns with flat ends, investigating the effect of the panels’ length on the capacity. 

They concluded that the larger the unrestricted panels’ length, the smaller the overall strength of the 

column, highlighting that the local behaviour affected the overall one. Furthermore, the American 

Society of Civil Engineers in 1927 supported the performance of a few more tests [2-10] on 

eccentrically loaded battened members examining the case of opposite eccentricities, too. They 

verified that battened columns were suitable for use in cases of small eccentricities and therefore of 

small shear forces. On the contrary, large shear forces caused significant shear deformation resulting 

in excessive local bending of the chords and of the battens. 

Petermann [2-11] published the results of tests conducted by Müller-Breslau, observing large 

variations when comparing them with empirical calculation procedures. In 1931 the same author 

[2-12] reported experimental results of ten more battened columns based on which he recommended 

local slenderness ratios for the panels. In 1936, Timoshenko [2-13] provided a theoretically based 

formula for the calculation of the elastic critical buckling load of built-up columns accounting for the 

effect of the flexibility of battens and chords on the shear rigidity of the built-up members. 

In 1940, Holt [2-14] published tests on fifteen built-up columns of structural aluminium alloys and two 

of structural steel. He investigated the effect of the shape of section on the strength of built-up 

columns. It is worth mentioning that he noticed failure by local buckling at stresses less than the 

material’s yield strength for relatively large width-to-thickness ratios. Ng [2-15] in his doctoral thesis 

tested battened columns with various panel lengths and with welded joints instead of riveted ones as 

in previously mentioned tests. He drew qualitative conclusions on the capacity’s decrease in cases of 

larger panels and suggested that the slenderness ratio of the unrestricted panels should not exceed 

50. Furthermore, he concluded that the numerous welds did not significantly affect the strength of the 

columns. 

Pippard [2-16] worked on a battened built-up column and considered the effect of the battens as 

similar to that of a continuous web that offered only flexural restraint to the chords in elevation and 

did not contribute to the second moment of inertia of the built-up cross-section. It is interesting to 

note that Pippard came to the conclusion that the larger the number of battens (and the smaller the 

panels’ length), the smaller the column’s capacity. This is surprising, as a large number of battens 

leads to reduction of shear deformations and strengthening of the local behaviour (as the panels’ 

lengths decrease and they become stocky), resulting in solid column behaviour with larger capacity. 

Bleich [2-17] presented a closed-form solution for the critical load of battened members, making the 

assumption that points of inflection appear at the middle of the panels’ and battens’ length 
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(Vierendeel truss). In order to ensure that the local behaviour would not be more critical than the 

global one, Bleich recommended that the local slenderness should be smaller than the global one. 

Additionally, he assumed a sinusoidal deformed shape and proposed that the battens should be 

designed for a shear force corresponding to the deflection for which the column’s concave side 

yielded. As will be later shown, modern design codes adopted formulas based on the philosophy 

behind Bleich’s formula. 

Koenigsberger et al. [2-18] performed tests on battened members and concluded that the optimum 

ratio of local to global slenderness was 0.4 for riveted members and 0.47 for welded ones. They also 

mentioned that the local slenderness should be calculated with an effective buckling factor of 1 for 

riveted joints (Figure 2-2(a)) and 0.85 for welded joints (Figure 2-2(b)), accounting in this way for the 

flexural restraint that the rigid connections would offer in local buckling. Their method for calculating 

the collapse load was in good agreement with their tests and with the tests performed by Müller-

Breslau [2-7]. 

  

(a) (b) 

Figure 2-2: Connection of batten to chords (a) with rivets and (b) with perimetrical welding 

Mohsin [2-19] worked analytically on the behaviour of battened members under eccentric loading and 

concluded that the elastic critical buckling load of such members depended on the load’s eccentricity 

unlike to solid columns. This conclusion seemed to be valid, as loading one chord more than the other 

resulted in different response between them. Nevertheless, it should be mentioned that the modern 

design concept states that elastic critical buckling loads should be related to elastic perfect columns 

under concentric loading, and that any existing load eccentricities should be taken into account by 

using second-order analysis. 

Klӧppel and Uhlmann [2-20] performed an extensive experimental and analytical study of eccentrically 

loaded simply-supported battened columns and investigated the effect of various parameters on the 

response and capacity, such as the panels’ length, the residual stresses, the magnitude of eccentricity 

and the lever arm between the chords. They concluded that battened members exhibit elastoplastic 

behaviour, which could be taken into account in an elastic procedure by either incorporating or 

omitting the moment of inertia of the chords in calculating the moment of inertia of the whole built-up 

column. They also mentioned that in columns with flanges that are continuously interconnected with 

the web, larger slendernesses led to larger effect of plasticity. This comes in contrast with the case of 

solid members, for which plasticity plays a more significant role for small values of slenderness. 

Additionally, they concluded that residual stresses due to welding between battens and chords do not 

have a significant effect on load carrying capacity. They summarised that the possible types of failure 

are: 

− Failure of the panels due to bending and axial force. 
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− Failure of the battens due to bending and shear force. 

− Panel mechanism, when the shear force is significant at the ends of a simply-supported column and 

four plastic hinges appear at the four ends of the critical panels. 

Klӧppel and Ramm [2-21] examined analytically and experimentally the behaviour of 43 eccentrically 

loaded simply-supported laced columns with various types of lacing. Apart from investigating factors 

like the ones mentioned in the previous publication, they searched for the effect of residual stresses 

due to welding between lacing bars and chords, as they observed that in the joints between lacing 

members and chords, premature plastification took place. For that purpose, they tested 3 columns 

with annealing in order to eliminate the magnitude of welding residual stresses, concluding that they 

do play a role and that in practice denser lacings may result in loss of stiffness and strength. The 

same authors [2-22] worked also on the behaviour of laced columns with four chords, which are 

commonly used for constructing crane booms. Ramm and Uhlmann [2-23] summarized the previously 

mentioned publications’ results and proposed simple analytical procedures for checking the capacity of 

built-up members in practice. Their procedures became the basis for the analysis and design of built-

up columns in Eurocode 3 [2-24] and will be thoroughly explained in the following sections. 

Vroonland [2-25] and Brolin et al. [2-26] worked on latticed crane booms under axial and lateral load 

and noted that failure took place in the tests when the compressive force in a chord reached the 

failure load of the unrestricted length between the joints. This conclusion will be the basis of the 

present doctoral thesis for the design of laced columns, as will be presented in the following chapters. 

Lin et al. [2-27] used a non-dimensional factor for the constant shear flexibility of battened and laced 

members with end rigid stay plates and derived a system of second-order slope-deflection equations 

under distributed line load. Hinges were assumed at the joints in laced struts and in the middle of the 

panels’ and battens’ length in battened members. 

Toossi [2-28] investigated the out-of plane buckling of battened built-up columns by converting the 

discrete problem to a continuous one. He proposed a general relationship between the external loads 

and the cross-section’s properties for this type of instability. Porter and Williams [2-29] treated 

battened columns as an assembly of cells and with the use of stability functions formed the stiffness 

matrix of the structure, finally used for the calculation of the exact elastic critical buckling load. A 

major advantage of this procedure was the fact that cells could have different characteristics in 

elevation, facilitating the analysis of non-uniform built-up members. A significant disadvantage was 

related to the cumbersome calculation process. 

Halabia [2-30] in his doctoral thesis continued the work of the previous authors [2-29] and examined 

the behaviour of uniform and non-uniform battened columns under concentric or eccentric loading 

from a theoretical and an experimental point of view. He came up with conclusions related to possible 

types of failure of such columns (excluding any type of failure in battens), which were summarised as: 

− Single central hinge in a bending mode corresponds to the type in which failure initiates from the 

middle cross-section of a simply-supported battened column due to the appearance of a plastic 

hinge. This type of collapse mechanism is equivalent to the solid columns type of failure. It is 

expected in types of battened columns with relatively small panels’ length (small intervals between 

battens). 

− Panel mechanism appears due to significant shear forces that result in significant bending moments 

at the panels’ ends and consequently to the formation of plastic hinges. In battened columns with 

varying panels’ length, the panel mechanism is expected in the largest panel. The author pointed 

out that this mechanism is not usually a primary one and it appears at the post-buckling branch of 

the equilibrium path. 
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− Four hinge short cell mechanism appears in cases with short cells due to the formation of three 

plastic hinges at the ends and middle of the critical panels. 

− Four hinge long cell mechanism appears in some cases, when a panel’s length is much larger than 

the length of the other panels. 

− Three hinge short cell mechanism appears either in the elastic or in the elastoplastic range due to 

the formation of three plastic hinges that in the deformed configuration all lie on the same straight 

line. This type of failure is exhibited either prior to any other collapse mechanism (and therefore is 

the critical one) or in the post-buckling range (more often). 

A computer program used for the calculation of elastic critical buckling load and failure load of 

battened members was developed for the prediction of the failure modes. Halabia additionally 

proposed ways for incorporating his findings into the pertinent British codes of practice, which make 

use of Ayrton-Perry’s formula. 

Gjelsvik [2-31] used the main concept of Engesser’s theory for investigating the elastic buckling of 

built-up columns with end stay plates. End stay plates prohibit the appearance of shear deformations 

at the ends of the column and, using a layered sandwich cross-section, he obtained a sixth-order 

differential equation, which was convenient for applying the two additional boundary conditions. The 

model’s chords sustained axial forces, shear forces and bending moments, while the web was loaded 

by shear forces. The results were given in the form of graphs, facilitating their use from engineers of 

practice. A main conclusion was that the existence of end stay plates provides significant increase in 

the elastic critical buckling load of built-up columns. This increase is much larger for more shear-weak 

members and for columns with small ratio between overall second-moment of inertia and second-

moment of inertia of the single chord. Therefore, it can be concluded that end stay plates are more 

useful in battened members rather than in laced ones. 

Paul expanded Gjelsvik’s procedure for other possible boundary conditions and considered that the 

column’s web could also transmit axial forces and bending moments, making the model applicable to 

built-up columns with continuous web. His experimental findings [2-32] showed good agreement with 

analytical results [2-33] and the Engesser’s method without the effect of end stay plates was always 

on the safe side. Ermopoulos et al. [2-34] investigated built-up columns with linear variation of depth 

with various practical support conditions and analysed them as rigid-jointed frameworks. By 

performing rigorous analyses they obtained critical buckling loads and assessed the effect of many 

parameters, such as the degree of non-uniformity, number of panels, stiffness and length of 

components on them.  Chang and Sher [2-35] presented a numerical procedure for the elastoplastic 

post-buckling behaviour of perfect and imperfect built-up columns. As a model they considered two 

slightly separated identical members connected at their ends and middle with rigid links. 

Sahoo and Rai [2-36] tested battened cantilevers under constant axial load and gradually increasing 

lateral force. The formation of the plastic hinge was expected at the base of the specimens. The 

configuration of the battens varied by considering constant batten intervals in elevation, denser 

arrangement of battens in the region in which plastic hinge formation was expected, and box-type 

cross-section in the plastic hinge region. The authors concluded that reducing the panels’ length in 

critical regions (i.e. at the beam-columns’ ends) or creating a box-type cross-section proved beneficial 

in terms of energy dissipation, lateral stiffness, lateral strength and moment rotation characteristics. 

They pointed out that the significant weaknesses of battened members (relatively small lateral 

stiffness and capacity) that make them inappropriate for use in seismic areas can be overcome with 

these modifications. Views of Sahoo and Rai’s specimens after failure are depicted in Figure 2-3. It 

can be seen that the local lateral deflections of the chords in the first case were much larger than the 

ones in the two latter cases. 
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(a) (b) 

 

(c) 

Figure 2-3: Specimens with (a) constant distance between battens, (b) denser arrangement of battens in the 

expected plastic hinge region and (c) box-type cross-section in the expected plastic hinge regions after failure 

[2-36] 

Lee and Bruneau investigated both experimentally [2-37] and analytically [2-38] the seismic 

performance of built-up laced steel brace members. Quasi-static testing of 12 columns was conducted 

and the data were used for drawing conclusions regarding ductility, energy dissipation, capacity and 

strength degradation after buckling for different global and local slenderness ratios. The global in-

plane buckling of one of their laced built-up specimens is depicted in Figure 2-4. Richard et al. [2-39] 

performed elastic time history analyses on planar single-story moment-resisting frames with fixed 

base supports of their laced built-up columns. They concluded that the median horizontal 

displacements and accelerations were well predicted by the code equivalent static force procedure and 

response spectrum method. They additionally observed that inelastic buckling at the base of such 

structures may take place, leading to structural response characterised by low ductility. 

 

Figure 2-4: Global in-plane buckling of laced built-up specimen [2-37] 

Hashemi and Jafari [2-40] presented a brief review of the behaviour and failure modes observed in 

battened columns after the Bam earthquake in 2003, concluding that insufficient design provisions for 

such members resulted in an excessive amount of failures. The main failure types were summarized 

as overall buckling, local buckling, lateral-torsional buckling, rupture of battens, rupture of battens’ 

welds, plastic shear deformation of battens and splice failures. Hashemi and Jafari [2-41] evaluated 
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experimentally the elastic critical buckling load of battened columns with end stay plates and proposed 

a modified Southwell plot [2-42] accounting for interaction between global and local buckling, as will 

be discussed in the following section. They concluded that Paul’s method [2-32], [2-33] gave the most 

satisfactory results when compared with tests. The same authors [2-43] used Ayrton-Perry formula 

and ultimate capacity curves for predicting the collapse load of battened struts and concluded that the 

first one was conservative and the second one against safety, suggesting that a mean value of the 

two should be better considered. The same authors [2-44] performed cyclic tests on battened 

cantilevers subjected to axial and lateral point loads. Their main conclusion was that their use should 

be avoided in high seismicity areas due to their relatively low ductility. 

Guo and Wang [2-45] worked on the instability behaviour of axially loaded simply-supported prismatic 

multi-tube latticed steel columns depicted in Figure 2-5. They proposed simple formulas for the 

calculation of their slenderness ratio in practical design. Razdolsky [2-46], [2-47], [2-48] investigated 

the elastic critical buckling load of laced columns with two different lacing types by considering the 

column as a statically indeterminate structure. To that effect, he proposed an analytical procedure 

which was capable of capturing both global and local buckling modes. 

 

Figure 2-5: View of the different prismatic multi-tube latticed columns that Guo and Wang [2-45] worked on 

Bonab and Hashemi [2-49] performed a numerical investigation of the cyclic behaviour of laced 

columns by using cantilevers laterally and axially loaded. In their conclusions they mentioned that the 

higher the applied axial load the lower the available ductility, and that the behaviour of laced columns 

was significantly affected by internal bending moments in the chords. Bonab et al. [2-50] investigated 

experimentally the elastic buckling load and collapse load of centrally compressed laced built-up 

columns and proposed a slightly modified Southwell plot for accounting for shear deformations. They 

concluded that Engesser’s method for accounting for shear deformations and calculating the critical 

load was in the best agreement with experimental results. Additionally, they found that applying 

Ayrton-Perry formula to the built-up column considered as a whole for the evaluation of the collapse 

load gave conservative results, while the use of ultimate capacity curves resulted in unsafe ones. 
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2.3 INTERACTION BETWEEN GLOBAL AND LOCAL BUCKLING 

Solid columns consist of plates continuously interconnected between each other. This interconnection 

guarantees cooperation between the plates but local buckling of cross-sections’ plate components may 

appear and affect the global response. Cross-sections prone to local buckling are unable to develop 

their full plastic capacity and cross-section classification aims at accounting for local buckling in 

Eurocode 3 and other codes. In a similar manner, built-up columns consist of many local counterparts 

that cooperate and form a unity and therefore, global behaviour where built-up members act as a 

whole may be affected by the local behaviour of their counterparts. Publications related to this type of 

problem will be presented in the present section. 

Global and local buckling mode shapes of a typical simply-supported laced column are shown in Figure 

2-6. The global buckling mode is related to the global buckling load (Figure 2-6(a)), at which the 

whole column deflects from its perfect and straight configuration. If the lacing is very stiff, this load 

would be the Euler buckling load of the system: 

( )

2
eff

Ε 2

π ΕΙ
P =

KL
 (2-1)

where EIeff is the bending rigidity of the built-up column as a whole, K is the effective buckling length 

factor (K=1 for simply-supported columns) and L is the length of the column. In case of significant 

shear deformation, Eq. (2-1) should be modified accordingly. 

  

(a) (b) 

Figure 2-6: (a) Global buckling mode of simply-supported laced column and (b) local buckling mode 

The local buckling mode is related to the individual buckling of the panels as simply-supported 

columns between lacing joints (Figure 2-6(b)). The local buckling load is given by the summation of 

the buckling loads of each chord’s panels individually: 
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2
ch,z

L 2

2π ΕΙ
P =

a
 (2-2)

where EIch,z is the in-plane bending rigidity of each chord and a is the length of each panel (distance 

between connectors). The local buckling load may be somewhat larger than the one calculated with 

Eq. (2-2) in battened built-up columns due to the rotational stiffness that relatively stiff battens will 

offer at the ends of the panels. From the above description, it can be concluded that local buckling in 

built-up members does not refer to the local buckling in cross-sections’ plate components. 

The squash load is the third possible type of failure of perfect built-up columns and is given by: 

ch yYP =2A f  (2-3)

where Ach is the cross-sectional area of each chord and fy is the yield stress of the material. The 

prevailing failure mode of perfect built-up columns neglecting mode interaction and nonlinear effects 

would thus be the one corresponding to the smallest of the loads calculated by Eqs. (2-1), (2-2) and 

(2-3). 

From a theoretical point of view Van der Neut [2-51] was the first one to work on an idealized 

compression member consisting of two thin-walled flanges and a web that maintained the integrity of 

the structure. Koiter and Kuiken [2-52] addressed the same problem using the same cross-section and 

by making use of potential energy expressions and orthogonalised buckling modes, showed that 

“naive” optimization associated with equal global and local buckling loads leads to a large loss of 

capacity due to buckling mode interaction in the presence of initial imperfections. This result is in 

accordance with Koiter’s 1/2 power law [2-53]. 

Thompson and Hunt [2-54] obtained, following a linearised “smearing” analysis, the same set of 

indices as the ones found by Koiter. Miller and Hedgepeth [2-55] worked on the detrimental effect of 

global and local imperfections on built-up struts. Their results were presented in charts illustrating the 

reduction of the elastic critical load as a fraction of the Euler critical load of perfect members. 

Crawford and Hedgepeth [2-56] and Crawford and Benton [2-57] obtained similar results to the ones 

obtained by the previous authors. 

Svensson and Kragerup [2-58] confirmed the previous results and extended them concluding, by 

means of elastic analyses up to yielding, that the largest loss of capacity happens when local and 

global Euler critical stresses and the yield stress coincide. This reduction in capacity becomes 

prominent in the presence of initial imperfections, reaching magnitudes of 50%. A graphical 

representation of the imperfection sensitivity in elastic built-up columns is shown in Figure 2-7. On the 

horizontal axis the ratio between the global and local buckling loads is depicted, while on the vertical 

one the ratio between the governing critical load P and the local buckling load is shown. Both the 

perfect and imperfect structures’ responses are plotted. It is clear that when the two buckling loads 

coincide (Pcr/PL=1), the decrease of load P due to the existence of initial imperfections is much larger 

than for other ratios of Pcr/PL. For ratios Pcr/PL larger than unity the decrease is moderate, while for 

ratios less than one the smallest decrease is observed. 
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Figure 2-7: Graphical representation of the imperfection sensitivity in built-up columns 

Tong and Chen [2-59] confirmed the unfavourable mode interaction in centrally compressed built-up 

columns using the assumptions by Svensson and Kragerup but still assuming elastic material. They 

additionally proposed an iterative procedure for calculating the collapse load of such members. Duan 

et al. [2-60] investigated the effect of compound buckling on the compression strength of elastic built-

up members and performed extensive parametric studies for identifying cases in which this effect is 

important. They showed that code provisions that do not account for mode interaction result in unsafe 

results. 

2.4 THE EFFECT OF SHEAR DEFORMATIONS 

2.4.1 Shear deformable solid members 

In solid columns bending, shear and axial deformations coexist but the effect of the last two on the 

response and capacity allows for their omission (Euler-Bernoulli members). In columns with either 

short length or large bending rigidity or small shear rigidity or a combination of the previous cases, 

the effect of shear deformations cannot be neglected, as they may be of comparable magnitude with 

bending deformations. Shear deformable columns are also called Timoshenko columns and compared 

with Euler-Bernoulli members have smaller critical loads and exhibit larger second-order effects. 

The calculation of bending rigidity is related to the elastic modulus E and the second moment of 

inertia of the cross-section I. Shear rigidity for solid cross-sections is defined as the product of shape 

factor k (also called shear correction factor), the area of the cross-section A and the shear modulus G. 

The shape factor is inserted in the shear rigidity in order to account for the non-uniformity of the 

shear stresses over the cross-section. Cowper [2-61], [2-62] provided accurate predictions of shape 

factors depending on the geometrical characteristics of the cross-section and the material properties. 

He suggested for example that the shape factor for solid rectangular steel sections is equal to 0.83 

while for rectangular hollow steel sections it is taken as 0.153, coming up with the conclusion that the 

second ones are more susceptible to shear deformations. Typical values of shape factors for various 

cross-sections in terms of the Poisson ratio ν of the material according to Cowper are given in Table 

2-1. 
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Table 2-1: Shape factor for various cross-sections according to Cowper [2-61] 

Description 
of cross-

section 

Cross-section Shape factor 

Circular 

 

 
 

( )6 1+ν
k=

7+6ν
 

Thin-walled 

CHS 

 

 
 

( )2 1+ν
k=

4+3ν
 

CHS 

 

 
 

( ) ( )
( ) ( ) ( )

2

2
2 2

26 1+ν 1+m
k=

7+6ν 1+m + 20+12ν m
, 

 
m=b/α 

Square 

 

 
 

( )10 1+ν
k=

12+11ν
 

Thin-walled 
SHS 

 

 
 

( )20 1+ν
k=

48+39ν
 

I section 

 

 
 

Shear force parallel to the weak axis: wA
k=

A
 

Shear force parallel to the strong axis: f
2A

k=
1.2A

 

A=total cross-sectional area, Aw=web’s area, Af=flange’s area 

Scheer and Plumeyer [2-63] concluded that the non-dimensionless ratio 1/µ could be indicative of the 

importance of shear deformations in structural analyses: 

21

µ

kAGL
=

EI
 (2-4)

Based on a parametric study, they showed that the work done by the shear forces should be taken 

into account for values of 1/µ smaller than 115 for determinate and 385 for indeterminate structures. 
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Based on this criterion, it can be concluded that indeterminate structures are much more susceptible 

to shear deformations than determinate ones. 

Built-up columns are usually susceptible to significant shear deformations. To be more specific, laced 

columns have reduced shear rigidity due to the lacing, while the large lever arms between the flanges 

lead to large bending rigidities. Therefore, despite the fact that their length is relatively large, they are 

subjected to significant shear deformations. Similarly, battened columns are generally characterized by 

even smaller shear rigidity than laced struts and despite the fact that their length is usually large and 

their bending rigidity relatively small, they are also prone to shear deformations. Both are 

characterized by small values of 1/µ. For four typical I cross-sections subjected to shear parallel to 

their strong axis, the values of factor µ are plotted against the length of the column in Figure 2-8. It 

can be seen that factor µ becomes large (and therefore 1/µ small) for small columns’ lengths and for 

cross-sections with relatively large bending rigidity. In such cases shear deformations play an 

important role and should be taken into account. For built-up members, factor µ usually varies 

between 0.001 and 0.1 highlighting that the importance of shear deformations in such members is 

large. 

 

Figure 2-8: Effect of column’s length on factor µ for four typical I cross-sections 

For a typical column with length equal to 23.8m and a steel cross-section HEB450 subjected to shear 

forces parallel to its weak axis (bending about its strong axis), the value of 1/µ is approximately equal 

to 1700 (µ=0.00059) showing that shear deformations are not significant, whether it belongs to a 

determinate or an indeterminate structure. For the same column the use of two steel cross-sections 

HEB450 at a distance equal to 40cm between each other in order to form a laced built-up column 

modifies its susceptibility to shear deformations. The use of typical lacing systems can lead to values 

of 1/µ that vary from 50 to 100 showing that the incorporation of shear deformations in its structural 

analysis is necessary. 

2.4.2 Engesser’s theory 

Engesser [2-3], [2-4] was the first to include in the calculation of the elastic critical buckling load of 

columns the effect of both bending and shear deformations, by incorporating in the differential 

equation provided by Euler an additional term of curvature due to shear deformations. The stability 
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problem of a Timoshenko simply-supported column is briefly described afterwards. A perfect and 

elastic simply-supported column under an axial load P is shown in its undeformed and buckled 

configuration in Figure 2-9. The column is characterised by bending rigidity EI and shear rigidity Sv. 

The longitudinal axis is denoted as x and the transverse one as w. It can be seen that the transverse 

deformation depends on the location along the longitudinal axis. 

 

Figure 2-9: Undeformed and buckled configuration of Timoshenko column under compressive force P 

A close view of the circled region is shown in Figure 2-10 in which the deformed axis KK’ is rotated by 

w’ in relation to the horizontal axis if the differentiation with respect to the longitudinal axis x is 

denoted as prime. Cross-section BB’ is perpendicular to the deformed axis KK’, while cross-section AA’ 

corresponds to rotation due to bending only, ψ. In Timoshenko beam theory, the total rotation of the 

cross-section w’ consists of two parts: 

w'=ψ+γ  (2-5)

where ψ is the rotation due to bending only and γ is the shear deformation. In Euler-Bernoulli theory 

the two cross-sections AA’ and BB’ coincide, as the total rotation is only due to bending and shear 

deformation is considered equal to zero. 

 

Figure 2-10: Deformed cross-sections and applied forces according to Engesser’s theory 

The axial force applied P is approximately equal to the one which is perpendicular to cross-section BB’, 

as the cosine of the total rotation w’ is close to unity, while the shear force perpendicular to the 

deformed axis is denoted as Q. It can be seen that the deformed axis KK’ is no longer perpendicular 

to the rotated due to bending cross-section AA’, while the assumption that plane sections remain 

plane is still valid. The equilibrium of infinitesimally small parts of the Timoshenko member with their 

cross-sections perpendicular to the deformed and undeformed axes are shown in Figure 2-11(a) and 
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(b), respectively, in which M is used for internal bending moment and V for the shear force 

perpendicular to the undeformed axis. 

 

 

(a) (b) 

Figure 2-11: Infinitesimally small parts of a Timoshenko member with their cross-sections perpendicular to the (a) 

deformed axis and (b) the undeformed axis 

The external bending moment along the longitudinal axis x due to the applied axial force considering 

the column’s deformed configuration is: 

( ) ( )M x =Pw x  (2-6)

The internal bending moment as a function of curvature due to bending only is given by: 

( ) ( )M x =-EIψ' x  (2-7)

For simplicity reasons, parameters depending on the examined location along the longitudinal axis will 

be next denoted only with their symbol (i.e. M(x) =M). By equating the external and internal bending 

moments based on Eqs. (2-6) - (2-7) the expression of curvature due to bending can be obtained as a 

function of the transverse deflection: 

Pw
ψ'=-

EI
 (2-8)

The shear force perpendicular to the deformed axis Q can be found by considering equilibrium in the 

column’s part shown in Figure 2-11(a) as: 

dM
Q=

dx
 (2-9)

From Eqs. (2-6), (2-7) and (2-9): 

Q=-EIψ''=Pw'  (2-10)

Considering that shear deformation γ is equal to the shear force Q divided by the shear rigidity of the 

column Sv the following expression arises: 
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v

Pw'
γ=

S
 (2-11)

The shear force perpendicular to the undeformed axis V can be found from equilibrium in the column’s 

part depicted in Figure 2-11(b) as: 

dM
V= -Pw'

dx
 (2-12)

The expression of Eq. (2-12) can be modified with the use of Eq. (2-10) as: 

V=-EIψ''-Pw'=Q-Pw'  (2-13)

Eq. (2-5) by differentiation with respect to x and based on Eqs. (2-8) - (2-11) gives the differential 

equation with respect to the total deflection w that controls the problem: 

v

P P
= w'' - w

S EI

∂

∂

2

2

w

x

 (2-14)

which can be written: 

v

P Pw
w'' 1- + =0

S EI

 
 
 

 (2-15)

Eq. (2-15) is valid for a simply-supported column as the number of constants in the solution can 

satisfy its boundary conditions and its general solution in sinusoidal form is: 

( ) ( ) ( )1 2
w x =A sin αx +A cos αx  (2-16)

where A1 and A2 are integration constants, 

2 P
α =

EIβ
 (2-17)

and 

v

P
β= 1-

S

 
 
 

 (2-18)

Eq. (2-16) is sufficient for Euler-Bernoulli members for which only bending deformations are 

significant if the shear rigidity is set equal to infinity, but this is not the case in Timoshenko columns 

for which an additional differential equation should be used, with respect either to the rotation due to 

bending only ψ or to the shear deformation γ.  

Using Eq. (2-5) and solving Eqs. (2-8) and (2-11) for w’ the following equation is obtained: 

v

EIψ'' P EIψ''
- =ψ+ -

P S P

 
 
 

 (2-19)
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Rearrangement of Eq. (2-19) gives: 

v

P
EIψ'' 1- +Pψ=0

S

 
 
 

 (2-20)

Observing Eqs. (2-15) and (2-20) one can realise that the only difference from the classical Euler-

Bernoulli differential equation is the factor 1-P/Sv. The elastic critical buckling load of a simply-

supported column according to Engesser’s theory is equal to: 

E

cr,E

E

E vv

P 1
P = =

P 1 1
+1+

P SS

 
(2-21)

where PE is the Euler critical buckling load of the same column. This solution can be found in many 

structural textbooks and based on it, it can be concluded that if shear rigidity becomes very large and 

shear deformations are negligible, one obtains the Euler buckling load. Additionally, it can be seen 

that for very short columns characterised by a very large Euler critical load, the critical load according 

to Engesser’s theory approaches their shear rigidity. 

2.4.3 Haringx’s theory 

In 1925, Biezeno and Koch [2-64] used Engesser’s approach for the stability of helical springs under 

compression and they found divergence of the theoretical results from the experimental ones, which 

questioned its validity. To be more specific, experiments showed that very short helical springs could 

never buckle in practice, while Engesser’s approach stated that their critical buckling load would be 

equal to their shear rigidity. In order to overcome this problem, a few years later in 1948 Hangrix 

[2-65], [2-66], proposed a different method known in the literature as “Modified Approach”. The 

theoretical results obtained with this procedure were in good agreement with the experimental ones 

for helical springs and the Modified Approach was commonly accepted in the field of mechanical 

engineering. A brief description of the applicability of Modified Approach to a Timoshenko simply-

supported column is presented next. 

The main difference of the concept behind the Modified Approach is that the shear force Q is no 

longer perpendicular to the deformed beam axis but instead is applied to the rotated due to bending 

only cross-section AA’, as shown in Figure 2-12. The applied axial force P is no longer perpendicular to 

the deformed cross-section BB’ and its angle with the horizontal axis is ψ. The divergence of the 

applied axial force P from the axis of the member’s centre of gravity is depicted in Figure 2-12 and 

was characterised by Gjelsvik [2-67] as “wrong assumption”. 

The shear force Q becomes: 

( )xQ =Pψ  (2-22)

It should be noted that the shear force Q is no longer the first derivative of the external bending 

moment.  

The shear deformation γ becomes: 

v

Pψ
γ=

S
 (2-23)
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The shear force perpendicular to the undeformed axis is similar to the one in Engesser’s theory: 

V=Q-Pψ  (2-24)

Based on Eqs. (2-5), (2-23) and (2-24) the following expression can be obtained: 

( )
v

V=S w'-ψ -Pψ  (2-25)

By differentiating Eq. (2-5) once and using Eq. (2-23) the following differential equation with respect 

to the total deflection w is obtained: 

2

2

v

w P
=ψ' 1+

x S

∂

∂

 
 
 

 (2-26)

Rearranging the terms in Eq. (2-26) the following equation is found: 

v

1 Pw
w'' + =0

P EI
1+

S

 
 
 
 
 
 

 
(2-27)

 

 

Figure 2-12: Deformed cross-sections and applied forces according to Haringx’s theory 

The solution of Eq. (2-27) is given in a sinusoidal form as: 

( ) ( ) ( )1 2

' '
w x =A sin α x +A cos α x  (2-28)

where A1 and A2 are integration constants, 

2

'
' Pβ

α =
EI

 (2-29)
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and 

v

' P
β = 1+

S

 
  
 

 (2-30)

By comparing Eq. (2-16) with Eq. (2-30) it can be seen that the difference is between the β and β’ 

terms. 

The differential equation with respect to ψ can be obtained with the use of Eq. (2-5), (2-8) and 

(2-23): 

v

EIψ'' P
- =ψ 1+

P S

 
  
 

 (2-31)

Rearranging Eq. (2-31) gives: 

v

1
+

P
1+

S

P
ψ'' ψ=0

EI

 
  
     

 

 (2-32)

The elastic critical buckling load of a Timoshenko column according to Haringx’s theory is equal to: 

E

cr,H

v

v

4P
-1+ 1+

S
P =

2

S

 (2-33)

Eqs. (2-21) and (2-33) contain the same terms and have both been used for the calculation of built-up 

columns’ critical loads. Timoshenko and Gere [2-68] stated that Eq. (2-33) is more appropriate for use 

in built-up columns despite the fact that it predicts a larger critical load. Nanni [2-69], Ziegler [2-70], 

Gjelsvik [2-67] and Blaauwendraad [2-71], [2-72] worked analytically on the applicability of the 

previously described methods to the analysis of Timoshenko members and concluded that Engesser’s 

method is expected to approach reality in a better way. Bazant and Cedolin [2-73], [2-74] stated that 

both methods are equivalent if the definition of shear rigidity is different for each procedure. Bazant 

and Beghini [2-75], [2-76] investigated the applicability of the analytical procedures to the buckling of 

soft-core sandwich columns. They concluded that whenever a sandwich structure is in small strain and 

a constant shear modulus is used in the calculations, the Engesser theory should be preferred.  

In general, formulas commonly used for shear rigidity correspond to Engesser’s approach, while 

helical springs should be analyzed according to Haringx’s theory. Commercial finite element software 

incorporates shear deformations in an approximate way, leading to results close to Engesser’s 

method. It should be noted that the two methods of incorporating shear deformation differ only in the 

case of second-order analysis, while when no geometrical nonlinearity is considered they both lead to 

the same results. 

A comparison between the critical loads obtained with Haringx’s and Engesser’s methods (Eqs. (2-33) 

and (2-21), respectively) is shown in Figure 2-13 for simply-supported Timoshenko columns with Euler 

critical buckling loads varying from 10000kN to 100kN. It can be seen that Eq. (2-33) yields always 

higher critical loads and that the difference between the two methods becomes larger as the shear 
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rigidity is reduced. Additionally, this divergence is much more important in cases that the Euler critical 

load is much larger than the shear rigidity. 

0

2

4

6

8

10

12

0 5000 10000 15000 20000 25000

P
c
r,

H
/

P
c
r,

E

Shear rigidity (kN)

Euler load=10000kN

Euler load=1000kN

Euler load=500kN

Euler load=100kN

 

Figure 2-13: Comparison between Haringx’s and Engesser’s method 

2.4.4 Application of Engesser’s and Haringx’s theories in research 

Haringx’s method was used by Kelly [2-77] in the buckling analysis under tension of elastomeric 

bearings. Aristizabal-Ochoa [2-78] proposed a stability matrix for evaluating the elastic buckling load 

of Timoshenko members with arbitrary supports based on Haringx’s procedure. The same author 

[2-79] proposed first and second order slope-deflection equations suitable for the analysis of either 

determinate or indeterminate structures. 

Aristizabal-Ochoa [2-80] also compared different analytical procedures for the buckling analysis of 

Euler-Bernoulli and Timoshenko members confirming the previously mentioned merits of each 

method, stating that Modified Approach is capable of capturing buckling under tension, too. He then 

[2-81] proposed a method for the large deflection and post-buckling behaviour of Timoshenko beam-

columns with semi-rigid connections including axial effects. Finally, Aristizabal-Ochoa [2-82] expanded 

the matrix method for the stability and second-order analysis of Timoshenko beam-columns with 

semi-rigid connections. 

Bryant and Baile [2-83] performed slope-deflection analysis on Timoshenko members under 

transverse loading. Absi [2-84] proposed a set of slope-deflection equations for Timoshenko members 

with rigid connections at their ends based on Engesser’s method. Banerjee and Williams [2-85], based 

on Engesser’s method, investigated the validity of Eq. (2-21) in columns with other boundary 

conditions, among them many standard cases. It was shown to be valid in standard cases such as 

hinged-hinged, clamped-free and clamped-clamped columns and in members with end rotational 

springs of equal stiffnesses. However, it is not valid for the common clamped-hinged case and for 

hinged-hinged cases with end rotational springs of unequal stiffnesses, with the discrepancy reaching 

in some cases a magnitude of 20%. 
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Marinetti and Olivetto [2-86] proposed a second-order numerical method for the analysis of 

frameworks consisting of Timoshenko members. Their nonlinear equations can be solved either with 

the method of successive approximations or with procedures of the Newton-Raphson type. The 

authors presented examples highlighting the significant effect of shear deformations in cases that 

built-up members are used. 

Wang et al. [2-87] proposed an 8x8 matrix, providing exact stability criteria for Timoshenko columns 

with intermediate and end concentrated axial loads. Gengshu et al. [2-88] investigated the buckling 

and second-order effects in dual shear-flexural structural systems. They proved that the total buckling 

load was a simple summation of the buckling loads of the two component structures when they acted 

independently, and that the distribution of vertical loads among the two components played no role. 

Additionally, they proposed a simple formula for the amplification factor for the displacements and 

bending moments in such structural types. 

2.5 MODERN DESIGN CODES 

In this section, the design provisions of modern design codes for the analysis and design of laced and 

battened built-up columns will be presented. Emphasis will be given to Eurocode 3, which is the code 

used in European countries, containing much information based on the research mentioned in the 

previous sections. In all cases, the provisions concern built-up members with a constant cross-section 

along their length. 

2.5.1 Eurocode 3 provisions 

2.5.1.1 Analysis of built-up columns 

Eurocode 3 [2-24] provides guidance for simply-supported laced built-up columns under compression 

and small lateral loads causing single curvature deformation. It suggests that simply-supported laced 

columns with at least three panels are treated as Timoshenko columns with equivalent bending and 

shear rigidities, like the one shown in Figure 2-14. The initial imperfection is based on the first 

buckling mode of simply-supported columns having the half wavelength and a maximum magnitude at 

the mid-height. Eurocode 3 suggests that the imperfection’s value at mid-height should be equal to 

eo=L/500, a value experimentally characterised as sufficiently safe for all types of built-up columns by 

Uhlmann [2-89]. 

For a built-up column with two similar flanges the axial force applied to the more compressed chord 

can be calculated as: 

Ed o ch
ch,Ed Ed

eff

M h A
N =0.5N +

2I
 (2-34)

where NEd is the applied axial compressive force, ho is the lever arm between the centres of gravity of 

the chords (Figure 2-15), Ach is the cross-sectional area of the chords, Ieff is the equivalent second 

moment of inertia of the built-up member (that will be defined next) and MEd is the maximum bending 

moment at mid-height.  
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The maximum bending moment is given by: 

I

Ed o Ed
Ed

Ed Ed

cr v

N e +M
M =

N N
1- -

N S

 
(2-35)

where 
I

EdM is the first-order bending moment at the mid-height due to transverse loads, Sv is the shear 

rigidity of the column (depends on the type of the shear system as it will be illustrated in the following 

sections) and Ncr is the elastic critical buckling load of the built-up member if shear deformations are 

neglected, given by: 

2

eff
cr 2

π EI
N =

L
 (2-36)

 

Figure 2-14: Imperfect simply-supported column in its undeformed imperfect configuration [2-24] 

The maximum shear force at the ends of the built-up member is given by: 

Ed
Ed

M
V =π

L
 (2-37)

Eurocode 3 states that these provisions should be accordingly modified for other types of boundary 

conditions without providing any further instructions. 

2.5.1.2 Laced built-up columns 

The equivalent second moment of inertia of a built-up cross-section consists of the inertia of the 

chords as individuals and of the Steiner term: 

2
ch o

eff ch

A h
I = +2I

2
 (2-38)

where Ich is the in-plane moment of inertia of the chords (usually the moment of inertia about z-z 

axis) as depicted in Figure 2-15. It can be seen that built-up columns have significantly increased 

stiffness when compared to solid members due to the distance of the material from the elastic neutral 
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axis of the cross-section. The chords’ moment of inertia is usually much smaller than the Steiner term 

in laced columns and can even be neglected. 

 

Figure 2-15: Part of a typical laced column and its built-up cross-section [2-24] 

The shear rigidity in laced columns is offered by the lacing bars, and depends on the arrangement. 

Commonly encountered cases are shown in Figure 2-16. Eurocode 3 contains formulas for calculating 

the shear rigidity only for the first three cases, but expressions for all five cases were provided by 

Ramm and Uhlmann [2-23] and will be presented here for completeness. 

     

(a) V-lacing (b) N-lacing (c) Z-lacing (d) X-lacing 
(e) X-lacing with 

transverse bars 

Figure 2-16: Different types of lacing systems 
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For obtaining the shear rigidity, the model of a single cell can be considered, assuming that all 

component members are subjected only to axial forces (each component is pin-ended). The lacing in 

Figure 2-16(c) is analysed here for better explanation of the procedure. The application of shear 

forces Q at the top and bottom nodes of a single cell (Figure 2-17) leads to the shear deformation of 

the whole cell. The total shear deformation can be described as the summation of two components: 

1 2γ=γ +γ  (2-39)

where γ1 is the shear deformation due to the axial extension of the diagonal and γ2 is the shear 

deformation due to the axial extension of the transverse bar. 

  

(a) (b) 

Figure 2-17: Deformation of cell due to axial extension of (a) diagonal and (b) transverse bar 

The force applied to the diagonal is equal to Q/cosφl and the displacement δ1 becomes: 

1

d d

l
l l l

Q d Qa
δ cosφ = =

cosφ A E A Ecosφ sinφ
 (2-40)

where φl is the angle between the diagonal and the transverse bar, E is the Young’s modulus, Ad the 

cross-sectional area of the diagonal, d the length of the diagonal and a the length of the panel. 

The shear deformation γ1 is therefore equal to: 

1
1 2

d l l

δ Q 1
γ = =

a A E cos φ sinφ
 (2-41)

The displacement δ2 is equal to (Av=transverse bar’s cross-sectional area): 

o
2

v

Qh
δ =

A E
 (2-42)

Similarly, the shear deformation γ2 based on Eq. (2-42) is equal to: 

2
2

v l

δ Q 1
γ = =

a A E tanφ
 (2-43)
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By considering that shear deformation is the ratio between the shear force and the shear rigidity and 

by combining Eqs. (2-39), (2-41) and (2-43), the shear rigidity for Z-lacing can be calculated as: 

2

d o

3v
3 d o

3

V

=
EA ah

S
A h

d 1+
A d

 
 
 

 
(2-44)

The corresponding expression in Eurocode 3 contains the influence of the number of planes n and Eq. 

(2-44) becomes: 
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A d

 
 
 

 
(2-45)

Formulas for the calculation of shear rigidities for different lacing arrangements are given in Table 2-2. 

It can be concluded that in all cases the shear rigidity depends on the axial stiffness and geometrical 

parameters that include the panels’ length a, the lever arm between the chords ho and the length of 

the diagonal bars d. It can be concluded that the larger the axial stiffness nEAd of the diagonal bars, 

the larger the shear rigidity of the lacing system. If the value nEAd is considered to be constant, the 

effect of angle φl (which deals with the geometrical parameters) on the shear rigidity can be 

investigated and expressed in an “effectiveness factor” that its expressions are provided in Table 2-3. 

The relation between the effectiveness factor and angle φl is graphically presented in Figure 2-18. It 

can be concluded that the lacing systems become more efficient leading to increased shear rigidities 

for angles φl between 30 and 50 degrees. For other values of angle φl the lacing bars are not fully 

exploited and this becomes prominent for large angle values. 

Table 2-2: Formulas for shear rigidities of different lacing arrangements 

V-lacing N-lacing Z-lacing 
 

X-lacing and X-lacing with 

transverse members 
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Table 2-3: Formulas for effectiveness factor of different lacing arrangements 

V-lacing N-lacing Z-lacing 

 

X-lacing and X-lacing with 
transverse members 
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Figure 2-18: Relation between the effectiveness factor and angle φl in lacing systems 

Laced columns’ chords between connectors should be checked against axial forces considering their 

buckling capacities according to the provided buckling curves. Each chord should satisfy the following 

inequality: 

ch,Ed

b,Rd

N
1,0

N
≤  (2-46)

where Nch,Ed is the maximum axial force applied along the chord as obtained by Eq. (2-34) and Nb,Rd is 

the buckling strength of the chord between successive lacing connections at mid-height. The effective 

buckling length factor is taken equal to unity considering that the mid-height panel behaves as a 

simply-supported member. In this way the rotational stiffness that adjacent panels and lacing bars 

offer to the critical panel is ignored. Similarly, the diagonal bars at the ends should be checked against 

axial forces that are calculated based on the shear force perpendicular to the deformed axis of the 

column as obtained by Eq. (2-37). 

The buckling length of each panel Lch can be considered according to Table 2-4 for four-pieced laced 

columns. In two-pieced laced columns it can be taken equal to a. 
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Table 2-4: Lacing bars in four planes and corresponding effective buckling lengths Lch [2-24] 

Lch = 1.52a 

 

Lch = 1.28a 

Lch = a 

 

Some recommended constructional details include: 

− Parallel planes should be in accordance as in Figure 2-19(a) for avoiding torsional effects that will 

be significant in the case of Figure 2-19(b). 

− At the ends of each laced column and at connections with other members, linking elements should 

be provided. 
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Truss view A Truss view B  Truss view A Truss view B 

a) Trusses in correlation 

(Recommended) 
 

b) Trusses not in correlation 

(Not recommended) 

Figure 2-19: (a) Recommended and (b) unacceptable arrangement of lacing bars in parallel planes [2-24] 

2.5.1.3 Battened built-up columns 

The equivalent second moment of inertia of a battened column’s (Figure 2-20) built-up cross-section 

consists of the inertia of the chords as individuals and of the Steiner term: 

2
ch o

eff ch

A h
I = +2µ'I

2
 (2-47)

The factor µ’ was introduced according to the work of Klӧppel and Uhlmann [2-20] in order to account 

for the effect of plasticity. To be more specific, the authors concluded that battened built-up struts 

enter the elastoplastic range, in which the bending stiffness is reduced, due to the plastification of 

outer fibres. This can happen before the chords reach their ultimate strength leading to increased 

displacements and compressive forces applied to the chords. The authors performed analytical and 

numerical calculations taking into account plastification and elastic calculations considering both µ’=0 

(lower bound) and µ’=1 (upper bound). They concluded that in very slender battened built-up struts 

(characterised by very large values of global slenderness λ) the effect of plastified regions on the 

global response is much more important than in less slender ones. This conclusion is clearly expressed 

in Table 2-5, where the proposed value of µ’ is equal to zero for large slenderness leading to small 

bending stiffness and equal to unity for small slenderness leading to full exploitation of the chords’ 
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bending stiffness. Intermediate slendernesses lie between the two boundaries. It can be seen that 

obtaining a solution requires an iterative procedure. 

Table 2-5: Efficiency factor µ’ [2-24] 

criterion Efficiency factor µ’ 

λ≥ 150 0 

75 < λ < 150 2-λ/75 

λ≤ 75 1.0 

where λ is the slenderness of the whole column considering 
the full second moment of inertia 

It is worth mentioning that this finding is quite surprising as exactly the opposite happens in solid 

members. In solid columns the influence of plasticity is much more important in the range of small 

slendernesses while very slender columns behave almost elastically. The authors attributed this 

deviation from normal behaviour to the many counterparts that exist in a battened built-up column 

and to the continuous connection between the flanges and the battens that lead to a complex 

interaction between the whole column and the individual panels. 

 

Figure 2-20: Part of a typical battened column and its built-up cross-section [2-24] 

The shear rigidity in battened columns with constant interval between battens is offered by both the 

flanges and the battens. The general derivation based on the concept of the Vierendeel truss, 

presented by Timoshenko and Gere [2-68] and incorporated in Eurocode 3, will be presented here for 

completeness. In a Vierendeel truss points of inflection are considered to be located at the middle of 

each panel and at the middle of each batten. Therefore, a statically determinate structure can be 

separated and considered for structural analysis. Consider a part of a typical battened column 

between successive points of inflection along the chords, as shown in Figure 2-21, subjected to shear 
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forces Q at its ends. The total shear deformation results from the deformation of the battens and 

flanges: 

1 2δ +δ
γ=

a

2

 
(2-48)

where δ1 is the displacement at the tip due to the batten’s deformation and δ2 is the displacement at 

the tip due to the flange’s deformation. The rotation θ at the ends of the batten is equal to: 

o

b

h
θ= M

6EI
 (2-49)

where Ib is the second moment of inertia of the batten about its axis of bending and M is the applied 

moment at the ends of the batten. The bending moment at the ends of the batten M is equal to Qa/2 

and substituting in Eq. (2-49) gives: 

0

b

Qah
θ=

12EI
 (2-50)

 

Figure 2-21: Deformed shape of battened column’s part subjected to shear forces at its ends 

The displacement δ1 based on Eq.(2-50) is equal to: 

2

0
1

b

Qa hθa
δ = =

2 24EI
 (2-51)

The displacement δ2 considering the deflection formula for a cantilever under an end point load is: 

3 3

2
ch ch

Q a 1 Qa
δ = =

2 2 3EI 48EI

 
 
 

 (2-52)
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The inverse of the shear rigidity arises by using Eqs. (2-48), (2-51) and (2-52): 

2
0

v b ch

ah1 γ a
= = +

S Q 12EI 24EI
 (2-53)

After some manipulation Eq. (2-53) becomes: 

ch
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24EI
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(2-54)

If the number of battens’ planes is denoted as n, the shear rigidity incorporated in Eurocode 3 is 

obtained: 
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2I h
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(2-55) 

It can be seen that in Eq. (2-54) only the bending deformations of the components are considered. In 

the case of very short battens and/or panels the effect of shear deformations may have to be 

considered, too. 

Additionally, it can be observed that the length a/2 of each cantilever is measured from the centres of 

gravity of the battens and the length of each batten ho is measured from the centres of gravity of the 

chords. These lengths can be refined in cases of welded joints, as within the finite dimensions of the 

rigid welded connections deformations are rather limited. Using Eq. (2-54) is always on the safe side 

in that respect. 

Eurocode 3 requires that the shear rigidity obtained with Eq. (2-54) should satisfy the following 

inequality: 

2
ch

v 2

2π EI
S

a
≤  (2-56)

Eq. (2-56) was obtained by Klӧppel and Uhlmann [2-20] considering rigid batten-plates and 

comparing the critical load of a single panel with that of the whole member. It corresponds to the 

case that a single panel would buckle elastically and its contribution to the shear rigidity would be 

cancelled due to the second-order effects in the flanges. The concept behind the upper limit set in 

Eurocode 3 was previously considered by other researchers [2-13], [2-18] too, with the introduction 

of a second-order magnification factor to the term related to the chords in the shear rigidity formula. 

The chords in battened columns should be checked against the combination of axial forces Nch,Ed 

applied to the chords and the bending moment VEda/4 which are shown in Figure 2-22. Apart from the 

cross-sectional checks, the chords should be checked against buckling with use of the interaction 

formulae included in Appendices A and B of Eurocode 3 for methods 1 [2-90] and 2 [2-91], 

respectively. 
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Figure 2-22: Axial forces and bending moments in a part of a battened column [2-24] 

The following recommended constructional details are included in Eurocode 3: 

− Batten plates at each column’s end should be provided. 

− Two parallel battens should be placed at every joint. 

− Battens should be provided at intermediate points at which either loads are applied or lateral 

supports converge. 

2.5.1.4 Comparison between laced and battened built-up columns 

Laced and battened built-up columns have different shear systems, something that differentiates their 

structural response and behaviour. As it was shown in the previous subsection, in laced built-up 

columns only the lacing bars participate in the shear system while in battened ones both battens and 

chords do. In this subsection a qualitative and quantitative comparison between the efficiency of the 

shear systems of the two built-up columns types is made by varying the lever arm ho and the panels’ 

length a. 

A simply-supported column with a length of 12m and a chords’ cross-section HEB300 will be examined 

in laced (Z-lacing) and battened configuration. Lacing bars and battens have a rectangular cross-

section 31x10 and 100x10, respectively. In the first parametric study, the panels’ length is kept 

constant and equal to 60cm while the lever arm ho varies from 20cm to 90cm affecting the elastic 

critical buckling load, too. The results are summarized in Figure 2-23 in which the lever arm is plotted 

on the horizontal axis and the ratio between the Euler buckling load and the shear rigidity (indicative 

of the effect of shear deformations on the elastic critical buckling load of simply-supported 

Timoshenko members as shown in Eq. (2-21)) is plotted on the vertical axis. The larger the value of 

this ratio becomes, the more significant the effect of the shear deformations on the elastic critical 

buckling load is. It can be observed that for small values of the lever arm the battened member has 
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larger shear rigidity than the laced one as the battens have a small length and small bending 

deformations. Meanwhile, for small values of the lever arm in the laced column, the angle φl is very 

large and the lacing system less effective as shown in Figure 2-18. For values of the lever arm larger 

than approximately 30cm, the shear rigidity of the battened column reduces significantly while this is 

not the case for the laced member in which a mild reduction takes place. For this reason, the use of 

battened members in cases of large lever arms is expected to lead to large effects of shear 

deformations. 
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Figure 2-23: Effect of lever arm ho on the ratio between the Euler buckling load and the shear rigidity 

In the second parametric study, the lever arm is kept constant and equal to 60cm while the length of 

the panels varies from 43cm to 240cm. The results are summarised in Figure 2-24 in which the 

panels’ length is plotted on the horizontal axis and the ratio between the Euler buckling load and the 

shear rigidity is plotted on the vertical axis. In all cases, the shear rigidity of the battened member is 

less than the one of the laced column, resulting in similar conclusions to the first parametric study. 
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Figure 2-24: Effect of panels’ length a on the ratio between the Euler buckling load and the shear rigidity 
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Therefore, it is made clear that laced columns are much more efficient in terms of shear rigidity in 

most cases. For this reason, they are preferred in cases of important lateral loads that require both 

large bending and shear rigidity. The battened columns are commonly used either in cases in which 

no significant shear forces are expected in the structure or in cases that a bracing system is used for 

transferring the transverse loads in their plane. 

2.5.2 Older German Design Code provisions (DIN 18800 - Part 2) 

The design concepts presented for Eurocode 3 [2-24] can also be found in DIN 18800-Part 2 [2-92] 

and will not be repeated. 

2.5.3 American Institute of Steel Construction L.R.F.D. provisions 

L.R.F.D. [2-93] focuses on the design of closely spaced built-up columns, in which the two flanges are 

connected with the use of interconnectors. Therefore, it considers the effect of shearing due to the 

deformation of the interconnectors and of the flanges, battens and laces. Closely spaced built-up 

columns are out of the research area of the present doctoral thesis and will not be further discussed. 

2.6 CONCLUSIONS 

In this chapter, the existing literature regarding laced and battened built-up columns is described. 

Initially, the existing research work on built-up members is presented focusing on experimental, 

numerical and analytical procedures from the very beginning of the 21st century until the main issues 

that differentiate them from solid members became clearer. The effect of compound buckling and 

shear deformations in built-up columns is then summarised. Finally, the guidance of Eurocode 3 

regarding simply-supported columns is thoroughly described and light is shed on issues that are not 

clearly explained in the code. 

Based on the literature review and code specifications described in this chapter, it can be concluded 

that they are mainly related to simply-supported laced members subjected to axial loads. Additionally, 

the effect of compound buckling is not fully investigated and the existing numerical methods for 

incorporating its effect on structural analysis of laced members are computationally demanding. On 

the other hand, in practice, laced members are subjected to both axial and lateral loads and belong to 

industrial frames. As a result, they rarely belong to the limited categories that literature and codes 

cover and there is not a sufficient procedure that an engineer of practice can use for their accurate 

design. 

The present doctoral thesis aims at bridging this gap by investigating the structural behaviour of laced 

built-up columns including the effects of shear deformations and compound buckling. In this way, it 

intends to provide guidance for the analysis and design of laced members with arbitrary supports 

under both axial and lateral loading. In order to achieve this goal, it includes experimental tests, 

numerical procedures and analytical methods contributing to both engineering practice and scientific 

knowledge. 
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3 EXPERIMENTAL INVESTIGATION 

3.1 INTRODUCTION 

In this chapter the experiments of laced built-up columns that took place in the context of the present 

doctoral thesis will be presented. Main purpose of this experimental work was the in-plane testing of 

scaled Z-lacing type built-up columns under significant eccentricities of the applied axial loading at the 

ends. Parameters like the magnitude and direction of eccentricity, the profile of the chords and the 

density of the lacing varied, in order to address their effect on the columns’ capacity. The 

measurements performed during the tests can be classified in two categories: (i) global 

measurements that characterise the overall structural response of the specimens in terms of load–

displacement curves with the use of LVDTs, and (ii) local measurements that characterise the local 

structural response of the specimens in terms of load-strain curves with the use of strain gauges. In 

general, previous experimental tests focused only on the first category of measurements and 

identification of local failures was mainly based on visual observations. Apart from the assessment of 

the structural behaviour and failure of laced columns, the present experimental investigation was also 

used as the basis for the calibration of numerical models. 

3.2 DESCRIPTION OF EXPERIMENTS AND EXPERIMENTAL SET-UP 

3.2.1 Specimen groups 

A total number of 10 simply-supported eccentrically loaded columns have been tested (5 pairs of 

similar columns for repeatability purposes) at the Institute of Steel Structures in the School of Civil 

Engineering of the National Technical University of Athens. The specimens were constructed by the 

Greek company NOE Constructions S.A. [3-1] that is active in the field of the design, fabrication and 

erection of many kinds of steel structures. Balance between the desirable research aspects and the 

limitations imposed by the existing equipment in the laboratory on the specimens and the maximum 

load that the actuator could apply led to the selection of geometry and cross-section of specimens. 

The total available height is approximately equal to 3.9m within which the actuator, the top and 

bottom supports and the specimen should be placed, thus leading to an available height of 234.5cm 

for the specimens. Additionally, the maximum load that the actuator could safely apply is equal to 

500kN. 
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Each specimen was named according to the group it belonged to, followed by the number 1 or 2 (i.e. 

the two specimens of group 1 were named 1(1) and 1(2)). Indicative sketches of the column 

specimens in the five groups together with their top and bottom hinged supports and eccentricities 

(etop and ebot) are shown in Figure 3-1. The numbering of the panels is also shown, as measured 

starting from the bottom support. The nominal length L of all specimens was equal to 202cm, while 

their effective length Le, as measured from the top pinned support to the bottom one, was equal to 

234.5cm (satisfying the maximum height limitation). In all cases the lacing bars had an angle cross-

section L25x25x3 and were welded on the chords. Additional characteristics for each specimen group 

including panels’ lengths, flanges’ cross-sections, magnitude and direction of eccentricities of the loads 

at the ends (considered as positive when resulting in clockwise end moment), are listed in Table 3-1. 

 

Figure 3-1: Specimen groups 

Table 3-1: Characteristics of the five specimen groups 

Group  Panel’s length a (cm) Flanges’ cross-section etop (cm) ebot (cm) 

1 40 UNP60 10 -10 

2 20 UNP60 10 -10 

3 40 IPE80 10 -10 

4 40 UNP60 10 8 

5 40 UNP60 5 -5 

The design of the specimens was based on allowing failure to take place only along the chords. The 

specimens’ diagonal bars were selected to have sufficient over-strength, in accordance with common 

practice. This was one of the main reasons for selecting angle cross-sections for the diagonal bars, as 

they are characterised by larger buckling strengths when compared to rectangular cross-sections of 

the same area. Observing the eccentricities of the loads at the top and bottom of the specimens, it 

can be concluded that in Groups 1, 2, 3 and 5, the specimens were subjected to end moments of 

opposite direction (single curvature) and in Group 4 to end moments of the same direction (double 

curvature). The first two groups differed only as far as the density of the lacing is concerned, in order 
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to investigate the effect of a stiffer lacing, of the total number of welds and of the smaller length of 

panels on the structural response and bearing capacity of the columns. Group 1 had a mono-

symmetric UNP60 cross-section, while Group 3 had a doubly symmetric IPE80 cross-section. Based on 

their comparison it could be observed whether the eccentrically loaded UNP chords exhibit significantly 

different behaviour from the centrically loaded IPE chords. Comparison between Group 1 (single 

curvature deformation) and Group 4 (double curvature deformation) would highlight the differences 

between initiation of failure from an intermediate and from an end panel. Finally, Group 5 had half 

magnitude of eccentricity at its ends in comparison with Group 1, so that axial load would play a more 

important role than the end bending moments, leading in this way to more pronounced geometrical 

nonlinearity. Three-dimensional views of the specimen groups are shown in Figure 3-2. The bolts that 

were used for connecting the main body of the specimens with the supports, and the supports with 

the testing frame at the bottom and actuator at the top, are also depicted. These bolts were 

prestressed in order to achieve full cooperation between the connecting elements, thus allowing the 

consideration that they acted as one. 

   
 

 

Group 1 Group 2 Group 3 Group 4 Group 5 

Figure 3-2: Three-dimensional views of the five specimen groups 

The maximum load expected for the geometry and cross-sections selected, was calculated for Group 

3.  According to the conservative calculations of Eurocode 3, it was approximately equal to 159kN and 

227kN for S235 and S355 steel, respectively. The possibility of obtaining a larger collapse load due to 

higher steel’s strength and/or due to smaller initial global and local imperfections would not be 

worrying as a sufficiently safe margin was left from the 500kN that the actuator could apply. 
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3.2.2 Testing frame 

A typical specimen after its vertical placement in the testing frame is depicted in Figure 3-3. At the top 

and bottom of the specimens hinged supports were used for the connection with the actuator and 

frame, respectively. The supports’ design was based on the concept that for the expected magnitude 

and direction of load they should behave elastically and be sufficiently rigid. Horizontal beams were 

placed at specimens’ mid-height in order to restrict out-of plane movement. The horizontal beams 

were at a very small distance from the specimens so that any undesirable contact between them 

would be avoided. 

Due to the type of loading imposed on the specimens both vertical and horizontal reactions were 

expected to appear at the supports. The vertical reactions could be safely transferred to the testing 

frame through the top and bottom supports. The horizontal reaction at the bottom could also be 

directly transferred to the testing frame, but this was not the case at the top. In order to avoid 

stressing the actuator horizontally, due to horizontal reactions at the top end of the column, a special 

device was constructed and placed at the top of each column as shown in Figure 3-4. This device 

consisted of two cantilevers that were rigidly connected to the frame and had rollers at their free end, 

facilitating in this way the vertical movement of the actuator. It was crucial that the rollers move 

freely and transfer no vertical load from the actuator to the cantilevers. 

 

Figure 3-3: View of typical specimen at the testing frame 

 

Figure 3-4: Close view of top support 
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3.2.3 Testing procedure and measuring devices 

The tests were performed with the use of a 500kN actuator of maximum pressure equal to 250bar 

constructed by company MALVASIA [3-2] operating in displacement control. The rate control of the 

applied displacement was in all cases equal 0.0025mm/s. The machine controlling the actuator 

measured the applied vertical displacement and automatically transformed it into load.  

In Figure 3-5 the locations of measuring devices are depicted. LVDTs (Linear Variable Differential 

Transformers) by company KYOWA [3-3] (Figure 3-6) were used for measuring the deflections at the 

mid-height (Groups 1, 2, 3, 5) and at a distance equal to 1/5 of the actual length from the bottom and 

top support of the column (Group 4). Their measurements were used for obtaining load-horizontal 

displacement graphs and identifying the global response of the columns. The measurement of the 

strains took place with the use of sensing elements that electrically detect micro mechanical changes 

through a change of their resistance. The strain gauges were provided by KYOWA [3-3] and had a 

nominal resistance of 120 Ω. Additionally, strain gauges were placed at various locations on the web 

of the compressed chords (named A, B and C in Figure 3-5) along the columns (Figure 3-7) and on 

the side of the end diagonal bar (denoted as D in Figure 3-5) welded on the chords. Their 

measurements were related to the axial strain which was used for observing the local response of the 

panels. The locations of the strain gauges were selected to be such that the local behaviour of many 

panels could be identified, including regions that remained elastic and those that entered the plastic 

region. Special care was given for the correct placement of the strain gauges by polishing the 

desirable location in order to ensure a satisfactory contact between the strain gauge and the surface.  

 

Figure 3-5: Specimen groups with locations of measuring devices 
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Figure 3-6: LVDT placed at mid-height of specimen 

 

Figure 3-7: Strain gauge placed at the web of the chord 

3.3 MATERIAL PROPERTIES 

The material properties of the steel used for manufacturing the specimens were extracted through 

tensile tests with the use of displacement control in appropriately designed coupons obtained from the 

columns’ flanges. The geometry of the coupons and the testing procedure was based on the guidance 

provided by DIN 50125 [3-4]. The tensile tests took place at a servo-hydraulic testing frame by 

INSTRON [3-5] that is capable of applying 300kN. The results were given in terms of applied load and 

corresponding displacement of the coupons’ edges from which the engineering stress (σe) and 

engineering strain (εe) could be calculated. The true stress (σt) and true strain (εt) that account for the 

change of the coupons’ width during the loading process were calculated according to the following 

formulas: 

( )e etσ =σ 1+ε  (3-1)

( )etε =ln 1+ε  (3-2)
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A view of a typical coupon at its final shape before testing is shown in Figure 3-8 and during testing in 

Figure 3-9. The width’s reduction at the mid-height of the coupon due to Poisson’s effect is clearly 

seen. 

 

Figure 3-8: Typical tensile coupon 

 

Figure 3-9: Coupon during the tensile test 

The average Young’s modulus for all specimens was 210GPa. The yield stress for each coupon was 

taken as the 0.2% proof stress found in the plateau following the elastic branch. The mean yield 

stresses for each group are given in Table 3-2. A typical true stress-true strain graph is given in Figure 

3-10. 

Table 3-2: Mean yield stresses of specimen groups 

 Group 1 Group 2 Group 3 Group 4 Group 5 

Yield stress (MPa) 338 338 395 335 302 
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Figure 3-10: True stress-true strain relationship for the steel of Group 1 
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3.4 EXPERIMENTAL RESULTS 

The experimental results are summarized in the following sections for every group separately. 

Equilibrium paths, indicative load-strain diagrams and indicative deformed shapes are presented. The 

maximum load along the equilibrium paths was considered to be the collapse load. The panel from 

which failure initiated and had the largest local lateral deflections will be characterised as critical panel 

in the following sections. Global buckling will refer to buckling of the column as a whole and local 

buckling to buckling of one of the chords between adjacent connections. 

3.4.1 Group 1 

The equilibrium paths of the specimens 1(1) and 1(2) are depicted in Figure 3-11. The collapse load of 

the specimens was 200kN. In the post-buckling range, the second panel buckled inwards for both 

specimens 1(1) and 1(2), as shown in Figure 3-12(a) - (b). It was thus concluded that the critical 

panels were the second ones in both specimens, although all three intermediate panels were expected 

to have similar high level of stress. This was verified by the strain measurements at location A (panel 

3), shown in Figure 3-13, where buckling was not observed but a strain magnitude larger than the 

one that corresponded to the yield strain was reached. 

 

Figure 3-11: Equilibrium paths of specimens 1(1) and 1(2) 

The strain measurements of the end diagonal at location D are depicted in Figure 3-14. It can be seen 

that a satisfactory agreement between them exists and that the strains appearing along the end 

diagonals were relatively small, as single curvature deformations did not lead to significant shear 

forces at the ends of simply-supported columns. Their existence therefore was attributed to the 

relatively small shear forces and to arbitrary unmeasurable parameters that differed in the two tests. 

The diagonals remained in the elastic region. 
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(a) (b) 

Figure 3-12: Deformed shape of specimens (a) 1(1) and (b) 1(2) 

 

Figure 3-13: Load-strain relationship at location A of Group 1 specimens 
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Figure 3-14: Load-strain relationship at location D of Group 1 specimens 

3.4.2 Group 2 

The equilibrium paths of specimens 2(1) and 2(2) based on the horizontal mid-height displacement 

are depicted in Figure 3-15. The collapse load of the specimens was 206kN and the more dense lacing 

arrangement offered only a small increase in the capacity in these specific cases. The stocky 

behaviour of the specimens at local level resulted in no local buckling of the panels. The single 

curvature deformed configurations of specimens 2(1) and 2(2) in the post-failure range are shown in 

Figure 3-16(a) - (b). The strain measurements along the compressed chord at locations A, B and C 

are shown in Figure 3-17 to Figure 3-19, respectively. The regions B and C reached high levels of 

strain, revealing that plastification initiated earlier at these locations. From this remark, it was 

concluded that the critical panels were the fifth and sixth ones in both specimens. This was verified by 

the strain measurements at location B (panel 5) which reached a magnitude larger than the one 

corresponding to yield strain. 

 

Figure 3-15: Equilibrium paths of specimens 2(1) and 2(2) 
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(a) (b) 

Figure 3-16: Deformed shape of specimens (a) 2(1) and (b) 2(2) 

The strain measurements of the end diagonal at location D are shown in Figure 3-20. It can be seen 

that the strains appearing along the end diagonals were relatively small, as single curvature 

deformations did not lead to significant shear forces at the ends of simply-supported columns. Their 

existence was attributed, as for Group 1, to the small shear forces and to random factors that were 

not measured and resulted in differences between them. The diagonals remained elastic during the 

tests. 

 

Figure 3-17: Load-strain relationship at location A of Group 2 specimens 
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Figure 3-18: Load-strain relationship at location B of Group 2 specimens 

 

Figure 3-19: Load-strain relationship at location C of Group 2 specimens 
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Figure 3-20: Load-strain relationship at location D of Group 2 specimens 

3.4.3 Group 3 

The equilibrium paths of specimens 3(1) and 3(2) based on the horizontal mid-height displacement 

are shown in Figure 3-21. The collapse load of the specimens was 309kN, larger than in Groups 1 and 

2. This was attributed to the stronger chords used (IPE80 instead of UNP60) in terms of both axial 

and bending rigidity. The single curvature deformed configurations of specimens 3(1) and 3(2) in the 

post-failure range are shown in Figure 3-22(a) - (b). It can be seen that the fourth and third panels 

buckled inwards in specimens 3(1) and 3(2), respectively. As in the previous cases, the intermediate 

panels were expected to have similar stress levels and therefore the different locations of local 

buckling in Group 3 indicated the presence of initial imperfections. These initial imperfections could be 

attributed either to material non-homogeneity or geometrical out-of-straightness or combination of 

these. The strain measurements along the compressed chord at locations A, B and C are shown in 

Figure 3-23 - Figure 3-25, respectively, revealing that the material yielded in all three regions. 

 

Figure 3-21: Equilibrium paths of specimens 3(1) and 3(2) 
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(a) (b) 

Figure 3-22: Deformed shape of specimens (a) 3(1) and (b) 3(2) 

The strain measurements of the end diagonal at location D are presented in Figure 3-26. It can be 

seen that the strains appearing along the end diagonals were relatively small as in the previous 

groups. Additionally, they differed significantly between each other highlighting that for such small 

magnitudes many unknown factors may have played a role in them. The diagonal bars remained 

elastic throughout the tests. 

 

Figure 3-23: Load-strain relationship at location A of Group 3 specimens 
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Figure 3-24: Load-strain relationship at location B of Group 3 specimens 

 

Figure 3-25: Load-strain relationship at location C of Group 3 specimens 



64  Chapter 3 

Doctoral Thesis of Konstantinos Kalochairetis   N.T.U.A. 2014 

 

Figure 3-26: Load-strain relationship at location D of Group 3 specimens 

3.4.4 Group 4 

The equilibrium paths of specimens 4(1) and 4(2) are presented in Figure 3-27 for the displacement at 

the top and in Figure 3-28 for the displacement at the bottom. The collapse loads were equal to 

230kN and 209kN for specimens 4(1) and 4(2), respectively. Double curvature deformation led to very 

small horizontal displacements which differed significantly at the bottom between the two tests. The 

deformed configurations of specimens 4(1) and 4(2) in the post-failure range are shown in Figure 

3-29(a) - (b). It should be noted that the eccentricity at the top was slightly larger than at the bottom 

(see Table 3-1) and for this reason the fifth panel buckled inwards in both specimens. The strain 

measurements along the compressed chords at locations A, B and C are shown in Figure 3-30 - Figure 

3-32, respectively. It can be concluded that the material at locations A and B remained elastic, while 

at location C it was plastified. 

 

Figure 3-27: Equilibrium paths of specimens 4(1) and 4(2) based on horizontal displacement at the top 
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Figure 3-28: Equilibrium paths of specimens 4(1) and 4(2) based on the horizontal displacement at the bottom 

  

(a) (b) 

Figure 3-29: Deformed shape of specimens (a) 4(1) and (b) 4(2) 

The strain measurements of the end diagonal at location D are shown in Figure 3-33. It can be seen 

that the strains appearing along the end diagonals were relatively large due to the fact that double 

curvature caused large shear force at the ends of the columns. The two tests were in good agreement 

and the diagonals did not yield despite the larger magnitude of strains. 



66  Chapter 3 

Doctoral Thesis of Konstantinos Kalochairetis   N.T.U.A. 2014 

 

Figure 3-30: Load-strain relationship at location A of Group 4 specimens 

 

Figure 3-31: Load-strain relationship at location B of Group 4 specimens 
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Figure 3-32: Load-strain relationship at location C of Group 4 specimens 

 

Figure 3-33: Load-strain relationship at location D of Group 4 specimens 

3.4.5 Group 5 

The equilibrium paths of the specimens 5(1) and 5(2) related to the horizontal mid-height 

displacement are presented in Figure 3-34. The collapse load of the specimens was 247kN, larger than 

in Group 1 due to the smaller eccentricity at the ends. The single curvature deformed configurations 

of specimens 5(1) and 5(2) in the post-failure range are shown in Figure 3-35(a) - (b). It can be seen 

that the second and fourth panels buckled inwards in specimens 5(1) and 5(2), respectively. As in 

Group 3, the intermediate panels were expected to have similar stress levels and therefore the 

different locations of local buckling in Group 5 indicated the presence of initial imperfections. The 

strain measurements along the compressed chord at locations A, B and C are shown in Figure 3-36 - 

Figure 3-38, respectively. 
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Figure 3-34: Equilibrium paths of specimens 5(1) and 5(2) 

  

(a) (b) 

Figure 3-35: Deformed shape of specimens (a) 5(1) and (b) 5(2) 

The strain measurements of the end diagonal at location D are depicted in Figure 3-39. The 

conclusions were the same as the ones drawn for Groups 1, 2 and 3 (single curvature deformation). 
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Figure 3-36: Load-strain relationship at location A of Group 5 specimens 

 

Figure 3-37: Load-strain relationship at location B of Group 5 specimens 
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Figure 3-38: Load-strain relationship at location C of Group 5 specimens 

 

Figure 3-39: Load-strain relationship at location D of Group 5 specimens 

3.5 COMPARISON OF EXPERIMENTAL RESULTS 

The comparison between tests can shed light on the effect of various parameters, thus in this section 

the testing results of the different groups will be appropriately compared with each other. The 

comparison will be based on the experimentally obtained equilibrium paths. 

3.5.1 Group 1 - Group 2 

Based on Figure 3-40 where the equilibrium paths of specimens of Group 1 and 2 are compared, it 

can be concluded that the denser lacing arrangement resulted only in a small increase in stiffness and 

collapse load. Meanwhile, the larger number of welds required for the connection between the chords 

and the lacing bars in Group 2 did not lead to an obvious premature decrease of the stiffness due to 

the welding residual stresses. Of course this conclusion cannot be generalized, as welding procedures 
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differ significantly and may result in miscellaneous welding residual stress distributions and 

magnitudes.  

In their experimental work on laced built-up columns Klӧppel and Ramm [3-6] compared the 

experimental results with an analytical procedure and concluded that the analytical results were on 

the unsafe side for cases with very stiff lacing (and therefore numerous welds). The observation of 

premature plastification of the chords at the joints and the fact that internal bending moments could 

not be the only reason for this, made them test three more columns with annealed welded 

connections. The results showed that the columns behaved elastically until the ultimate load. As 

annealing is not a common practice in civil engineering constructions due to its cost, the authors 

proposed a conservative global imperfection of L/500 to be used in any type of lacing system. 

 

 Figure 3-40: Comparison of equilibrium paths of Groups 1 and 2 

3.5.2 Group 1 - Group 3 

The material of the two groups was not the same and for this reason a quantitative comparison 

cannot be directly done. Observing Figure 3-41, in which the equilibrium paths of specimens of 

Groups 1 and 3 are compared, it can be concluded that the larger area of the chords’ cross-section 

affected directly both the stiffness and capacity of the columns. Additionally, in Group 1 the critical 

panels deflected inwards after buckling and this could not be attributed only to the small eccentricity 

(distance between the cross-section’s centre of gravity and the point of loading) in the loading of the 

mono-symmetric UNP60 chords, as the same observation was made for Group 3 (double-symmetric 

IPE80 cross-section). This behaviour was attributed to the existence of small internal bending 

moments about the chords’ weak axis that triggered this direction of deflection.  

 

 Figure 3-41: Comparison of equilibrium paths of Groups 1 and 3 
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3.5.3 Group 1 - Group 4 

The material of the two groups was almost the same and the comparison between specimens of 

Groups 1 and 4 can be based on quantitative conclusions. In this subsection the comparison between 

specimens of Groups 1 and 4 is discussed. Group 1 and Group 4 had the same geometrical and 

loading characteristics but exhibited an opposite type of deformation. In Group 1 intermediate panels 

were more stressed, while in Group 4 the top end panels were expected to fail. Equilibrium paths 

could not be directly compared, as they referred to displacement at different locations of the column 

in elevation. Quantitative conclusions were drawn, as Group 1 and Group 4 had similar material yield 

strength. Double curvature deformation led to much smaller deflections and to 10% increase of 

collapse load (220kN mean value in Group 4 compared to 200kN in Group 1). Despite the different 

boundary conditions that the intermediate panels had when compared with end panels, no significant 

differences were observed in the type of local failure in specimens of Group 1 compared with the ones 

of Group 4. 

3.5.4 Group 1 - Group 5 

The material of Group 5 had a lower yield stress when compared with the one of Group 1. 

Nevertheless, when comparing Groups 1 and 5, by observing the equilibrium paths of their specimens 

presented in Figure 3-42, it can be concluded that the smaller eccentricity in Group 5 resulted in a 

larger collapse load and in smaller lateral deflections. The elastic part of the equilibrium paths of 

Group 5 was slightly more nonlinear due to the larger effect of the applied axial load. In the three out 

of four tests belonging to these groups failure initiated from the second panel, while in the fourth one 

from the fourth panel. As all other parameters were the same for the four specimens, this 

differentiation was attributed to the existence of initial imperfections that differed even among 

specimens of the same group. 

 

Figure 3-42: Comparison of equilibrium paths of Groups 1 and 5 

3.6 CONCLUSIONS 

In the present chapter the work and results related to the experimental effort made in the context of 

the present doctoral thesis were presented. Ten specimens (five pairs of similar specimens) were 

tested under combined axial load and end concentrated moments. The results related to both global 

and local responses were presented with the use of equilibrium paths and load-strain curves, 

respectively. Each group’s specimens were compared in a satisfactory way with each other verifying 

the existence of repeatability between the tests. The main technical conclusions can be summarised in 

the following: 
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− The global response and collapse load were affected mainly by the cross-sectional area of the 

chords and the magnitude and direction of eccentricity at the columns’ ends. 

− Overall collapse took place due to plastification of the more compressed chords and no plastic 

reserve was observed in the specimens. 

− In cases of relatively slender panels, local buckling of the critical panels was observed in the post-

buckling range. In cases of stocky panels only global deformation was seen. 

− The large number of welds in Group 2 did not lead to detrimental effect of welding residual stresses 

on the collapse load in the specific cases examined. 

− The critical panels buckled inwards in all cases highlighting that local behaviour was affected by 

internal bending moments about the weak axis of the chords that triggered this direction of 

deformation. 

− The local buckling of different intermediate panels even in specimens (Group 3 and Group 5) of the 

same group revealed that local initial imperfections existed. This was not the case in Group 4, 

where the end panels were much more stressed than the other panels and initial imperfections 

could not modify the location of failure. 

The obtained experimental results led to qualitative and quantitative conclusions as presented in this 

chapter. Nevertheless, the performance of a very large number of tests is practically difficult as they 

require financial funding and are very time consuming. For this reason, the calibration of numerical 

models according to experimental results, and the use of them for performing a large number of 

analyses (in order to draw additional qualitative and quantitative conclusions) can prove beneficial in 

the field of structural engineering. Based on this concept, in Chapter 4 numerical models will be 

calibrated relying on the experimental results of Chapter 3. 
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4 NUMERICAL MODELLING OF EXPERIMENTS 

4.1 INTRODUCTION 

The advances made in the fields of both numerical methods and computer engineering in recent years 

facilitated the development and use of finite element software that can approach natural phenomena 

in an efficient way. In the civil engineering field, the finite element method is commonly used in the 

analysis and design of structures and in many other areas. The calibration of numerical models 

according to experimental results gives researchers the opportunity to perform a large number of 

numerical analyses in many different cases, being confident that they can reliably predict real 

behaviour. Method 2 included in Appendix B of Eurocode 3 [4-1], [4-2] for the buckling of beam-

columns under combined axial force and biaxial bending is a classical example of this procedure, as it 

was based on experimental results and on approximately 25000 calibrated numerical analyses. In the 

present chapter, the numerical modelling of the experimental work presented in Chapter 3 is 

thoroughly described. The corresponding numerical models, types of finite elements and methods of 

analyses are presented. The numerical results are then compared with the experimental ones and 

useful conclusions are drawn as far as the efficiency of the numerical approach is concerned. The 

comparison takes place at two different levels. The first one contains the comparison of the tests with 

nonlinear analysis of numerical models based on detailed geometrical modelling and shell elements. 

The second one concerns the comparison of the numerical models with shell elements with the ones 

with beam elements. Based on these comparisons a validation of the performance of shell and beam 

elements is presented for the modelling of built-up members. 

4.2 DESCRIPTION OF NUMERICAL MODELS AND ANALYSES 

Finite element software ADINA [4-3] was used for the numerical analyses. Both flanges and diagonal 

bars were modelled with 4-noded shell elements. The welded connections between the flanges and 

the diagonals were inserted with rigid links and this type of modelling was considered to be realistic as 

it accounted for the finite dimensions and rigidity of the connections. A uniform and sufficiently dense 

meshing was used. The supports were modelled using rigid links, at the ends of which the boundary 

conditions and the external loads were applied, accounting in this way for the difference between the 

column’s nominal and effective length (from bottom to top pinned connection). The use of simple 

elastic static analyses proved that the behaviour of the testing frame was sufficiently stiff for the type 
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and amount of loading applied during the tests, therefore there was no need for incorporating its 

effect on the specimen’s response. Views of a typical specimen after its placement in the testing frame 

and the corresponding numerical model are shown in Figure 4-1(a). Details of the numerical modelling 

of the top support and connections are shown in Figure 4-1(b)-(c). 

 

 

 

(a) (b) (c) 

Figure 4-1: (a) Typical specimen at the testing frame and corresponding numerical model, (b) numerical 
modelling of top support and (c) close view of connections between flanges and diagonal bars 

The strategy proposed by Gantes and Fragkopoulos [4-4] for the numerical verification of steel 

structures at the ultimate limit state was used in the present study. Linearised Buckling Analyses (LBA) 

using appropriate algorithms taking into account the work of Dimopoulos and Gantes [4-5] were used 

for obtaining the buckling loads for a prediction of the capacity of the perfect elastic structure and for 

obtaining the buckling mode shapes. The final numerical results were based on Geometrically and 

Materially Nonlinear Imperfection Analyses (GMNIA), in order to account for both large displacements 

and material plastification. The initial imperfections were inserted according to the buckling mode 

shapes obtained with LBA. The arc-length method originally developed by Riks [4-6], [4-7] and 

Wempner [4-8] and later modified by many researchers (i.e. [4-9], [4-10]) was used for obtaining the 

post-buckling branch of the structural response, too. The results include load - displacement curves 

(equilibrium paths), load - strain diagrams, snapshots of deformed shapes at characteristic locations 

and indicative stress distributions for the better understanding of the structural behaviour of the 

members. 

Columns are affected by the appearance of geometrical imperfections and residual stresses, either 

thermally induced or due to welding procedures and fabrication. Neither of them was measured in the 

present study, instead code provisions were used for their incorporation into numerical models. 

Eurocode 3 [4-1] considers that equivalent global geometrical imperfections should be used to 

account for both out-of-straightness and residual stresses due to welding procedures. The 
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disadvantage of this concept is that the effect of residual stresses appears only after the stresses in 

the cross-section exceed a certain magnitude, while equivalent imperfections affect the response from 

its onset. Nevertheless, it is convenient for analytical calculations as it overcomes the difficulty of 

modelling residual stresses in cross-sections, especially the ones related to welding procedures that 

are also in general tough to measure. Based on Eurocode 3 [4-1], the maximum equivalent global 

imperfection was considered to be equal to Le/500 and was inserted in the nonlinear analyses using 

the shape of the 1st global buckling mode obtained with Linearised Buckling Analyses (LBA). 

Locally, Eurocode 3 [4-1] suggests that each panel should be considered as a separate simply-

supported column and that its local capacity should be calculated according to the buckling curves. 

The imperfection used for the buckling curves consists of a geometrical part with amplitude equal to 

a/1000 and an additional part related to the thermally induced residual stresses. The distribution and 

magnitude of thermally induced residual stresses due to fabrication have been investigated for many 

years and pertinent guidelines are included in ECCS provisions [4-11]. In the numerical analyses, the 

local geometrical imperfection was set to a/1000 and inserted based on the local buckling mode 

shape. The thermally induced residual stresses were incorporated in the chords’ cross-sections in 

order to capture in a satisfactory way the gradual plastification of the column. Their modelling relied 

on discretising the cross-section of the chords (UNP60 and IPE80) in sufficiently small shell elements 

and on using appropriate material yield strengths in each element group, so that the residual stress 

distribution would be correctly applied. The material yield strength of each element group depended 

on whether it belonged to a location with tensile or compressive residual stresses and on the yield 

strength measured through tensile tests as described in Chapter 3. The different shell element groups 

(each element group has its own colour) of an IPE80 cross-section expected to be subjected to 

compressive normal stresses are depicted in Figure 4-2. It can be seen that the doubly-symmetrical 

IPE80 cross-section had symmetrical residual stress pattern in order to satisfy self-equilibrium. 

 

Figure 4-2: Modelling of residual stresses in an IPE80 cross-section subjected to compressive normal stresses 

The concept behind this type of modelling can be explained with a simple example, in which at a 

specific location of the cross-section the residual stress is compressive and equal to the 30% of the 

yield stress. This means that the compressive strength of this location is equal to 70% of the yield 

stress and the tensile strength equal to 130% of the yield stress if this specific location is subjected to 
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compression. This type of modelling residual stresses is convenient but its main drawback is that it is 

useful in cases that the type of stresses that will appear in the cross-section is known in prior.  

4.3 EXPERIMENTAL AND NUMERICAL RESULTS 

In this section the Linearised Buckling Analysis (LBA) results will be initially shown and afterwards 

experimental results (solid lines) will be presented in comparison with the numerical ones (dotted 

lines) obtained with Geometrically and Materially Nonlinear Imperfection Analyses (GMNIA) for every 

group separately. Equilibrium paths, indicative load-strain diagrams, characteristic deformed shapes 

and stress distributions will be presented. The maximum load along the equilibrium paths will be 

considered to be the collapse load. The panel from which failure initiated and had the largest lateral 

deflections at the post-buckling state will be characterised as critical panel in the following sections. 

Global buckling will be used for characterising global behaviour, local buckling for deformation of the 

chords between successive connections and local plate buckling for the description of the out-of-plane 

deformation of the web and/or flanges of the cross-sections. 

4.3.1 Group 1 

The local and global buckling mode shapes for Group 1 are shown in Figure 4-3. The local and global 

buckling loads (of the modes used for incorporating the initial imperfections) are equal to 2227kN and 

3134kN, respectively. It is observed that at these high levels of loading the buckling modes capture 

the out-of-plane buckling of the lacing bars which affects the global and local buckling loads. When 

the out-of-plane degrees of freedom of the model are deactivated in order to reduce these effects, the 

local and global buckling loads increase and become equal to 2515kN and 3481kN, respectively. 

  

(a) (b) 

Figure 4-3: (a) Local and (b) global buckling modes obtained numerically for Group 1 

In Figure 4-4 the experimental and numerical equilibrium paths obtained for the horizontal 

displacement at mid-height of specimens of Group 1 are shown. It can be seen that the numerical 

model predicts in a satisfactory way the elastic stiffness, collapse load and post-buckling branch. The 

critical panel is the second one in the two tests and the third one in the numerical analysis (Figure 

4-5). Despite that fact the intermediate panels have similar stress levels and no obvious difference 

between the experimental and numerical results is observed. No local plate buckling or torsional 

effects are observed in the numerical results as the material plastification imposes relatively small 

levels of loading. 
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Figure 4-4: Equilibrium paths obtained experimentally and numerically for Group 1 

  

(a) (b) 

Figure 4-5: Critical panels at a post-buckling state obtained (a) experimentally and (b) numerically for Group 1 

The load-strain curves for location A as obtained experimentally and numerically are shown in Figure 

4-6 showing good agreement at a local level. The load-strain curves for location D are depicted in 

Figure 4-7 and it can be seen that the numerical prediction cannot accurately approach the test 

results. The magnitude of strains is relatively small and, as was explained in Chapter 3, these strains 

are attributed to the small shear forces and to random parameters that are not possible to measure 

and differed even between the two specimens. In Figure 4-8 the deformed shape (magnified for 

better observation), the von Mises stress distribution and the plastification of the critical panel at 
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collapse load level are shown. It can be seen that apart from the critical panel, adjacent panels enter 

the plastic region, too. 

 

Figure 4-6: Load-strain curves obtained experimentally and numerically for Group 1 at location A 

 

Figure 4-7: Load-strain curves obtained experimentally and numerically for Group 1 at location D 
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(a) (b) (c) 

Figure 4-8: Critical panel’s  for Group 1 (a) deformed view, (b) von Mises stress distribution and (c) plastification 
at collapse load level 

4.3.2 Group 2 

The global buckling mode shape for Group 2, corresponding to a critical load of 3945kN, is shown in 

Figure 4-9. The local buckling mode shape is related to a much greater buckling load due to the small 

panels’ length and is not captured with the use of LBA. Out-of-plane buckling of lacing bars is 

observed at these high levels of loading and when out-of-plane degrees of freedom are restricted in 

order to diminish them the global buckling load becomes equal to 4709kN. 

In Figure 4-10 the experimental and numerical equilibrium paths obtained for the horizontal 

displacement at mid-height of specimens of Group 2 are shown. The numerical results are very close 

to the experimental ones in this case, too. The critical panels are the fifth and sixth ones in both tests 

and numerical analyses. No geometrical indication of local buckling is observed in both experimental 

and numerical results, as the panels are characterised by small non-dimensional slenderness. No local 

plate buckling and torsional effects are observed in the numerical results. The global response of 

specimen 2(1) (the same as specimen 2(2)) and numerical model at a post-buckling state is depicted 

in Figure 4-11. 

 

Figure 4-9: Global buckling mode obtained numerically for Group 2 



82  Chapter 4 

Doctoral Thesis of Konstantinos Kalochairetis   N.T.U.A. 2014 

 

Figure 4-10: Equilibrium paths obtained experimentally and numerically for Group 2 

  

(a) (b) 

Figure 4-11: Laced columns at a post-buckling state obtained (a) experimentally and (b) numerically for Group 2 

The load-strain curves for locations A, B, C and D as obtained experimentally and numerically are 

shown in Figure 4-12 to Figure 4-15, showing good agreement at a local level. In Figure 4-15, related 
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to the end diagonal’s strain, the numerical prediction is not satisfactory for the reasons explained in 

Group 1. The deformed shape (magnified for better observation), the von Mises stress distribution and 

the plastification of the critical panel at collapse load level, are shown in Figure 4-16. It can be seen 

that the intermediate panels are fully plastified, which is a verification that they fail as stocky columns.  

 

Figure 4-12: Load-strain curves obtained experimentally and numerically for Group 2 at location A 

 

Figure 4-13: Load-strain curves obtained experimentally and numerically for Group 2 at location B 
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Figure 4-14: Load-strain curves obtained experimentally and numerically for Group 2 at location C 

 

Figure 4-15: Load-strain curves obtained experimentally and numerically for Group 2 at location D 
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(a) (b) (c) 

Figure 4-16: Critical panel’s for Group 2 (a) deformed view, (b) von Mises stress distribution and (c) plastification 
at collapse load level 

4.3.3 Group 3 

The local and global buckling mode shapes for Group 3 are depicted in Figure 4-17. The local and 

global buckling loads (of the modes used for incorporating the initial imperfections) are equal to 

3544kN and 3874kN, respectively. It is observed that at these high levels of loading the buckling 

modes capture out-of-plane buckling of lacing bars. When the out-of-plane degrees of freedom of the 

model are deactivated in order to reduce these effects, the local and global buckling loads are equal 

to 4068kN and 4470kN, respectively. 

  

(a) (b) 

Figure 4-17: (a) Local and (b) global buckling modes obtained numerically for Group 3 

In Figure 4-18 the experimental and numerical equilibrium paths obtained for the horizontal 

displacement at mid-height of specimens of Group 3 are shown. The agreement between the 

numerical and experimental results is satisfactory. The critical panels are the fourth and third ones in 

specimens 3(1) and 3(2), respectively, while in the numerical analyses the fourth panel initially fails. 

In all cases the critical panel deflects inwards. The local response of the critical panel experimentally 

(specimen 3(1)) and as predicted by the numerical model at a post-buckling state is depicted in Figure 

4-19. 
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Figure 4-18: Equilibrium paths obtained experimentally and numerically for Group 3 

  

(a) (b) 

Figure 4-19: Critical panel at a post-buckling state obtained (a) experimentally and (b) numerically for Group 3 

The load-strain curves for locations A, B, C and D as obtained experimentally and numerically are 

shown in Figure 4-20 to Figure 4-23, revealing sufficient agreement between the two. In Figure 4-23, 

related to the end diagonal’s strain, the numerical prediction is not satisfactory for the reasons 

explained for Group 1. The deformed shape (magnified for better observation), the von Mises stress 

distribution and the plastification of the critical panel at collapse load level are shown in Figure 4-24. It 

can be seen that in addition to the critical panel the adjacent ones enter the plastic region, as well. 
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Figure 4-20: Load-strain curves obtained experimentally and numerically for Group 3 at location A 

 

Figure 4-21: Load-strain curves obtained experimentally and numerically for Group 3 at location B 
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Figure 4-22: Load-strain curves obtained experimentally and numerically for Group 3 at location C 

 

Figure 4-23: Load-strain curves obtained experimentally and numerically for Group 3 at location D 
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(a) (b) (c) 

Figure 4-24: Critical panel’s for Group 3 (a) deformed view, (b) von Mises stress distribution and (c) plastification 
at collapse load level 

4.3.4 Group 4 

The local and global buckling modes of Group 4 are similar to the ones obtained for Group 1, as 

shown in Figure 4-3. In Figure 4-25 and Figure 4-26 the experimental and numerical equilibrium paths 

obtained for the horizontal displacement at top and bottom of specimens of Group 4, respectively, are 

shown. The numerical and experimental results are satisfactory for the collapse load but differ as far 

as the magnitude of the displacements is concerned. The critical panel is the fifth panel in all cases, as 

its stress level is much larger than in the rest of the column. It also deflects inwards in all cases. The 

local response of the critical panel experimentally (specimen 4(1)) and as predicted by the numerical 

model at a post-buckling state is depicted in Figure 4-27. No local plate buckling and torsional effects 

are observed in the numerical results. 

 

Figure 4-25: Equilibrium paths obtained experimentally and numerically at the top of the specimens for Group 4 
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Figure 4-26: Equilibrium paths obtained experimentally and numerically at the bottom of the specimens  

 for Group 4 

 
 

(a) (b) 

Figure 4-27: Critical panel at a post-buckling state obtained (a) experimentally and (b) numerically for Group 4 

The load-strain curves for locations A, B, C and D as obtained experimentally and numerically, are 

shown in Figure 4-28 to Figure 4-31 showing good agreement at a local level. In Figure 4-31 related 

to the end diagonal’s strain, the numerical prediction is satisfactory because double curvature 

deformation is related to large shear forces at the ends of the column. For this reason, the effect of 
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random parameters that are difficult to measure and differ even between specimens of the same 

group is not visible in the results. The deformed shape (magnified for better observation), the von 

Mises stress distribution and the plastification of the critical panel at collapse load level, are shown in 

Figure 4-32. It can be seen that the critical panel is plastified, while only a small part of the adjacent 

one enters the plastic region. 

 

Figure 4-28: Load-strain curves obtained experimentally and numerically for Group 4 at location A 

 

Figure 4-29: Load-strain curves obtained experimentally and numerically for Group 4 at location B 
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Figure 4-30: Load-strain curves obtained experimentally and numerically for Group 4 at location C 

 

Figure 4-31: Load-strain curves obtained experimentally and numerically for Group 4 at location D 
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(a) (b) (c) 

Figure 4-32: Critical panel’s for Group 4 (a) deformed view, (b) von Mises stress distribution and (c) plastification 
at collapse load level 

4.3.5 Group 5 

The local and global buckling modes of Group 5 are similar to the ones obtained for Group 1, as 

shown in Figure 4-3. In Figure 4-33 the experimental and numerical equilibrium paths obtained for the 

horizontal displacement at mid-height of specimens of Group 5 are shown. The agreement between 

the numerical and experimental results is satisfactory. A small difference is observed in the elastic part 

of the equilibrium paths that is clearly attributed to the fact that global imperfection plays an 

important role in these cases (small eccentricity of the applied load and as a result larger effect of 

global imperfection on global deflections) and leads to more conservative results (as this global 

imperfection is based on the conservative provisions of Eurocode 3).  

 

Figure 4-33: Equilibrium paths obtained experimentally and numerically for Group 5 
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The critical panels are the second and fourth ones in specimens 5(1) and 5(2), respectively, while in 

the numerical analyses the third panel initially fails. Despite that fact, as intermediate panels have the 

same stress level, no significant deviation of the numerical results from the experimental ones is 

observed in terms of collapse load. In all cases the critical panel deflects inwards. The local response 

of the critical panel experimentally (specimen 5(1)) and as predicted by the numerical model at a 

post-buckling state is depicted in Figure 4-34. No local plate buckling and torsional effects are 

observed in the numerical results. 

  

(a) (b) 

Figure 4-34: Critical panel at a post-buckling state obtained (a) experimentally and (b) numerically for Group 5 

The load-strain curves for the locations A, B, C and D as obtained experimentally and numerically are 

shown in Figure 4-35 - Figure 4-38 and verified that at a local level a good agreement between tests 

and analyses is achieved. In Figure 4-38 related to the end diagonal’s strain the numerical prediction 

is not satisfactory for the reasons explained in Group 1. The deformed shape (magnified for better 

observation), the von Mises stress distribution and the plastification of the critical panel at collapse 

load level, are shown in Figure 4-39. Similarly to Groups 1, 2 and 3, the critical panel and the adjacent 

ones are plastified. The non-critical chord remains elastic with a very low stress level. 
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Figure 4-35: Load-strain curves obtained experimentally and numerically for Group 5 at location A 

 

 

Figure 4-36: Load-strain curves obtained experimentally and numerically for Group 5 at location B 
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Figure 4-37: Load-strain curves obtained experimentally and numerically for Group 5 at location C 

 

Figure 4-38: Load-strain curves obtained experimentally and numerically for Group 5 at location D 
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(a) (b) (c) 

Figure 4-39: Critical panel’s for Group 5 (a) deformed view, (b) von Mises stress distribution and (c) plastification 

at collapse load level 

4.4 EFFECT OF INITIAL IMPERFECTIONS 

Initial imperfections always exist in structures and should be taken into account. Their effect on the 

structural response is usually detrimental leading to reduction of the structure’s capacity, especially in 

members characterised by a large non-dimensional slenderness. Their magnitude and distribution may 

also differ significantly from one structure to another as they depend on various parameters. The 

effect of initial imperfections can be observed by performing numerical analyses without the 

incorporation of initial geometrical imperfections and thermally induced residual stresses (GMNA) and 

comparing them with the tests and with numerical analyses accounting for initial imperfections 

(GMNIA). In this section this comparison will be presented with the use of the equilibrium paths for 

each group separately.  

4.4.1 Group 1 

The equilibrium paths obtained experimentally, numerically with the use of GMNIA and numerically 

with the use of GMNA are shown in Figure 4-40 for Group 1. It can be seen that the initial 

imperfection results in a slightly reduced elastic stiffness that gradually decreases due to the existence 

of thermally induced residual stresses resulting in a smaller collapse load. On the other hand, if GMNA 

is performed, the equilibrium path obtained has an elastic part until the collapse load while the post-

buckling descending branch is very similar to the one obtained with GMNIA. The collapse load 

obtained with the use of GMNIA is close to the experimental one and on the safe side while the use of 

GMNA results in a collapse load on the unsafe side. Capturing the gradual plastification of the member 

is not important for structural design but accurately predicting the collapse load is and reveals that 

initial imperfections should be taken into account. 



98  Chapter 4 

Doctoral Thesis of Konstantinos Kalochairetis   N.T.U.A. 2014 

 

Figure 4-40: Equilibrium paths obtained experimentally and numerically (GMNIA and GMNA) for Group 1 

4.4.2 Group 2 

The equilibrium paths obtained experimentally, numerically with the use of GMNIA and numerically 

with the use of GMNA are shown in Figure 4-41 for Group 2. Similar conclusions to Group 1 are drawn 

in this case, too. 

 

Figure 4-41: Equilibrium paths obtained experimentally and numerically (GMNIA and GMNA) for Group 2 

4.4.3 Group 3 

The equilibrium paths obtained experimentally, numerically with the use of GMNIA and numerically 

with the use of GMNA are shown in Figure 4-42 for Group 3. The elastic stiffness and collapse load 

without initial imperfections are closer to the experimental ones due to the conservatism of the 
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magnitude of global imperfection incorporated in GMNIA. In GMNA the decrease of stiffness due to 

thermally induced residual stresses is not captured and the member behaves elastically up to the 

ultimate load. 

 

Figure 4-42: Equilibrium paths obtained experimentally and numerically (GMNIA and GMNA) for Group 3 

4.4.4 Group 4 

The equilibrium paths obtained experimentally, numerically with the use of GMNIA and numerically 

with the use of GMNA are shown in Figure 4-43 and Figure 4-44 for Group 4 and for top and bottom 

measurements, respectively. The effect of residual stresses and initial imperfections is the smallest 

when compared with the other four groups due to the type of loading and deformation that result in 

elastic behaviour of a relatively large part of the column. 

 

Figure 4-43: Equilibrium paths obtained experimentally and numerically (GMNIA and GMNA) for the top 

displacement for Group 4 
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Figure 4-44: Equilibrium paths obtained experimentally and numerically (GMNIA and GMNA) for the bottom 

displacement for Group 4 

4.4.5 Group 5 

The equilibrium paths obtained experimentally, numerically with the use of GMNIA and numerically 

with the use of GMNA are shown in Figure 4-45 for Group 5. The elastic stiffness without initial 

imperfections is closer to the experimental one due to the conservatism of the magnitude of global 

imperfection incorporated in GMNIA. In GMNA the decrease of stiffness due to thermally induced 

residual stresses is not captured and the member behaves elastically up to the ultimate load. 

 

Figure 4-45: Equilibrium paths obtained experimentally and numerically (GMNIA and GMNA) for Group 5 
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4.5 COMPARISON BETWEEN SHELL AND BEAM ELEMENT MODELS 

In the previous sections the calibration of the shell element numerical models was presented and the 

conclusion that they approached experimental results efficiently was drawn. It should be noted, 

though that the use of shell elements is in general time-consuming and computationally demanding. 

One of their main advantages is that they can efficiently capture local plate buckling of cross-sections 

and torsional effects, which however were not observed in the tests. The cross-sections used in the 

tests belong to class 1 according to Eurocode 3 [4-1] cross-section classification, which means that 

the use of a simpler type of element for their modelling could also be sufficient. 

In this section, planar beam element numerical models are compared with the calibrated shell element 

numerical models in order to examine their usefulness in such cases. A comparative view of a typical 

shell element model and beam element model for a laced column belonging to Group 1 is depicted in 

Figure 4-46. Both the chords and diagonals of the built-up members are modelled with the use of 

Hermitian beam elements with six degrees of freedom at each end. Bending moment releases are 

incorporated at the ends of the diagonals and at the ends of the chords. The chords are considered to 

be continuous in elevation. It should be also noted that the planar nature of the beam element model 

requires the use of a cross-section of double area for the diagonals in order to sufficiently model the 

two lacing planes. The stiff supports are modelled with rigid links as in the shell element cases. 

Additionally, initial imperfections are incorporated in the chords of the beam element models by 

inserting equivalent geometrical imperfections according to Eurocode 3 [4-1], as the modelling of 

residual stresses in the beam elements’ cross-sections is not possible. Failure of the lacing bars is not 

considered in the present analyses and no initial imperfections are used for diagonals and transverse 

bars. Finally, no eccentricities are taken into account for the connection between the lacing bars and 

the chords, as usually done when modelling such structures. 

Comparison between the two types of modelling follows in the next sections for each group separately 

based on equilibrium paths obtained with Geometrically and Materially Nonlinear Imperfection 

Analyses (GMNIA). The elastic stiffness, the collapse load and the post-buckling behaviour are 

compared and discussed. 

  

(a) (b) 

Figure 4-46: (a) Shell element and (b) beam element numerical models for typical laced member of Group 1 
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4.5.1 Group 1 

The beam element model’s local and global buckling loads are equal to 1164kN and 3377kN, 

respectively and the corresponding buckling modes are depicted in Figure 4-47. The shell element 

model’s local and global buckling loads are equal to 2227kN and 3134kN, respectively. The 

incorporation of bending moment releases at the diagonal ends and the fact that the panels’ 

unrestricted length is larger in the beam element models (due to the omission of the finite dimensions 

of the chord to lacing connections) resulted in these differences at a local level. An explanation of the 

unrestricted length (a’) and the restricted length (a) is shown in Figure 4-48. In the tests the 

unrestricted length is approximately equal to 75% of the restricted one due to scaling reasons 

imposed by limitations in the specimens’ dimensions. This value is expected to be larger in practical 

built-up members as the connections’ dimensions will be much smaller compared to the total length of 

the panels. The global buckling load obtained for planar behaviour of the shell element models 

(3481kN) is in very good comparison with the result obtained with the beam element model, while 

these values are larger than the ones found from shell element models that include out-of-plane 

buckling of the lacing bars (3134kN). 

  

(a) (b) 

Figure 4-47: (a) Local and (b) global buckling mode shapes of the beam element model of Group 1 

 

Figure 4-48: Unrestricted (a’) and restricted (a) lengths of panel 
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The equilibrium paths obtained with numerical analyses with the use of shell and beam elements for 

Group 1 are shown in Figure 4-49. It can be seen that the beam element model predicts the same 

elastic stiffness and a slightly smaller collapse load. To be more specific the collapse loads of the 

numerical analyses with beam elements and shell elements are equal to 180kN and 197kN, 

respectively. As the global response is the same for the two cases and the global buckling load is 

larger for the beam element model, it is concluded that the difference in the local behaviour results in 

the deviation of the collapse loads. The post-buckling response is slightly more abrupt in the beam 

element case.  

 

Figure 4-49: Equilibrium paths obtained numerically with shell and beam elements for Group 1 

4.5.2 Group 2 

The global buckling mode shape is shown in Figure 4-50 and corresponds to a load equal to 4682kN, 

larger than 3945kN which is the one obtained with shell elements. As in Group 1, the global buckling 

load obtained with the use of beam elements is larger because it does not account for out-of-plane 

buckling of the diagonals. In the case that out-of-plane degrees of freedom are deactivated the shell 

element model’s global buckling load becomes 4709kN, a value close to the one found with the beam 

element model. The equilibrium paths obtained with numerical analyses with the use of shell and 

beam elements for Group 2 are shown in Figure 4-51. A good correlation of both the elastic stiffness 

and collapse load is achieved. The local behaviour is not significantly affected by the finite dimensions 

of the connections between chords and lacings because the panels are relatively stocky and full 

plastification of the cross-section is the prevailing local type of failure (thus the length of the panel 

does not play any important role). To be more specific the collapse loads are equal to 207kN and 

210kN in the beam and shell element models, respectively. The post-buckling responses differ 

significantly probably because the full plastification of the cross-section in the beam element model 

leads to problems in the numerical convergence. 
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Figure 4-50: Global buckling mode obtained numerically with the use of beam elements for Group 2 

 

 

Figure 4-51: Equilibrium paths obtained numerically with shell and beam elements for Group 2 

4.5.3 Group 3 

The beam element model’s local and global buckling loads are equal to 2358kN and 4231kN, 

respectively. The shell element model’s local and global buckling loads for the case that out-of-plane 

buckling of the diagonal bars is included are equal to 3544kN and 3874kN, respectively. In the case 

that out-of-plane degrees of freedom are deactivated they become 4068kN and 4470kN, respectively. 

The corresponding buckling mode shapes are shown in Figure 4-52. The equilibrium paths obtained 

with numerical analyses with the use of shell and beam elements for Group 3 are shown in Figure 

4-53. It can be seen that the beam element model is very close to the shell element one in terms of 

elastic stiffness and collapse load. The collapse loads are equal to 268.5 and 291.5 in the beam and 

shell element models, respectively. The post-buckling branch is slightly more descending for the beam 

element model. 
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(a) (b) 

Figure 4-52: (a) Local and (b) global buckling mode shapes of the beam element model of Group 3 

 

Figure 4-53: Equilibrium paths obtained numerically with shell and beam elements for Group 3 

4.5.4 Group 4 

The beam and shell element models’ global and local buckling loads are the same as the ones of 

Group 1. The corresponding buckling mode shapes are shown in Figure 4-47. The equilibrium paths 

obtained with numerical analyses with the use of shell and beam elements for Group 4 are shown in 

Figure 4-54 and Figure 4-55 for the top and bottom measurement, respectively. A good agreement is 

found for the elastic stiffness, collapse load and post-buckling branch. The collapse loads are equal to 

222kN and 233kN for the beam and shell element model, respectively. 
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Figure 4-54: Equilibrium paths obtained numerically with shell and beam elements for the top measurement of 
Group 4 

 

Figure 4-55: Equilibrium paths obtained numerically with shell and beam elements for the bottom measurement 
of Group 4 

4.5.5 Group 5 

The beam and shell element models’ global and local buckling loads are the same as the ones of 

Group 1. The corresponding buckling mode shapes are shown in Figure 4-47. The equilibrium paths 

obtained with numerical analyses with the use of shell and beam elements for Group 5 are shown in 

Figure 4-56. It can be seen that the beam element model results in the same elastic stiffness and a 

slightly smaller collapse load. The collapse loads are equal to 226.5kN and 241.5kN in the beam and 

shell element models, respectively. The post-buckling response is more descending in the beam 

element case.  
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Figure 4-56: Equilibrium paths obtained numerically with shell and beam elements for Group 5 

4.6 CONCLUSIONS 

In the present chapter the numerical analyses of the tests performed in the context of the present 

doctoral thesis were presented. Finite element software ADINA [4-3] was used for this purpose with 

which Linearised Buckling Analyses (LBA), Geometrically and Materially Nonlinear Imperfection 

Analyses (GMNIA) and Geometrically and Materially Nonlinear Analyses (GMNA) were performed. The 

results were presented with the use of load-displacement curves (equilibrium paths), load-strain 

diagrams, von Mises stress distributions and deformed shapes at characteristic locations. The 

numerical analyses were separated into two different levels. 

Initially, shell element models were used to perform LBA and GMNIA resulting in very satisfactory 

results when compared with the experimental ones at both global and local level. The incorporation of 

code provisions for initial imperfections affected the structural response and collapse load. Modelling 

thermally induced residual stresses with a simple concept of modifying appropriately the material yield 

strength captured the gradual degradation of the elastic stiffness of the equilibrium paths. It is 

recommended that initial imperfections are incorporated in the structural analyses of laced built-up 

columns. The collapse loads obtained experimentally and numerically with the use of shell element 

models are summarised in Table 4-1. The mean error of the shell element models’ prediction of the 

collapse load is approximately equal to 3%. 

Afterwards, shell element models were compared with beam element ones. The beam element models 

were based on the type of modelling commonly used in practice and in analytical methods. Beam 

elements predicted satisfactorily laced built-up members’ elastic stiffness and gave collapse loads 

close to the shell element models’ but always smaller as they did not account for the finite dimensions 

and rigidity of the connections between the lacing bars and the chords. A summary of the collapse 

loads obtained with the use of beam elements is given in Table 4-1. The mean error of the beam 

element models’ prediction of the collapse load is approximately equal to 6.6%.  
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Table 4-1: Summary of collapse loads obtained experimentally and with different numerical models 

Group 
Experimental 

tests (kN) 

GMNIA-shell 

elements (kN) 

GMNIA-beam 

elements (kN) 

Error (%) 
shell 

elements 

Error (%) 
beam 

elements 

1 200 197 180 1.50 10.00 

2 206 210 207 -1.94 -0.49 

3 309 291.5 268.5 5.67 13.11 

4 220 233 222 -5.91 -0.91 

5 247 241.5 226.5 2.23 8.30 

Based on the numerical investigation of the experimental tests, it can be concluded that both beam 

and shell elements are expected to be a useful tool for the research and design of laced built-up 

columns. The conservatism of the beam elements is attributed to the fact that the finite dimensions of 

the connections of the lacing bars to the chords are neglected leading to difference between the 

restricted and unrestricted lengths as described in Figure 4-48. In the tests, this difference was 

important due to geometrical restrictions, but in practice these lengths are expected to be close to 

each other. For this reason, it is recommended that in cases that local buckling of the plate elements 

is not expected, beam element models are preferred as they are computationally less demanding 

without any significant loss of accuracy. 
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5 NUMERICAL AND ANALYTICAL 

INVESTIGATION OF LACED COLUMNS’ 
BEHAVIOUR 

5.1 INTRODUCTION 

Following the numerical calibration of the experimental tests, the use of numerical models for the 

prediction of the behaviour of laced built-up columns will be presented in this chapter. The structural 

response and collapse load of axially compressed laced columns will be investigated from a numerical 

point of view. The interaction between global buckling, local buckling and yield strength will be 

presented and a parametric study will be utilised for observing their effect on the stiffness, collapse 

load and post-buckling response. Afterwards, an approximate analytical procedure will be proposed 

for accounting for this type of interaction in the calculation of the structural response of laced 

members. The capacity obtained with the proposed method, Eurocode 3 (EC3) [5-1] and 

Geometrically and Materially Nonlinear Imperfection Analyses (GMNIA) [5-2]-[5-3] with the use of 

finite element software ADINA [5-4] will be finally presented and compared and useful conclusions will 

be drawn. 

5.2 RESPONSE OF LACED BUILT-UP COLUMNS 

5.2.1 Perfect laced built-up columns 

A perfect column, that consists of two flange components widely spaced between each other and 

connected with a lacing system, under an axially compressive load can exhibit three possible types of 

failure. The first two are global and local buckling, while the third one is due to plastification of the 

two flanges, at a load known as squash load. Consider a laced member with equivalent bending 

rigidity EIeff and shear rigidity Sv, as described in Chapter 2. The equivalent second moment of inertia 

consists of the inertia of the chords and of the Steiner term: 

2
ch o

eff ch

A h
I = +2I

2
 (5-1)
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where Ach is the cross-sectional area of the chords, ho is the lever arm between the centres of gravity 

of each chord and Ich is the in-plane moment of inertia of the chords (usually the moment of inertia 

about z-z axis). In laced columns the chords’ moment of inertia is usually much smaller than the 

Steiner term and can be neglected while the shear rigidity depends on the arrangement of the lacing 

bars. In Chapter 2, formulas for the calculation of the shear rigidity were provided, depending on the 

axial rigidities and lengths of the lacing bars. 

The global buckling mode (Figure 5-1(a)) occurs at the global buckling load at which the whole 

column deflects from its perfect and straight configuration. If the lacing is very stiff, this load is equal 

to the Euler buckling load of the system as: 

( )

2
eff

Ε 2

π ΕΙ
P =

KL
 (5-2)

where K is the effective buckling length factor (K=1 for simply-supported columns) and L is the total 

length of the column. In case of non-negligible shear deformation and with the use of Engesser’s 

theory the global buckling load becomes: 

cr

vE

1
P =

1 1
+

P S

 
(5-3)

The local buckling load is associated with the individual buckling of the panels as simply-supported 

columns (Figure 5-1(b)). The total local buckling load is given by the summation of the buckling loads 

of each chord’s panels individually: 

2
ch,z

L 2

2π ΕΙ
P =

a
 (5-4)

where EIch,z is the in-plane bending rigidity of each chord and a is the length of each panel (distance 

between connectors). 

  

(a) (b) 

Figure 5-1: (a) Global and (b) local buckling mode of simply-supported laced column 
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The squash load is the third possible type of failure of perfect built-up columns and is given by the 

summation of the squash loads of the chords: 

ch yYP =2A f  (5-5)

where Ach is the cross-sectional area of each chord and fy is the yield stress of the material, idealised 

as elastic-perfectly plastic. The prevailing failure mode of perfect built-up columns neglecting mode 

interaction and nonlinear effects would thus be the one corresponding to the smallest of the loads 

obtained with Eqs. (5-3), (5-4) and (5-5). 

5.2.2 Imperfect laced built-up columns 

In reality, however, there are always imperfections in structural members that modify their behaviour 

and their ultimate strength. In this section the behaviour of imperfect built-up columns is investigated 

numerically by means of geometrically and materially nonlinear analyses. Useful conclusions for both 

pre- and post-buckling structural behaviour can thus be reached, which will then be utilised for the 

formulation of the proposed analytical approach.  

Numerical models of simply supported laced built-up columns subjected to a concentrated 

compressive load at one end are created in ADINA using Hermitian beam elements. The lacing bars 

are modelled with moment releases at their ends and the two flanges as continuous members. All 

members are discretised in an appropriate way so that the results can be considered as sufficiently 

accurate. The shape of initial global and local imperfections is chosen to be consistent with the global 

and local mode shapes, respectively, as obtained by LBA. The maximum global and local imperfections 

are equal to wo=ξ·L=L/500 and zo=η·a=a/500, respectively. The maximum value of global 

imperfection appears in the middle of the simply-supported columns investigated, while the local one 

appears in the middle of each span between connectors. 

Five different laced built-up columns are analysed, corresponding to varying values of the ratio x 

between global and local elastic critical buckling loads:  

cr

L

P
x=

P
 (5-6)

Namely the five examples correspond to values of x equal to 1.6, 1.3, 1.0, 0.8 and 0.4, thus exhibiting 

qualitatively different structural behaviour. For that purpose, typical geometrical and cross-section 

characteristics are used, summarised in Table 5-1, while the desired variation of ratio x is achieved by 

varying the lever arm between the flange components, ho. 

Table 5-1: Geometrical and cross-section characteristics of parametric study 

Length L (cm) Panel’s length a (cm) Flanges’ cross-sectional area Ach (cm
2) Ich,z (cm

4) ho (cm) 

1350 150 30 142 varied 

Analysis results are shown in the following two sections for elastic and inelastic material behaviour, 

respectively, by means of equilibrium paths plotting on the horizontal axis the horizontal displacement 

at mid-height, w, divided by the column height, L, and on the vertical axis the applied load P, divided 

by the elastic critical local buckling load, PL. The collapse analysis option of ADINA is employed (Arc-

length method), thus obtaining also results beyond the collapse loads, associated with limit points of 

the equilibrium paths. 
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5.2.2.1 Elastic analyses 

The results for the case of elastic material are illustrated in Figure 5-2 for the five example columns 

described above. The values of elastic critical buckling loads, both global and local, are shown with 

black and green horizontal lines, respectively. The prevailing type of failure corresponds to the smaller 

buckling load. Equilibrium paths from geometrically nonlinear analysis with global imperfections only 

(sparse dotted red line), as well as both global and local imperfections (dense dotted blue line), are 

also shown. 

 

Figure 5-2: Equilibrium paths for elastic geometrically imperfect systems at (a) x=1.6, (b) x=1.3, (c) x=1, (d) 
x=0.8 and (e) x=0.4 

Initially the deflections are the same regardless of whether global imperfections only or both global 

and local imperfections are introduced. At a larger load level the horizontal displacement becomes 

larger for the case that both types of imperfections are used. It is also observed that, even when only 

global imperfections are used, all equilibrium paths exhibit limit points, thus no post-buckling 

resistance. Moreover, collapse loads, associated with limit points, are always smaller than the smallest 

among the global and local critical buckling loads. Collapse loads decrease even more in case both 

global and local imperfections are introduced.  

In order to better understand this, it is interesting to observe the deformed shapes at characteristic 

points ((a) pre-buckling state, (b) collapse load level and (c) post-buckling state) along the equilibrium 



Numerical and Analytical Investigation of Laced Columns’ Behaviour 115 

Nonlinear behaviour and design of steel built-up columns under axial and transverse loading 

paths of the columns corresponding to x=1.6 (column 1) and x=0.4 (column 5). For the first case, the 

deformed shapes are shown in Figure 5-3 if elastic material and no local imperfections are used. It 

can be seen that both global and local deformations appear. In Figure 5-4, the deformed shapes 

obtained for x=1.6 with the use of elastic material and both global and local imperfections are 

depicted. 

   

(a) (b) (c) 

Figure 5-3: Deformed shapes of column 1 with elastic material and no local imperfections at (a) pre-buckling 
state, (b) collapse load level and (c) post-buckling state 

   

(a) (b) (c) 

Figure 5-4: Deformed shapes of column 1 with elastic material and both local and global imperfections at (a) pre-

buckling state, (b) collapse load level and (c) post-buckling state 

For the second case (column 5), the deformed shapes are shown in Figure 5-5 if elastic material and 

no local imperfections are used. It can be seen that both global and local deformations appear despite 
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the fact that no local imperfections are inserted in the analysis. In Figure 5-6, the deformed shapes 

obtained for x=0.4 with the use of elastic material and both global and local imperfections are 

depicted. It is observed that the local deformations are more prominent than in Figure 5-5. 

   

(a) (b) (c) 

Figure 5-5: Deformed shapes of column 5 with elastic material and no local imperfections at (a) pre-buckling 
state, (b) collapse load level and (c) post-buckling state 

   

(a) (b) (c) 

Figure 5-6: Deformed shapes of column 5 with elastic material and both local and global imperfections at (a) pre-
buckling state, (b) collapse load level and (c) post-buckling state 

It can be observed that not only global but also local deformations develop, even if only global 

imperfections are used. This is more pronounced for column 1, where the local mode occurs for a 

much smaller load than the corresponding global mode, and less so for column 5, where the opposite 

is the case. Nevertheless, an interaction between the two modes is observed in all cases, 

independently of whether also a local imperfection is used or not, and this is believed to be the reason 
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for the systematic decrease of collapse load with respect to both linearised buckling loads, as well as 

for the descending post-buckling branch. Of course, when both global and local imperfections are 

introduced, the resulting local deformations are relatively larger, particularly for larger values of ratio 

x, therefore, the resulting collapse load is smaller and the overall equilibrium path is lower. 

Additionally lateral deflections in this case are larger than in the case that only global imperfections 

exist, highlighting this interaction. It is also observed that the largest reduction of collapse load with 

respect to the linearised buckling loads is when x is equal to unity, in other words when global and 

local buckling loads coincide. These observations are in accordance with the findings of Van der Neut 

[5-5] and Koiter and Kuiken [5-6], [5-7]. 

5.2.2.2 Elastoplastic analyses 

The results for the case of inelastic material are illustrated in Figure 5-7 for the five example columns 

described above. The material used is considered to be elastic-perfectly plastic with yield stress equal 

to 44kN/cm2. This value is chosen so that the squash load given by Eq. (5-5) would be equal to the 

local buckling load given by Eq. (5-4). The values of elastic critical buckling loads, both global and 

local, are shown again with black and green horizontal lines, respectively. Equilibrium paths from 

geometrically nonlinear analysis with both global and local imperfections and both elastic (blue dotted 

line) and elastoplastic (red dotted line) material are also shown. 

 

Figure 5-7: Equilibrium paths of imperfect laced built-up columns with elastoplastic material at (a) x=1.6, (b) 
x=1.3, (c) x=1, (d) x=0.8 and (e) x=0.4 
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In all cases examined the failure is related to local yielding. This type of failure leads to a smaller 

collapse load than the elastic one and is associated with more sharply descending post-buckling 

branches. The largest loss of capacity compared to the linearised buckling loads takes place in the 

case they coincide with each other and with the squash load (Figure 5-7(c)), as initially found by 

Svensson and Kragerup [5-8]. The influence of material yielding is practically negligible for column 5, 

characterised by a small value of x, thus having a large ratio of global to local slenderness. 

The deformed shapes of column 1, when elastoplastic material and both initial global and local 

imperfections are used, are shown at a pre-buckling state, collapse load level and post-buckling state 

in Figure 5-8. In all cases local deformations appear and are magnified due to the increase of the axial 

load. Additionally, the axial force diagram and bending moment diagram along the chords are 

presented in Figure 5-9 and Figure 5-10, respectively. The largest axial forces appear at the mid-

height of the column due to the existence of global imperfections of sinusoidal shape (largest 

deflection at mid-height). Additionally, the bending moment distribution follows the local buckling 

mode shape (sinusoidal shape).  

   

(a) (b) (c) 

Figure 5-8: Deformed shapes of column 1 with elastoplastic material and both local and global imperfections at 

(a) pre-buckling state, (b) collapse load level and (c) post-buckling state 

For the specific case presented, the normal stresses related to the maximum axial force and to the 

corresponding local bending moment are in general close to each other. Therefore it can be concluded 

that in cases that local buckling is the critical one (as for column 1 with x=1.6), local imperfections 

and deformations are expected to have a significant effect on the collapse load. An analysis without 

the use of local imperfections is not of practical importance in such cases but can prove useful for 

differentiating their effect on the collapse load. If local imperfections are neglected, the normal 

stresses related to the maximum axial force are in general larger than the ones related to the 

corresponding bending moment. Thus, it can be seen that even without the existence of initial local 

imperfections, the appearance of local deformations may lead to local bending moments that result in 

normal stresses. Despite that fact, initial local imperfections are the ones that lead to significant local 

bending moments. 
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(a) (b) (c) 

Figure 5-9: Axial force diagrams of column 1 with elastoplastic material and both local and global imperfections at 

(a) pre-buckling state, (b) collapse load level and (c) post-buckling state 

   

(a) (b) (c) 

Figure 5-10: Bending moment diagrams of column 1 with elastoplastic material and both local and global 

imperfections at (a) pre-buckling state, (b) collapse load level and (c) post-buckling state 

The deformed shapes of column 5, when elastoplastic material and both initial global and local 

imperfections are used, are shown at a pre-buckling state, collapse load level and post-buckling state 

in Figure 5-11. In all cases local deformations appear and are magnified due to the increase of the 

axial load. Additionally, the axial force diagram and bending moment diagram along the chords are 

presented in Figure 5-12 and Figure 5-13, respectively. The largest axial forces appear at the mid-

height of the column due to the existence of global imperfections of sinusoidal shape (largest 

deflection at mid-height). Additionally, the bending moment distribution follows the local buckling 

mode shape (sinusoidal shape).  
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(a) (b) (c) 

Figure 5-11: Deformed shapes of column 5 with elastoplastic material at characteristic points along the 

equilibrium path at (a) pre-buckling state, (b) collapse load level and (c) post-buckling state 

   

(a) (b) (c) 

Figure 5-12: Axial force diagrams of column 5 with elastoplastic material at characteristic points along the 

equilibrium path at (a) pre-buckling state, (b) collapse load level and (c) post-buckling state 

For the specific case presented, the normal stresses related to the maximum axial force and to the 

corresponding local bending moment are in general close to each other. Therefore, as for column 1, it 

can be concluded that in cases that local buckling is not the critical one (as for column 5 with x=0.4), 

local imperfections and deformations are expected to have an effect on the collapse load. If local 

imperfections are neglected, the normal stresses related to the maximum axial force are in general 

larger than the ones related to the corresponding bending moment. Thus, it can be seen that even 
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without the existence of initial local imperfections, local bending moments appear due to continuity of 

the chords and result in normal stresses. As for column 1, local imperfections are the ones that lead to 

significant local bending moments. 

   

(a) (b) (c) 

Figure 5-13: Bending moment diagrams of column 5 with elastoplastic material at characteristic points along the 
equilibrium path at (a) pre-buckling state, (b) collapse load level and (c) post-buckling state 

When comparing lateral deflections, it can be concluded that they are larger in the cases that both 

global and local imperfections are used than in the ones that only global imperfections are used. This 

result highlights that there is interaction between global and local buckling that leads to an increase of 

P-∆ effects. In solid columns, the types of failure can be attributed either to elastoplastic buckling or 

to elastic buckling. In the first case, material’s yielding and column’s buckling lead to overall failure. In 

the latter case material remains elastic and failure takes place due to instability.  

The types of failure of laced built-up columns can be summarised as: 

− Local failure due to inelastic buckling of the chord between lacing joints. In this case the 

compressive force developing in the middle of the most compressed chord reaches the capacity of 

the chord between connectors and local failure leads to collapse. 

− Overall failure of the column due to elastic (or almost elastic) global buckling. In this case the 

compressive force developing in the middle of the most compressed chord is smaller than the 

capacity of the chord between connectors. Nevertheless, overall instability leads to collapse. 

5.3 EUROCODE 3 PROVISIONS 

In Chapter 2 a general introduction to the Eurocode 3 (EC3) provisions for laced built-up members 

was made. In EC3 guidance for simply-supported columns is given assuming that the maximum 

bending moment appears at the mid-height of the member, even in the case that small lateral loads 

exist. Laced built-up members are truss-like structural systems and therefore their primary type of 

stress is due to axial forces while the secondary one is due to bending moments, usually about the 
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weak axis of the chords. In EC3 bending moments are neglected and only the axial forces are 

considered. In the case of a simply-supported laced column considering only global imperfections the 

equilibrium of vertical forces and moments at mid-height gives 

1 2
P=P +P  (5-7)

( ) ( )o
1 1 T2 2

h
P -P = P +P w

2
 (5-8)

where P is the total compressive force applied on the built-up column, P1 is the total force of the more 

compressed flange at the cross-section at mid-height, P2 is the corresponding total force of the less 

compressed flange and wT is the total deflection of the column at the cross-section at mid-height due 

to the existence of initial global imperfections (Figure 5-14). The total deflection is the sum of the 

initial global imperfection wo and of the additional deflection w due to second-order effects. 

 

Figure 5-14: Global undeformed and deformed configurations of typical laced column 

In order to avoid heavy computational work, without significant loss of accuracy, the magnification 

factor proposed by Thomas Young [5-9] and incorporated into many structural engineering code 

specifications is used for expressing the total deflection of the column wT in terms of the initial 

imperfection wo as 

o
T

cr

w
w =

P
1-

P

 
(5-9)

Pcr corresponds to the elastic critical buckling load of the Timoshenko member having equivalent 

bending and shear rigidities. In Eurocode 3 checking the maximum axial force of the chords (at mid-

height) against the buckling resistance of the chord between connectors and the maximum axial force 
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of the diagonal bars (at the ends) against the buckling resistance of a diagonal bar is required. The 

design procedure is thoroughly described in Chapter 2. As diagonal bars are not usually designed 

marginally, the load at which according to Eurocode 3 failure will take place is the first one. Making 

use of Eq. (5-7), Eq. (5-8) and Eq. (5-9) and based on the fact that collapse will take place when the 

force in the more compressed flange (i.e. P1) reaches the local capacity Nch,Rd of the geometrically 

imperfect chord, EC3 provisions result in the collapse load as 

2

ch,Rd ch,Rd ch,Rdo o
cr

cr o cr o cr

N N 2Nw w
P=P + +0.5 - + +0.5 -

P h P h P

 
           
     

 (5-10)

Eq. (5-10) contains all three different types of failure of a perfect laced member. Global response is 

inserted with the use of global imperfection and the global elastic critical buckling load. Local 

behaviour is described by Nch,Rd which is the capacity of the part of the chord between successive 

lacing joints assuming simply-supported behaviour. The local capacity Nch,Rd can be obtained with the 

use of the buckling curves provided by Eurocode 3 and incorporates local buckling and yielding. 

Local imperfections are taken into account in Eq. (5-10) only in the calculation of Nch,Rd and their 

influence on the value of the overall deflection at mid-height, due to their interaction with global 

imperfections, is ignored. This effect may be significant, as was demonstrated previously by the 

parametric study, where the resulting total deflections at mid-height when both global and local 

imperfections were introduced were found to be larger than the corresponding ones when only global 

imperfections were used, by approximately 15% at collapse load levels. Therefore, a modification of 

the EC3 procedure will be proposed in the next session, addressing this issue in an approximate but 

efficient manner. 

5.4 PROPOSED ANALYTICAL APPROACH 

Consider a simply-supported built-up column with both global and local initial imperfections which is 

axially loaded by a force P. It is modelled for computational convenience as a Timoshenko column 

with equivalent bending and shear rigidity. The internal bending moment is equal to: 

( ) ( )''
eff b

M x =-EI w x  (5-11)

where wb(x) is the deflection due to bending only. 

The external bending moment is equal to: 

( ) ( ) ( )( )oM x =P w x +w x  (5-12)

By equating Eq. (5-11) and Eq. (5-12), Eq. (5-13) is obtained 

( ) ( ) ( )''
oeff b b

v

P
EI 1- w x +Pw x =-Pw x

S

 
 
 

 (5-13)

The effect of global imperfections wo(x) is directly included in the right-hand side of the differential 

moment equilibrium (5-13) with respect to the additional deflections due to bending wb(x), while the 

effect of local imperfections can be taken into account by properly modifying the effective bending 

rigidity EIeff of the member, replacing it by a reduced value *
eff

EI . Then Eq. (5-13) becomes: 
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( ) ( ) ( )* ''
oeff b b

v

P
EI 1- w x +Pw x =-Pw x

S

 
 
 

 (5-14)

By considering that *
eff

EI  is constant and based on Eq. (5-14), the additional deflection due to bending 

only wb becomes equal to: 

( ) ( )o
b 2

cr
*2

w x
w x =

α
-1

α

 
(5-15)

where 

eff

*2

*

P
α =

EI β
 (5-16)

Additionally, β=1-P/Sv and for the simply-supported case the value of αcr is: 

2
2
cr 2

π
α =

L
 (5-17)

As the shear deformation is directly related to the shear force perpendicular to the deformed axis Q, it 

is expressed in terms of the rotation due to bending only. By integrating once, the additional 

deflection due to shear deformation can be obtained as: 

( ) ( )2*
cr oeff

s 2
v cr

*2

-α w xEI
w x =-

S α
-1

α

 
 
 
 
 
 

 (5-18)

The additional deflection w is equal to the sum of the additional deflection due to bending (Eq. (5-15)) 

and the additional deflection due to shear deformation (Eq.(5-18)) resulting in the following 

expression after some manipulation: 

( ) ( )o 2
* cr
cr *2

1
w x =w x

α
β -1

α

 
  
 

 
(5-19)

where 

*
* cr
cr

v

P
β =1-

S
 (5-20)
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The total deflection wT(x) of the column is given by adding the initial imperfection and the additional 

deflection due to both bending and shear deformation w(x): 

( ) ( ) ( )o oT
2 *

eff
v*

cr 2

1 πx
w x =w x +w x =w 1+ sin

LP
π EI 1-

S
β -1

PL

 
 
 
 
 
   
        

   
   

  
   
  

 (5-21)

Thus, the maximum total deflection at the middle is obtained as: 

oT

*
cr

1
w =w

P
1-

P

 
 
 
 
 
 

 (5-22)

where *

cr
P  is a modified “elastic critical global buckling load”, obtained by replacing in Eq. (5-2) the 

effective bending stiffness EIeff by the modified one, *
eff

EI : 

*
cr 2

2 *
veff

1
P =

L 1
+

Sπ EI

 
(5-23)

The reduced bending rigidity can be obtained by considering a “smeared” analysis similar to the one 

introduced by Thompson & Hunt [5-10], including the effect of local imperfections on global response. 

 

Figure 5-15: Local imperfections of typical laced column 
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This analysis is slightly modified here to account for the different axial forces in the two flanges of the 

built-up column. Consider that in the more compressed chord, the existence of initial local 

imperfections zo(x) with zo(L/2)=η·a (Figure 5-15) has a sinusoidal form: 

( )o

πx
z x =ηasin

a

 
 
 

 (5-24)

The additional local deflection due to the application of the compressive axial force P1 is equal to: 

( ) πx
z x =zsin

a

 
 
 

 (5-25)

The relation between the initial local imperfection and the additional local deflection at the mid-height 

is obtained with the use of the magnification factor for Euler-Bernoulli members: 

1

L 1

P
z=ηa

0.5P -P
 (5-26)

The 2nd order axial shortening between two adjacent lacing joints is equal to: 

( ) ( )( ) ( )( )
0

2 2

o och,1

1 ' ' 'u = z x +z x - z x dx
2

a
 
 
 ∫  (5-27)

where prime denotes differentiation with respect to x. By incorporating Eq. (5-26) in Eq. (5-25) and by 

making use of it in combination with Eq. (5-24) the above integral leads to: 

( )
( )

2 2
1 L 1

ch,1 2

L 1

π η aP P -P
u =

4 0.5P -P
 (5-28)

By adding to the 2nd order shortening the 1st order one, the total shortening is obtained, which is a 

non-linear function of the applied compressive load. By differentiating it once with respect to P1, the 

tangential compliance of the more compressed chord is calculated: 

( )
( )

22 2
L

3*
chch,1 L 1

π η 0.5P1 1
= +

EAEA 2 0.5P -P
 (5-29)

A similar procedure can be followed for obtaining the axial compliance of the less compressed chord 

by substituting P-P1 instead of P1. The effective bending stiffness of a laced built-up column containing 

the reduced axial stiffness of both chords (neglecting the individual second-moment of inertia of each 

chord) is then given by: 

( )* 2 * *
oeff ch,1 ch,2

EI =0.25h EA +EA  (5-30)

The force in the more compressed flange will be equal to: 

o
1

o
*
cr

w 1
P =0.5P+P

P h
1-

P

 
(5-31)
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It is convenient to express this force as a ratio r of the local capacity of the flange Nch,Rd: 

1 ch,Rd
P =rN  (5-32)

Factor r varies from 0 to 1, with 0 corresponding to no loading and 1 to local flange failure. Combining 

Eqs. (5-31) and (5-32), the following nonlinear equation relating the applied load P to factor r can be 

obtained: 

o
ch,Rd

o
*
cr

w 1
0.5P+P =rN

P h
1-

P

 
(5-33)

in which *

cr
P  is substituted by using Eqs. (5-23) and (5-30).  

The proposed method is expected to be conservative as it is based on the force in the more 

compressed panel P1 for the calculation of a uniform reduction of the bending stiffness due to initial 

local imperfections along the laced column’s length. In reality smaller forces than P1 are applied to the 

rest of the column but this assumption is convenient for computational reasons. As seen from Figure 

5-2 the elastic nonlinear equilibrium paths of the column have the shape shown with blue dotted line 

which is also depicted in Figure 5-16. Considering also the inelastic curves of Figure 5-7, collapse 

occurs on the ascending part of the equilibrium path in case of local flange failure, corresponding to 

r=1 (Figure 5-16(a)), or on the limit point of the equilibrium path in case of global elastic failure, 

corresponding to r<1 (Figure 5-16(b)). Based on this remark, Eq. (5-33) can be solved iteratively for 

P, aiming at obtaining its value Pu corresponding to failure. 

  

(a) (b) 

Figure 5-16: Graphical explanation of the proposed analytical approach with (a) local failure and (b) global failure 

The proposed iterative procedure can be summarised as follows: 

− Assume r=1 and solve Eq. (5-33) for P. 

− Try a slightly smaller value of r (i.e. 0.95) and solve Eq. (5-33) for P. 

− Compare the loads calculated in the previous two steps. If the load of the second step is smaller 

than the one of the first step, then the collapse load Pu has been reached at the first step and 

corresponds to local flange failure due to yielding and r=1 (Figure 5-16(a)). If not then go to the 

next step. 
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− Try smaller values of r (a procedure which can be optimized for faster convergence) until a 

maximum of P is reached. This maximum value is the collapse load Pu (Figure 5-16(b)). In such a 

case, the column failed globally without exceeding the yield stress at any cross-section in elevation. 

The iterative procedure is shown graphically for the cases of global elastic and local elastoplastic 

failure in Figure 5-17. It can be seen that the computational effort required for the case of local 

elastoplastic failure is similar to EC3’s, while for global elastic failure it is larger. The proposed method 

can be used for the prediction of the equilibrium paths (starting from zero applied axial load) until the 

collapse load. The equilibrium path can be evaluated by calculating the total deflection for different 

values of the axial load P with the use of Eq. (5-22). 

  

(a) (b) 

Figure 5-17: Graphical explanation of the proposed analytical approach with (a) local failure and (b) global failure 

The proposed method is consistent with the concept of Eurocode 3 that the laced column will behave 

elastically until failure takes place, whether it is related to global elastic collapse or to local 

elastoplastic one. 

5.5 PARAMETRIC STUDIES 

The parametric studies that are presented in this section aim at investigating both the imperfection 

sensitivity of built-up columns and the effectiveness of EC3 and of the proposed method. The results 

are presented with the use of two types of diagrams. In the first one, the equilibrium paths used have 

the horizontal displacement (also called transverse displacement) plotted on the horizontal axis and 

the non-dimensional ratio P/PL on the vertical one. In the second one, the graphs used have on the 

horizontal axis ratio x between global and local elastic critical buckling loads Pcr/PL and on the vertical 

axis the ratio y of the collapse load Pu to the local buckling load PL. 

u

L

P
y=

P
 (5-34)

The solutions corresponding to a perfect structure and obtained with LBA [5-4] are shown in the 

graphs with a bilinear solid line. The results of the imperfect structures obtained with GMNIA 

performed with finite element software ADINA [5-4], EC3 [5-1] and the proposed method are also 

illustrated. Three separate parametric studies are presented, each achieving the variation of ratio x in 

a different way. The global and local imperfections are assumed to be equal to L/500 and 

150cm/500=0.3cm, respectively, in all cases. The results are presented in terms of equilibrium paths 
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and collapse loads. The equilibrium paths are obtained with the use of Eq. (5-9) and Eq. (5-22) for 

Eurocode 3 and the proposed method, respectively. The collapse loads are calculated with the use of 

Eq. (5-10) for Eurocode 3 and with the iterative procedure described for the proposed method 

previously. 

5.5.1 First parametric study 

In the first parametric study, simply-supported laced columns are examined for which the global 

buckling load and the squash load are chosen to be equal and remain constant. Built-up columns are 

generally characterised by large global buckling loads and in order to achieve equality between the 

two previously mentioned loads, unrealistic yield strength equal to 70kN/cm2 is chosen. This 

unrealistic value is not expected to influence the parameters examined as they are based on non-

dimensionless factors. The local buckling load varies by changing the spacing of lacing joints (panel’s 

length) from 71.05cm to 150cm. In this way the ratio x also varies. The geometrical and inertial 

characteristics of the columns used are summarised in Table 5-2.  

Table 5-2: Geometrical and cross-section characteristics of the first parametric study 

Length L (cm) Panel’s length a (cm) Flanges’ cross-sectional area Ach (cm
2) Ich,z (cm

4) ho (cm) 

1350 varied 30 150 50 

Failure in all cases is local elastoplastic and the proposed method converges to collapse loads for 

value of r equal to 1, despite the fact that high yield strength is used for the material. The equilibrium 

paths for each one of the cases examined are shown in Figure 5-18 to Figure 5-23. The equilibrium 

paths of the proposed procedure and EC3 stop at the collapse load they predict. In all cases a good 

comparison between the analytical procedures and the numerical results is observed. 
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Figure 5-18: Equilibrium paths of the first parametric study’s cases based on GMNIA (blue solid line), the 
proposed method (red densely dotted line) and EC3 (green sparsely dotted line) for a=150cm (x=1.55) 
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Figure 5-19: Equilibrium paths of the first parametric study’s cases based on GMNIA (blue solid line), the 
proposed method (red densely dotted line) and EC3 (green sparsely dotted line) for a=135cm (x=1.26) 
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Figure 5-20: Equilibrium paths of the first parametric study’s cases based on GMNIA (blue solid line), the 

proposed method (red densely dotted line) and EC3 (green sparsely dotted line) for a=122.73cm (x=1.04) 
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Figure 5-21: Equilibrium paths of the first parametric study’s cases based on GMNIA (blue solid line), the 

proposed method (red densely dotted line) and EC3 (green sparsely dotted line) for a=112.5cm (x=0.88) 
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Figure 5-22: Equilibrium paths of the first parametric study’s cases based on GMNIA (blue solid line), the 
proposed method (red densely dotted line) and EC3 (green sparsely dotted line) for a=90cm (x=0.56) 
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Figure 5-23: Equilibrium paths of the first parametric study’s cases based on GMNIA (blue solid line), the 
proposed method (red densely dotted line) and EC3 (green sparsely dotted line) for a=71.05cm (x=0.35) 

The collapse loads obtained by the different analyses are shown in Figure 5-24 and in Table 5-3. The 

collapse loads obtained with both analytical methods, the one proposed in this work and the one 

included in EC3 specifications are in very good agreement with each other and with numerical results, 

with the largest difference being approximately 5.5%. The collapse loads predicted by the proposed 

method are slightly more conservative than EC3 results when compared with numerical results. The 

largest loss of capacity due to the existence of initial imperfections takes place when the stresses of 

local buckling, global buckling and yielding of the material all coincide, as initially observed by 

Svensson and Kragerup [5-8]. In this example the loss of capacity with respect to the perfect system 

due to the existence of imperfections for coinciding buckling and squash loads is equal to 46.1%. 
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Figure 5-24: Imperfection sensitivity diagram for the first parametric study 
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Table 5-3: Values of y varying x for the first parametric study 

x GMNIA Proposed method EC3 

0.35 0.21 0.20 0.21 

0.56 0.33 0.31 0.32 

0.88 0.47 0.45 0.45 

1.04 0.54 0.51 0.51 

1.26 0.59 0.56 0.58 

1.55 0.64 0.62 0.64 

5.5.2 Second parametric study 

In the second parametric study, simply-supported laced columns are examined for which the local 

buckling load and the squash load are chosen to be equal and remain constant, while the overall 

buckling load varies by changing the lever arm between the flanges from 25cm to 50cm. In this way 

the ratio x varies, too. The yield strength of the steel used is taken equal to 44kN/cm2. The 

geometrical and inertial characteristics of the laced columns of the second parametric study are 

summarised in Table 5-4. 

Table 5-4: Geometrical and cross-section characteristics of the second parametric study 

Length L (cm) Panel’s length a (cm) Flanges’ cross-sectional area Ach (cm
2) Ich,z (cm

4) ho (cm) 

1350 150 30 142 varied 

The equilibrium paths for each case separately are depicted in Figure 5-25 to Figure 5-30 as obtained 

numerically (blue solid line) and analytically with the proposed procedure (red densely dotted line) 

and EC3’s provisions (green sparsely dotted line). The proposed method gives similar results for small 

values of applied axial load as the effect of local imperfections does not affect much the overall 

response. For large axial forces, the proposed method is more conservative and in some cases 

overestimates the effect of local imperfections as it considers a constant reduction of the bending 

stiffness along the column’s length. EC3 provisions give very satisfactory results for both the elastic 

response and the collapse load of the columns. Both analytical procedures predict sufficiently the 

collapse load obtained with the numerical tools.  
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Figure 5-25: Equilibrium paths of the second parametric study’s cases based on GMNIA (blue solid line), the 
proposed method (red densely dotted line) and EC3 (green sparsely dotted line) for ho=25cm (x=0.42) 
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Figure 5-26: Equilibrium paths of the second parametric study’s cases based on GMNIA (blue solid line), the 
proposed method (red densely dotted line) and EC3 (green sparsely dotted line) for ho=30cm (x=0.58) 
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Figure 5-27: Equilibrium paths of the second parametric study’s cases based on GMNIA (blue solid line), the 

proposed method (red densely dotted line) and EC3 (green sparsely dotted line) for ho=35cm (x=0.79) 
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Figure 5-28: Equilibrium paths of the second parametric study’s cases based on GMNIA (blue solid line), the 

proposed method (red densely dotted line) and EC3 (green sparsely dotted line) for ho=40cm (x=1.02) 

0.00

0.10

0.20

0.30

0.40

0.50

0.60

0.00 0.01 0.02 0.03 0.04 0.05

P
/

P
L

Horizontal displacement (m)  

Figure 5-29: Equilibrium paths of the second parametric study’s cases based on GMNIA (blue solid line), the 
proposed method (red densely dotted line) and EC3 (green sparsely dotted line) for ho=45cm (x=1.29) 
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Figure 5-30: Equilibrium paths of the second parametric study’s cases based on GMNIA (blue solid line), the 

proposed method (red densely dotted line) and EC3 (green sparsely dotted line) for ho=50cm (x=1.59) 

The results obtained by the different analyses are shown in the sensitivity diagram of Figure 5-31. 

Failure in all cases is again elastoplastic. Similar conclusions as for the first parametric study are 

drawn, with the largest difference between alternative approaches being less than 5% and the largest 

imperfection sensitivity at x=1 being equal to 51.7%. A summary of the ratio y for different ratios x as 

obtained with the different methods is presented in Table 5-5. 
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Figure 5-31: Imperfection sensitivity diagram for the second parametric study 
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Table 5-5: Values of y varying x for the second parametric study 

x GMNIA Proposed method EC3 

0.42 0.32 0.29 0.31 

0.58 0.39 0.37 0.39 

0.79 0.46 0.44 0.45 

1.02 0.48 0.48 0.49 

1.29 0.52 0.51 0.51 

1.59 0.55 0.52 0.53 

5.5.3 Third parametric study 

In the third parametric study, laced cantilevers are examined for which the local buckling load and 

squash load remain constant while the global buckling load varies by modifying the lever arm between 

the chords from 25cm to 50cm. In this way the ratio x varies, too. The yield strength of the steel used 

is taken equal to 42kN/cm2. The laced cantilevers’ geometrical and inertial characteristics are 

summarised in Table 5-6. 

Table 5-6: Geometrical and cross-section characteristics of the third parametric study 

Length L (cm) Panel’s length a (cm) Flanges’ cross-sectional area Ach (cm
2) Ich,z (cm

4) ho (cm) 

1350 150 13.2 27.7 varies 

The equilibrium paths of the six cases of the third parametric study follow in Figure 5-32 to Figure 

5-37. They are obtained with the use of GMNIA (blue solid line), the proposed procedure (red densely 

dotted line) and with the use of the concept of EC3 (green sparsely dotted line). It can be seen that 

the geometrical nonlinearity is important for all six cases according to GMNIA. All cases deal with 

global elastic failure except for x≈2, which is related to local elastoplastic failure, but at a load level 

close to the one corresponding to global failure. More pronounced differences between the three 

approaches are observed. The proposed procedure is capable of accurately capturing the nonlinear 

response and collapse load in contrast with EC3 that gives unsafe results and predicts much stiffer 

response for large values of the ratio x when compared with GMNIA. 
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Figure 5-32: Equilibrium paths of the third parametric study’s cases based on GMNIA (blue solid line), the 
proposed method (red densely dotted line) and EC3 (green sparsely dotted line) for ho=25cm (x=0.51) 
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Figure 5-33: Equilibrium paths of the third parametric study’s cases based on GMNIA (blue solid line), the 
proposed method (red densely dotted line) and EC3 (green sparsely dotted line) for ho=30cm (x=0.74) 
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Figure 5-34: Equilibrium paths of the third parametric study’s cases based on GMNIA (blue solid line), the 
proposed method (red densely dotted line) and EC3 (green sparsely dotted line) for ho=35cm (x=1.00) 
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Figure 5-35: Equilibrium paths of the third parametric study’s cases based on GMNIA (blue solid line), the 
proposed method (red densely dotted line) and EC3 (green sparsely dotted line) for ho=40cm (x=1.30) 
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Figure 5-36: Equilibrium paths of the third parametric study’s cases based on GMNIA (blue solid line), the 

proposed method (red densely dotted line) and EC3 (green sparsely dotted line) for ho=45cm (x=1.64) 
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Figure 5-37: Equilibrium paths of the third parametric study’s cases based on GMNIA (blue solid line), the 
proposed method (red densely dotted line) and EC3 (green sparsely dotted line) for ho=50cm (x=2.01) 

The results are also summarised in Figure 5-38, in which the corresponding imperfection sensitivity 

diagram is depicted, and in Table 5-7. The proposed method approximates better the numerical 

results, being always on the safe side, while EC3 is on the unsafe side with the largest error being 

equal to 15%. The smallest difference between the three methods corresponds to the case of x≈2 

and is in the order of 5%. 
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Figure 5-38: Imperfection sensitivity diagram for the third parametric study 
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Table 5-7: Values of y varying x for the third parametric study 

x GMNIA Proposed method EC3 

0.51 0.39 0.35 0.42 

0.74 0.48 0.44 0.54 

1.00 0.54 0.52 0.62 

1.30 0.60 0.58 0.66 

1.64 0.64 0.63 0.69 

2.01 0.67 0.67 0.71 

5.6 CONCLUSIONS 

In this chapter the behaviour of perfect and imperfect laced built-up columns was investigated from a 

numerical and analytical point of view. GNI and GMNI analyses were used for observing that the 

relation of the three types of failure of perfect laced members associated with the global buckling 

load, local buckling load and squash load between each other affects the overall response and 

collapse load. EC3 accounts for all three types of failure but does not consider the effect of local 

imperfections on the global response. For this reason a modified procedure was proposed that 

incorporates the initial imperfections in the bending stiffness of the laced column. The proposed 

method requires an iterative procedure for its solution. 

Based on the three parametric studies presented, it was concluded that the proposed method and EC3 

give similar results when local elastoplastic failure governs. This is not the case when elastic global 

failure is the critical one, in which case the proposed method provides a better approximation of the 

“exact” numerical results, while EC3 is consistently on the unsafe side. This is explained by 

considering that in the case of elastoplastic failure overall deformations are rather small, thus the 

increase of global deformations due to the interaction between global and local imperfections is not 

important and therefore in such cases the proposed method is not significantly different from EC3.  

It was also pointed out that when the type of failure is local, both the proposed method and EC3 

require comparable computational effort and provide results that are close to the numerical ones. In 

the case of elastic overall failure the proposed method requires some iterations, thus more 

computational effort than EC3, but is expected to yield more accurate and safe results in comparison 

to EC3 approach. The error of EC3 on the unsafe side reaches in some cases a magnitude of 15%. 

The appearance of elastic overall failure in general requires axially loaded slender columns at both a 

global and local level constructed with the use of a material of relatively high yield strength. In most 

practical built-up members that are also transversely loaded (reducing in this way the importance of 

the geometrical nonlinearity), local elastoplastic failure is expected to govern and the philosophy used 

by EC3 is sufficient. 

Finally, more general conclusions of the numerical and analytical procedures described in this chapter 

are that a laced built-up column can be sufficiently modelled as Timoshenko member with equivalent 

bending and shear rigidities and be assumed that behaves elastically until failure either it is related to 

global elastic collapse or local elastoplastic one. Therefore, it is important that a straight-forward 

method for their elastic analysis is proposed and this is the main objective of the next two chapters. 
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6 ELASTIC BUCKLING LOAD OF MULTI-STORY 

FRAMES CONSISTING OF TIMOSHENKO 

MEMBERS 

6.1 INTRODUCTION 

In Chapter 5, it was shown that a laced built-up column can be modelled as an equivalent Timoshenko 

member, and therefore, reliable calculation of its elastic critical buckling load is crucial. In this chapter 

the elastic buckling loads of Timoshenko members with arbitrary supports at their ends, and those of 

multi-story frames consisting of Timoshenko members, will be presented. The main objective of this 

effort is to expand the method proposed by Gantes and Mageirou [6-1], [6-2] for the calculation of 

the elastic buckling load of multi-story frames with rigid or semi-rigid connections for the case that 

columns and/or beams are susceptible to shear deformations. It is worth mentioning here that elastic 

critical buckling loads are used by all modern steel design codes, including Eurocode 3 [6-3], in order 

to calculate slenderness ratios, which are then inserted into buckling curves for obtaining the 

member’s ultimate strength, thus also taking indirectly into account the influence of imperfections, 

residual stresses and material nonlinearity. Therefore, reliable calculation of elastic buckling loads is 

not merely of academic interest, but also has significant practical value. It is noted that in many of the 

examples presented by Gantes and Mageirou codes’ specifications gave over conservative results (see 

for instance example 3 of reference [6-1]). As elastic buckling loads depend heavily on boundary 

conditions, namely the relative transverse displacements of the two ends and the rotational 

restrictions at the two ends, the task of their correct calculation consists of two different parts, which 

are both addressed: (i) how to obtain the critical buckling load of a shear-weak member in 

compression for any set of given boundary conditions, and (ii) how to obtain rotational stiffnesses for 

taking into account the effect of other shear-weak members, converging at the end nodes of the 

member in question, using equivalent elastic springs. 

It can be concluded from Figure 6-1 that the overall stability of the frame can be examined by 

focusing on the behaviour of a critical column or a number of critical columns. For this reason the 

effect of members converging at the top and bottom node of the column in question is taken into 

account by replacing them with equivalent rotational springs. The ability of the column to translate 

horizontally depends on the eventual presence of lateral bracing and this is incorporated in the model 
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by using a translational spring at the top node of the column. This is shown schematically in Figure 

6-1, where the buckling strength of column TB of the frame in Figure 6-1(a) is investigated by means 

of the simplified model of the individual column in Figure 6-1(b). The restriction provided by the other 

members of the frame to the rotations of nodes T and B is modelled via rotational springs with 

constants ct and cb respectively, while the resistance provided by the bracing system to relative 

transverse translation of nodes T and B is modelled via the translational spring with constant cbr. The 

stiffness of the bottom and top rotational springs is obtained by summing up the contributions of 

members converging at the bottom and top ends, respectively: 

b b,i t t,j
i j

c = c , c = c∑ ∑  (6-1)

 

Figure 6-1: (a) Column TB as a part of a frame, (b) structural model of column TB and (c) sign convention 
(Gantes and Mageirou [6-1]) 

Individual member stiffnesses are obtained by making use of slope-deflection equations. Such 

equations were initially introduced by Maney [6-4] for Euler-Bernoulli members without axial force, 

and express the member’s end moments in terms of rotation angles. These equations are given, 

including the presence of axial force, in a familiar form by Salmon and Johnson [6-5] and many other 

structural textbooks. They were expanded for the case of Timoshenko beam-columns by Absi [6-6]. 

Lin et al. [6-7] derived slope-deflections equations for built-up members with end-rigid plates at their 

ends. Aristizabal-Ochoa [6-8], making use of Haringx’s approach, proposed slope-deflection equations 

for Timoshenko members with semi-rigid connections in a similar way to the one presented next. 

In order to achieve the objective of the present chapter, a 3x3 stability matrix is derived for a shear-

weak member with arbitrary boundary conditions, from which three stability equations for members 

belonging to unbraced, partially braced and braced frames are obtained. Indicative graphs containing 

the solutions of the stability equations for braced, partially braced and unbraced frames are provided. 

Afterwards, slope-deflection equations for shear-weak members with semi-rigid connections are 

derived based on Engesser’s method and used for the calculation of a complete set of rotational 

stiffness coefficients, which are then used for the replacement of members converging at the bottom 

and top ends of the column in question by equivalent springs. All possible rotational and translational 

boundary conditions at the far end of these members, as well as the eventual presence of axial force, 

are considered. Finally, five examples are presented for verification of the proposed approach, two of 

three-story frames with rigid and semi-rigid beam to column connections, one of a three-story frame 

with asymmetrically applied load, one of a partially braced frame and one of a sway frame consisting 

of built-up members. 
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6.2 ELASTIC BUCKLING LOAD OF TIMOSHENKO COLUMNS 

6.2.1 General stability matrix 

The differential equations that control the buckling problem of a simply-supported shear-weak column 

with bending and shear rigidity EI and Sv, respectively, that is loaded axially by a compressive force P 

were presented in Chapter 2 and are repeated here briefly for easy reference. If the column buckles, 

due to its deformed shape, second order moments develop along its length. If the differentiation with 

respect to the longitudinal axis is denoted as prime, the total rotation of a cross-section, which is 

attributed to both bending and shear deformation (ψ and γ, respectively), is stated below: 

w'=ψ+γ  (6-2)

According to Timoshenko beam-theory, the differential equations for a simply-supported beam refer to 

both total and bending rotations as follows: 

v

P Pw
w'' 1- + =0

S EI

 
 
 

 (6-3)

v

P Pψ
ψ'' 1- + =0

EIS

 
 
 

 (6-4)

Now, consider the simplified model of the structural member shown in Figure 6-2. At each end a 

translational and a rotational spring resist lateral deflection and bending rotation, respectively. The 

member has length L and is characterised by bending and shear rigidities EI and Sv, respectively. The 

sensitivity of the member to shear deformations can be identified by calculating its dimensionless 

shear parameter µ: 

2

v

EI
µ=

S L
 (6-5)

The effect of shear deformations is smaller for smaller values of µ. It can be seen that apart from 

reduced shear rigidity and/or small length, a column can be significantly affected by shear 

deformations if the bending rigidity is relatively large making bending deformations small and of 

comparable magnitude with those due to shear. 

 

Figure 6-2: Shear-weak member with rotational and translational springs at each end, subjected to axial 
compressive load 
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By differentiating Eqs. (6-3) and (6-4) twice, the equations for members with arbitrary boundary 

conditions are obtained, such as the one shown in Figure 6-2. Thus, Eqs. (6-6) and (6-7), that were 

initially derived by Banerjee and Williams [6-9], are obtained: 

v

P Pw''
w'''' 1- + =0

S EI

 
 
 

 (6-6)

v

P Pψ''
ψ'''' 1- + =0

EIS

 
 
 

 (6-7)

The solutions of fourth order differential Eqs. (6-6) and (6-7) are: 

( ) ( )1 2 3 4w(x)=A sin αx +A cos αx +A x+A  (6-8)

( ) ( ) ( ) ( )2 1 3ψ(x)= -αβ A sin αx + αβ A cos αx +A  (6-9)

where  

2
P

α =
EIβ

 (6-10)

v

P
β= 1-

S

 
 
 

 (6-11)

or  

( )2
1

β=
1+ αL µ

 (6-12)

The integration constants of the solution of the differential Eq. (6-7) are expressed in terms of those 

of Eq. (6-8) by making use of Eq. (6-2).  

The boundary conditions can be introduced by considering the shear force perpendicular to the 

undeformed axis V and moment M at each end and by making use of Eqs. (6-8) and (6-9). The 

equations for the shear force V and bending moment M were presented for the simply-supported case 

in Chapter 2 and are also applicable for the case of arbitrary boundary supports: 

V=-EIψ''-Pw'=Q-Pw'  (6-13)

and 

( ) ( )M x =-EIψ' x  (6-14)

Thus, four equations related to internal shear force V and bending moment M in terms of the 

unknowns Ai appear, two for each end: 

( ) ( ) ( ) ( ) ( )V 0 =Q 0 -Pw' 0 =-EIψ'' 0 -Pw' 0  (6-15)
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( ) ( ) ( ) ( ) ( )V L =Q L -Pw' L =-EIψ'' L -Pw' L  (6-16)

( ) ( )M 0 =-EIψ' 0  (6-17)

( ) ( )M L =-EIψ' L  (6-18)

The corresponding external expressions for shear force V and bending moment M are: 

( ) ( )br,bV 0 =c w 0  (6-19)

( ) ( )br,tV L =-c w L  (6-20)

( ) ( )bM 0 =-c ψ 0  (6-21)

( ) ( )tM L =c ψ L  (6-22)

By equating the expressions of internal and external moments and shear forces four equations arise 

that are expressed in terms of the four integration constants. These equations can be written in a 4x4 

matrix form. By adding the ones that are obtained from equating the shear forces, constant A4 is 

eliminated, and the matrix’s dimensions are reduced by one. A non-trivial solution is obtained only if 

the determinant of the stability matrix is equal to zero as shown in Eq. (6-23): 

2

cr cr

cr cr *

b

2 2

cr cr cr cr cr cr

cr cr cr cr cr cr* *

t t

2 2

cr cr cr cr

cr cr * *

br,t br,b

det =0

α β
α β 1

c

α β sin(α L) α β cos(α L)
- +α β cos(α L) - -α β sin(α L) 1

c c

α β α β
-sin(α L) 1-cos(α L) + -L

c c

 
 
 
 
 
 
 
 
 
 
 

 
(6-23)

where ci
*=ci/EI. 

In that case the critical values of α and β are obtained as αcr and βcr, respectively. This yields a so-

called stability equation, from which the elastic critical load of the beam-column Pcr can be calculated.  

6.2.2 Buckling equations 

The structural model of Figure 6-2 can be easily transformed to the one of Figure 6-1(b) if the 

translational spring at the bottom node is assigned infinite stiffness. In order to obtain non-

dimensional stability equations in which the rotational springs’ stiffnesses vary from zero (fixed 

support) to unity (pinned support), the distribution factors zt and zb that were introduced by Gantes 

and Mageirou [6-1], [6-2] are used. These are obtained by non-dimensionalisation of end rotational 

stiffnesses cb and ct with respect to the column’s flexural stiffness cc: 

c c
b t

c b c t

c c
z = , z =

c +c c +c
 (6-24)

where 
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c
c

4EI
c =

L
 (6-25)

The elastic buckling load is given in terms of parameter φcr=αcrL by the following formula: 

2

cr c
cr 2

2 cr c

v

φ EI
P =

φ EI
L +

S

 
(6-26)

This approach is next used to obtain the buckling equations for the special cases of partially braced, 

unbraced and braced frames. 

6.2.2.1 Partially braced frame 

The buckling equation can be derived by substituting 1/cbr,b equal to zero and cbr,t=cbr in the stability 

matrix and setting its determinant equal to zero: 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )( )

2 4
2

br t b br t b t b t b brcr cr cr cr cr

3 5 3
2 2

t b t b t b br t bcr cr cr cr cr cr cr

br t b t bcr cr cr cr

-32c z -1 z -1 +4cos α L 8c z -1 z -1 + z +z -2z z α L β c -β α L +

+sin α L -16 α L β 1-z -z +z z + α L β z z - α L β c z z +

                 +4 α L c 4β - 4β +1 z +z + 4β +2 z z =0

 
  







 (6-27)

where  

* 3
br brc =c L  (6-28)

Eq. (6-27) can be solved numerically for φcr=αcrL. The solution is obtained for specific values of the 

dimensionless parameter µ (βcr is directly connected with φcr as illustrated in Eq. (6-12)) and the 

stiffness of the translational spring. The value of φcr can then be substituted into Eq. (6-26) for the 

calculation of the elastic critical load of the member. If shear deformations are neglected, Eq. (6-27) is 

transformed to the one obtained by Gantes and Mageirou [6-1], [6-2] for partially braced frames 

consisting of Euler-Bernoulli columns. 

The results obtained from Eq. (6-27) for different values of the distribution factors varying from zero 

(fixed support) to unity (hinged support), the translational spring’s stiffness and the value of the 

parameter µ are summarised from Table 6-1 to Table 6-18 covering a large variety of possible cases. 

Each table is square and symmetric and for this reason only the diagonal and the top half is shown. 

The results are shown graphically in Figure 6-3 to Figure 6-20 obtained with the use of Matlab [6-10]. 

For values of µ equal to 0.001, 0.01 and 0.1 the graphs have red, blue and green colour, respectively. 

It should be noted that in Chapter 2, it was seen that solid cross-sections have a value of µ usually 

less than 0.003 highlighting that the effect of shear deformations on them is negligible. 
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Table 6-1: Value of φcr for 
brc =0.2  and µ=0.001 

zt/zb 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1 

0 3.168 3.128 3.084 3.038 2.988 2.934 2.876 2.815 2.749 2.679 2.605 2.526 2.443 2.357 2.265 2.170 2.070 1.966 1.857 1.742 1.622 

0.05  3.089 3.046 3.001 2.952 2.900 2.843 2.783 2.718 2.650 2.577 2.500 2.418 2.333 2.243 2.148 2.049 1.946 1.837 1.723 1.603 

0.1   3.006 2.961 2.914 2.863 2.808 2.749 2.686 2.619 2.547 2.471 2.391 2.307 2.218 2.124 2.026 1.924 1.816 1.702 1.582 

0.15    2.919 2.872 2.823 2.769 2.712 2.650 2.585 2.515 2.440 2.362 2.279 2.191 2.099 2.002 1.900 1.793 1.680 1.560 

0.2     2.828 2.779 2.728 2.672 2.612 2.548 2.480 2.407 2.330 2.248 2.162 2.071 1.975 1.874 1.768 1.655 1.536 

0.25      2.733 2.683 2.628 2.570 2.508 2.442 2.371 2.295 2.215 2.130 2.041 1.946 1.846 1.740 1.628 1.509 

0.3       2.634 2.582 2.526 2.465 2.400 2.331 2.258 2.179 2.096 2.008 1.914 1.815 1.711 1.599 1.481 

0.35        2.531 2.477 2.419 2.356 2.289 2.217 2.140 2.058 1.972 1.880 1.782 1.678 1.568 1.449 

0.4         2.425 2.368 2.307 2.242 2.172 2.097 2.018 1.933 1.842 1.746 1.643 1.533 1.415 

0.45          2.314 2.255 2.192 2.124 2.051 1.973 1.890 1.801 1.706 1.604 1.495 1.377 

0.5           2.198 2.137 2.072 2.001 1.925 1.844 1.756 1.663 1.562 1.454 1.336 

0.55            2.079 2.015 1.946 1.872 1.793 1.707 1.615 1.515 1.408 1.290 

0.6             1.953 1.887 1.815 1.737 1.653 1.563 1.464 1.357 1.240 

0.65              1.823 1.753 1.677 1.595 1.505 1.408 1.301 1.183 

0.7               1.685 1.611 1.530 1.442 1.345 1.239 1.120 

0.75                1.538 1.459 1.372 1.276 1.169 1.049 

0.8                 1.381 1.295 1.199 1.091 0.968 

0.85                  1.208 1.112 1.002 0.875 

0.9                   1.013 0.900 0.765 

0.95                    0.779 0.630 

1                     0.447 

 

 

Figure 6-3: Graphical representation of the solution of buckling equation for partially-braced frames 
brc =0.2  and 

µ=0.001 
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Table 6-2: Value of φcr for 
brc =0.2  and µ=0.01 

zt/zb 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1 

0 3.173 3.132 3.089 3.043 2.992 2.939 2.881 2.819 2.753 2.683 2.609 2.530 2.447 2.360 2.269 2.173 2.073 1.969 1.860 1.745 1.624 

0.05  3.093 3.051 3.006 2.957 2.904 2.848 2.787 2.723 2.654 2.581 2.504 2.422 2.336 2.246 2.152 2.052 1.949 1.840 1.726 1.605 

0.1   3.010 2.966 2.919 2.867 2.812 2.753 2.690 2.623 2.551 2.475 2.395 2.310 2.221 2.128 2.030 1.927 1.818 1.705 1.584 

0.15    2.923 2.877 2.827 2.774 2.716 2.655 2.589 2.519 2.444 2.366 2.282 2.195 2.102 2.005 1.903 1.795 1.682 1.562 

0.2     2.832 2.784 2.732 2.676 2.616 2.552 2.484 2.411 2.334 2.252 2.165 2.074 1.978 1.877 1.770 1.658 1.538 

0.25      2.737 2.687 2.633 2.575 2.512 2.446 2.375 2.299 2.219 2.134 2.044 1.949 1.849 1.743 1.631 1.511 

0.3       2.638 2.586 2.530 2.469 2.405 2.335 2.261 2.183 2.099 2.011 1.917 1.818 1.713 1.602 1.483 

0.35        2.536 2.481 2.423 2.360 2.292 2.220 2.144 2.062 1.975 1.883 1.785 1.681 1.570 1.451 

0.4         2.429 2.372 2.311 2.246 2.176 2.101 2.021 1.936 1.845 1.749 1.646 1.536 1.417 

0.45          2.318 2.259 2.196 2.128 2.055 1.977 1.893 1.804 1.709 1.607 1.498 1.380 

0.5           2.202 2.141 2.075 2.004 1.928 1.847 1.759 1.665 1.565 1.456 1.338 

0.55            2.082 2.018 1.950 1.876 1.796 1.710 1.618 1.518 1.410 1.292 

0.6             1.957 1.890 1.818 1.740 1.656 1.565 1.467 1.359 1.242 

0.65              1.826 1.756 1.680 1.597 1.508 1.410 1.303 1.185 

0.7               1.688 1.613 1.533 1.444 1.348 1.241 1.122 

0.75                1.541 1.462 1.374 1.278 1.171 1.051 

0.8                 1.383 1.297 1.201 1.093 0.970 

0.85                  1.210 1.114 1.004 0.876 

0.9                   1.015 0.901 0.766 

0.95                    0.780 0.631 

1                     0.448 

 

 

Figure 6-4: Graphical representation of the solution of buckling equation for partially-braced frames 
brc =0.2  and 

µ=0.01 
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Table 6-3: Value of φcr for 
brc =0.2  and µ=0.1 

zt/zb 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1 

0 3.244 3.203 3.159 3.112 3.060 3.005 2.946 2.882 2.814 2.741 2.665 2.583 2.498 2.408 2.313 2.215 2.112 2.004 1.892 1.774 1.650 

0.05  3.164 3.121 3.074 3.024 2.970 2.912 2.850 2.783 2.712 2.637 2.557 2.472 2.384 2.290 2.193 2.091 1.984 1.872 1.754 1.631 

0.1   3.079 3.034 2.985 2.933 2.876 2.815 2.750 2.681 2.607 2.528 2.445 2.357 2.265 2.169 2.068 1.962 1.850 1.734 1.610 

0.15    2.990 2.943 2.892 2.837 2.778 2.714 2.646 2.574 2.497 2.415 2.329 2.238 2.143 2.043 1.938 1.827 1.711 1.588 

0.2     2.897 2.848 2.794 2.737 2.675 2.609 2.538 2.463 2.383 2.298 2.209 2.115 2.016 1.912 1.802 1.686 1.563 

0.25      2.800 2.748 2.693 2.633 2.568 2.499 2.426 2.348 2.265 2.177 2.084 1.986 1.883 1.774 1.659 1.537 

0.3       2.698 2.645 2.587 2.524 2.457 2.386 2.310 2.228 2.142 2.051 1.954 1.852 1.744 1.630 1.508 

0.35        2.593 2.537 2.477 2.412 2.342 2.268 2.189 2.104 2.015 1.920 1.819 1.712 1.598 1.476 

0.4         2.483 2.425 2.362 2.295 2.222 2.145 2.063 1.975 1.881 1.782 1.676 1.563 1.441 

0.45          2.369 2.308 2.243 2.173 2.098 2.017 1.931 1.840 1.742 1.637 1.524 1.403 

0.5           2.250 2.187 2.119 2.046 1.968 1.884 1.794 1.697 1.594 1.482 1.361 

0.55            2.127 2.061 1.990 1.914 1.832 1.744 1.649 1.546 1.435 1.315 

0.6             1.998 1.929 1.855 1.775 1.689 1.595 1.494 1.384 1.263 

0.65              1.863 1.791 1.713 1.629 1.537 1.436 1.327 1.206 

0.7               1.721 1.645 1.562 1.472 1.372 1.263 1.141 

0.75                1.571 1.490 1.400 1.302 1.192 1.069 

0.8                 1.409 1.321 1.222 1.112 0.986 

0.85                  1.233 1.133 1.021 0.891 

0.9                   1.033 0.916 0.778 

0.95                    0.792 0.639 

1                     0.452 

 

Figure 6-5: Graphical representation of the solution of buckling equation for partially-braced frames 
brc =0.2  and 

µ=0.1 
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Table 6-4: Value of φcr for 
brc =0.6  and µ=0.001 

zt/zb 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1 

0 3.220 3.181 3.139 3.094 3.045 2.993 2.936 2.876 2.812 2.744 2.672 2.595 2.514 2.430 2.341 2.248 2.151 2.050 1.944 1.834 1.719 

0.05  3.143 3.102 3.058 3.011 2.960 2.905 2.846 2.783 2.716 2.645 2.570 2.491 2.407 2.320 2.228 2.132 2.031 1.927 1.817 1.702 

0.1   3.063 3.020 2.974 2.924 2.871 2.813 2.752 2.687 2.617 2.543 2.465 2.383 2.297 2.206 2.111 2.011 1.907 1.798 1.684 

0.15    2.978 2.934 2.886 2.834 2.778 2.718 2.655 2.587 2.514 2.438 2.357 2.272 2.182 2.088 1.990 1.887 1.778 1.664 

0.2     2.891 2.844 2.794 2.740 2.682 2.620 2.553 2.483 2.408 2.328 2.245 2.156 2.064 1.966 1.864 1.756 1.643 

0.25      2.799 2.750 2.698 2.642 2.582 2.517 2.448 2.375 2.297 2.215 2.128 2.037 1.941 1.840 1.733 1.620 

0.3       2.704 2.653 2.599 2.541 2.478 2.411 2.340 2.264 2.183 2.098 2.008 1.913 1.813 1.707 1.595 

0.35        2.605 2.552 2.496 2.435 2.370 2.301 2.227 2.148 2.065 1.976 1.883 1.784 1.679 1.567 

0.4         2.502 2.448 2.389 2.326 2.259 2.187 2.110 2.029 1.942 1.850 1.752 1.648 1.537 

0.45          2.396 2.339 2.279 2.213 2.144 2.069 1.989 1.904 1.814 1.717 1.614 1.504 

0.5           2.285 2.227 2.164 2.096 2.024 1.946 1.863 1.774 1.679 1.577 1.468 

0.55            2.171 2.110 2.045 1.974 1.899 1.818 1.731 1.637 1.537 1.428 

0.6             2.052 1.989 1.921 1.847 1.768 1.683 1.591 1.492 1.384 

0.65              1.928 1.862 1.791 1.714 1.631 1.540 1.443 1.336 

0.7               1.799 1.730 1.655 1.573 1.485 1.388 1.282 

0.75                1.663 1.590 1.510 1.423 1.327 1.222 

0.8                 1.519 1.441 1.355 1.260 1.154 

0.85                  1.364 1.279 1.185 1.078 

0.9                   1.195 1.100 0.992 

0.95                    1.004 0.893 

1                     0.775 

 

Figure 6-6: Graphical representation of the solution of buckling equation for partially-braced frames 
brc =0.6  and 

µ=0.001 
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Table 6-5: Value of φcr for 
brc =0.6  and µ=0.01 

zt/zb 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1 

0 3.234 3.195 3.153 3.108 3.059 3.007 2.950 2.890 2.825 2.757 2.684 2.607 2.526 2.441 2.351 2.258 2.160 2.059 1.952 1.842 1.726 

0.05  3.157 3.116 3.072 3.025 2.974 2.919 2.860 2.797 2.729 2.658 2.582 2.502 2.418 2.330 2.238 2.141 2.040 1.935 1.825 1.709 

0.1   3.077 3.034 2.988 2.938 2.884 2.827 2.765 2.700 2.630 2.555 2.477 2.394 2.307 2.216 2.120 2.020 1.916 1.806 1.691 

0.15    2.993 2.948 2.899 2.847 2.791 2.732 2.667 2.599 2.526 2.449 2.368 2.282 2.192 2.098 1.999 1.895 1.786 1.671 

0.2     2.904 2.858 2.807 2.753 2.695 2.632 2.566 2.495 2.419 2.339 2.255 2.166 2.073 1.975 1.872 1.764 1.650 

0.25      2.813 2.764 2.711 2.655 2.594 2.530 2.460 2.387 2.308 2.226 2.138 2.046 1.950 1.848 1.740 1.627 

0.3       2.717 2.666 2.612 2.553 2.490 2.423 2.351 2.275 2.194 2.108 2.017 1.922 1.821 1.714 1.601 

0.35        2.618 2.565 2.508 2.448 2.382 2.312 2.238 2.159 2.075 1.986 1.891 1.792 1.686 1.574 

0.4         2.515 2.460 2.401 2.338 2.270 2.198 2.121 2.038 1.951 1.858 1.760 1.655 1.544 

0.45          2.408 2.351 2.290 2.225 2.154 2.079 1.999 1.913 1.822 1.725 1.622 1.511 

0.5           2.297 2.238 2.175 2.107 2.034 1.955 1.872 1.782 1.687 1.584 1.475 

0.55            2.182 2.121 2.055 1.984 1.908 1.826 1.739 1.645 1.544 1.435 

0.6             2.062 1.999 1.930 1.856 1.777 1.691 1.599 1.499 1.391 

0.65              1.938 1.872 1.800 1.722 1.638 1.548 1.449 1.342 

0.7               1.808 1.738 1.663 1.581 1.492 1.394 1.287 

0.75                1.671 1.598 1.517 1.430 1.333 1.227 

0.8                 1.526 1.447 1.361 1.266 1.159 

0.85                  1.370 1.285 1.190 1.083 

0.9                   1.200 1.104 0.996 

0.95                    1.008 0.896 

1                     0.777 

 

Figure 6-7: Graphical representation of the solution of buckling equation for partially-braced frames 
brc =0.6  and 

µ=0.01 
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Table 6-6: Value of φcr for 
brc =0.6  and µ=0.1 

zt/zb 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1 

0 3.454 3.413 3.369 3.321 3.268 3.212 3.150 3.084 3.013 2.937 2.856 2.771 2.680 2.586 2.487 2.384 2.277 2.165 2.050 1.929 1.804 

0.05  3.374 3.331 3.284 3.233 3.178 3.118 3.053 2.984 2.909 2.830 2.746 2.657 2.564 2.466 2.364 2.257 2.147 2.032 1.912 1.787 

0.1   3.289 3.244 3.194 3.140 3.082 3.019 2.951 2.879 2.801 2.718 2.631 2.539 2.443 2.342 2.236 2.127 2.012 1.893 1.769 

0.15    3.200 3.152 3.100 3.043 2.982 2.916 2.845 2.769 2.689 2.603 2.512 2.417 2.318 2.214 2.105 1.992 1.873 1.749 

0.2     3.106 3.055 3.001 2.941 2.877 2.809 2.735 2.656 2.572 2.483 2.390 2.292 2.189 2.081 1.969 1.851 1.727 

0.25      3.007 2.954 2.897 2.835 2.768 2.697 2.620 2.538 2.451 2.360 2.263 2.162 2.055 1.944 1.827 1.704 

0.3       2.904 2.849 2.789 2.725 2.655 2.581 2.501 2.416 2.326 2.232 2.132 2.027 1.916 1.800 1.678 

0.35        2.796 2.739 2.677 2.610 2.537 2.460 2.378 2.290 2.197 2.099 1.995 1.886 1.771 1.649 

0.4         2.684 2.624 2.560 2.490 2.415 2.335 2.250 2.159 2.063 1.961 1.853 1.739 1.618 

0.45          2.567 2.506 2.439 2.366 2.289 2.206 2.117 2.023 1.923 1.817 1.704 1.584 

0.5           2.446 2.382 2.313 2.238 2.158 2.072 1.980 1.881 1.777 1.665 1.546 

0.55            2.321 2.254 2.182 2.105 2.021 1.931 1.835 1.733 1.623 1.504 

0.6             2.191 2.122 2.047 1.966 1.878 1.785 1.684 1.575 1.458 

0.65              2.055 1.983 1.905 1.820 1.729 1.630 1.522 1.406 

0.7               1.914 1.838 1.756 1.667 1.570 1.464 1.348 

0.75             
   1.765 1.686 1.599 1.503 1.399 1.284 

0.8             
    1.608 1.523 1.430 1.326 1.211 

0.85             
     1.440 1.348 1.245 1.129 

0.9                
   1.256 1.153 1.036 

0.95                
    1.049 0.928 

1                
     0.799 

 

Figure 6-8: Graphical representation of the solution of buckling equation for partially-braced frames 
brc =0.6  and 

µ=0.1 
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Table 6-7: Value of φcr for 
brc =1  and µ=0.001 

zt/zb 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1 

0 3.270 3.233 3.192 3.148 3.101 3.050 2.995 2.937 2.874 2.808 2.737 2.662 2.583 2.500 2.413 2.323 2.228 2.130 2.028 1.921 1.811 

0.05  3.196 3.157 3.114 3.068 3.018 2.965 2.908 2.847 2.781 2.712 2.639 2.561 2.479 2.394 2.304 2.211 2.113 2.012 1.906 1.796 

0.1   3.118 3.077 3.032 2.984 2.932 2.877 2.817 2.753 2.685 2.613 2.537 2.457 2.373 2.284 2.192 2.095 1.995 1.889 1.780 

0.15    3.037 2.994 2.947 2.897 2.843 2.785 2.723 2.656 2.586 2.511 2.432 2.349 2.262 2.171 2.076 1.976 1.871 1.762 

0.2     2.952 2.907 2.858 2.806 2.750 2.689 2.625 2.556 2.483 2.406 2.324 2.239 2.149 2.054 1.955 1.852 1.743 

0.25      2.864 2.817 2.766 2.712 2.653 2.590 2.524 2.452 2.377 2.297 2.213 2.124 2.031 1.933 1.831 1.723 

0.3       2.772 2.723 2.670 2.614 2.553 2.488 2.419 2.345 2.267 2.185 2.097 2.006 1.909 1.808 1.701 

0.35        2.676 2.626 2.571 2.512 2.450 2.382 2.311 2.235 2.154 2.068 1.978 1.883 1.783 1.677 

0.4         2.577 2.525 2.468 2.408 2.343 2.273 2.199 2.120 2.036 1.948 1.854 1.755 1.650 

0.45          2.475 2.421 2.362 2.299 2.232 2.160 2.083 2.002 1.915 1.823 1.725 1.621 

0.5           2.369 2.313 2.252 2.188 2.118 2.043 1.964 1.879 1.788 1.692 1.589 

0.55            2.259 2.201 2.139 2.072 1.999 1.922 1.839 1.750 1.655 1.554 

0.6             2.146 2.086 2.021 1.951 1.876 1.795 1.708 1.615 1.515 

0.65              2.028 1.966 1.899 1.826 1.747 1.663 1.571 1.472 

0.7               1.906 1.841 1.771 1.695 1.612 1.522 1.425 

0.75                1.779 1.711 1.637 1.556 1.469 1.373 

0.8                 1.645 1.573 1.495 1.409 1.314 

0.85             
     1.504 1.427 1.343 1.249 

0.9             
      1.352 1.269 1.176 

0.95                    1.187 1.094 

1                     1.001 

 

Figure 6-9: Graphical representation of the solution of buckling equation for partially-braced frames 
brc =1  and 

µ=0.001 
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Table 6-8: Value of φcr for 
brc =1  and µ=0.01 

zt/zb 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1 

0 3.294 3.257 3.216 3.172 3.124 3.073 3.018 2.959 2.896 2.829 2.758 2.682 2.602 2.519 2.431 2.339 2.244 2.145 2.041 1.934 1.822 

0.05  3.220 3.181 3.138 3.092 3.042 2.988 2.930 2.869 2.803 2.733 2.659 2.580 2.498 2.411 2.321 2.226 2.128 2.025 1.918 1.807 

0.1   3.142 3.101 3.056 3.007 2.955 2.899 2.839 2.775 2.706 2.633 2.557 2.475 2.390 2.301 2.207 2.110 2.008 1.902 1.791 

0.15    3.061 3.017 2.970 2.920 2.865 2.807 2.744 2.677 2.606 2.531 2.451 2.367 2.279 2.187 2.090 1.989 1.884 1.774 

0.2     2.975 2.930 2.881 2.828 2.771 2.711 2.645 2.576 2.502 2.424 2.342 2.255 2.164 2.069 1.969 1.864 1.755 

0.25      2.886 2.839 2.788 2.733 2.674 2.611 2.544 2.472 2.395 2.315 2.229 2.140 2.046 1.947 1.843 1.734 

0.3       2.794 2.745 2.692 2.635 2.574 2.508 2.438 2.364 2.285 2.201 2.113 2.020 1.923 1.820 1.712 

0.35        2.698 2.647 2.592 2.533 2.469 2.401 2.329 2.252 2.170 2.084 1.993 1.896 1.795 1.688 

0.4         2.598 2.545 2.488 2.427 2.362 2.291 2.216 2.136 2.052 1.962 1.867 1.767 1.661 

0.45          2.495 2.440 2.381 2.318 2.250 2.177 2.100 2.017 1.929 1.836 1.737 1.632 

0.5           2.388 2.332 2.271 2.205 2.135 2.059 1.979 1.893 1.801 1.704 1.600 

0.55            2.278 2.219 2.156 2.088 2.015 1.936 1.853 1.763 1.667 1.564 

0.6             2.163 2.103 2.037 1.966 1.890 1.809 1.721 1.627 1.525 

0.65              2.045 1.982 1.914 1.840 1.760 1.675 1.582 1.482 

0.7               1.921 1.856 1.784 1.707 1.624 1.533 1.435 

0.75                1.793 1.724 1.649 1.567 1.479 1.382 

0.8                 1.658 1.585 1.505 1.418 1.323 

0.85             
     1.514 1.437 1.351 1.257 

0.9             
      1.361 1.277 1.183 

0.95                    1.194 1.100 

1                     1.005 

 

Figure 6-10: Graphical representation of the solution of buckling equation for partially-braced frames 
brc =1  and 

µ=0.01 
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Table 6-9: Value of φcr for 
brc =1  and µ=0.1 

zt/zb 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1 

0 3.669 3.629 3.585 3.537 3.483 3.425 3.362 3.293 3.218 3.138 3.053 2.962 2.867 2.766 2.662 2.553 2.441 2.325 2.205 2.081 1.953 

0.05  3.590 3.547 3.500 3.449 3.392 3.330 3.263 3.190 3.112 3.028 2.939 2.845 2.746 2.643 2.535 2.424 2.308 2.189 2.066 1.938 

0.1   3.506 3.461 3.411 3.356 3.296 3.230 3.160 3.083 3.001 2.914 2.821 2.724 2.622 2.515 2.405 2.290 2.172 2.049 1.922 

0.15    3.417 3.369 3.316 3.258 3.194 3.125 3.051 2.971 2.885 2.795 2.699 2.599 2.494 2.384 2.271 2.153 2.031 1.904 

0.2     3.322 3.271 3.215 3.154 3.088 3.015 2.938 2.854 2.766 2.672 2.573 2.470 2.362 2.249 2.133 2.011 1.885 

0.25      3.222 3.169 3.110 3.046 2.976 2.901 2.820 2.733 2.642 2.545 2.443 2.337 2.226 2.110 1.990 1.864 

0.3       3.118 3.061 3.000 2.933 2.860 2.781 2.697 2.608 2.513 2.414 2.309 2.200 2.085 1.966 1.841 

0.35        3.008 2.949 2.885 2.815 2.739 2.658 2.571 2.479 2.381 2.279 2.171 2.058 1.940 1.816 

0.4         2.893 2.832 2.765 2.692 2.614 2.530 2.440 2.345 2.245 2.139 2.028 1.911 1.788 

0.45          2.773 2.710 2.640 2.565 2.484 2.398 2.305 2.207 2.103 1.994 1.879 1.757 

0.5           2.649 2.583 2.512 2.434 2.350 2.261 2.165 2.064 1.957 1.843 1.723 

0.55            2.521 2.453 2.378 2.298 2.212 2.119 2.020 1.915 1.804 1.685 

0.6             2.388 2.317 2.240 2.157 2.068 1.972 1.869 1.760 1.642 

0.65              2.250 2.177 2.097 2.011 1.918 1.818 1.711 1.595 

0.7               2.107 2.031 1.948 1.858 1.761 1.656 1.542 

0.75                1.959 1.879 1.792 1.698 1.595 1.483 

0.8                 1.803 1.719 1.628 1.527 1.417 

0.85             
     1.639 1.549 1.451 1.342 

0.9             
      1.463 1.366 1.258 

0.95                    1.271 1.163 

1                     1.054 

 

Figure 6-11: Graphical representation of the solution of buckling equation for partially-braced frames 
brc =1  and 

µ=0.1 
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Table 6-10: Value of φcr for 
brc =2.5  and µ=0.001 

zt/zb 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1 

0 3.454 3.421 3.384 3.345 3.302 3.256 3.207 3.153 3.095 3.034 2.968 2.899 2.825 2.748 2.668 2.583 2.496 2.405 2.312 2.215 2.116 

0.05  3.388 3.353 3.315 3.274 3.229 3.181 3.129 3.072 3.012 2.948 2.880 2.808 2.732 2.653 2.570 2.484 2.394 2.301 2.205 2.107 

0.1   3.319 3.283 3.243 3.199 3.153 3.102 3.047 2.989 2.927 2.860 2.790 2.715 2.637 2.555 2.470 2.381 2.290 2.195 2.097 

0.15    3.247 3.209 3.167 3.122 3.073 3.020 2.963 2.903 2.838 2.769 2.696 2.619 2.539 2.455 2.368 2.277 2.183 2.086 

0.2     3.172 3.132 3.088 3.041 2.990 2.936 2.877 2.814 2.747 2.675 2.600 2.521 2.439 2.353 2.263 2.170 2.074 

0.25      3.094 3.052 3.007 2.958 2.905 2.848 2.787 2.722 2.653 2.579 2.502 2.421 2.336 2.248 2.156 2.061 

0.3       3.012 2.969 2.922 2.872 2.817 2.758 2.695 2.628 2.556 2.481 2.402 2.318 2.231 2.141 2.046 

0.35        2.928 2.883 2.835 2.783 2.726 2.665 2.600 2.531 2.458 2.380 2.299 2.213 2.124 2.031 

0.4         2.841 2.795 2.745 2.691 2.633 2.570 2.503 2.432 2.356 2.277 2.193 2.105 2.014 

0.45          2.751 2.704 2.652 2.597 2.537 2.472 2.403 2.330 2.253 2.171 2.085 1.995 

0.5           2.659 2.610 2.557 2.500 2.438 2.372 2.301 2.226 2.147 2.062 1.974 

0.55            2.564 2.514 2.460 2.401 2.337 2.269 2.197 2.119 2.037 1.951 

0.6             2.467 2.416 2.360 2.299 2.234 2.164 2.089 2.010 1.925 

0.65              2.367 2.314 2.257 2.195 2.128 2.056 1.979 1.897 

0.7               2.265 2.211 2.152 2.088 2.019 1.945 1.865 

0.75                2.160 2.104 2.044 1.978 1.907 1.830 

0.8                 2.052 1.995 1.932 1.864 1.790 

0.85             
     1.941 1.882 1.817 1.747 

0.9             
      1.826 1.765 1.698 

0.95                    1.707 1.643 

1                     1.583 

 

Figure 6-12: Graphical representation of the solution of buckling equation for partially-braced frames 
brc =2.5  and 

µ=0.001 
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Table 6-11: Value of φcr for 
brc =2.5  and µ=0.01 

zt/zb 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1 

0 3.514 3.480 3.444 3.404 3.361 3.314 3.264 3.209 3.150 3.087 3.020 2.949 2.873 2.794 2.711 2.624 2.534 2.441 2.345 2.246 2.143 

0.05  3.448 3.413 3.374 3.332 3.287 3.238 3.185 3.128 3.066 3.000 2.931 2.856 2.778 2.697 2.611 2.522 2.430 2.334 2.236 2.134 

0.1   3.379 3.342 3.301 3.257 3.210 3.158 3.103 3.043 2.979 2.910 2.838 2.761 2.681 2.597 2.509 2.417 2.323 2.225 2.124 

0.15    3.306 3.267 3.225 3.179 3.129 3.075 3.017 2.955 2.888 2.818 2.743 2.663 2.581 2.494 2.404 2.310 2.214 2.113 

0.2     3.230 3.189 3.145 3.097 3.045 2.989 2.929 2.864 2.795 2.722 2.644 2.563 2.478 2.389 2.297 2.201 2.102 

0.25      3.151 3.109 3.063 3.013 2.959 2.900 2.838 2.771 2.699 2.624 2.544 2.460 2.373 2.282 2.187 2.089 

0.3       3.068 3.024 2.977 2.925 2.869 2.808 2.743 2.674 2.601 2.523 2.441 2.355 2.265 2.172 2.074 

0.35        2.983 2.937 2.888 2.834 2.776 2.713 2.647 2.575 2.499 2.419 2.335 2.247 2.155 2.059 

0.4         2.894 2.847 2.796 2.741 2.681 2.616 2.547 2.473 2.396 2.313 2.227 2.136 2.042 

0.45          2.803 2.754 2.701 2.644 2.582 2.516 2.445 2.369 2.289 2.205 2.116 2.023 

0.5           2.708 2.659 2.604 2.545 2.481 2.413 2.340 2.262 2.180 2.093 2.002 

0.55            2.611 2.560 2.504 2.443 2.378 2.308 2.233 2.153 2.068 1.978 

0.6             2.512 2.459 2.401 2.339 2.272 2.199 2.122 2.040 1.953 

0.65              2.409 2.355 2.296 2.232 2.163 2.088 2.009 1.924 

0.7               2.304 2.248 2.188 2.122 2.050 1.974 1.891 

0.75                2.196 2.139 2.076 2.008 1.935 1.855 

0.8                 2.085 2.026 1.962 1.891 1.815 

0.85             
     1.971 1.910 1.843 1.770 

0.9             
      1.852 1.789 1.720 

0.95                    1.730 1.664 

1                     1.601 

 

Figure 6-13: Graphical representation of the solution of buckling equation for partially-braced frames 
brc =2.5  and 

µ=0.01 
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Table 6-12: Value of φcr for 
brc =2.5  and µ=0.1 

zt/zb 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1 

0 4.494 4.462 4.425 4.381 4.331 4.272 4.204 4.125 4.036 3.937 3.828 3.711 3.587 3.457 3.322 3.185 3.045 2.903 2.760 2.616 2.471 

0.05  4.431 4.396 4.354 4.306 4.249 4.183 4.107 4.020 3.922 3.815 3.699 3.576 3.447 3.313 3.176 3.037 2.896 2.753 2.609 2.464 

0.1   4.362 4.323 4.276 4.222 4.158 4.084 4.000 3.905 3.800 3.686 3.564 3.436 3.303 3.167 3.028 2.887 2.745 2.601 2.456 

0.15    4.285 4.241 4.190 4.129 4.058 3.977 3.884 3.782 3.670 3.550 3.423 3.292 3.156 3.018 2.878 2.736 2.593 2.448 

0.2     4.200 4.152 4.094 4.027 3.949 3.860 3.760 3.651 3.533 3.408 3.278 3.144 3.007 2.867 2.726 2.583 2.438 

0.25      4.106 4.053 3.990 3.916 3.831 3.735 3.628 3.513 3.391 3.263 3.130 2.994 2.855 2.714 2.572 2.427 

0.3       4.003 3.945 3.876 3.795 3.704 3.602 3.490 3.370 3.244 3.113 2.978 2.841 2.701 2.559 2.415 

0.35        3.891 3.827 3.753 3.666 3.569 3.462 3.345 3.222 3.094 2.961 2.824 2.686 2.545 2.401 

0.4         3.770 3.701 3.621 3.530 3.427 3.316 3.196 3.071 2.940 2.805 2.668 2.528 2.386 

0.45          
3.639 3.566 3.482 3.386 3.280 3.165 3.043 2.915 2.783 2.648 2.509 2.368 

0.5          
 3.501 3.424 3.336 3.236 3.127 3.010 2.886 2.757 2.624 2.487 2.347 

0.55          
  3.356 3.275 3.184 3.082 2.970 2.851 2.726 2.596 2.462 2.324 

0.6          
   3.204 3.121 3.027 2.922 2.809 2.689 2.563 2.432 2.296 

0.65          
    3.047 2.962 2.865 2.759 2.645 2.524 2.396 2.264 

0.7               2.885 2.798 2.700 2.593 2.477 2.355 2.226 

0.75                2.720 2.631 2.531 2.423 2.306 2.181 

0.8                 2.550 2.459 2.358 2.248 2.129 

0.85             
     

2.377 2.284 2.181 2.069 

0.9             
     

 2.199 2.104 1.998 

0.95                  
  2.016 1.917 

1                  
   1.826 

 

Figure 6-14: Graphical representation of the solution of buckling equation for partially-braced frames 
brc =2.5  and 

µ=0.1 
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Table 6-13: Value of φcr for 
brc =7.5  and µ=0.001 

zt/zb 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1 

0 4.004 3.981 3.955 3.927 3.896 3.862 3.824 3.782 3.736 3.685 3.630 3.570 3.506 3.438 3.366 3.291 3.212 3.131 3.048 2.964 2.877 

0.05  3.959 3.935 3.908 3.878 3.845 3.809 3.768 3.724 3.674 3.621 3.563 3.500 3.433 3.362 3.287 3.210 3.129 3.047 2.962 2.877 

0.1   3.912 3.887 3.858 3.827 3.792 3.753 3.710 3.663 3.611 3.554 3.493 3.427 3.357 3.284 3.207 3.127 3.045 2.961 2.876 

0.15    3.863 3.836 3.806 3.773 3.736 3.695 3.649 3.599 3.544 3.484 3.420 3.352 3.279 3.203 3.125 3.043 2.960 2.875 

0.2     3.811 3.783 3.752 3.717 3.678 3.634 3.586 3.533 3.475 3.413 3.346 3.275 3.200 3.122 3.041 2.958 2.873 

0.25      3.757 3.728 3.695 3.658 3.617 3.571 3.520 3.465 3.404 3.339 3.269 3.195 3.118 3.039 2.956 2.872 

0.3       3.701 3.670 3.636 3.597 3.554 3.506 3.452 3.394 3.331 3.263 3.191 3.115 3.036 2.954 2.871 

0.35        3.642 3.611 3.575 3.534 3.489 3.438 3.382 3.321 3.255 3.185 3.111 3.033 2.952 2.869 

0.4         3.582 3.549 3.512 3.469 3.422 3.369 3.311 3.247 3.178 3.106 3.029 2.949 2.867 

0.45        
  3.520 3.486 3.447 3.403 3.353 3.298 3.237 3.171 3.100 3.025 2.946 2.865 

0.5        
   3.455 3.420 3.380 3.334 3.283 3.225 3.161 3.093 3.020 2.943 2.863 

0.55        
    3.389 3.354 3.312 3.264 3.210 3.150 3.085 3.014 2.939 2.860 

0.6        
     3.322 3.285 3.242 3.193 3.137 3.075 3.006 2.933 2.856 

0.65        
      3.253 3.216 3.171 3.120 3.062 2.997 2.927 2.852 

0.7               3.184 3.145 3.099 3.046 2.986 2.919 2.846 

0.75                3.113 3.074 3.027 2.972 2.909 2.840 

0.8                 3.041 3.001 2.953 2.896 2.831 

0.85             
  

   2.969 2.928 2.878 2.819 

0.9             
  

    2.896 2.855 2.803 

0.95                  
  2.823 2.780 

1                  
   2.749 

 

Figure 6-15: Graphical representation of the solution of buckling equation for partially-braced frames 
brc =7.5  and 

µ=0.001 
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Table 6-14: Value of φcr for 
brc =7.5  and µ=0.01 

zt/zb 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1 

0 4.180 4.158 4.133 4.104 4.073 4.037 3.997 3.953 3.903 3.848 3.788 3.722 3.651 3.575 3.495 3.410 3.323 3.234 3.142 3.048 2.954 

0.05  4.136 4.112 4.086 4.055 4.021 3.983 3.940 3.892 3.839 3.780 3.715 3.645 3.571 3.491 3.408 3.321 3.232 3.141 3.048 2.953 

0.1   4.090 4.064 4.036 4.003 3.967 3.926 3.880 3.828 3.771 3.708 3.640 3.566 3.488 3.405 3.319 3.231 3.140 3.047 2.953 

0.15    4.041 4.014 3.983 3.949 3.910 3.865 3.816 3.761 3.700 3.633 3.561 3.484 3.402 3.317 3.229 3.138 3.046 2.952 

0.2     3.989 3.960 3.928 3.891 3.849 3.802 3.749 3.690 3.625 3.555 3.479 3.399 3.314 3.227 3.137 3.045 2.952 

0.25      3.934 3.904 3.869 3.830 3.786 3.735 3.679 3.616 3.547 3.473 3.395 3.311 3.225 3.136 3.044 2.951 

0.3       3.876 3.845 3.808 3.767 3.719 3.665 3.605 3.539 3.467 3.390 3.308 3.222 3.134 3.043 2.950 

0.35        3.816 3.783 3.744 3.700 3.650 3.593 3.529 3.459 3.384 3.304 3.219 3.132 3.041 2.949 

0.4         3.753 3.718 3.678 3.631 3.578 3.517 3.450 3.377 3.299 3.216 3.129 3.040 2.948 

0.45        
  3.687 3.651 3.609 3.559 3.503 3.439 3.369 3.293 3.212 3.126 3.038 2.947 

0.5        
   3.619 3.582 3.537 3.485 3.426 3.359 3.286 3.207 3.123 3.035 2.945 

0.55        
    3.549 3.510 3.463 3.409 3.347 3.277 3.200 3.119 3.032 2.943 

0.6        
     3.477 3.436 3.388 3.331 3.265 3.192 3.113 3.029 2.941 

0.65        
      3.402 3.361 3.310 3.250 3.182 3.106 3.025 2.938 

0.7               3.327 3.284 3.231 3.169 3.097 3.019 2.935 

0.75                3.249 3.205 3.150 3.085 3.011 2.930 

0.8                 3.171 3.125 3.069 3.001 2.924 

0.85             
  

   3.091 3.045 2.986 2.915 

0.9             
  

    3.011 2.963 2.901 

0.95                 
   2.929 2.881 

1                 
    2.847 

 

Figure 6-16: Graphical representation of the solution of buckling equation for partially-braced frames 
brc =7.5  and 

µ=0.01 
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Table 6-15: Value of φcr for 
brc =7.5  and µ=0.1 

zt/zb 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1 

0 6.208 6.200 6.113 6.018 5.916 5.806 5.689 5.565 5.434 5.296 5.151 5.002 4.847 4.689 4.527 4.363 4.197 4.031 3.864 3.697 3.530 

0.05  6.122 6.037 5.945 5.847 5.742 5.629 5.510 5.383 5.250 5.111 4.966 4.817 4.663 4.505 4.345 4.183 4.019 3.855 3.690 3.525 

0.1   5.955 5.867 5.773 5.672 5.565 5.450 5.329 5.202 5.068 4.929 4.784 4.635 4.482 4.326 4.167 4.007 3.845 3.682 3.519 

0.15    5.784 5.694 5.598 5.495 5.386 5.271 5.149 5.022 4.888 4.749 4.605 4.457 4.305 4.150 3.993 3.834 3.674 3.513 

0.2     5.609 5.518 5.421 5.318 5.209 5.093 4.972 4.844 4.711 4.572 4.429 4.282 4.131 3.978 3.822 3.665 3.506 

0.25      5.433 5.342 5.245 5.142 5.033 4.918 4.796 4.669 4.537 4.399 4.257 4.111 3.962 3.810 3.655 3.499 

0.3       5.257 5.167 5.070 4.968 4.860 4.745 4.624 4.498 4.367 4.230 4.089 3.944 3.795 3.644 3.491 

0.35        5.083 4.994 4.898 4.797 4.689 4.576 4.456 4.331 4.200 4.064 3.924 3.780 3.632 3.482 

0.4         4.911 4.823 4.729 4.629 4.523 4.410 4.292 4.167 4.037 3.902 3.763 3.619 3.472 

0.45        
  4.743 4.656 4.564 4.465 4.360 4.249 4.131 4.007 3.878 3.743 3.604 3.460 

0.5        
   4.578 4.493 4.403 4.305 4.202 4.091 3.974 3.851 3.722 3.587 3.448 

0.55        
    4.417 4.334 4.245 4.150 4.047 3.937 3.821 3.698 3.568 3.434 

0.6        
     4.260 4.180 4.092 3.998 3.896 3.787 3.670 3.547 3.417 

0.65        
      4.107 4.029 3.943 3.849 3.748 3.639 3.523 3.399 

0.7               3.959 3.882 3.797 3.705 3.604 3.495 3.378 

0.75                3.814 3.739 3.656 3.564 3.463 3.353 

0.8                 3.673 3.599 3.517 3.425 3.324 

0.85             
  

   3.536 3.463 3.381 3.289 

0.9             
  

    3.401 3.330 3.249 

0.95                
    3.270 3.200 

1                
     3.142 

 

Figure 6-17: Graphical representation of the solution of buckling equation for partially-braced frames 
brc =7.5  and 

µ=0.1 
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Table 6-16: Value of φcr for 
brc =100  and µ=0.001 

zt/zb 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1 

0 6.283 6.202 6.115 6.023 5.927 5.829 5.728 5.625 5.523 5.421 5.320 5.220 5.123 5.028 4.935 4.845 4.757 4.673 4.591 4.512 4.435 

0.05  6.122 6.038 5.948 5.855 5.758 5.659 5.559 5.458 5.358 5.258 5.160 5.064 4.969 4.878 4.788 4.702 4.618 4.536 4.457 4.381 

0.1   5.955 5.868 5.777 5.683 5.586 5.488 5.389 5.291 5.193 5.096 5.001 4.908 4.817 4.729 4.643 4.560 4.479 4.400 4.324 

0.15    5.784 5.695 5.603 5.509 5.413 5.316 5.220 5.124 5.029 4.935 4.844 4.754 4.667 4.582 4.499 4.419 4.341 4.266 

0.2     5.609 5.520 5.428 5.334 5.240 5.146 5.052 4.958 4.867 4.776 4.688 4.602 4.518 4.436 4.357 4.280 4.205 

0.25      5.433 5.344 5.253 5.161 5.069 4.977 4.886 4.795 4.707 4.620 4.535 4.452 4.372 4.293 4.217 4.143 

0.3       5.257 5.169 5.079 4.989 4.900 4.810 4.722 4.635 4.550 4.466 4.385 4.305 4.227 4.152 4.079 

0.35        5.083 4.996 4.908 4.821 4.733 4.647 4.562 4.478 4.396 4.315 4.237 4.160 4.086 4.013 

0.4         4.911 4.826 4.740 4.655 4.571 4.487 4.405 4.324 4.245 4.168 4.092 4.018 3.947 

0.45          
4.743 4.659 4.576 4.493 4.412 4.331 4.251 4.174 4.097 4.023 3.950 3.879 

0.5          
 4.578 4.497 4.416 4.335 4.256 4.178 4.102 4.027 3.953 3.881 3.811 

0.55          
  4.417 4.338 4.259 4.182 4.105 4.030 3.956 3.883 3.812 3.743 

0.6          
   4.260 4.183 4.107 4.032 3.957 3.885 3.813 3.743 3.674 

0.65          
    4.107 4.033 3.959 3.886 3.814 3.743 3.674 3.606 

0.7               3.959 3.886 3.814 3.743 3.673 3.605 3.538 

0.75                3.814 3.743 3.673 3.604 3.537 3.470 

0.8                 3.673 3.604 3.536 3.469 3.403 

0.85             
   

  3.536 3.468 3.402 3.336 

0.9             
   

   3.401 3.336 3.271 

0.95                
    3.270 3.206 

1                
     3.142 

 

Figure 6-18: Graphical representation of the solution of buckling equation for partially-braced frames 
brc =100  

and µ=0.001 



Elastic Buckling Load of Multi-Story Frames Consisting of Timoshenko Members 165 

Nonlinear behaviour and design of steel built-up columns under axial and transverse loading 

Table 6-17: Value of φcr for 
brc =100  and µ=0.01 

zt/zb 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1 

0 6.283 6.202 6.115 6.023 5.927 5.828 5.727 5.624 5.521 5.418 5.315 5.214 5.114 5.017 4.921 4.828 4.737 4.649 4.563 4.480 4.399 

0.05  6.122 6.038 5.948 5.855 5.758 5.658 5.558 5.456 5.355 5.254 5.154 5.056 4.959 4.865 4.773 4.683 4.595 4.510 4.427 4.347 

0.1   5.955 5.868 5.777 5.683 5.586 5.487 5.388 5.288 5.189 5.091 4.994 4.899 4.806 4.714 4.626 4.539 4.455 4.373 4.293 

0.15    5.784 5.695 5.603 5.508 5.412 5.315 5.218 5.120 5.024 4.929 4.835 4.744 4.654 4.566 4.480 4.397 4.316 4.237 

0.2     5.609 5.520 5.428 5.334 5.239 5.144 5.049 4.955 4.861 4.769 4.679 4.590 4.504 4.419 4.337 4.257 4.178 

0.25      5.433 5.344 5.253 5.160 5.068 4.975 4.882 4.791 4.701 4.612 4.525 4.440 4.356 4.275 4.196 4.118 

0.3       5.257 5.169 5.079 4.989 4.898 4.808 4.719 4.630 4.543 4.458 4.374 4.292 4.212 4.133 4.057 

0.35        5.083 4.996 4.908 4.820 4.732 4.644 4.558 4.473 4.389 4.306 4.226 4.147 4.069 3.994 

0.4         4.911 4.826 4.740 4.654 4.569 4.484 4.401 4.319 4.238 4.158 4.081 4.004 3.930 

0.45          
4.743 4.659 4.576 4.492 4.410 4.328 4.247 4.168 4.090 4.013 3.938 3.865 

0.5          
 4.578 4.496 4.415 4.334 4.254 4.175 4.098 4.021 3.946 3.872 3.799 

0.55          
  4.417 4.338 4.259 4.180 4.103 4.027 3.951 3.877 3.805 3.733 

0.6          
   4.260 4.183 4.106 4.030 3.955 3.882 3.809 3.737 3.667 

0.65          
    4.107 4.032 3.958 3.884 3.812 3.740 3.670 3.600 

0.7               3.959 3.886 3.814 3.742 3.672 3.602 3.534 

0.75                3.814 3.743 3.673 3.603 3.535 3.467 

0.8                 3.673 3.604 3.535 3.468 3.401 

0.85             
   

  3.536 3.468 3.401 3.335 

0.9             
   

   3.401 3.335 3.270 

0.95                
    3.270 3.206 

1                
     3.142 

 

Figure 6-19: Graphical representation of the solution of buckling equation for partially-braced frames 
brc =100  

and µ=0.01 
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Table 6-18: Value of φcr for 
brc =100  and µ=0.1 

zt/zb 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1 

0 6.283 6.202 6.115 6.023 5.926 5.825 5.720 5.613 5.502 5.390 5.276 5.160 5.043 4.926 4.808 4.690 4.572 4.454 4.337 4.220 4.103 

0.05  6.122 6.038 5.948 5.854 5.755 5.653 5.548 5.440 5.330 5.218 5.105 4.991 4.876 4.761 4.645 4.530 4.414 4.299 4.184 4.069 

0.1   5.955 5.868 5.776 5.681 5.581 5.479 5.374 5.267 5.158 5.048 4.936 4.824 4.711 4.598 4.485 4.372 4.259 4.146 4.034 

0.15    5.784 5.695 5.602 5.506 5.406 5.304 5.200 5.095 4.987 4.879 4.769 4.660 4.549 4.439 4.328 4.218 4.107 3.997 

0.2     5.609 5.519 5.426 5.330 5.232 5.131 5.028 4.924 4.819 4.713 4.606 4.498 4.391 4.283 4.175 4.067 3.959 

0.25      5.433 5.343 5.251 5.156 5.058 4.959 4.859 4.757 4.654 4.550 4.446 4.341 4.236 4.130 4.025 3.919 

0.3       5.257 5.168 5.077 4.983 4.888 4.790 4.692 4.592 4.492 4.391 4.289 4.187 4.084 3.981 3.878 

0.35        5.083 4.995 4.905 4.813 4.720 4.625 4.529 4.432 4.334 4.235 4.136 4.036 3.936 3.836 

0.4         4.911 4.825 4.737 4.647 4.556 4.463 4.370 4.275 4.179 4.083 3.987 3.889 3.792 

0.45          
4.743 4.658 4.572 4.485 4.396 4.306 4.214 4.122 4.029 3.935 3.841 3.746 

0.5          
 4.578 4.496 4.412 4.326 4.240 4.152 4.063 3.973 3.883 3.791 3.699 

0.55          
  4.417 4.337 4.255 4.172 4.088 4.002 3.915 3.828 3.740 3.650 

0.6          
   4.260 4.182 4.102 4.022 3.939 3.856 3.772 3.686 3.600 

0.65          
    4.107 4.031 3.954 3.875 3.795 3.714 3.632 3.548 

0.7               3.959 3.885 3.809 3.733 3.655 3.575 3.495 

0.75                3.814 3.742 3.669 3.594 3.517 3.440 

0.8                 3.673 3.603 3.531 3.458 3.383 

0.85             
   

  3.536 3.467 3.397 3.325 

0.9             
   

   3.401 3.334 3.266 

0.95                
    3.270 3.204 

1                
     3.142 

 

Figure 6-20: Graphical representation of the solution of buckling equation for partially-braced frames 
brc =100  

and µ=0.1 
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6.2.2.2 Unbraced frame 

The buckling equation for a frame free to sway can be derived by substituting cbr equal to zero in the 

buckling equation of the partially braced frame: 

( )( ) ( ) ( ) ( ) ( ) ( )2

t b b t b t bcr cr cr cr
4 z 2z -1 -z α Lcos α L + z z α L -16 z -1 z -1 sin α L =0 

  
 (6-29)

It can be seen that Eq. (6-29) does not contain parameter βcr (and in consequence parameter µ) and 

therefore its solution depends only on the distribution factors. It can be iteratively solved for φcr=αcrL. 

The results for the unbraced frame are summarised in Table 6-19 and are the same as the ones found 

for unbraced Euler-Bernoulli members. The graphical presentation of the results in Table 6-19 is 

shown in Figure 6-21 as obtained with the use of Matlab [6-10]. 

Table 6-19: Value of φcr for unbraced frames 

zt/zb 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1 

0 3.142 3.101 3.057 3.01 2.959 2.904 2.846 2.783 2.716 2.646 2.57 2.491 2.407 2.319 2.227 2.130 2.029 1.923 1.811 1.694 1.571 

0.05  3.061 3.018 2.972 2.922 2.869 2.812 2.751 2.685 2.616 2.542 2.464 2.381 2.294 2.203 2.107 2.007 1.901 1.791 1.674 1.55 

0.1   2.977 2.932 2.883 2.831 2.776 2.716 2.652 2.584 2.511 2.435 2.353 2.268 2.177 2.083 1.983 1.878 1.768 1.652 1.528 

0.15    2.888 2.841 2.791 2.736 2.678 2.616 2.549 2.478 2.403 2.323 2.238 2.149 2.056 1.957 1.853 1.744 1.628 1.505 

0.2     2.796 2.747 2.694 2.637 2.576 2.511 2.442 2.368 2.29 2.207 2.119 2.027 1.929 1.826 1.717 1.602 1.479 

0.25      2.699 2.648 2.593 2.534 2.471 2.403 2.331 2.254 2.173 2.086 1.995 1.899 1.797 1.688 1.573 1.451 

0.3       2.599 2.545 2.488 2.427 2.361 2.29 2.215 2.136 2.051 1.961 1.866 1.764 1.657 1.543 1.420 

0.35        2.494 2.438 2.379 2.315 2.246 2.173 2.095 2.012 1.924 1.830 1.730 1.623 1.509 1.386 

0.4         2.385 2.327 2.265 2.199 2.127 2.051 1.970 1.883 1.790 1.691 1.586 1.472 1.35 

0.45          2.272 2.212 2.147 2.078 2.003 1.924 1.839 1.747 1.650 1.545 1.432 1.309 

0.5           2.154 2.091 2.024 1.952 1.874 1.790 1.700 1.604 1.500 1.387 1.265 

0.55            2.031 1.966 1.895 1.819 1.737 1.649 1.554 1.451 1.339 1.215 

0.6             1.902 1.834 1.760 1.68 1.593 1.499 1.396 1.284 1.160 

0.65              1.767 1.695 1.617 1.531 1.438 1.336 1.224 1.099 

0.7               1.625 1.548 1.464 1.371 1.270 1.157 1.030 

0.75                1.472 1.389 1.297 1.196 1.082 0.951 

0.8                 1.307 1.215 1.112 0.996 0.860 

0.85                  1.123 1.018 0.897 0.753 

0.9                   0.909 0.781 0.621 

0.95                    0.638 0.443 

1                     0.314 
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Figure 6-21: Graphical representation of the solution of buckling equation for unbraced frames 

6.2.2.3 Braced frame 

The buckling equation for a non-sway frame can be derived by substituting 1/cbr equal to zero in the 

buckling equation of the partially braced frame: 

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( )( )

2

t b t b t b t bcr cr cr

t bcr cr cr cr cr cr

3

t b cr cr cr cr cr

32 z -1 z -1 -4cos α L 8 z -1 z -1 + z +z -2z z α L β +

+sin α L -16β α L + z +z 4 α L +16β α L +

                +z z β α L -8 α L -16β α L =0

 
  







 (6-30)

It can be seen that Eq. (6-30) can be iteratively solved for φcr=αcrL for different values of the 

distribution factor and the parameter µ (that exists in parameter βcr). The only case that it vanishes 

from the nonlinear equation is for springs with equal values of rotational stiffness as initially observed 

by Banerjee and Williams [6-9]. The results for values of the parameter µ equal to 0.001, 0.01 and 0.1 

are shown in Table 6-20, Table 6-21 and Table 6-22 and graphically (as obtained with Matlab [6-10]) 

in Figure 6-22, Figure 6-23 and Figure 6-24, respectively. Red, blue and green colours are used for 

the graphs for µ equal to 0.001, 0.01 and 0.1, respectively. 
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Table 6-20: Value of φcr for braced frames and µ=0.001 

zt/zb 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1 

0 6.283 6.2 6.115 6.02 5.93 5.83 5.729 5.628 5.527 5.427 5.328 5.232 5.138 5.046 4.958 4.872 4.79 4.71 4.634 4.56 4.489 

0.05  6.12 6.038 5.95 5.85 5.76 5.66 5.561 5.462 5.363 5.266 5.17 5.077 4.987 4.899 4.814 4.731 4.653 4.576 4.503 4.432 

0.1   5.955 5.87 5.78 5.68 5.587 5.49 5.392 5.295 5.199 5.105 5.013 4.924 4.837 4.752 4.670 4.592 4.516 4.442 4.372 

0.15    5.78 5.69 5.6 5.509 5.414 5.319 5.224 5.129 5.037 4.946 4.857 4.771 4.688 4.606 4.529 4.453 4.38 4.309 

0.2     5.61 5.52 5.428 5.335 5.242 5.149 5.056 4.965 4.876 4.788 4.703 4.621 4.540 4.463 4.388 4.315 4.245 

0.25      5.43 5.344 5.253 5.162 5.071 4.98 4.891 4.803 4.717 4.633 4.551 4.471 4.395 4.32 4.248 4.178 

0.3       5.257 5.169 5.08 4.991 4.902 4.814 4.728 4.643 4.56 4.48 4.401 4.325 4.251 4.179 4.11 

0.35        5.083 4.996 4.909 4.822 4.736 4.651 4.568 4.486 4.407 4.329 4.254 4.18 4.109 4.04 

0.4         4.911 4.826 4.741 4.657 4.573 4.491 4.411 4.332 4.255 4.181 4.109 4.038 3.97 

0.45          4.743 4.659 4.577 4.495 4.414 4.335 4.258 4.182 4.108 4.037 3.967 3.899 

0.5           4.578 4.497 4.416 4.337 4.259 4.183 4.108 4.035 3.964 3.895 3.827 

0.55            4.417 4.338 4.26 4.183 4.108 4.033 3.962 3.891 3.823 3.756 

0.6             4.26 4.183 4.108 4.033 3.960 3.889 3.819 3.751 3.685 

0.65              4.107 4.033 3.959 3.887 3.816 3.747 3.68 3.614 

0.7               3.959 3.886 3.814 3.745 3.676 3.609 3.543 

0.75                3.814 3.743 3.674 3.606 3.539 3.474 

0.8                 3.673 3.604 3.537 3.47 3.405 

0.85                  3.536 3.468 3.402 3.338 

0.9                   3.401 3.336 3.271 

0.95                    3.27 3.206 

1                     3.142 

 

Figure 6-22: Graphical representation of the solution of buckling equation for braced frames and µ=0.001 
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Table 6-21: Value of φcr for braced frames and µ=0.01 

zt/zb 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1 

0 6.283 6.2 6.115 6.02 5.93 5.83 5.728 5.626 5.524 5.423 5.323 5.224 5.128 5.033 4.942 4.853 4.767 4.684 4.603 4.525 4.449 

0.05  6.12 6.038 5.95 5.85 5.76 5.66 5.56 5.459 5.359 5.261 5.163 5.068 4.975 4.884 4.796 4.71 4.627 4.547 4.469 4.394 

0.1   5.955 5.87 5.78 5.68 5.586 5.489 5.39 5.292 5.195 5.099 5.005 4.913 4.823 4.736 4.651 4.569 4.489 4.412 4.337 

0.15    5.78 5.69 5.6 5.509 5.413 5.317 5.221 5.126 5.031 4.939 4.848 4.759 4.673 4.589 4.507 4.428 4.351 4.277 

0.2     5.61 5.52 5.428 5.335 5.241 5.147 5.053 4.96 4.869 4.78 4.692 4.607 4.524 4.443 4.365 4.289 4.215 

0.25      5.43 5.344 5.253 5.161 5.069 4.978 4.887 4.798 4.71 4.624 4.539 4.457 4.378 4.3 4.225 4.151 

0.3       5.257 5.169 5.08 4.99 4.9 4.811 4.724 4.637 4.553 4.47 4.389 4.31 4.233 4.159 4.086 

0.35        5.083 4.996 4.909 4.821 4.734 4.648 4.563 4.48 4.399 4.319 4.241 4.165 4.091 4.02 

0.4         4.911 4.826 4.741 4.656 4.571 4.488 4.406 4.326 4.248 4.171 4.096 4.023 3.952 

0.45          4.743 4.659 4.576 4.494 4.412 4.332 4.253 4.176 4.1 4.026 3.954 3.884 

0.5           4.578 4.497 4.416 4.336 4.257 4.179 4.103 4.029 3.956 3.884 3.815 

0.55            4.417 4.338 4.259 4.182 4.106 4.031 3.957 3.885 3.815 3.746 

0.6             4.26 4.183 4.107 4.032 3.958 3.886 3.814 3.745 3.677 

0.65              4.107 4.033 3.959 3.886 3.814 3.744 3.675 3.608 

0.7               3.959 3.886 3.814 3.744 3.674 3.606 3.539 

0.75                3.814 3.743 3.673 3.605 3.537 3.471 

0.8                 3.673 3.604 3.536 3.469 3.403 

0.85                  3.536 3.468 3.402 3.337 

0.9                   3.401 3.336 3.271 

0.95                    3.27 3.206 

1                     3.142 

 

Figure 6-23: Graphical representation of the solution of buckling equation for braced frames and µ=0.01 
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Table 6-22: Value of φcr for braced frames and µ=0.1 

zt/zb 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1 

0 6.283 6.2 6.115 6.02 5.93 5.83 5.721 5.614 5.504 5.393 5.279 5.165 5.05 4.935 4.819 4.704 4.588 4.473 4.359 4.245 4.132 

0.05  6.12 6.038 5.95 5.85 5.76 5.654 5.549 5.442 5.332 5.222 5.11 4.997 4.884 4.771 4.658 4.544 4.432 4.319 4.208 4.097 

0.1   5.955 5.87 5.78 5.68 5.582 5.48 5.375 5.269 5.161 5.052 4.942 4.831 4.72 4.61 4.499 4.388 4.278 4.169 4.059 

0.15    5.78 5.69 5.6 5.506 5.407 5.306 5.202 5.097 4.991 4.884 4.776 4.668 4.559 4.451 4.343 4.235 4.128 4.021 

0.2     5.61 5.52 5.426 5.331 5.232 5.132 5.03 4.927 4.823 4.718 4.613 4.507 4.402 4.296 4.191 4.086 3.981 

0.25      5.43 5.343 5.251 5.156 5.059 4.961 4.861 4.76 4.658 4.556 4.453 4.35 4.247 4.145 4.042 3.939 

0.3       5.257 5.168 5.077 4.984 4.889 4.792 4.694 4.596 4.497 4.397 4.297 4.197 4.097 3.996 3.896 

0.35        5.083 4.995 4.906 4.814 4.721 4.627 4.532 4.436 4.339 4.242 4.145 4.047 3.949 3.852 

0.4         4.911 4.825 4.737 4.648 4.557 4.465 4.373 4.279 4.185 4.091 3.996 3.901 3.806 

0.45          4.743 4.658 4.573 4.485 4.397 4.308 4.218 4.127 4.035 3.943 3.851 3.758 

0.5           4.578 4.496 4.412 4.327 4.241 4.154 4.066 3.978 3.889 3.799 3.709 

0.55            4.417 4.337 4.255 4.173 4.089 4.004 3.919 3.833 3.746 3.659 

0.6             4.26 4.182 4.103 4.022 3.941 3.859 3.776 3.692 3.607 

0.65              4.107 4.032 3.954 3.876 3.797 3.717 3.636 3.554 

0.7               3.959 3.885 3.81 3.734 3.656 3.578 3.499 

0.75                3.814 3.742 3.669 3.595 3.519 3.443 

0.8                 3.673 3.603 3.532 3.459 3.385 

0.85                  3.536 3.467 3.397 3.327 

0.9                   3.401 3.334 3.266 

0.95                    3.27 3.205 

1                     3.142 

 

Figure 6-24: Graphical representation of the solution of buckling equation for braced frames and µ=0.1 
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It is also interesting to compare the effect of factor µ on the value of φcr=αcrL by plotting the results 

for the different values of µ in the same graph (Figure 6-25). As it was previously mentioned, the only 

case in which parameter µ vanishes from the nonlinear equation is for springs with equal values of 

rotational stiffness (zb=zt). For this reason, the value of φcr is exactly the same along the diagonal 

(from 0 to 1) of the plot. 

 

Figure 6-25: Effect of µ on value of φcr=αcrL 

6.3 SLOPE-DEFLECTION EQUATIONS FOR TIMOSHENKO MEMBERS 

Slope-deflection equations are used for the static analysis of determinate and indeterminate 

structures. Using equilibrium and compatibility conditions, the deflections and rotations can be 

calculated. Afterwards, the reactions can be evaluated leading to the calculation of bending moments, 

shear forces and axial forces in the structure’s members. In this section, slope-deflection equations for 

Timoshenko members (based on Engesser’s theory) either with rigid or semi-rigid connections are 

presented for both second-order and first-order analyses. 

6.3.1 Semi-rigid connections at the ends 

Connections have specific rotational stiffness that varies between the hinged and the rigid case. In the 

first case the connections have zero rotational stiffness, while in the second case the rotational 

stiffness approaches infinity. In this section, slope-deflection equations for Timoshenko members with 

semi-rigid connections are presented. 

6.3.1.1 Second-order analysis 

Consider the Timoshenko member i of Figure 6-26 that has semi-rigid connections at its ends and is 

subjected to axial compressive force and clockwise moments at the ends. At its ends the effect of 

semi-rigid connections is taken into account with the use of rotational springs. The deformed 

configuration with the corresponding displacements and rotations at the ends are also depicted. The 
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parameters to be used were described in Chapter 2. The bending moment along the member is equal 

to: 

n(i) f(i) i
n(i)i i

i

M +M +P∆
M=-E I ψ'=M - x+Pw

L
 (6-31)

 

Figure 6-26: Undeformed and deformed shapes of a shear-weak member with semi-rigid connections at its ends 
under the application of axial compressive force and clockwise moments at both ends 

Solving Eq. (6-31) for w and differentiating it with respect to x gives: 

n(i) f(i) i

i i

i

M +M +P∆
-E I ψ''+

L
w'=

P
 

(6-32)

The shear force perpendicular to the deformed axis arises by differentiating Eq. (6-31) once and is 

equal to: 

n(i) f(i) i

i i

i

M +M +P∆
Q=-E I ψ''=Pw'-

L
 (6-33)

The shear deformation according to Hooke’s law is equal to: 

v(i)

Q
γ=

S
 (6-34)
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Based on Eq. (6-33), Eq. (6-34) becomes: 

i i

v(i)

-E I ψ''
γ=

S
 (6-35)

As also described in Chapter 2, the total rotation w’ consists of the rotation ψ due to bending only and 

of the shear deformation γ: 

w’=ψ+γ (6-36)

Making use of Eq. (6-32) and Eq. (6-35), Eq. (6-36) yields the following differential equation that 

controls the problem: 

n(i) f(i) i

i i

iv(i)

M +M +P∆P
E Iψ'' 1- +Pψ=

S L

 
 
 
 

 (6-37)

The solution of the differential Eq. (6-37) is: 

( ) ( ) ( ) n(i) f(i) i
1(i) 2(i) 3(i)i i

i

M +M +P∆
ψ x =B sin α x +B cos α x +B x+

PL
 (6-38)

where Β parameters are integration constants, 

2

i

i i i

P
α =

E I β
 (6-39)

i
v(i)

P
β = 1-

S

 
  
 

 (6-40)

Differentiating Eq. (6-35) once gives: 

i i

v(i)

-E Iψ'''
γ'=

S
 (6-41)

Solving Eq. (6-31) for ψ’ gives: 

( )n(i) n(i) f(i) i

i

i i

x
-M + M +M +P∆ -Pw

L
ψ'=

E I
 (6-42)

Differentiating Eq. (6-36) once and making use of Eq. (6-41) and Eq. (6-42), the following differential 

equation is obtained: 

( )n(i) n(i) f(i)

v(i)
i i i

i

P x
EIw'' 1- +Pw=-M + M +M +P∆

S L

 
  
 

 (6-43)

Eq. (6-43) is the second differential equation that controls the problem. Its solution is: 
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( ) ( ) ( ) n(i) f(i) n(i)

2(i) 3(i)
i

1(i) i i

i

M +M +P∆ Mx
w x =A sin α x +A cos α x +A x+ -

P L P
 (6-44)

The parameters Β can be expressed in terms of the parameters A by making use of Eq. (6-36) and Eq. 

(6-41), transforming Eq. (6-38) into: 

( ) ( ) ( ) n(i) f(i)

2(i) 1(i)
i

i i i ii i

i

M +M +P∆
ψ x =-αβ A sin α x +αβ A cos α x +

PL
 (6-45)

The boundary conditions are: 

( )w 0 =0  (6-46)

( ) ii
w L =∆  (6-47)

( ) n(i)ψ 0 =ψ  (6-48)

( ) f(i)i
ψ L =ψ  (6-49)

Applying the expressions of Eq. (6-44) and Eq. (6-45) to the boundary conditions the rotations due to 

bending are obtained: 

( ) ( )
( )

( )
( )

n(i) f(i)

n(i)
i i i i i i i i i i i i i

2 2
i i i i ii i i i i i i i i i

sin αL -αβ L cos αL -αβ L +sin αL ∆M M
ψ = + +

E I E I Lα β L sin αL α β L sin αL

   
      
   

 (6-50)

( ) ( )
( )

( )
( )

f(i) n(i)

f(i)
i i i i i i i i i i i i i

2 2
i i i i ii i i i i i i i i i

sin αL -αβ L cos αL -αβ L +sin αL ∆M M
ψ = + +

E I E I Lα β L sin αL α β L sin αL

   
      
   

 (6-51)

Setting φi=αiLi in the previous equations the rotations due to bending at points Ν and F are obtained. 

The bending rotations at points N’ and F’ can be obtained by including the effect of the semi-rigid 

connections as: 

n(i)

n(i) n(i)

n(i)

Μ
θ =ψ +

c
 (6-52)

f(i)

f(i) f(i)

f(i)

Μ
θ =ψ +

c
 (6-53)

By making use of Eq. (6-50), (6-51), (6-52) and (6-53) and rearranging appropriately the terms, the 

slope-deflection equations for shear-weak members with semi-rigid connections at their ends can be 

obtained as: 

n(i) 11(i) n(i) 12(i) f(i)
i ii i i i

i i
i i

∆ ∆EI E I
M = A θ - + A θ -

L LL L

   
      
   

 (6-54)
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f(i) 21(i) n(i) 22(i) f(i)
i ii i i i

i i
i i

∆ ∆EI E I
M = A θ - + A θ -

L LL L

   
      
   

 (6-55)

The stiffness coefficients are summarised in Table 6-23. In their derivation the distribution factors 

used for the elastic critical buckling load are also inserted: 

m(i) m(i)

n(i) f(i)

m(i) n(i) m(i) f(i)

c c
z = , z =

c +c c +c
 (6-56)

where 

m(i)
i i

i

4E I
c =

L
 (6-57)

Table 6-23: Stiffness coefficients for axially loaded Timoshenko member with semi-rigid connections 

( ) ( ) ( )

( ) ( ) ( ) ( ) ( )( )

n(i) f(i) n(i) f(i)

11(i)

n(i) f(i) n(i) f(i) f(i) n(i) n(i) f(i)

2i i

i i

i

2i i i

i i i

i i

=

β φ 1
1-z 1-z 1- + 1-z z β φ

tanφ 4
A

2tan 0.5φ β φ1 1
1-z 1-z -β + 1-z z + 1-z z 1- + z z β φ

φ 4 tanφ 16

 
  
 

   
        

 

( ) ( )

( ) ( ) ( ) ( ) ( )( )
= =

n(i) f(i)

12(i) 21(i)

n(i) f(i) n(i) f(i) f(i) n(i) n(i) f(i)

i i

i

2i i i

i i i

i i

β φ
1-z 1-z -1

sinφ
A A

2tan 0.5φ β φ1 1
1-z 1-z -β + 1-z z + 1-z z 1- + z z β φ

φ 4 tanφ 16

 
  
 

   
        

 

( ) ( ) ( )

( ) ( ) ( ) ( ) ( )( )

n(i) f(i) f(i) n(i)

22(i)

n(i) f(i) n(i) f(i) f(i) n(i) n(i) f(i)

2i i

i i

i

2i i i

i i i

i i

=

β φ 1
1-z 1-z 1- + 1-z z β φ

tanφ 4
A

2tan 0.5φ β φ1 1
1-z 1-z -β + 1-z z + 1-z z 1- + z z β φ

φ 4 tanφ 16

 
  
 

   
        

 

6.3.1.2 First-order analysis 

For the case without axial force the procedure is similar if P is set equal to zero and 3rd and 2nd order 

polynomial functions are used for the total lateral deflection w(x) and rotation ψ(x) due to bending 

only, respectively. 

For zero axial force P Eq. (6-37) becomes: 

n(i) f(i)

i i

i

M +M
E Iψ''=

L
 (6-58)

For zero axial force P Eq. (6-43) becomes: 

( )n(i) n(i) f(i)i i

i

x
EIw''=-M + M +M

L
 (6-59)
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Applying the boundary conditions of Eqs. (6-46)-(6-49), the integration constants of the polynomial 

solutions can be obtained resulting in the following closed-form solutions for rotations ψ due to 

bending only: 

n(i) f(i)i i i
i in(i)

i i i i i

M L M L ∆1 1
ψ = +µ + - +µ +

3 6E I E I L

   
   
   

   
      
   

 (6-60)

f(i) n(i)i i i
i if(i)

i i i i i

M L M L ∆1 1
ψ = +µ + - +µ +

3 6E I E I L

   
   
   

   
      
   

 (6-61)

The dimensionless shear parameter µi can be obtained by: 

i i

i 2

v(i) i

E I
µ =

S L
 (6-62)

Rearranging the terms and making use of Eq. (6-52) and Eq. (6-53) leads to the following expressions 

for the first-order slope deflection equations for Timoshenko members with semi-rigid connections: 

n(i) n(i) f(i)
i ii i i i

11(i) 12(i)i i
i i

' '∆ ∆EI E I
M = A θ - + A θ -

L LL L

   
      
   

 (6-63)

f(i) n(i) f(i)
i ii i i i

21(i) 22(i)i i
i i

' '∆ ∆EI E I
M = A θ - + A θ -

L LL L

   
      
   

 (6-64)

The stiffness coefficients are summarised in Table 6-24. 

Table 6-24: Stiffness coefficients for non-axially loaded Timoshenko member with semi-rigid connections 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )( )

n(i) f(i) n(i) f(i)

11(i)

n(i) f(i) n(i) f(i) f(i) n(i) n(i) f(i)

i

i i

4 4+12µ 1-z 1-z +12 1-z z'
A =

4 1+12µ 1-z 1-z + 4+12µ 1-z z + 1-z z +3z z
 

( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )( )

n(i) f(i)

12(i) 21(i)

n(i) f(i) n(i) f(i) f(i) n(i) n(i) f(i)

i

i i

4 2-12µ 1-z 1-z' '
A =A =

4 1+12µ 1-z 1-z + 4+12µ 1-z z + 1-z z +3z z
 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )( )

n(i) f(i) f(i) n(i)

22(i)

n(i) f(i) n(i) f(i) f(i) n(i) n(i) f(i)

i

i i

4 4+12µ 1-z 1-z +12 1-z z'
A =

4 1+12µ 1-z 1-z + 4+12µ 1-z z + 1-z z +3z z
 

6.3.2 Rigid connections at the ends 

Rotationally very stiff connections are characterised as rigid connections. The rotational stiffness of 

these connections approaches infinity. In this section slope-deflection equations for Timoshenko 

members with rigid connections are presented. 

6.3.2.1 Second-order analysis 

In order to account for rigid connections at the ends of the Timoshenko member, the distribution 

factors in the second-order coefficients for semi-rigid connections should be set equal to zero. In such 

a case the slope-deflection equations for axially loaded Timoshenko member become: 
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n(i) 11(i) n(i) 12(i) f(i)
i ii i i i

i i
i i

∆ ∆EI EI
M = S ψ - + S ψ -

L LL L

   
      
   

 (6-65)

f(i) 21(i) n(i) 22(i) f(i)
i ii i i i

i i
i i

∆ ∆EI E I
M = S ψ - + S ψ -

L LL L

   
      
   

 (6-66)

The distribution factors are summarised in Table 6-25. They were initially derived by Absi [6-6]. 

Table 6-25: Stiffness coefficients for axially loaded Timoshenko member with rigid connections 

( )11(i)

2

i i i i i

22 i

i i i i

φsinφ -β φ cosφ
S =S =

-2cosφ -β φsinφ +2
 

12(i)

2

i i i i

21(i)

i i i i

β φ -φsinφ
S =S =

-2cosφ -β φsinφ +2
 

6.3.2.2 First-order analysis 

In order to account for rigid connections at the ends of the Timoshenko member, the distribution 

factors in the first-order coefficients for semi-rigid connections should be set equal to zero. The slope-

deflection equations for non-axially loaded Timoshenko member become: 

n(i) 11(i) n(i) 12(i) f(i)
i ii i i i

i i
i i

' '∆ ∆EI EI
M = S ψ - + S ψ -

L LL L

   
      
   

 (6-67)

f(i) 21(i) n(i) 22(i) f(i)
i ii i i i

i i
i i

' '∆ ∆EI EI
M = S ψ - + S ψ -

L LL L

   
      
   

 (6-68)

Table 6-26: Stiffness coefficients for non-axially loaded Timoshenko member with rigid connections 

i
11(i) 22(i)

i

4+12µ' 'S =S =
1+12µ

 

i
12(i) 21(i)

i

2-12µ' 'S =S =
1+12µ

 

6.4 ROTATIONAL STIFFNESSES 

As explained before, the members that converge to the top and bottom node of a column, offer 

resistance to rotation that can be modelled as an equivalent spring at each end. The resistance that a 

converging member offers can be evaluated by considering the slope-deflection equations. The 

derivation of the rotational stiffness of the springs for three specific cases is described in detail next. 

6.4.1 Fixed support at the far end and a semi-rigid connection at the near end, without 

axial force  

Consider a member i of length Li, bending rigidity EiIi and shear rigidity Sv(i), extending from near end 

N to far end F. The member has a fixed support at its far end F, while the flexibility of the beam-

column connection at its near end N is modelled by means of a rotational spring of stiffness cn(i) 

(Figure 6-27).  
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Figure 6-27: Shear-weak member with semi-rigid connection at the near end and fixed support at the far end 

The bending rotation at the far end and the differential transverse displacement are equal to zero: 

f(i)θ =0  (6-69)

i∆ =0  (6-70)

Making use of Eq. (6-63) the following expression arises: 

i i
n(i) 11(i) n(i)

i

E I 'M = A θ
L

 (6-71)

The rotational stiffness for this case is equal to the multiplier of θn(i). As the connection at the far end 

is rigid, zf(i)=0 should be substituted in A΄11(i). 

6.4.2 Rotationally fixed support at the far end and a rigid connection at the near end, 
with axial force 

Consider a member NF of length Li, bending rigidity EiIi and shear rigidity Sv(i). The member (Figure 

6-28) has a rotationally fixed support (θf(i)=0) at the far end and the presence of axial force leads to 

the appearance of second-order effects. The connection at the close end is rigid (cn(i)=∞).  

 

Figure 6-28: Shear-weak member with rigid connection at the near end and rotationally fixed support at the far 
end 

The bending moment at the near end N according to Eq. (6-54) is equal to: 

( )11(i) n(i) 11(i) 12(i)

i i i
n(i)

i i

E I ∆
M = A θ - A +A

L L

 
 
  

 (6-72)

Considering that the connection at the near end is also rigid, Eq. (6-72) becomes: 

( )n(i) 11(i) n(i) 11(i) 12(i)
i i i

i i

E I ∆
M = S ψ - S +S

L L

 
 
  

 (6-73)
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The bending moment at the far end F is equal to: 

f(i) 12(i) n(i) 11(i)
i i i i

i i i

E I ∆ ∆
M = S ψ - -S

L L L

  
      

 (6-74)

By considering the moment equilibrium of the member, the relative lateral deflection between the 

points N and F is calculated: 

( )n(i) f(i) n(i)

11(i) 12(i)

-1

i

i i

i i i

2 PL
M +M +P∆ =0 ∆ =ψ -

L E I S +S
⇒

 
 
 
 

 (6-75)

Resubstituting Eq. (6-75) into Eq. (6-73), the rotational stiffness of the member is obtained: 

( )

( )

11(i) 12(i)

11(i)

11(i) 12(i)

i i

i 2
i i

i i

S +SE I
c = S -

L PL
2-

E I S +S

 
 
 
 

     
  

 (6-76)

6.4.3 Rotational and translational spring at the far end and a rigid connection at the 

near end, with axial force  

Consider a member NF of length Li, bending rigidity EiIi and shear rigidity Sv(i). The member (Figure 

6-29) has a rotational and a translational spring at the far end and the presence of axial force leads to 

the appearance of second-order effects. The connection at the close end is rigid (cn(i)=∞).  

 

Figure 6-29: Shear-weak member with rigid connection at the near end and a rotational and a translational spring 
at the far end 

The bending moment at the far end F according to Eq. (6-55) is equal to: 

f(i) 21(i) n(i) 22(i) f(i)
i ii i i i

i i
i i

∆ ∆EI E I
M = A θ - + A θ -

L LL L

   
      
   

 (6-77)

Considering that the connection at the near end is also rigid, Eq. (6-77) becomes: 

f(i) 21(i) n(i) 22(i) f(i)
i ii i i i

i i
i i

∆ ∆EI E I
M = S ψ - + S ψ -

L LL L

   
      
   

 (6-78)
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The bending moment at the far end F is also equal to: 

f(i) f(i)f(i)
M =-c ψ  (6-79)

By setting Eq. (6-78) and Eq. (6-79) equal, the following expression for the bending rotation at the far 

end is obtained: 

( )
f(i)

i
21(i) n(i) 11(i) 12(i)

i

#
f(i) 11(i)

-
∆

S ψ S S
L

ψ =
-c -S

+

 (6-80)

The vertical equilibrium of the shear force with the translational spring’s reaction at the far end F 

gives the following equation: 

12(i)
n(i)

#
f(i) 11(i)i

2
# 2 ii
br(i) i

11(i) 12(i) i i

# 11(i) 12(i)f(i) 11(i)

1-
+

P

E I
2-

+

S
ψ

c S∆
=

L L
c L -

S S
+

S Sc S

 
 
 
 

+

+

 
(6-81)

The bending moment at the near end N is equal to: 

n(i) 11(i) n(i) 12(i) f(i)
i ii i i i

i i
i i

∆ ∆EI EI
M = S ψ - + S ψ -

L LL L

   
      
   

 (6-82)

Substituting Eq. (6-80) and Eq. (6-81) into Eq. (6-82) the rotational stiffness can be calculated as the 

factor of the bending rotation at the near end N: 

( )

 
 
 

  
  
   

 
  
  
  
  
      

2

12(i)
11(i) 12(i) #2

f(i) 11(i)12(i)i i
i 11(i) # 2

i f(i) 11(i) # 2 i
ibr(i)

11(i) 12(i) i i
#

11(i) 12(i)f(i) 11(i)

S
S +S -1

c +SSE I
c = S - -

L c +S PL
c L -

S +S E I
2- +

S +Sc +S

 (6-83)

where the value of c# is given for both the rotational and translational springs as: 

i

i i

# cL
c =

EI
 (6-84)

6.4.4 Members with other boundary conditions at the far end 

The above approach has been used to derive rotational stiffnesses for all possible boundary conditions 

at the far end of the converging members, whether they are axially loaded or not, with semi-rigid or 

rigid connection at the near end. The results are presented in Table 6-27 and Table 6-28 for the case 

of semi-rigid connections and in Table 6-29 and Table 6-30 for the case of members with rigid 

connections. The rotational stiffnesses converge to those of Euler-Bernoulli beam-columns, reported 

by Gantes and Mageirou [6-1], [6-2], as the shear rigidity approaches infinity. 
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Table 6-27: Rotational stiffnesses for non-axially loaded members with semi-rigid connection at the near end (N) 
on the left 

Support at 
far end 

Member i Rotational stiffness 
Distribution  

factors 

Fixed support 
 

i i
i 11(i)

i

E I 'c = A
L

 

m(i)

n(i)
m(i) n(i)

f(i)

c
z =

c +c

z =0

 

Roller fixed  
support  

2
11(i) 22(i) 12(i)i i

i
i 11(i) 12(i) 22(i)

' ' 'A A -AE I
c =

' ' 'L A +2A +A

 
 
  
 

 

m(i)
n(i)

m(i) n(i)

f(i)

c
z =

c +c

z =0

 

Pinned 
support  

 

2
12(i)i i

i 11(i)
i 22(i)

'AE I 'c = A -
'L A

 
 
  
 

 

m(i)
n(i)

m(i) n(i)

f(i)

c
z =

c +c

z =0

 

Simple 

curvature  
( )i i

i 11(i) 12(i)
i

E I ' 'c = A -A
L

 

m(i)
n(i)

m(i) n(i)

m(i)
f(i)

m(i) n(i)

c
z =

c +c

c
z =

c +c

 

Double  
curvature  

( )i i
i 11(i) 12(i)

i

E I ' 'c = A +A
L

 

m(i)
n(i)

m(i) n(i)

m(i)
f(i)

m(i) n(i)

c
z =

c +c

c
z =

c +c

 

Roller 
support  

ic =0  - 

Rotational 
spring 

support  

( )
2

11(i) 12(i)
i i

i 11(i)
i 11(i) 12(i) 22(i)

' 'A +AE I 'c = A -
' ' 'L A +2A +A

 
 
 
 
 
 

 

m(i)
n(i)

m(i) n(i)

m(i)
f(i)

m(i) f(i)

c
z =

c +c

c
z =

c +c

 

Pinned and  
rotational 

spring 
support  

i i
i 11(i)

i

E I 'c = A
L

 

m(i)
n(i)

m(i) n(i)

m(i)
f(i)

m(i) f(i)

c
z =

c +c

c
z =

c +c

 

Rotational 
and 

translational  
spring 

support 
 

( )
2

11(i) 12(i)
i i

i 11(i)
i 11(i) 12(i) 22(i) br(i)

' 'A +AE I 'c = A -
' ' 'L A +2A +A +c

 
 
 
 
 
 

 

m(i)
n(i)

m(i) n(i)

m(i)
f(i)

m(i) f(i)

c
z =

c +c

c
z =

c +c
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Table 6-28: Rotational stiffnesses for axially loaded members with semi-rigid connection at the near end (N) on 
the left 

Support at 
the  

far end 
Member i Rotational stiffness 

Distribution  
factors 

Fixed support 
 

i i
i 11(i)

i

E I
c = A

L
 

m(i)

n(i)
m(i) n(i)

f(i)

c
z =

c +c

z =0

 

Roller fixed  
support  

( )211(i) 12(i)i i
i 11(i) 2

i i i
11(i) 12(i) 22(i)

i i

A +AE I
c = A -

L PL
A +2A +A -

E I

 
 
 
 
 
 
 

 

m(i)
n(i)

m(i) n(i)

f(i)

c
z =

c +c

z =0

 

Pinned 
support  

 

2
12(i)i i

i 11(i)
i 22(i)

AE I
c = A -

L A

 
 
 
 

 

m(i)
n(i)

m(i) n(i)

f(i)

c
z =

c +c

z =0

 

Simple  
curvature  

( )i i
i 11(i) 12(i)

i

E I
c = A -A

L
 

m(i)
n(i)

m(i) n(i)

m(i)
f(i)

m(i) n(i)

c
z =

c +c

c
z =

c +c

 

 
Double  

curvature  
( )i i

i 11(i) 12(i)
i

E I
c = A +A

L
 

m(i)
n(i)

m(i) n(i)

m(i)
f(i)

m(i) n(i)

c
z =

c +c

c
z =

c +c

 

Roller 
support  

2
12(i)i i i i

i 11(i) 2
i 22(i) 12(i)i i

i i11(i)
i 22(i)

AE I PL
c =- A -

L A AE I
A - -PL

L A

 
 
  
  
                  

 

m(i)
n(i)

m(i) n(i)

f(i)

c
z =

c +c

z =0

 

Rotational  
spring  

support  

( )211(i) 12(i)i i
i 11(i) 2

i i i
11(i) 12(i) 22(i)

i i

A +AE I
c = A -

L PL
A +2A +A -

E I

 
 
 
 
 
 
 

 

m(i)
n(i)

m(i) n(i)

m(i)
f(i)

m(i) f(i)

c
z =

c +c

c
z =

c +c

 

Pinned and  
rotational 

spring 
support  

i i
i 11(i)

i

E I
c = A

L
 

m(i)
n(i)

m(i) n(i)

m(i)
f(i)

m(i) f(i)

c
z =

c +c

c
z =

c +c

 

Rotational 
and  

translational  
spring 

support 
 

( )211(i) 12(i)i i
i 11(i) 2

i i i
11(i) 12(i) 22(i) br(i)

i i

A +AE I
c = A -

L PL
A +2A +A +c -

E I

 
 
 
 
 
 
 

 

m(i)
n(i)

m(i) n(i)

m(i)
f(i)

m(i) f(i)

c
z =

c +c

c
z =

c +c
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Table 6-29: Rotational stiffnesses for non-axially loaded members with rigid connection at the near end (N) on 
the left 

Support at the  
far end 

Member i Rotational stiffness 

Fixed support 
i i

i 11(i)
i

E I 'c = S
L

 

Roller fixed  
support ( )i i

i 11(i) 12(i)
i

0.5E I ' 'c = S -S
L

 

Pinned support 

2 2
11(i) 12(i)i i

i
i 11(i)

' 'S -SE I
c =

'L S

 
 
  
 

 

Simple  
curvature  ( )i i

i 11(i) 12(i)
i

E I ' 'c = S -S
L

 

 
Double  

curvature 
 

( )i i
i 11(i) 12(i)

i

E I ' 'c = S +S
L

 

Roller support 
 

ic =0  

Rotational  
spring  

support 

( )
( ) ( )

# #
11(i) f(i) 11(i) 12(i) 12(i) f(i)

#i i
i f(i)

# #
i

f(i) 11(i) f(i) 11(i) 12(i)

' ' ' 'S c +S -S -S cE I
c = c

' ' 'L -c -S -2c -S +S

 
 
 
 
 

 

Pinned and  
rotational 

spring support 

2
12(i)i i

i 11(i) #
i f(i) 11(i)

'SE I 'c = S -
'L c +S

 
 
  
 

 

Rotational  
and  

translational 
spring 

support 

( )
2

12(i)
11(i) 12(i) #2

11(i) f(i)12(i)i i
i 11(i) # # 2

i
f(i) 11(i) i11(i) 12(i) br(i)

#
f(i) 11(i) 11(i) 12(i)

'S' 'S +S 1-
'' S +cSEI 'c = S - -

' ' 'L c +S S +S c L
2- +

' ' 'c +S S +S
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Table 6-30: Rotational stiffnesses for axially loaded members with rigid connection at the near end (N) on the left 

Support at 
the  

far end 
Member i Rotational stiffness 

Fixed 
support  

i i
i 11(i)

i

E I
c = S

L
 

Roller fixed  
support  

( )

11(i) 12(i)i i
i 11(i) 2

i i i

i i 11(i) 12(i)

S +SE I
c = S -

L PL
2-

E I S +S

 
 
 
 
 
 
 
 

 

Pinned 
support  

2 2
11(i) 12(i)i i

i
i 11(i)

S -SE I
c =

L S

 
 
 
 

 

Simple  
curvature  ( )i i

i 11(i) 12(i)
i

E I
c = S -S

L
 

 
Double  

curvature 
 

( )i i
i 11(i) 12(i)

i

E I
c = S +S

L
 

Roller 
support  

2 2
11(i) 12(i)i i i i

i 2 2
i 11(i) 11(i) 12(i)i i

i i
i 11(i)

S -SE I PL
c =-

L S S -SE I
-PL

L S

 
 
  
  
                  

 

Rotational  
spring  

support  

( )

( ) ( )
( )

2 #
12(i) f(i) 12(i)#

f(i) 11(i) 12(i) 11(i) #2
f(i) 11(i)12(i)i i

i 11(i) # #2i f(i) 11(i) f(i) 11(i)# i i
f(i) 11(i) 12(i)

i i 11(i) 12(i)

S -c S
-c -S +S S -

c +SSEI
c= S - -

L c +S c +SPL
-2c -S +S +

EI S +S

  
  
       
  
  
 
 

 

Pinned and  
rotational 

spring 
support  

2
12(i)i i

i 11(i) #
i f(i) 11(i)

SE I
c = S -

L c +S

 
 
 
 

 

Rotational  
and  

translational 
spring 

support 
 

( )
2

12(i)
11(i) 12(i) #2

f(i) 11(i)12(i)i i
i 11(i) # 2

i f(i) 11(i) # 2 i i
ibr(i)

11(i) 12(i) i i
#

11(i) 12(i)f(i) 11(i)

S
S +S -1

c +SSE I
c = S - -

L c +S PL
c L -

S +S E I
2- +

S +Sc +S
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6.5 EXAMPLES 

The approximate analytical method proposed for Euler-Bernoulli members by Gantes and Mageirou 

[6-1], [6-2] was validated with the use of a large amount of examples thoroughly presented by 

Mageirou [6-11]. They concluded that the procedure gives very accurate results for the buckling loads 

of multi-story frames when compared with Linearised Buckling Analysis (LBA) performed with finite 

element software.  

Among a wide range of numerical examples that have been solved in order to verify the proposed 

approach, five are reported here. They refer to a three-story braced frame with rigid connections, a 

three-story unbraced frame with semi-rigid connections, a three-story braced frame with 

asymmetrically applied loads, a partially braced asymmetric frame and a symmetric one-story frame 

consisting of laced built-up members. For all frames the proposed method is used and the results 

obtained for the elastic buckling loads are compared with the ones obtained by a Linearised Buckling 

Analysis performed with the use of the finite element software ADINA [6-12], in order to verify the 

correctness of the proposed rotational stiffness coefficients. The members are modelled with the use 

of a sufficient number of Hermitian beam elements, and the results of the finite element model are 

considered as an appropriate basis for comparison. The shear deformations are incorporated in the 

FEM analyses by assigning appropriate values of the shear area factors when solid cross-sections are 

used. 

6.5.1 Example 1 

Consider the three-story braced frame of Figure 6-30(a) with a span of L=20m and story height of 

h=10m. Both columns and beams are susceptible to shear deformations. The columns’ cross-section 

has a moment of inertia I=0.0004319m4 and a value of µ=0.02, which could correspond to a battened 

built-up column. The beams’ cross-section has a moment of inertia I=0.0002313m4 and a value of 

µ=0.0044, which could correspond to a laced built-up member. The frame is made of steel with 

Young’s modulus equal to E=210000000kN/m2 and Poisson ratio ν=0.3. The columns are considered 

to be pinned at the base while the loads are concentrated at the beam-column joints and equal to 

P/3. The connections between the beam and the column are considered to be rigid. 

 

Figure 6-30: (a) Example 1: Three-story braced frame with rigid beam-column connections, (b) Model “a”, (c) 
Model “b” and (d) Model “c” 
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In the beginning, the frame is analysed by carrying out LBA using the finite element software ADINA. 

The mesh is sufficiently dense to obtain converging results for the frame’s buckling load. The first 

buckling mode shown in Figure 6-31 is related to a critical load equal to 9180kN. Afterwards, the 

frame is replaced by successive equivalent models that are used to test the correctness of the 

proposed stiffness coefficients. 

 

Figure 6-31: First buckling mode of frame of example 1 

The first of them is called model “a” and contains the replacement of the beams with equivalent 

rotational springs (Figure 6-30(b)). At this stage, it is assumed that in the first buckling mode the 

beams deform in single curvature and are not axially loaded. Then, from Table 6-29 the stiffness of 

each equivalent rotational spring is equal to: 

( )' 'bm bm
bm 11(bm) 12(bm)

bm

E I
c = S -S =4857.3kNm

L
 (6-85)

If the formula that corresponds to single curvature for axially loaded members (Table 6-30) is used 

and a very small value of the axial load is incorporated, the same result will be obtained for cbm. The 

buckling load of the first mode of model “a” obtained with ADINA is equal to 9191.2kN.  

The second equivalent model is called “b” and is obtained from “a” by replacing column CD with a 

spring of equivalent rotational stiffness (Figure 6-30(c)). Based on Table 6-30 for axially loaded 

members, the stiffness of the equivalent spring is: 

2
12(CD)CD CD

CD 11(CD) #
CD 11(CD)

SE I'c = S - =20167.84kNm
h c +S

 
 
 
 

 (6-86)

using P=9180kN/3=3060kN and 

# bm

CD CD

CD

c
c =

E I
h

 (6-87)
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The total rotational stiffness of the spring at point C is: 

CD CD bm
'c =c +c =20167.84kNm+4857.3kNm=25025.14kNm (6-88)

The buckling load of the first mode of model “b” according to ADINA is equal to 9191.8kN.  

The third equivalent model is called “c” and results from “b” by replacing column BC with a spring of 

equivalent rotational stiffness (Figure 6-30(d)). As for column CD, it is calculated that: 

2
12(BC)BC BC

BC 11(BC) #
BC 11(BC)

SE I'c = S - =15196.15kNm
h c +S

 
 
 
 

 (6-89)

using 2 9180kNP= =6120kN
3

⋅  and 

# CD

BC BC

BC

c
c =

E I
h

 (6-90)

The total rotational stiffness of the spring at point B is: 

BD BC BC bm
'c =c =c +c =15196.15kNm+4857.3kNm=20053.45kNm  (6-91)

The buckling load of the first mode of model “c” is now calculated from ADINA equal to 9213.2kN. In 

Table 6-31 the results obtained for the original frame and for the successive simpler models are 

summarised. The differences are very small, thus verifying the correctness of the rotational stiffnesses 

used for creating models “a”, “b” and “c”. It is noted that the value of buckling load of the frame used 

to calculate the rotational stiffnesses of the upper columns will not be known in prior. A reasonable 

value of P should be assumed for the calculations, commonly taken as the design value of the 

column’s axial force due to vertical loading. The closer the assumed value is to the critical load of the 

frame, the smaller the final error will be, but this influence is relatively small in any case. 

Table 6-31: Summary of the results for the frame of Example 1 consisting of members susceptible to shear 
deformations 

Method / Model Critical load (kN) Error (%) 

FEM (ADINA) 

Actual frame 9180 0 
“a” 9191.2 -0.12 
“b” 9191.8 -0.13 
“c” 9213.2 -0.36 

Proposed analytical method 9304 -1.35 

Moreover, the value of critical buckling load obtained for original model “c” using Eq. (6-30) is equal 

to 9304kN, differing by only 1.35% from the buckling load of the frame as obtained from finite 

element analysis. Thus it was shown that very satisfactory accuracy is possible by applying the 

proposed analytical approach and without any numerical analysis. 

It should also be mentioned that the finite element analysis of the structure under uniformly 

distributed load along the beams results in an elastic critical load Pcr=9318kN which is very close to 

the one obtained previously. Finally, it is noted that the critical buckling load of the same frame 

without shear deformations is Pcr=11778kN, which is indicative of the significant influence of shear 

deformations for high values of the dimensionless shear parameter µ. 
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6.5.2 Example 2 

The three-story frame of Figure 6-32 has the same geometry and cross-sections as the one analysed 

in example 1, but it is now unbraced and the beam to column joints are considered to be semi-rigid 

with a rotational stiffness of csr=3000kNm. In the beginning, the frame is analysed by performing LBA 

using ADINA. The mesh is sufficiently dense to obtain accurate results as far as the frame’s buckling 

load is concerned. The first buckling mode shown in Figure 6-33 is related to a critical load equal to 

302kN. 

 

Figure 6-32: (a) Example 2: Three-story unbraced frame with semi-rigid beam-column connections, (b) Model 
“a”, (c) Model “b” and (d) Model “c” 

 

Figure 6-33: First buckling mode of frame of example 2 
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Working in the same manner as for the previous example, but using now the stiffness expressions for 

the case of semi-rigid beam to column connections and taking into account the fact that the frame 

buckles in sway mode, thus the beams deform in double curvature, the results listed in Table 6-32 are 

obtained, leading to the same conclusions. The buckling load calculated from Eq. (6-29) is equal to 

302.2kN, differing by only 0.07% from the buckling load of the original frame obtained with finite 

element analysis. It is also noted that the finite element analysis of the structure under uniformly 

distributed load along the beams results in elastic critical buckling load Pcr=303.6kN, which is very 

close to the one obtained for concentrated loads. 

Table 6-32: Summary of the results for the frame of Example 2 consisting of members susceptible to shear 
deformations 

Method / Model Critical load (kN) Error (%) 

FEM (ADINA) 

Actual frame 302.0 0 
“a” 301.9 0.03 
“b” 301.9 0.03 
“c” 300.5 0.49 

Proposed analytical method 302.2 -0.07 

6.5.3 Example 3 

The three-story braced frame of Figure 6-34(a) has the same geometry and cross-sections as the 

ones analyzed in the previous examples. The only difference from example 1 is the fact that the loads 

applied are not symmetrical. From the loads’ distribution it can be concluded that column AB of the 

frame will buckle first, contrary to the previously examined cases where both columns AB and A΄B΄ 

buckled at the same time. This is also shown in Figure 6-34(b) where the 1st mode obtained by a LBA 

is shown. The finite element analysis gives an elastic critical load Pcr=9408.19kN, slightly higher than 

in the case of symmetrical loading, which is compatible with the fact that the beams rotate less at the 

far end, thus they resist more against buckling of the loaded column. If the procedure of example 1 

(assuming conservatively that the frame is loaded symmetrically) is followed, the error is 

approximately equal to 1.15%. 

 

Figure 6-34: (a) Example 3: Three-story braced frame with rigid beam-column connections and non-symmetrical 
loading and (b) first buckling mode of frame of example 3 
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6.5.4 Example 4 

The frame of Figure 6-35(a) consists of a beam of span L=20m and a column of height h=10m, which 

are both susceptible to shear deformations. The structural elements’ cross-sections and shear rigidities 

are the same as the ones presented in example 1. Lateral displacements of the beam are resisted by a 

horizontal translational spring with axial stiffness. cbr is equal to 1000kN/m. The connection between 

the beam and the column is considered to be rigid. 

The first buckling mode obtained with ADINA is shown in Figure 6-35(b) and corresponds to a critical 

load Pcr=8012.72kN. The analytical procedure gives a result of Pcr=8074.98kN leading to an error of 

0.78%. 

 

Figure 6-35: (a) Example 4: (a) Single-story partially-braced frame with rigid beam-column connection and (b) 
first buckling mode of frame of example 4 

Assuming that instead of a concentrated load applied directly on column AB, a uniformly distributed 

load along beam BB΄ is applied, the previous result is conservative. Finite element analysis resulted in 

a total critical load Pcr=13622kN. In this case a simple elastic analysis with small displacements can be 

employed for calculating approximately the amount of vertical loading that is transferred to the 

column. For the specific example this amount is approximately 60% of the totally applied uniformly 

distributed load and this leads to the conclusion that an approximate elastic critical load of the frame 

calculated analytically is Pcr=13458.3kN (=8074.98kN/0.6) which is very close to the numerical result. 

6.5.5 Example 5 

A frame that consists of laced built-up columns hinged at their base and a truss beam is examined, in 

order to focus on a structure commonly met in industry, for which shear deformations are of 

importance. The columns have a height of 18.7m and the beam a length of 31.7m. Both the laced 

built-up columns and the truss beam can be considered as Timoshenko members with approximate 

equivalent bending and shear rigidities provided in many structural textbooks and EC3 [6-3] for such 

structures, while the beam-column joint is considered to be rigid. In this specific example, the 

equivalent bending rigidities of the columns and the beam are equal to 0.031501m4 and 0.1156m4, 

respectively. The equivalent shear rigidities of the columns and the beam are equal to 246313kN and 

824284kN, respectively. The elastic buckling load obtained with ADINA [6-12] is equal to 33740kN and 

the sway buckling mode is shown in Figure 6-36. The result obtained with the proposed method 

considering a double curvature deformation of the truss beam is equal to 33179kN. If shear 

deformations are neglected, the elastic critical buckling load predicted by EC3 [6-3] is equal to 

40270kN, highlighting the significance of shear deformation in such frames. The error of neglecting 

shear deformations for this specific case reaches a magnitude of 20% on the unsafe side. 
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Figure 6-36: Single-story sway frame with laced built-up columns and truss beam 

6.6 CONCLUSIONS 

An approximate analytical methodology has been proposed for the evaluation of the elastic critical 

buckling load of frames consisting of members that are susceptible to transverse shear deformations 

based on Engesser’s approach. To that effect, critical columns in the frame are modelled individually, 

while the rotational restraints offered to the end nodes by adjacent members are modelled by means 

of rotational springs. The resistance to relative transverse displacements of the ends is simulated with 

a translational spring for the general case of partially braced frames. The stiffness of this spring 

becomes zero for unbraced frames and approaches infinity for fully braced frames. 

For the analytical evaluation of the critical buckling load a stability matrix has been formulated and 

three general equations of stability have been derived for the cases of unbraced, partially braced and 

braced frames. Indicative graphical solutions of the stability equations for the previously mentioned 

cases have been plotted and detailed tables have been given for facilitating the procedure. Then, in 

the second part of this chapter, slope-deflection equations for shear-weak members with semi-rigid 

connections based on Engesser’s theory have been derived and used for the presentation of a 

complete set of rotational stiffness coefficients, which can be used for the replacement of members 

converging at the bottom and top ends of the column in question by equivalent springs. All possible 

rotational and translational boundary conditions at the far end of these members, as well as the 

eventual presence of axial force, have been taken into consideration. The method can be readily 

adapted to frames without shear deformable members by assuming that their shear rigidity 

approaches infinity.  

Five verification examples have been presented, of which the first two deal with three-story braced or 

unbraced frames with rigid and semi-rigid beam to column connections, the third with a three-story 

frame with non-symmetrically applied load, the fourth with a partially braced frame and the fifth with 

a frame consisting of laced built-up columns. The proposed approach for the elastic critical buckling 

load for Timoshenko members with arbitrary supports and for multi-story frames consisting of 

Timoshenko members was found to be in excellent agreement with finite element results. 
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7 SECOND-ORDER ELASTIC ANALYSIS OF 

IMPERFECT TIMOSHENKO BEAM-COLUMNS 

WITH ARBITRARY SUPPORTS 

7.1 INTRODUCTION 

In Chapter 5 it was concluded that laced built-up columns can be modelled as equivalent Timoshenko 

members. For this reason in Chapter 6, an analytical procedure for the calculation of the elastic critical 

buckling loads of Timoshenko columns with arbitrary boundary conditions and of multi-story frames 

consisting of Timoshenko members was proposed. The elastic buckling load for a structure is an upper 

bound of its capacity, while second-order analysis results in the calculation of deflections, bending 

moments and shear forces along the structure’s members. Many researchers have worked on second-

order analysis of Timoshenko members and frames developing slope-deflection equations [7-1], [7-2], 

[7-3] and iterative procedures [7-4], which require extensive calculations and in many cases computer 

programming. But the second-order analysis of Timoshenko members with arbitrary supports in a 

form that offers straight-forward solutions has not been addressed in the literature, where focus is 

mainly on simply-supported columns and cantilevers. 

In this chapter second-order analysis of imperfect Timoshenko beam-columns with arbitrary supports 

will be presented in the form of closed-form solutions that facilitate the calculations and do not require 

iterative procedures. Straight-forward solutions capturing both P-∆ and P-δ effects can be a useful tool 

for engineers of practice. To that effect, an approximate analytical procedure for the calculation of the 

second-order bending moment and shear force along such members is proposed here. The procedure 

is verified by means of geometrically nonlinear numerical analyses with the use of shear deformable 

beam elements. 

7.2 IMPERFECT TIMOSHENKO MEMBERS 

Initial imperfections are considered in modern codes of practice in order to account for geometrical 

out-of-straightness and thermally induced residual stresses. It is also common design practice to 

consider the first buckling mode as a geometrical shape of the imperfections. For simplicity the effect 

of initial imperfections on the bending moment, shear force and deflections of the column is taken into 
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account with the use of the magnification factor initially proposed by Young [7-5]. Eurocode 3 [7-6] 

uses an appropriately modified magnification factor for simply-supported Timoshenko columns, in 

order to incorporate in the analysis shear deformations. In reality, the initial imperfections’ pattern is 

not known and it is common practice that buckling mode shapes are used for its incorporation in 

structural analysis. In columns, the effect of the first buckling mode is much more important than that 

of other buckling modes and dominates the response. As a result, a satisfactory approximation is to 

use only the first buckling mode shape as an initial imperfection pattern ignoring higher-order buckling 

modes.  

Additionally, 2nd-order elastic analysis leads to inaccuracies as the applied axial load approaches the 

elastic critical buckling load of the column and deflections become very large, as it is based on small 

deflection theory. Nevertheless, it is very satisfactory for practical purposes, as material nonlinearity 

does not allow for very large deformations. In addition, serviceability limit checks do not permit the 

excess of specific deformation limits in structures. As a result, at ultimate limit state where the loads 

are approximately 1.5 times larger than the ones corresponding to serviceability limit state, very large 

deformations cannot occur. 

In the present section, the approximate second-order analysis of imperfect Timoshenko members 

under axial loading based on Engesser’s method will be presented, based only on the first buckling 

mode. Initially, the procedure will be thoroughly illustrated for the simply-supported case, so that the 

concept behind the formulation is explained. Then, it will be expanded to the more general case of 

arbitrary boundary conditions. For verification Geometrically Nonlinear Imperfection Analyses (GNIA) 

will be used in shear deformable imperfect columns with the use of finite element software ADINA 

[7-7]. 

7.2.1 Simply-supported case 

Consider a simply-supported member of length L, bending rigidity EI and shear rigidity Sv as depicted 

in Figure 7-1. An initial imperfection wo(x) based on the first buckling mode is considered, having a 

sinusoidal shape with maximum value wo in the middle of the member. 

 

Figure 7-1: Imperfect simply-supported Timoshenko column 

The application of a compressive axial force P amplifies the initial imperfection and causes second-

order bending moments along the member. The bending moment along the member can be 

expressed as 

( ) ( )B
''Μ x =-EIw x  (7-1)

where wB(x) is the deflection along the member due to bending only and prime denotes differentiation 

with respect to longitudinal coordinate x. The external bending moment along the beam can be 

expressed as 

( ) ( ) ( )( )oΜ x = P w x + w x  (7-2)

where w(x) is the total additional deflection of the member consisting of the deflections due to 

bending deformation wB(x) and those due to shear deformation wS(x), as shown in Eq. (7-3):  
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( ) ( ) ( )B Sw x =w x +w x  (7-3)

The shear deformation is equal to the shear force (first derivative of bending moment) divided by the 

shear rigidity Sv: 

( ) B
S

v

'''EIw'w x =-
S

 (7-4)

By integrating Eq. (7-4) the deflection due to shear deformation is obtained: 

( ) B
S

v

''EIw
w x =- +c

S
 (7-5)

where c is an integration constant, which for the simply-supported case is equal to zero. 

By equating the internal and external moments of Eqs. (7-1) and Eq. (7-2) and based on Eq. (7-3) 

and Eq. (7-5) the differential Eq. (7-6) arises: 

( ) ( ) ( )2 2
oB B

''w x +α w x =-α w x  (7-6)

where  

2 P
α =

EIβ
 (7-7)

and  

v

P
β=1-

S
 (7-8)

The 1st buckling mode shape of a Timoshenko simply-supported member can be obtained by 

substituting its boundary conditions into Eq. (6-8) and Eq. (6-9). The solution obtained has the well-

known sinusoidal shape. For this reason, the initial imperfection can be written in the sinusoidal form 

of the first buckling mode of the simply-supported member:  

( )o o crw x =w sin(α x)  (7-9)

where αcr is the value of α corresponding to the elastic critical buckling load Pcr: 

2 cr
cr

cr

P
α =

EIβ
 (7-10)

If a sinusoidal shape is also assumed for wB(x), then the solution of Eq. (7-6) is obtained and wB(x) 

can be expressed approximately in terms of the maximum initial imperfection wo as shown in Eq. 

(7-11). 

( ) o
crB 2

cr
2

w
w x = sin(α x)

α
-1

α

 
  
 

 
(7-11)
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Based on Eq. (7-5) and Eq. (7-11) the deflection due to shear deformation can be evaluated in terms 

of the initial imperfection: 

( )
v

2
cr o

s cr2
cr
2

α wEI
w x = sin(α x)

S α
-1

α

 
  
 

 
(7-12)

Making use of Eq. (7-3), Eq. (7-11) and Eq. (7-12) the total additional deflection in terms of initial 

imperfection can be calculated: 

( ) o
cr2

cr
cr 2

w
w x = sin(α x)

α
β -1

α

 
  
 

 
(7-13)

Substituting Eq. (7-11) in Eq. (7-1) the bending moment along the imperfect member in terms of the 

maximum value of imperfection can be found according to Eq. (7-14). 

( ) o
cr

cr

Pw
Μ x = sin(α x)

P
1-

P

 
 
 

 
(7-14)

The 2nd order shear force arises by differentiating Eq. (7-14): 

( ) cr o
cr

cr

Pα w
Q x = cos(α x)

P
1-

P

 
 
 

 
(7-15)

The effect of shear deformation is incorporated in the calculation of the elastic critical load. It should 

also be noted that the total deflection, consisting of the total additional deflection and the initial 

imperfection, is: 

( ) ( ) ( )T ow x = w x + w x  (7-16)

Substituting Eq. (7-9) and Eq. (7-13) in Eq. (7-16) it becomes: 

( )T o cr2
cr

cr 2

1
w x = 1 w sin(α x)

α
β -1

α

 
 
 

+        

 (7-17)

After some calculations Eq. (7-17) becomes: 

( )T o cr

cr

1
w x = w sin(α x)

P
1-

P

 
 
 
 
 
 

 (7-18)
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At the middle of the column where the maximum deflection appears, Eq. (7-18) gives: 

T
o

cr

wL
w =

P2
1-

P

 
 
 

 
(7-19)

Eq. (7-19) yields the maximum total deflection at the middle based on the well-known approximate 

magnification factor. Note that if Eq. (7-19) is substituted in Eq. (7-2) the maximum bending moment 

along an imperfect simply-supported column is obtained. The result is exactly the same as the one 

found by maximising Eq. (7-14). 

7.2.2 Arbitrary boundary conditions 

Consider now a member of length L, bending rigidity EI, shear rigidity Sv and arbitrary boundary 

conditions, as shown in Figure 7-2. The member has an initial imperfection wo(x) based on its first 

mode of buckling, which has a maximum value wo, and is loaded axially by a compressive force P.  

 

Figure 7-2: Axially loaded imperfect Timoshenko member with arbitrary boundary conditions 

For the simply-supported case, it was shown that the magnification factor can be obtained by 

incorporating the Timoshenko buckling load into the formula initially proposed by Young [7-5]. 

Similarly to Eq. (7-13), in the case of arbitrary boundary conditions the total additional deflection can 

be approximately obtained from the 1st buckling mode shape wo(x) as: 

( ) ( )o

2
cr

cr 2

w x
w x =

α
β -1

α

 
  
 

 
(7-20)

The value of αcr can be obtained for sway, partially-sway or non-sway members from the nonlinear 

equations given for Timoshenko members as proposed in Chapter 6.  

By differentiating Eq. (6-8) twice and Eq. (6-9) once, the second derivatives of the total additional 

deflection and of the deflection due to bending only can be obtained. The relation between the two 

can be expressed as: 

( ) ( )crΒ
'' ''w x =β w x  (7-21)
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As for the simply-supported column, the initial imperfection in terms of the 1st buckling mode shape of 

the column with arbitrary supports depicted in Figure 7-2 can be written as: 

( )
( ) ( )( )

( ) ( )
cr cro 1 2 3

o
cr 1 cr 11 2 1 3

w f sin α x +cos α x +f x+f
w x

f sin α x +cos α x +f x +f
=  (7-22)

where  

( )

( )

4 2 2
cr cr cr cr

cr* * * *
b br,b br,t b

1

3 2
cr cr cr cr cr * *

br,b br,t

α β α β L1 1
+ - +cos α L -1

c c c c
f =

1 1
α β L-sin α L -α β +

c c

 
 
 
 

 
 
 
 

 (7-23)

cr
cr cr 12 *

b

α
f =-α β +f

c

 
 
 
 

 (7-24)

2
cr cr 2

3 *
br,b

α β f
f =- -1

c
 (7-25)

* i
i

c
c =

EI
 (7-26)

The numerator corresponds to the 1st buckling mode shape while the denominator gives the maximum 

value of the 1st buckling mode shape. The value of x1 corresponds to the location of the maximum 

deflection. Dividing the buckling mode function by its maximum value ensures that the result is 

normalised to the maximum value wo. The value of x1 can be obtained by maximising the quantity in 

the brackets in Eq. (7-27), which corresponds to the mode shape of the 1st buckling mode. 

( ) ( )( )cr 1 cr 11 12 3
max f sin α x +cos α x +f x +f  (7-27)

Based on Eqs. (7-20) and (7-21) the second derivative of the deflection due to bending only is 

calculated: 

( ) ( )''
o''

B 2
cr
2

w x
w x =

α
-1

α

 
(7-28)

Substituting Eq. (7-22) in Eq. (7-28) the following expression is obtained: 

( )
( ) ( )( )

( ) ( )( )

2
cr crcr o 1''

B 2
cr

cr 1 cr 112 2 1 3

-α w f sin α x +cos α x
w x =

α
-1 f sin α x +cos α x +f x +f

α

 
  
 

 
(7-29)
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Substituting Eq. (7-29) in Eq. (7-1), the bending moment along an imperfect Timoshenko member can 

be expressed as: 

( ) o
imp

cr

Pw
Μ x = f

P
1-

P

 
(7-30)

where Pcr is the elastic critical load of the member and f is given by Eq. (7-31). 

( ) ( )
( ) ( )

cr cr1

cr cr1 1 1 12 3

f sin α x +cos α x
f=

f sin α x +cos α x +f x +f
 (7-31)

The numerator of Eq. (7-31) corresponds to the bending moment function along the imperfect 

member. The shear force along the member is obtained by differentiating Eq. (7-30) with respect to x. 

( ) cr o
imp

cr

α Pw 'Q x = f
P

1-
P

 
(7-32)

where f΄ is defined in Eq. (7-34).  

( ) ( )
( ) ( )

cr cr1

cr cr1 1 1 12 3

f cos α x -sin α x'f =
f sin α x +cos α x +f x +f

 (7-33)

For the case of a simply-supported member f and f΄ can be calculated by substituting very large 

(→∞) and very small values (→0) for the translational and rotational springs’ constants, respectively. 

In this case both these factors take the value of 1, as expected. 

The total deflection is given by Eq. (7-16) and by making use of Eq. (7-22) it becomes for a member 

with arbitrary boundary conditions: 

( ) ( )
( ) ( )( )

( ) ( )T

cr cro 1 2 3
o

cr 1 cr 11 2 1 3

cr cr

w f sin α x +cos α x +f x+f1 1
w x = w x

P P f sin α x +cos α x +f x +f
1- 1-

P P

   
   
   =
   
   
   

 (7-34)

7.2.3 Numerical verification in imperfect Timoshenko members 

The results obtained with the described procedure were verified with geometrically nonlinear static 

analysis of several examples in the finite element software ADINA [7-7], using shear deformable beam 

elements. Three cases for non-sway, partially-sway and sway members are presented here. In all 

three cases the member is made of steel (elastic modulus E=210GPa and Poisson’s ratio ν=0.3), has a 

length L=3m and a cross-section with shear rigidity Sv=16154kN and moment of inertia I=8.33e-6m4. 

The non-dimensional parameter µ described in Chapter 6, which measures the sensitivity of a member 

to shear deformation, is equal to 0.012 and could correspond to a laced built-up column. The 

maximum initial imperfection’s magnitude is assumed to be equal to wo=L/500=0.006m.  

The results are presented with the use of equilibrium paths (load-displacement curves), bending 

moment and shear force diagrams for specific axial forces and graphs in which the value of the 

applied axial force is plotted on the horizontal axis and the ratio of the maximum numerically 

calculated values for the bending moment and the shear force to the corresponding maximum values 

found analytically with the use of the proposed formulas on the vertical axis. The maximum analytical 
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values are calculated by maximising the function of the bending moment and shear force along the 

imperfect Timoshenko column, as given by Eq. (7-30) and Eq. (7-32), respectively. The lateral 

displacement at a given location is calculated with the use of Eq. (7-34). 

7.2.3.1 Non-sway member 

The non-sway column considered has one rotationally fixed end and one hinged end. The non-sway 

column’s first buckling load is equal to 3072kN according to LBA with the use of finite element 

software ADINA. The first buckling mode shape of the non-sway member is shown in Figure 7-3. The 

use of the proposed method presented in Chapter 6 (nonlinear equation for braced members) results 

in a buckling load equal to 3098kN, very close to the numerical one. The equilibrium path based on 

the displacement at the maximum initial imperfection’s location is presented in Figure 7-4. It can be 

observed that the deflection is sufficiently predicted by the proposed analytical calculations. Loss of 

accuracy is only observed at load levels very close to the elastic critical buckling load. 

 

 Figure 7-3: Buckling mode shape of non-sway member 
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 Figure 7-4: Equilibrium path for the imperfect non-sway member 

The bending moment and shear force diagrams along the column for a load equal to 0.8Pcr are shown 

in Figure 7-5 and Figure 7-6, respectively. A very satisfactory comparison between the results 

obtained with the use of GNIA and the analytical predictions is observed. The ratio of the numerical 

and analytical maximum bending moments and shear forces for different levels of axial force is 

presented in Figure 7-7. It can be seen that it is close to 1 for a large range of axial forces, while it 

diverts from this value as the axial force approaches the elastic critical buckling load of the column. 
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Figure 7-5: Bending moment diagram at load level 0.8Pcr for the imperfect non-sway member 
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Figure 7-6: Shear force diagram at load level 0.8Pcr for the imperfect non-sway member 
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Figure 7-7: Comparison of numerically and analytically obtained maximum bending moments and shear forces for 
various levels of axial load for the imperfect non-sway Timoshenko column 

7.2.3.2 Partially sway member 

The partially sway member has springs cb=2000kNm, cbr,b→∞, ct→∞ and cbr,t=1000kN/m at its ends. 

The partially sway column’s first buckling load is equal to 3438kN according to LBA with the use of 
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finite element software ADINA. The first buckling mode shape of the partially sway member is shown 

in Figure 7-8. The use of the proposed method presented in Chapter 6 (nonlinear equation for 

partially braced members) results in a buckling load equal to 3454kN, very close to the numerical one. 

The equilibrium path is presented in Figure 7-9, revealing that loss of accuracy is observed at load 

levels very close to the elastic critical buckling load, while the deflections are sufficiently predicted by 

the proposed procedure for smaller axial load levels. 

 

 Figure 7-8: Buckling mode shape of partially sway member 

The bending moment and shear force diagrams along the column for a load equal to 0.8Pcr are shown 

in Figure 7-10 and Figure 7-11, respectively. A very satisfactory comparison between the results 

obtained with the use of GNIA and the analytical predictions is observed. The ratio of the numerical 

and analytical maximum bending moments and shear forces for different levels of axial force is 

presented in Figure 7-12. It can be seen that it is equal to 1 for a large range of axial forces while loss 

of accuracy is observed only at high levels of axial load. 
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Figure 7-9: Equilibrium path for the imperfect partially sway member 
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Figure 7-10: Bending moment diagram at load level 0.8Pcr for the imperfect partially sway member 
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Figure 7-11: Shear force diagram at load level 0.8Pcr for the imperfect partially sway member 
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Figure 7-12: Comparison of numerically and analytically obtained maximum bending moments and shear forces 
for various levels of axial load for the imperfect partially sway Timoshenko column 
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7.2.3.3 Sway member 

The sway member has springs cb→∞, cbr,b→∞, ct=2000kNm and cbr,t→0 at its ends. The sway 

column’s first buckling load is equal to 1137kN according to LBA with the use of finite element 

software ADINA. The first buckling mode shape of the sway member is shown in Figure 7-13. The use 

of the proposed method presented in Chapter 6 (nonlinear equation for unbraced members) results in 

a buckling load equal to 1138kN, very close to the numerical one. The equilibrium path is presented in 

Figure 7-14, revealing that loss of accuracy is observed at load levels very close to the elastic critical 

buckling load, while the deflections are sufficiently predicted by the proposed procedure for smaller 

axial load levels. 

 

 Figure 7-13: Buckling mode shape of sway member 

The bending moment and shear force diagrams along the column for a load equal to 0.8Pcr are shown 

in Figure 7-15 and Figure 7-16, respectively. A very satisfactory comparison between the results 

obtained with the use of GNIA and the analytical predictions is observed. The ratio of the numerical 

and analytical maximum bending moments and shear forces for different levels of axial force is 

presented in Figure 7-17. It can be seen that it is close to 1 for a large range of axial forces while loss 

of accuracy is observed only at high levels of axial load. 
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Figure 7-14: Equilibrium path for the imperfect sway column 
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Figure 7-15: Bending moment diagram at load level 0.8Pcr for the imperfect sway member 
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Figure 7-16: Shear force diagram at load level 0.8Pcr for the imperfect sway member 
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Figure 7-17: Comparison of numerically and analytically obtained maximum bending moments and shear forces 
for various levels of axial load for the imperfect sway Timoshenko column 
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7.3 LATERALLY LOADED TIMOSHENKO MEMBERS 

Members belong to structures that are subjected to both vertical and horizontal loads. As a result they 

are usually subjected to both axial and lateral loads and they are characterised as beam-columns. The 

presence of axial force affects the behaviour of laterally loaded members and should be taken into 

account. In such cases, the deformed shape is considered for equilibrium and both the internal forces 

and deflections are affected. In this section, Timoshenko beam-columns with arbitrary supports under 

axial and lateral loads are examined.  Three common cases of external lateral loading are considered: 

uniformly distributed transverse load, concentrated moments at both ends and concentrated forces at 

both ends. 

The derivations of the bending moment, shear force and deflection functions for each case separately 

are presented in the following subsections. They are based on 2nd-order analysis with the use of the 

2nd-order slope-deflection equations for Timoshenko members according to Engesser’s method that 

were presented in Chapter 6. The results are given as closed-form solutions so that their use is 

straight-forward without the need for additional calculations and iterations. The procedure is described 

in detail for the lateral uniformly distributed load and only the results are presented for the other 

lateral load types considered. 

7.3.1 Lateral uniformly distributed load 

Consider the Timoshenko beam-column with arbitrary boundary conditions shown in Figure 7-18, 

which is subjected to an axial compressive load P and a uniformly distributed transverse load q. The 

deformed shape is also shown in Figure 7-18, while clockwise rotations and bending moments are 

considered to be positive. 

The reactions and shear forces perpendicular to the undeformed axis for this specific lateral type of 

loading at the two ends of the member can be described as a function of the deflections at these 

ends: 

( )
( ) ( ) qAB q BA q

qbr,bAB q

M +M +P∆
V =c δ =0.5qL-

L
 (7-35)

( ) ( ) ( ) ( ) qAB q BA q

q qbr,tBA q

M +M +P∆
V =c δ +∆ =0.5qL+

L
 (7-36)

where δq and δq+∆q are the deflections at ends A and B, respectively. 

The bending moments at the ends A and B can be expressed by using the slope-deflection equations 

for shear-weak members as: 

( ) ( ) ( ) ( )
q q

11 12 F bAB q A q B q A q

∆∆EI EI
M = S ψ - + S ψ - -M =-c ψ

L LL L

  
       

 (7-37)

( ) ( ) ( ) ( )
q q

12 11 F tBA q A q B q B q

∆∆EI EI
M = S ψ - + S ψ - +M =-c ψ

L LL L

  
       

 (7-38)
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Figure 7-18: Timoshenko member with arbitrary boundary conditions subjected to an axial compressive load and 
uniformly distributed transverse load 

In these equations ψA(q) and ψB(q) are the rotations due to bending only at points A and B, 

respectively, and ∆q/L is the total member rotation due to relative transverse translation ∆q of its ends 

A and B. The coefficients Skj have been derived in Chapter 6 and depend on the applied axial load P. 

The term MF denotes the fixed end bending moments at the ends of a Timoshenko member according 

to Engesser’s approach and should be inserted in the slope-deflection equations in order to account 

for the uniformly distributed load q. For its derivation consider the Timoshenko member with fixed 

ends described by Horne and Merchant [7-8], who investigated Euler-Bernoulli beam-columns, which 

is loaded axially by a compressive force P and laterally by uniformly distributed load q. The bending 

moment along the member is given by: 

( ) ( ) ( ) ( )q qF
'Μ x =-EIψ x =-Μ +Pw x +0.5qx L-x  (7-39)

The differential equations that control the problem are: 

( ) ( ) ( )q q
v

P ''EI 1- ψ x +Pψ x =-0.5q L-2x
S

 
 
 

 (7-40)

( ) ( ) ( )q q F
v v

P EI''EI 1- w x +Pw x =M -0.5qx L-x - q
S S

 
 
 

 (7-41)

The solutions of Eq. (7-40) and Eq. (7-41) are: 

( ) ( )
q 12

L-2x
ψ x =-αβA sinαx+αβΑ cosαx-0.5q

P
 (7-42)
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( )
( ) 

 
 

F 2
v

q 1 2

1 EI
M -q +0.5x L-x +

Sα
w x =A sinαx+Α cosαx+

P
 

(7-43)

where A1 and A2 are integration constants and all other parameters have been defined previously. 

Applying the boundary conditions wq(0)=ψq(0)=0, the constants A1, A2 can be evaluated. Substituting 

them in the boundary condition wq(L)=0 and solving for the bending moment at the fixed ends, the 

latter can be calculated: 

F 2
v

Lα αL ΕΙq
M = 1- cot + q

α 2β 2 S

  
    

 (7-44)

From Eq. (7-35) the deflection at end A can be calculated: 

( ) ( ) qAB q BA q

q
br,b

M +M +P∆
0.5qL-

Lδ =
c

 (7-45)

Alternatively, the deflection at end A can be expressed as: 

qbr,t
q

br,b br,t

qL-c ∆
δ =

c +c
 (7-46)

By making use of Eqs. (7-35)-(7-38) and Eq. (7-45), Eq. (7-47)  giving the deflection at end B arises: 

( ) ( )( ) qt1 A q B qbq
ρ -c ψ -c ψ +χ∆

=
L ω

 (7-47)

where ρ1=1+cbr,t/cbr,b, ρ2=1-cbr,t/cbr,b, χq=0.5qρ2L
2 and 

2
1br,t

P
ω=L c -ρ

L

 
 
 

 (7-48)

Based on Eq. (7-37), Eq. (7-38), Eq. (7-44) and Eq. (7-47), the rotations due to bending only can be 

calculated at the two ends: 

( )

( )( ) ( )
#F

q 11 1 A qb b

B q
t112

ωM L
χ S+ - ω S +c +Sρ c ψ

EIψ =
ωS +Sρ c

 (7-49)

( )

( ) ( )
( ) ( ) ( ) ( )

#F F
q qt t t1 11 112

A q # #
t t t1 1 11 1 11 112 12b b b

-ωM L ωM L
ωS +Sρ c +Sχ - ωS +ωc +Sρ c +Sχ

EI EI
ψ =

ωS +Sρ c ωS +Sρ c - ωS +ωc +Sρ c ωS +ωc +Sρ c

   
   
     (7-50)

where S=S11+S12 and 

# i
i

c L
c =

EI
 (7-51)
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The bending moment along the member due to the axial compressive load and the uniformly 

distributed transverse load is: 

( ) ( ) ( ) ( ) ( )( ) 2
q q q qΑΒ q AB q

'Μ x =-EIψ x =Μ +V x+P w x -δ -0.5qx  (7-52)

The 2nd-order shear force is found by differentiating Eq. (7-52): 

( ) ( ) ( ) ( )q q qAB q
'' 'Q x =-EIψ x =V +Pw x -qx  (7-53)

Solving Eq. (7-52) for ψ΄ Eq. (7-54) is obtained: 

( ) ( ) ( ) ( )( ) 2
q qΑΒ q AB q

q

Μ +V x+P w x -δ -0.5qx
'ψ x =-

EI
 (7-54)

The first derivative of shear deformation is given by: 

( )
( )q

q
v

''Pw x -q'
γ x =

S
 (7-55)

If the relationship between total rotation, rotation due to bending only and shear deformation is 

differentiated with respect to x, Eq. (7-56) arises: 

( ) ( ) ( )q q q
'' ' 'w x =ψ x +γ x  (7-56)

By substituting Eq. (7-54) and Eq. (7-55) into Eq. (7-56) the differential equation describing the 

problem arises and its trigonometric solution for boundary conditions wq(0)=δq and wq(L)=δq+∆q is: 

( )
( ) ( ) ( )

( ) ( ) ( )

2
qAB q AB q AB q2 2

V V

q

2
qAB q AB q AB q2 2

V V

1 1 EI 1 EI
- M +q + cosαL+M +V L+q + -0.5L +∆

P S Sα α
w x = sinαx+

sinαL

1 1 EI 1 1 EI
+ M +q + cosαx+ -M -V x+Pδ +q - - +0.5x

P S P Sα α

     
               

      
                  

 (7-57)

The derivative of Eq. (7-57) with respect to x is equal to: 

( )
( ) ( ) ( )

( ) ( )( )

2
qAB q AB q AB q2 2

V V

q

AB q AB q2
V

1 1 EI 1 EI
- M +q + cosαL+M +V L+q + -0.5L +∆

P S Sα α'w x =α cosαx-
sinαL

α 1 EI 1
- M +q + sinαx+ -V +qx
P S Pα

     
               

  
      

 (7-58)

Incorporating Eq. (7-57) into Eq. (7-52) and Eq. (7-58) into Eq. (7-53) the second-order bending 

moment and shear force due to laterally distributed load q, respectively, along the member can be 

calculated. 

7.3.2 Concentrated moments at the ends 

Consider the Timoshenko beam-column with arbitrary boundary conditions shown in Figure 7-19, 

which is subjected to an axial compressive load P and concentrated moments M1 and M2 at its ends, 
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considered as positive when clockwise. The same procedure is followed as in the previous section for 

the laterally distributed load q. The deformed shape is also shown in Figure 7-19, while clockwise 

rotations and bending moments are considered to be positive. 

The reactions and shear forces perpendicular to the undeformed axis for this specific lateral type of 

loading at the two ends of the member can be described as a function of the deflections at these 

ends: 

( )
( ) ( ) MAB M BA M

Mbr,bAB M

M +M +P∆
V =c δ =-

L
 (7-59)

( ) ( ) ( ) ( ) MAB M BA M

M Mbr,tBA M

M +M +P∆
V =c δ +∆ =

L
 (7-60)

where δM and δM+∆M are the deflections at ends A and B, respectively. 

The bending moments at the ends A and B can be expressed by using the slope-deflection equations 

for shear-weak members as: 

( ) ( ) ( ) ( )
M M

11 12 b 1AB M A M B M A M

∆∆EI EI
M = S ψ - + S ψ - =-c ψ +M

L LL L

  
  

   
 (7-61)

( ) ( ) ( ) ( )
M M

12 11 t 2BA M A M B M B M

∆∆EI EI
M = S ψ - + S ψ - =-c ψ +M

L LL L

  
  

   
 (7-62)

 

Figure 7-19: Timoshenko member with arbitrary boundary conditions subjected to an axial compressive load and 
concentrated moments at its ends 
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Making use of Eqs. (7-59)-(7-62) the deflections, rotations, bending moment and shear forces can be 

calculated allowing evaluation of the structural behaviour of the Timoshenko beam-column under 

concentrated end moments. The results are summarised in Table 7-1. 

Table 7-1: Summary of results for the case of concentrated moments at the ends 

Mbr,t
M

br,b br,t

c ∆
δ =-

c +c
  

( ) ( )( )t1 Mb A M B MM
ρ -c ψ -c ψ +χ∆

=
L ω

, where χM=(M1+M2)ρ1 

( ) ( ) ( )
M M

11 12AB M A M B M

∆∆EI EI
M = S ψ - + S ψ -

L LL L

  
  

   
 

( ) ( ) ( )
M M

12 11BA M A M B M

∆∆EI EI
M = S ψ - + S ψ -

L LL L

  
  

   
 

( ) ( )
( ) ( ) MAB M BA M

AB M BA M

M +M +P∆
V =-V =-

L
 

( )

( )( ) ( )
#1

M 11 1b b A M

B M
t112

ωM L
χ S+ - ω S +c +Sρ c ψ

EIψ =
ωS +Sρ c

, where S=S11+S12. 

( )

( ) ( )
( ) ( ) ( ) ( )

#2 1
t t t1 M 11 1 M12

A M # #
t t t1 1 11 1 11 112 12b b b

ωM L -ωM L
ωS +Sρ c +Sχ + ωS +ωc +Sρ c -Sχ

EI EI
ψ =

ωS +Sρ c ωS +Sρ c - ωS +ωc +Sρ c ωS +ωc +Sρ c

   
   

  
 

( )
( ) ( ) ( )

( )
( ) ( )( )

AB M AB M

M AB M

M MAB M AB M

M V L
1-cosαL + +∆ M 1P Pw x = sinαx+ cosαx+ -M -V x+Pδ

sinαL P P
 

( )
( ) ( ) ( )

( ) ( )
AB M AB M

M AB M AB M

M

M V L
1-cosαL + +∆ M V

' P Pw x =α cosαx-α sinαx-
sinαL P P

 

( ) ( ) ( ) ( )( )M M MΑΒ M AB M
Μ x =Μ +V x+P w x -δ  

( ) ( ) ( )M MAB M
'Q x =V +Pw x  

7.3.3 Concentrated forces at the ends 

Consider the Timoshenko beam-column with arbitrary boundary conditions shown in Figure 7-20, 

which is subjected to an axial compressive load P and concentrated forces H1 and H2 at its ends, 

considered as positive when oriented towards the positive w axis. The same procedure is followed as 

in the previous section for the laterally distributed load q. The deformed shape is also shown in Figure 

7-20, while clockwise rotations and bending moments are considered to be positive. 

The shear forces perpendicular to the undeformed axis at the two ends of the member can be 

described as a function of the deflections at these ends: 

( )
( ) ( ) HAB H BA H

H 1br,bAB H

M +M +P∆
V =c δ -H =-

L
 (7-63)
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( ) ( ) ( ) ( ) HAB H BA H

H H 2br,tBA H

M +M +P∆
V =c δ +∆ -H =

L
 (7-64)

where δH and δH+∆H are the deflections at ends A and B, respectively. 

The bending moments at the ends A and B can be expressed by using the slope-deflection equations 

for shear-weak members as: 

( ) ( ) ( ) ( )
H H

11 12 bAB H A H B H A H

∆∆EI EI
M = S ψ - + S ψ - =-c ψ

L LL L

  
  

   
 (7-65)

( ) ( ) ( ) ( )
H H

12 11 tBA H A H B H B H

∆∆EI EI
M = S ψ - + S ψ - =-c ψ

L LL L

  
  

   
 (7-66)

 

Figure 7-20: Timoshenko member with arbitrary boundary conditions subjected to an axial compressive load and 
lateral concentrated loads at its ends 

Making use of Eqs. (7-63)-(7-66) the deflections, rotations, bending moment and shear forces can be 

calculated leading to the specification of the structural behaviour of the Timoshenko beam-column 

under end concentrated lateral forces. The results are summarised in Table 7-2. 
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Table 7-2: Summary of results for the case of concentrated loads at the ends 

1 H2 br,t
H

br,b br,t

H +H -c ∆
δ =

c +c
  

( ) ( )( )t1 Hb A H B HH
ρ -c ψ -c ψ +χ∆

=
L ω

, where χH=L(H2-H1cbr,t/cbr,b) 

( ) ( ) ( )
H H

11 12AB H A H B H

∆∆EI EI
M = S ψ - + S ψ -

L LL L

  
  

   
 

( ) ( ) ( )
H H

12 11BA H A H B H

∆∆EI EI
M = S ψ - + S ψ -

L LL L

  
  

   
 

 

( ) ( )
( ) ( ) HAB H BA H

AB H BA H

M +M +P∆
V =-V =-

L
 

( )

( )( ) ( )
#

H 11 1b b A H

B H
t112

χ S- ω S +c +Sρ c ψ
ψ =

ωS +Sρ c
, where S=S11+S12. 

( )
( ) ( )

( ) ( ) ( ) ( )

#
t11 H12

A H # #
t t t1 1 11 1 11 112 12b b b

ωS -ωS -ωc Sχ
ψ =

ωS +Sρ c ωS +Sρ c - ωS +ωc +Sρ c ωS +ωc +Sρ c
 

( )
( ) ( ) ( )

( )
( ) ( )( )

AB H AB H

H AB H

H HAB H AB H

M V L
1-cosαL + +∆ M 1P Pw x = sinαx+ cosαx+ -M -V x+Pδ

sinαL P P
 

( )
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( ) ( ) ( ) ( )( )H H HΑΒ H AB H
Μ x =Μ +V x+P w x -δ  

( ) ( ) ( )H HAB H
'Q x =V +Pw x  

7.3.4 Combination of the above load conditions 

Each of the lateral load cases examined above addresses one type of transverse load acting in parallel 

with an applied axial force. For the same axial force P, the principle of superposition can be applied 

for different lateral loading conditions along the pre-buckling loading path, as long as the material 

behaviour remains in the elastic range. Therefore, the response to combined lateral loading and 

imperfection can be found by summing up the corresponding values. An approximate calculation of 

bending moment and shear force along the member’s length under the same axial force P is equal to: 

( ) ( ) ( ) ( ) ( )qimp M HΜ x =Μ x +Μ x +Μ x +Μ x  (7-67)

( ) ( ) ( ) ( ) ( )qimp M HQ x =Q x +Q x +Q x +Q x  (7-68)

It should be noted that the closed-form solutions correspond to second-order analysis and are based 

on trigonometrical functions for the deflections and rotations, differing in this way from the polynomial 

functions that are used for first-order analysis. Therefore, the use of small values of the applied axial 

force P is expected to give results very close to the ones that would be obtained from first-order 

analysis of Timoshenko members but the limiting case of P equal to zero leads to numerical 

difficulties. A general theory for Euler-Bernoulli members was formulated by Rubin [7-9] overcoming 
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the inconsistency between first-order and second-order analysis for zero axial force P. It should also 

be noted that the use of either very large or very small values for the springs’ stiffness (for modelling 

either fixed or free degrees of freedom) may lead to numerical difficulties and should be treated with 

care. Finally, it should be mentioned that, as second-order analysis is associated with an engineering 

problem, any numerical difficulties observed in very rare and specific cases resulting in indeterminate 

results are attributed to the approximate nature of the second-order analysis presented. 

7.4 NUMERICAL VERIFICATION OF THE PROPOSED EQUATIONS 

The results obtained with the described procedure were verified for several examples by means of 

geometrically nonlinear imperfection analysis (GNIA) in finite element software ADINA [7-7] with the 

use of Hermitian shear deformable beam elements. A large number of numerical examples was used 

for the numerical verification of the proposed closed-form solutions and three cases for non-sway, 

partially-sway and sway members are presented here. The three cases presented here have the same 

material and cross-sectional characteristics as the ones examined above considering only initial 

imperfections. The non-dimensional parameter µ=EI/SvL
2 which defines the sensitivity of the member 

to shear deformation is equal to 0.012, which is a realistic value for a laced built-up column. The initial 

imperfection is assumed to be equal to wo=L/500=0.006m and is based on the first buckling mode of 

the member. The lateral distributed load q, the concentrated moments M1 and M2 and the 

concentrated loads H1 and H2 are equal to 10kN/m, 50kNm, -100kNm, 50kN and 10kN, respectively. 

The results are presented with the use of equilibrium paths (load-displacement curves), indicative 

bending moment and shear force diagrams for axial force equal to 0.8Pcr and graphs in which the 

applied axial force is plotted on the horizontal axis and the ratio of the maximum numerically 

calculated values for the bending moment and the shear force found with the use of GNIA (large 

deflection theory) to the corresponding maximum values found analytically on the vertical axis.  

The maximum analytical values are calculated by maximising the function of the bending moment and 

shear force along the imperfect Timoshenko column as given by Eq. (7-67) and Eq. (7-68), 

respectively. The lateral displacement at a given location is calculated with the use of Eq. (7-34) and 

the deflections wq(x), wM(x) and wH(x). Based on these results, the efficiency of the proposed 

analytical method is checked as far as both internal forces and deflections are concerned. 

7.4.1.1 Non-sway member 

The non-sway column considered has one rotationally fixed end and one hinged end and is the same 

as the one examined previously considering only the existence of axial force and initial imperfection. 

The lateral load is directly applied at the first step while the axial force is gradually applied until it 

takes its maximum value. The equilibrium path based on the displacement at the maximum initial 

imperfection’s location is presented in Figure 7-21. It can be observed that the deflection is sufficiently 

predicted by the proposed analytical calculations. Loss of accuracy is only observed at load levels very 

close to the elastic critical buckling load. At these load levels, small deflection theory is inadequate but 

it can be observed that the deflection for a 3 metre long member exceeds 300mm, a value 

unacceptable for structural engineering applications. 
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 Figure 7-21: Equilibrium path for the imperfect non-sway member under lateral load directly applied at the first 
step 

The bending moment and shear force diagrams along the column for a load equal to 0.8Pcr are shown 

in Figure 7-22 and Figure 7-23, respectively. A very satisfactory comparison between the results 

obtained with the use of GNIA and the analytical predictions is observed. The ratio of the numerical 

and analytical maximum bending moments and shear forces for different levels of axial force is 

presented in Figure 7-24. It can be seen that it is close to 1 for a large range of axial forces while it 

diverts from this value as the axial force approaches the elastic critical buckling load of the member. 
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Figure 7-22: Bending moment diagram at load level 0.8Pcr for the imperfect non-sway member under lateral load 
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Figure 7-23: Shear force diagram at load level 0.8Pcr for the imperfect non-sway member under lateral load 

0.0

0.2

0.4

0.6

0.8

1.0

1.2

0 500 1000 1500 2000 2500 3000

N
u

m
e

ri
c
a

l/
A

n
a

ly
ti

c
a

l

Axial force (kN)

Bending moment Shear force

 

Figure 7-24: Comparison of analytically and numerically obtained maximum bending moments and shear forces 
for various levels of axial load for the non-sway imperfect Timoshenko member under lateral load 

If both the lateral and axial loads are gradually applied until they reach their prescribed maximum 

value the equilibrium path will be different. The results obtained analytically and numerically with 

gradual application of the loads are shown for the non-sway member in Figure 7-25. It can be 

concluded that the proposed analytical method is sufficient for a wide range of axial forces as it is for 

the case that the lateral loads are directly applied at the beginning of the analysis. 
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Figure 7-25: Equilibrium path for the imperfect non-sway member under lateral load gradually applied 

7.4.1.2 Partially sway member 

The partially sway member has springs cb=2000kNm, cbr,b→∞, ct→∞ and cbr,t=1000kN/m at its ends 

and is the same as the one examined previously considering only the existence of axial load and initial 

imperfection. The lateral load is applied directly at the first step while the axial force is gradually 

applied. The equilibrium path based on the displacement at the maximum initial imperfection’s 

location is presented in Figure 7-26. It can be observed that the deflection is sufficiently predicted by 

the proposed analytical calculations. Loss of accuracy is only observed at load levels very close to the 

elastic critical buckling load. Similar conclusions to the previously mentioned case can be drawn for 

this case, too. 
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 Figure 7-26: Equilibrium path for the imperfect partially sway member under lateral load directly applied at the 
first step 

The bending moment and shear force diagrams along the column for a load equal to 0.8Pcr are shown 

in Figure 7-27 and Figure 7-28, respectively. A very satisfactory comparison between the results 
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obtained with the use of GNIA and the analytical predictions is observed. The proposed method 

cannot only predict the maximum values of the bending moment and shear forces in a satisfactory 

way but also their variation along the examined member. The ratio of the numerical and analytical 

maximum bending moments and shear forces for different levels of axial force is presented in Figure 

7-29. It can be seen that it is close to 1 for a large range of axial forces while it diverts from this value 

as the axial force approaches the elastic critical buckling load of the column. 
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Figure 7-27: Bending moment diagram at load level 0.8Pcr for the imperfect partially sway member under lateral 
load 
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Figure 7-28: Shear force diagram at load level 0.8Pcr for the imperfect partially sway member under lateral load 
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Figure 7-29: Comparison of analytically and numerically obtained maximum bending moments and shear forces 
for various levels of axial load for the partially sway imperfect Timoshenko member under lateral load 

If both the lateral and axial loads are gradually applied the equilibrium path will be different from the 

case that the lateral loads are applied at the beginning of the analyses. The results obtained 

analytically and numerically with gradual application of the loads are shown for the partially sway 

member in Figure 7-30. 
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 Figure 7-30: Equilibrium path for the imperfect partially sway member under lateral load gradually applied 

7.4.1.3 Sway member 

The sway member has springs cb→∞, cbr,b→∞, ct=2000kNm and cbr,t→0 at its ends and is the same 

as the one examined previously considering only the existence of axial force and initial imperfection. 

The lateral load is applied directly at the first step while the axial force is gradually applied. The 

equilibrium path based on the displacement at the maximum initial imperfection’s location is presented 

in Figure 7-31. It can be observed that the deflection is sufficiently predicted by the proposed 
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analytical calculations. Loss of accuracy is only observed at load levels very close to the elastic critical 

buckling load.  
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 Figure 7-31: Equilibrium path for the imperfect sway member under lateral load directly applied at the first step 

The bending moment and shear force diagrams along the column for a load equal to 0.8Pcr are shown 

in Figure 7-32 and Figure 7-33, respectively. A very satisfactory comparison between the results 

obtained with the use of GNIA and the analytical predictions is observed. The ratio of the numerical 

and analytical maximum bending moments and shear forces for different levels of axial force is 

presented in Figure 7-34. It can be seen that it is close to 1 for a large range of axial forces while it 

diverts from this value as the axial force approaches the elastic critical buckling load of the column. 

-50

-40

-30

-20

-10

0

10

20

30

40

50

0 500 1000 1500 2000 2500 3000

B
e

n
d

in
g

 m
o

m
e

n
t 

(k
N

m
)

Longitudinal axis (mm)

GNIA Proposed analytical

 

Figure 7-32: Bending moment diagram at load level 0.8Pcr for the imperfect sway member under lateral load 
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Figure 7-33: Shear force diagram at load level 0.8Pcr for the imperfect sway member under lateral load 

0.0

0.2

0.4

0.6

0.8

1.0

1.2

0 500 1000

N
u

m
e

ri
c
a

l/
A

n
a

ly
ti

c
a

l

Axial force (kN)

Bending Moment Shear force

 

Figure 7-34: Comparison of analytically and numerically obtained maximum bending moments and shear forces 
for various levels of axial load for the sway imperfect Timoshenko member under lateral load 

If both the lateral and axial loads are gradually applied the equilibrium path will be different. The 

results obtained analytically and numerically with gradual application of the loads are shown for the 

sway member in Figure 7-35. 
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 Figure 7-35: Equilibrium path for the imperfect sway member under lateral load gradually applied  

7.5 CONCLUSIONS 

An approximate analytical methodology has been proposed for the evaluation of the 2nd-order elastic 

response of members with arbitrary boundary conditions that are susceptible to transverse shear 

deformations based on Engesser’s approach. The members are considered to be loaded axially by a 

compressive force, to have an initial imperfection according to their first buckling mode shape only 

and to be subjected to uniformly distributed load along their length, concentrated end moments and 

concentrated end lateral forces. For the axially compressed Timoshenko member with arbitrary 

supports, the existence of initial imperfection and each lateral load case are considered separately. 

Finally, at specific axial load levels, the principle of superposition is applied for obtaining their 

combined effect. 

The incorporation of initial imperfection’s effect is achieved with the use of the approximate 

magnification factor accounting only for the first buckling mode and for Engesser’s method for the 

incorporation of shear deformations. The closed-form solutions for the lateral load cases of uniformly 

distributed load, concentrated end moments and concentrated end forces are formulated with the use 

of 2nd-order slope-deflection equations according to Engesser’s method for the incorporation of shear 

deformations as they were presented in Chapter 6. The deflection, bending moment and shear force 

along the member can be evaluated with the use of the proposed method. 

Verification examples dealing with imperfect Timoshenko columns and beam-columns have been 

presented considering non-sway, partially-sway and sway translational behaviour. The comparison 

included deflections and internal forces (bending moment and shear forces) leading to the conclusion 

that the proposed closed-form solutions result in very satisfactory accuracy. Divergence between the 

analytical and numerical results was observed only at very large axial load levels (close to the elastic 

critical buckling load) at which small deflection theory is inaccurate. The proposed analytical results 

can be used for performing straight-forward 2nd-order analysis of Timoshenko and Euler-Bernoulli 

members (if shear deformations are neglected by considering very large shear rigidity). 
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8 BEHAVIOUR OF LACED BEAM-COLUMNS 

WITH ARBITRARY SUPPORTS 

8.1 INTRODUCTION 

In Chapter 5, a simple method was proposed for the second-order elastic analysis of laced columns 

modelled as equivalent Timoshenko members and for the calculation of the collapse load based on an 

interaction equation. The method was verified numerically and the conclusion that laced built-up 

columns mainly fail in practice due to local elastoplastic failure of a critical panel was drawn.  

In order to expand these conclusions to cases of imperfect laced built-up members under axial and 

transverse loading, with the use of the results obtained in Chapter 6 for the elastic critical buckling 

load of Timoshenko members and frames, in Chapter 7, the second-order elastic analysis of imperfect 

Timoshenko beam-columns with arbitrary supports was proposed in the form of closed-form solutions. 

These analytical results are useful for elastic geometrically nonlinear analysis of Timoshenko 

members, from which bending moments and shear forces along the members can be obtained. 

In general, the collapse load can be calculated if an appropriate interaction equation accounting for 

structural failure is used for “terminating” the second-order analysis. In the present chapter, by 

making the assumption that axially and laterally loaded imperfect laced built-up members fail when 

local elastoplastic failure of the critical panel takes place, as in imperfect laced built-up columns 

described in Chapter 5, an interaction equation for the collapse load of such members will be 

presented. Then, interaction diagrams will be used for comparing different methods for the calculation 

of the collapse load of a large variety of laced built-up members. The results obtained with the 

proposed method will be compared with the ones obtained numerically with Geometrically and 

Materially Nonlinear Imperfection Analyses (GMNIA), and with the use of first-order and second-order 

elastic analyses in commercial software. 

8.2 INTERACTION EQUATION FOR COLLAPSE LOAD OF LACED MEMBERS 

In the analysis and design of structures, it is common practice that they are analysed elastically and 

appropriate interaction equations are used for “terminating” the analysis when structural failure takes 

place. Initially, Allowable Stress Design was the basic design method for many decades, computing 

stresses based on principles of mechanics and then checking against the allowable stress depending 
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on the material. This design concept is relatively conservative as it does not account for plastic hinge 

formation and plastic reserve due to redistribution of stresses in indeterminate structures. Modern 

codes are based on the Ultimate Strength Design, according to which the structure should withstand 

the applied loads without collapse. In this section interaction equations for “terminating” the second-

order analysis at a load level for which the internal forces, as obtained from the closed-form solutions 

of Chapter 7, marginally become equal to the member’s strength will be presented. 

8.2.1 Interaction equation 

The procedure for evaluating the behaviour of a laced member is based on the assumption that it is 

considered as a Timoshenko member with equivalent bending and shear rigidity. In this way, the 

degrees of freedom of the indeterminate structure are significantly reduced and it can be easily 

analysed. The 2nd-order analysis of the equivalent Timoshenko member results in obtaining internal 

forces along its length, as it was presented in Chapter 7. These internal forces can be used for the 

approximate calculation of the internal forces of the laced member’s components. Thus, the 

performance of checks according to the Ultimate Strength Design is possible. 

Laced built-up members are truss-like structural systems and therefore their primary stresses in the 

chords are due to axial forces and the secondary ones due to local bending moments, usually about 

the weak axis of the chords. The local bending moments develop due to initial local imperfections and 

due to the continuity of the chords in elevation. In the proposed interaction equations, only the axial 

forces and the local bending moments due to initial local imperfections are taken into account. The 

reason for neglecting the local bending moments due to continuity of the chords will be thoroughly 

presented in the next section. 

In laced built-up columns both global (wo) and local (zo) imperfections should be considered, based on 

the buckling mode shapes, as explained in Chapter 5. In the same chapter it was concluded 

numerically that a laced built-up column can fail either due to local elastoplastic failure of a critical 

panel (usually under compression) or due to elastic failure of the whole column. In the first case, the 

effect of global imperfections should be taken into account in the global response, while for 

reasonable magnitudes of local imperfections, their effect can be incorporated in the inelastic capacity 

of the critical panel, as yielding of the material limits their effect on the global response. In the second 

case both global and local imperfections play an important role in the global response of the structure. 

In most practical cases the reason leading to collapse is the first one. By setting the force in the more 

compressed chord equal to the local buckling resistance NL of a panel, interaction Eq. (8-1) is derived: 

max
L

o

MP
+ =N

2 h
 (8-1)

where P is the applied axial load and Mmax is the maximum value of the global bending moment along 

the equivalent Timoshenko member (by maximising Eq. (7-67)). Eq. (8-1) can be modified for the 

case that the maximum bending moment appears at a built-up member’s support (at x=0 or L) and a 

diagonal lacing bar converges at the end of the critical panel, accounting for the fact that a small part 

of the axial force caused by the maximum moment is sustained by the lacing bar (either in tension or 

in compression depending on the direction of the shear force Q). The shear force Q can be evaluated 

with the use of Eq. (7-68).  

In this case Eq. (8-1) becomes, for the case of X-lacing and X-lacing with transverse bars that were 

presented in Chapter 2: 
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( )max l
L

o

Q 0;L tanφM (0;L)P
+ ± =N

2 h 2
 (8-2)

In the case of N-lacing, V-lacing and Z-lacing types that were presented in Chapter 2, Eq. (8-2) 

becomes: 

( )max
Ll

o

M (0;L)P
+ ± Q 0;L tanφ =N

2 h
 (8-3)

The unknown parameters in Eq. (8-1) to Eq. (8-3) are both the location of the maximum bending 

moment and the collapse load P and for this reason an iterative procedure should be performed for 

their solution. These interaction equations are valid only if failure of the diagonal bars is avoided, 

being in accordance with common practice in which lacing bars are designed with sufficient 

overstrength. The local capacity NL takes into account the existence of local imperfections and 

material yielding. The critical panel can be considered in most cases as simply-supported at failure and 

this approximation is justified by the following observations: 

− Adjacent panels to the critical one are usually loaded by axial forces of similar magnitude to it. It 

was shown in Chapter 6 that the rotational stiffness offered by the converging members at the top 

and bottom nodes of the column in question, depends on the magnitude of the compressive axial 

force. The larger the axial force the smaller the rotational restraint provided. Additionally, material 

yielding may also appear along adjacent panels reducing their stiffness. As a result, the rotational 

restraint that adjacent panels can offer to the critical one at its ends is rather limited. 

− The non-dimensional slenderness of the panels (local non-dimensional slenderness) is usually in 

practice relatively small and in such cases the boundary conditions play little role, as the capacity is 

governed by yielding. 

This approximation is convenient due to its simplicity but it is not always sufficient, as will be 

illustrated in the examples of the present chapter. The local capacity can be calculated either based 

on the first yield of the cross-section or by accounting for its plastic reserve, too.  

8.2.1.1 Local capacity based on first yield 

The local capacity of a simply-supported imperfect panel based on the first yield of the cross-section 

at mid-height, by making use of Eq. (6.47) of Eurocode 3 [8-1], is equal to: 

z ych
L ch,Rd

M1

χ Α f
N =N =

γ
 (8-4)

where χz is a reduction coefficient corresponding to the magnitude of the local imperfections and the 

slenderness of the member and γM1 is the partial safety factor. The calculation of the reduction 

coefficient is based on the well-known Ayrton-Perry formula [8-2] and is a lower bound of the actual 

capacity, as it is associated with the first yield of the concave side of the member. Eurocode 3 [8-1] 

provisions are based on five different magnitudes of imperfections, distinguished by different values of 

the imperfection factor η’ that varies from 0.13 to 0.76. The magnitude of the imperfection is given 

by: 

( ) el,z,ch'
o ch,z

ch

W
z =η λ -0.2

Α
 (8-5)
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where η’ is the imperfection factor, λch,z is the local non-dimensional slenderness of the panel about 

the weak axis z-z, Wel,z,ch the elastic modulus of the chord’s cross-section about axis z-z and Ach the 

chord’s cross-sectional area. 

8.2.1.2 Local capacity accounting for plastic reserve 

In practice, imperfect columns do not fail when the material yield stress is reached in the more 

compressed fibre as shown in Figure 8-1(a), even if elastic-perfectly plastic material behaviour is 

considered. Consider an imperfect simply-supported column under axial load N. Ny is considered to be 

the axial load N at which the more stressed fibre yields. Nu is the maximum axial load N that the 

column can carry. The load increases and becomes larger than Ny, reaching a magnitude of Nu at 

failure. The plastic reserve allows for this increase, as plasticity expands in the cross-section and 

extends over a region close to the location where the onset of yielding took place (Figure 8-1(b)). The 

case shown in Figure 8-1(b) refers to a relatively small imperfection that permits the appearance of 

plastified regions on the convex side of the column, too. For larger magnitudes of imperfection, 

plasticity gathers only on the concave side of the column. 

  

Figure 8-1: Imperfect simply-supported column (small imperfection) at (a) first yield and (b) ultimate load 

The plastic strength reserve and therefore the expected increase in the ultimate strength in 

comparison to the first yield load depend on the following factors: 

− The magnitude of the external bending moment due to eccentricity of the axial load 

− The stress-strain relationship of the material 

− The cross-sectional shape 

A simple method to calculate the compressive strength of a column is the ultimate strength curve 

method. In this procedure the ultimate compressive strength Nu is obtained from the intersection of 

the plastic strength curve (Axial force N-Bending Moment M interaction diagram) with the elastic 

second-order curve (Axial force N-Bending Moment M) as obtained from the analysis (Figure 8-2). One 

of the main assumptions made in this procedure is that at failure the critical cross-section is entirely 

plasticised. This is not accurate as only a part of the critical cross-section is plasticised at failure, and 

for this reason the ultimate strength curve method is expected to be an upper bound of the capacity 

of the column. 
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Figure 8-2: Application of Ultimate Strength Curve Method 

Rankine [8-3] proposed a formula for the approximation of the collapse load of imperfect columns that 

requires the elastic critical buckling load of the column and the collapse load that leads to the plastic 

moment of resistance of the critical cross-section with the use of second-order stereoplastic analysis 

[8-4]. This procedure is also unconservative, as it is based on the full plastic moment of resistance of 

the critical cross-section, which cannot be attained under the presence of both axial force and bending 

moment. 

In the present doctoral thesis, the local capacity accounting for the plastic reserve, used in the 

proposed interaction equations, will be obtained with the use of GMNIA of individual imperfect simply-

supported axially loaded panels in finite element software ADINA [8-5]. In this way a very accurate 

prediction of the local capacity will be achieved and no additional errors will be incorporated in the 

proposed equations. Nevertheless, the approximate analytical methods existing in literature and 

described previously are expected to be sufficient for practical use. 

8.2.2 Effect of local moments on failure 

As it was foretold, laced built-up members are truss-like structural systems and for this reason their 

primary type of stress in the chords is attributed to axial forces and the secondary one to local 

bending moments, usually about the weak axis of the chords. The local bending moments appear due 

to initial local imperfections and due to the continuity of the chords in elevation. Their magnitude is 

relatively small but, as they are usually applied about the weak axis, their effect on the local capacity 

of the member may be of importance. Their existence was verified experimentally in the specimens 

tested in the context of the present doctoral thesis, as presented in Chapter 3. 

The first type of local bending moments appears due to the axial compression of the panels and the 

local out-of-straightness. Therefore, such bending moments become larger with increase of the axial 

force in the chord and/or with increase of the magnitude of initial imperfections. In stocky panels, 

their magnitude is expected to be very small, while in slender panels the opposite happens. This type 

of local bending moments is incorporated in the local capacity of the proposed interaction equations, 

as described in the section 8.2.1.1 with the conservative assumptions that each panel can be assumed 

to be simply-supported at failure (thus neglecting any rotational stiffness offered by the adjacent 

panels and the continuity of the chords). 

The second type of local bending moments appears due to the continuity of the chords in elevation, 

whether the lacing bars’ connections to chords are considered as hinged or not. It highly depends on 
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the external type of loading and is not required for global equilibrium. Bonab and Hashemi [8-6] in 

their experimental and numerical investigation of the cyclic behaviour of laced built-up columns under 

constant axial load, measured the local bending moments that appeared along the chords. They 

concluded that their magnitude was small but the normal stresses due to them were large. Similar 

conclusions were drawn for the diagonal bars. For this reason, they proposed that local bending 

moments should be taken into account in the design process of laced members. 

By considering that the local non-dimensional slenderness of the specimens tested by Bonab and 

Hashemi [8-6] was very small (small effect of initial local imperfections), it can be concluded that they 

could only be associated with the continuity of the chords in elevation. Therefore, an issue which one 

should look into is the fact that the stresses were probably measured while the material was still 

elastic. Numerical analyses performed in the context of the present doctoral thesis showed that the 

plasticity of the material leads to reduction of the local bending moments, allowing in this way for an 

increase of the applied axial force, which can be explained if one looks into the plastic interaction 

surfaces of the cross-section [8-7], [8-8]. 

The numerical explanation of this phenomenon is briefly described here: when the stress state at any 

cross-section along the beam element reaches the full plastic surface and strain-hardening is not 

taken into account, the internal forces can be modified, as long as they do not violate the plastic 

strength surface requirement. As a result, if the axial force of the member increases in the next 

numerical iteration (this is the case in laced built-up columns as their primary type of stress is related 

to axial forces) a corresponding decrease of the moment should take place as it is depicted in Figure 

8-3 with the stress state movement from Q to R. Exactly, the opposite would happen in the case that 

the bending moment would increase in the next numerical iteration. 

 

Figure 8-3: Force-point movement along the idealised full plastic surface of a cross-section 

8.3 DESIGN OF LACING BARS 

The lacing consists of bars considered to be simply-supported in different configurations that are 

loaded axially by the compressive load P due to the continuity of the flanges and the second-order 

shear force that appears along the imperfect laterally loaded laced built-up column. Therefore, it can 

be concluded that a satisfactory approximation of the maximum force of the diagonals can be found 

by 

max 1 2
D =D +D  (8-6)
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where D1 and D2 are the maximum forces in the diagonals due to axial load P and second-order shear 

force, respectively. The maximum 2nd-order shear force can be calculated from the closed-form 

solutions provided in Chapter 7 and can then be suitably applied on the diagonals for the evaluation of 

D2, as described by Ramm and Uhlmann [8-9] and repeated here for completeness.  

For V-lacing, N-lacing and Z-lacing and for two lacing planes, the design force of the diagonal bars 

should be taken equal to: 

max
2

l

Q
D =

2cosφ
 (8-7)

For X-lacing and X-lacing with transverse bars and for two lacing planes, the design force of the 

diagonal bars should be equal to: 

max
2

l

Q
D =

4cosφ
 (8-8)

The maximum force in the transverse bars of Z-lacing type and for two lacing planes is equal to: 

max
2

Q
D =

2
 (8-9)

It can be concluded that the transverse bars have a smaller axial force and larger buckling strength 

due to their smaller buckling length when compared with the diagonal bars. For this reason, the use 

of the same cross-section for the transverse bars as for the diagonal ones is sufficient. 

Force D1 can be obtained approximately by considering a first-order elastic analysis of the column 

under the collapse load. It is expected that force D1 is important for X-lacing and X-lacing with 

transverse bars and in other cases that transverse bars are used. The reason for this is that 

transverse bars prohibit the extension of the distance between the chords when the built-up member 

is subjected to external loading. This restriction leads to an increase of the axial force of the lacing 

bars and of the local bending moments due to continuity. 

8.4 VERIFICATION WITH NUMERICAL RESULTS 

The proposed design method of imperfect laced built-up beam-columns is verified in this section 

against results obtained with the use of finite element software ADINA [8-5]. The numerical analyses 

performed for the calculation of the collapse load are geometrically and materially nonlinear. The 

shapes of global and local imperfections are based on the global and local buckling modes, 

respectively. The global imperfection has a magnitude of L/500 while the local one is either the EC3’s 

specified value according to the corresponding buckling curves or a/500. Local imperfections are 

directed so that they lead to the lowest collapse load. The steel used in all cases is S355 and its 

stress-strain relationship is assumed to be bilinear without strain hardening. The diagonal bars in all 

cases are designed with sufficient overstrength and are excluded from possible failure modes, as this 

is in accordance with common practice. The approaches used are summarised as: 

− GMNIA: The laced built-up members are modelled with the use of finite element software. The 

collapse load is considered to be the maximum load value of the equilibrium path obtained with 

GMNIA (Geometrically and Materially Nonlinear Imperfection Analyses), using either 2-node 

Hermitian beam elements or 4-node shell elements. The chords are modelled as continuous 

members while the lacing bars have both ends rotationally free. The numerical models were 

calibrated against the experimental work presented in the context of the present doctoral thesis. 
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For this reason, this procedure is considered to result in a very accurate prediction of the collapse 

load and will be the basis for comparison. 

− Proposed-A method (Pr.-A): The collapse load is obtained by making use of Eqs. (8-2)-(8-3) 

depending on the lacing configuration and incorporating the local capacity associated with the first 

yield as described in Eq. (8-4). Eq. (7-67) and Eq. (7-68) are used for the calculation of the 

maximum bending moment and corresponding shear force along the equivalent Timoshenko 

member. This calculation is the lower bound of the proposed procedure. 

− Proposed-B method (Pr.-B): The collapse load is obtained by making use of Eqs. (8-2)-(8-3) 

depending on the lacing configuration and incorporating the local capacity associated with the full 

plastic reserve of the cross-section. The local capacity is obtained with the use of GMNIA in an 

imperfect (local imperfection) simply-supported panel. Eq. (7-67) and Eq. (7-68) are used for the 

calculation of the maximum bending moment and corresponding shear force along the equivalent 

Timoshenko member. 

− C.S. 1st order and 2nd order: Use of Commercial Software (C.S.) for the performance of 1st-order 

analyses and 2nd-order elastic analyses including P-∆ effects. The numerical models are created 

with the use of beam elements. The commercial software cannot capture P-δ effects and cannot 

incorporate initial imperfections. The collapse loads calculated with these two procedures are the 

ones leading to marginal satisfaction of the interaction check at any cross-section of the chords: 

z
zz

z ych z,pl,Rd

MΝ
+k 1

χ Α f M
≤  (8-10)

where N and Mz are the applied axial force and bending moment at the examined cross-section, χz the 

reduction coefficient for flexural buckling about the weak axis, kzz the interaction factor as defined by 

Method 2 of EC3 [8-1] and Mz,pl,Rd is the plastic moment of resistance of the cross-section about the 

axis of bending (z-axis). 

The symbols for the geometrical and inertial parameters presented in previous chapters and for the 

external loads shown in Chapter 7 are used in this parametric study, too. Additionally, the laced 

members considered follow the notations of sections 7.3.1, 7.3.2 and 7.3.3 as far as the boundary 

conditions and external loads are concerned. The bottom node of each vertical laced member is 

considered to be end A and the top node, end B.   

8.4.1 Modelling with beam elements 

In this section, analyses performed with the use of 2-noded Hermitian beam elements will be 

presented. The chords are modelled as continuous members, while the diagonal bars have rotationally 

free ends. The chords have either rectangular cross-sections (for which ADINA [8-5] offers 

elastoplastic analysis options) or I-sections for which moment-curvature relationships for different 

levels of axial force are calculated and inserted in the software. The diagonal bars have hinges at their 

ends and no transverse loading, which means that only their area is of importance in the structural 

analysis. The finite element mesh is sufficiently dense in order to obtain accurate results. The results 

are presented in interaction diagrams, with the axial capacity plotted on the vertical axis and the 

magnitude of the lateral loads on the horizontal axis. 

The results on the vertical axis correspond to column behaviour (zero lateral loading), while the ones 

on the horizontal axis apply to beam behaviour (zero axial loading). Intermediate results are 

associated with beam-column behaviour (both axial and lateral loading) and normally correspond to 

the most common cases encountered in practice. 
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8.4.1.1 Rectangular sections 

Initially, rectangular sections are used for the chords, as ADINA [8-5] is capable of performing 

elastoplastic analysis for this cross-sectional shape. This type of cross-section is not commonly used 

for laced columns’ chords, but its use is not expected to lead to significant deviations as far as the 

behaviour and collapse load of laced columns are concerned. This is attributed to the fact that laced 

members behave almost elastically until failure and for this reason elastic properties play the most 

important role. 

Example 1 – Partially sway member 

The geometrical, inertial and boundary characteristics of the first laced member are summarised in 

Table 8-1. X-lacing is used for the shear system of the laced beam-column. The global and local 

buckling loads are equal to 1712kN and 5969kN, respectively. The local non-dimensional slenderness 

is equal to 0.55. The squash load is equal to 1775kN. In these analyses the local imperfection is taken 

equal to a/500. 

Table 8-1: Geometrical, inertial and boundary characteristics of Example 1 

L (m) 
ho 

(cm) 

a 

(cm) 

Ach 

(cm2) 

Ich,z 

(cm4) 

Ad 

(cm2) 

cb  

(Nm) 

cbr,b  

(N/m) 

ct  

(Nm) 

cbr,t  

(N/m) 

12 50 60 25 52 4 8·106 →∞ 1·106 1·105 

The results for the lateral load case of uniformly distributed load q applied on the non-critical (less 

compressed) and critical (more compressed) chord are shown in Figure 8-4 and Figure 8-5, 

respectively. A very satisfactory correlation between the proposed methods (especially Proposed-B 

method) and GMNIA is observed. The use of first-order analysis with commercial software is unable to 

predict the collapse load accurately and safely. The use of second-order analysis with commercial 

software gives satisfactory results, on the safe side. 
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Figure 8-4: Interaction diagram of Example 1 for uniformly distributed load q along the non-critical (less 
compressed) chord 
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The results for the lateral load case of constant moment M1=300kNm at end A and varying moment 

M2 at end B are depicted in the interaction diagram of Figure 8-6. In these analyses the local 

imperfection is taken equal to a/500. Proposed-B method is in excellent agreement with GMNIA while 

slightly more conservative results are obtained with Proposed-A method. The first-order analysis with 

commercial software cannot capture satisfactorily the collapse loads while the use of second-order 

analysis improves the results that remain slightly below the ones obtained with Proposed-A method. 
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Figure 8-5: Interaction diagram of Example 1 for uniformly distributed load q along the critical (more 
compressed) chord 
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Figure 8-6: Interaction diagram of Example 1 for constant moment M1 at end A and varying moment M2 at end B 
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The results for the lateral load case of concentrated load H2 at end B are depicted in the interaction 

diagram of Figure 8-7. In these analyses the local imperfection is taken equal to a/500. Proposed-B 

method is in very good agreement with GMNIA while slightly more conservative results are obtained 

with Proposed-A method and commercial software with second-order analysis. The first-order analysis 

with commercial software cannot capture satisfactorily the collapse loads especially for beam-column 

behaviour for which it becomes significantly unsafe and should be avoided. 
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Figure 8-7: Interaction diagram of Example 1 for a concentrated load H2 at end B 

In the last lateral load case for Example 1, the laced member is loaded by uniformly distributed load 

q=2kN/m, concentrated moment M1=20kNm at end A, concentrated moment M2=10kNm at end B 

and concentrated load H2=2kN at end B. Different magnitudes depending on a factor multiplying the 

lateral external loads are examined and the results are presented in Figure 8-8. Similar conclusions to 

the previous cases can be drawn for this load combination, too. Ignoring second-order effects leads to 

very unsafe results for beam-column behaviour. The undeformed and deformed configurations of the 

laced member under combined lateral loads are depicted in Figure 8-9(a). In Figure 8-9(b) the axial 

force diagram is also shown from which it can be concluded that the panel with the largest axial force 

is the one at the bottom for this specific case. For this reason, as it is assumed that all panels have 

the same buckling strength, this panel’s failure is expected to lead to overall collapse. 
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Figure 8-8: Interaction diagram of Example 1 for combined lateral external loads 

  

(a) (b) 

Figure 8-9: (a) Undeformed and deformed shape and (b) axial force diagram of laced member of Example 1 

under axial load and combined lateral external loads at failure 

Example 2 - Non-sway member 

The geometrical, inertial and boundary characteristics of the second laced member are summarised in 

Table 8-2. X-lacing is used for the shear system of the laced beam-column. The global buckling load 
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and local buckling load are equal to 16790kN and 11940kN, respectively. The squash load is equal to 

3550kN. The local non-dimensional slenderness is equal to 0.55. A global imperfection equal to L/500 

based on the first global buckling mode shape is considered. The local imperfection is taken according 

to buckling curve “b” of Eurocode 3 [8-1]. 

Table 8-2: Geometrical, inertial and boundary characteristics of Example 2 

L (m) 
ho 

(cm) 

a 

(cm) 

Ach 

(cm2) 

Ich,z 

(cm4) 

Ad 

(cm2) 

cb  

(Nm) 

cbr,b  

(N/m) 

ct  

(Nm) 

cbr,t  

(N/m) 

12 50 60 50 104 16 →∞ →∞ →0 →∞ 

The laced member of Example 2 is loaded by –M2 at the end B and by uniformly distributed load q 

along its length. The results are given graphically in the interaction diagrams presented in Figure 8-10 

and Figure 8-11, respectively. In both examined load cases, very good correlation between GMNIA 

and Proposed-B method is observed. Proposed-A method gives results very close to the ones obtained 

with elastic second-order analysis and commercial software. The use of commercial software and first-

order analysis gives also satisfactory results, highlighting that the restriction of translation at the two 

ends reduced significantly the second-order effects. 

The undeformed and deformed shapes of the imperfect laced member under uniformly distributed 

load q are depicted in Figure 8-12(a). In Figure 8-12(b) the axial force diagram is also shown from 

which it can be concluded that the panel with the largest axial force is the one at the bottom for this 

specific case. Therefore, it is expected that this panel initially fails and leads to overall collapse. 
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Figure 8-10: Interaction diagram of Example 2 for concentrated –M2 at end B 
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Figure 8-11: Interaction diagram of Example 2 for uniformly distributed load q along the member 

  

(a) (b) 

Figure 8-12: (a) Undeformed and deformed shape and (b) axial force diagram of the laced member of Example 2 

under axial load and uniformly distributed load q at failure 
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Example 3 - Arbitrary boundary conditions 

The geometrical, inertial and boundary characteristics of the third laced member are summarized in 

Table 8-3. N-lacing is used for the shear system of the laced beam-column. The global and local 

buckling loads are equal to 1738kN and 3752kN, respectively. The squash load is equal to 3479kN. A 

global imperfection equal to L/500 based on the first global buckling mode shape is considered. The 

local imperfection is taken according to buckling curve “c” of Eurocode 3 [8-1]. 

Table 8-3: Geometrical, inertial and boundary characteristics of Example 3 

L (m) 
ho 

(cm) 

a 

(cm) 

Ach 

(cm2) 

Ich,z 

(cm4) 

Ad 

(cm2) 

cb  

(Nm) 

cbr,b  

(N/m) 

ct  

(Nm) 

cbr,t  

(N/m) 

13.5 40 150 49 200 12.25 8·106 2·104 5·107 105 

The laced member of Example 3 is loaded by –M1=50kNm at the end B, by uniformly distributed load 

q=2kN/m along its length and by H2=2kN at the end B. Different magnitudes depending on a factor 

multiplying the lateral external loads are examined and the results are presented in Figure 8-13. A 

satisfactory correlation between GMNIA and Proposed-B method is observed. The accuracy is 

somewhat reduced for large lateral loads and this is due to the fact that in such cases the shear force 

perpendicular to the deformed axis Q (first derivative of bending moment M) is relatively large. This 

means that the axial force of adjacent panels to the critical one may differ more than usual. In this 

way, adjacent panels may offer rotational stiffness to the critical panel’s ends and the assumption that 

the latter behaves as a simply-supported local column may be conservative. Additionally, in this 

specific case, the non-dimensional local slenderness is equal to 0.96 (relatively large for panels), and 

therefore the effect of the boundary conditions of the panel is more important than in previous 

examples. Proposed-A method gives more conservative results, while commercial software with the 

use of second-order analysis is unsafe for small lateral loads due to the non-incorporation of initial 

imperfection and conservative for large lateral loads. The use of commercial software and first-order 

analysis gives unsatisfactory results. 
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Figure 8-13: Interaction diagram of Example 3 for combined lateral loads including concentrated moment -M1, 

uniformly distributed load q and concentrated force H2 
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The undeformed and deformed shape of the laced member under combined lateral loads is depicted 

in Figure 8-14(a). In Figure 8-14(b) the axial force diagram is also shown from which it can be 

concluded that the panel with the largest axial compressive force is the one at the top for this specific 

case. Therefore, it is expected that this panel initially fails and leads to overall collapse. It can also be 

seen that the axial force of the critical panel differs significantly from the axial force of the adjacent 

one. 

  

(a) (b) 

Figure 8-14: (a) Undeformed and deformed shape and (b) axial force diagram of the laced member of Example 3 

under concentrated moment -M1, concentrated load H2 and uniformly distributed load q at failure 

The laced member of Example 3 is also loaded by –M1=50kNm at the end B and by H2=2kN at the 

end B. Different magnitudes depending on a factor multiplying the lateral external loads are examined 

and the results are presented in Figure 8-15. A very satisfactory correlation between GMNIA and 

Proposed-B method is observed. In this case, the shear force is much smaller than in the previous 

load combination of Example 3 and the prediction of Proposed-B method is accurate for all the range 

from column to beam behaviour. Proposed-A method is more conservative but more accurate than 

C.S.2nd, while the use of C.S.1st gives inaccurate and against safety results. 

The undeformed and deformed shape of the laced member under combined lateral loads is depicted 

in Figure 8-16(a). In Figure 8-16(b) the axial force diagram is also shown, from which it can be 

concluded that the panel that has the largest axial compressive force is the one at the bottom for this 

specific case. Therefore, it is expected that it is the one that initially fails and leads to overall collapse. 

It can also be seen that the axial force of the critical panel is slightly larger than the axial force of the 

adjacent one. For this reason, the adjacent panel does not offer rotational stiffness to the critical 

panel and the simply-supported assumption is sufficiently accurate. 
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Figure 8-15: Interaction diagram of Example 3 for combined lateral loads including concentrated moment -M1 and 

concentrated force H2 

  

(a) (b) 

Figure 8-16: (a) Undeformed and deformed shape and (b) axial force diagram of the laced member of Example 3 

under concentrated moment -M1 and concentrated load H2 at failure 
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8.4.1.2 I-sections 

The examples presented for rectangular sections for the chords are repeated with the use of 

equivalent I-sections (having approximately the same areas as the rectangular ones) for the chords. 

The load cases investigated are exactly the same as the ones considered for the rectangular cross-

sections of the chords. The behaviour of the I-sections under axial force and bending moment about 

z-z axis is modelled with the use of moment-curvature relationships for different levels of axial force. 

This procedure was reported in the literature by many researchers such as Chen and Atsuta [8-10] 

and Baptista and Muzeau [8-11]. The moment-curvature relationships for bending about the weak 

axis z-z are finally obtained with the use of XTRACT [8-12] software for the analysis of cross-sections. 

GMNIA results are compared with Proposed-A and Proposed-B methods. 

Example 1-Partially sway member 

The geometrical and boundary characteristics are the same as the ones presented for the partially 

sway member of the rectangular cross-section. The only difference is that an IPE180 cross-section is 

used for the flanges. The global and local buckling loads are equal to 1699kN and 11490kN, 

respectively. The local non-dimensional slenderness is equal to 0.38. The squash load is equal to 

1651kN. In these analyses the local imperfection is taken equal to a/500. The results for the load 

cases examined are shown in Figure 8-17-Figure 8-21. A very satisfactory correlation between the 

proposed methods (especially Proposed-B method) and GMNIA is observed. It is also interesting to 

note that the interaction curves obtained with GMNIA for the rectangular cross-sections are close to 

the ones found for I-sections with similar areas.  
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Figure 8-17: Interaction diagram of Example 1 with IPE180 chords’ cross-section for uniformly distributed load q 

along the non-critical (less compressed) chord 



Behaviour of laced beam-columns with arbitrary supports 245 

Nonlinear behaviour and design of steel built-up columns under axial and transverse loading 

0

200

400

600

800

1000

1200

1400

1600

1800

0 2 4 6 8 10 12 14 16 18 20

A
x

ia
l 
c
a

p
a

c
it

y
 (

k
N

)

q(kN/m)

GMNIA Proposed-B Proposed-A

 

Figure 8-18: Interaction diagram of Example 1 with IPE180 chords’ cross-section for uniformly distributed load q 

along the critical (more compressed) chord 
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Figure 8-19: Interaction diagram of Example 1 with IPE180 chords’ cross-section for constant moment M1 at end 
A and varying moment M2 at end B 



246  Chapter 8 

Doctoral Thesis of Konstantinos Kalochairetis   N.T.U.A. 2014 

0

200

400

600

800

1000

1200

1400

1600

1800

0 20 40 60 80 100 120 140

A
x

ia
l 
c
a

p
a

c
it

y
 (

k
N

)

H2 (kN)

GMNIA Proposed-B Proposed-A

 

Figure 8-20: Interaction diagram of Example 1 with IPE180 chords’ cross-section for varying load H2 at end B 
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Figure 8-21: Interaction diagram of Example 1 with IPE180 chords’ cross-section for combined lateral external 

loads 

Example 2 - Non-sway member 

The geometrical and boundary characteristics of the second laced member are the same as for the 

case of the rectangular cross-sections while the only difference is that IPE270 is used for the chords. 

The global and local buckling loads are equal to 15200kN and 47150kN, respectively. The squash load 

is equal to 3125kN. The local non-dimensional slenderness is equal to 0.26. A global imperfection 

equal to L/500 based on the first global buckling mode shape is considered. The local imperfection is 
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taken according to buckling curve “b” of Eurocode 3 [8-1]. The results for the load cases investigated 

are shown in Figure 8-22 and Figure 8-23 for the application of -M2 at end B and q, respectively. A 

very satisfactory correlation between the proposed methods (especially Proposed-B method) and 

GMNIA is observed. It is also interesting to note that the interaction curves obtained with GMNIA for 

the rectangular cross-sections are close to the ones found for I-sections with similar areas.  
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Figure 8-22: Interaction diagram of Example 2 with IPE270 chords’ cross-section for varying moment -M2 at end 
B 
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Figure 8-23: Interaction diagram of Example 2 with IPE270 chords’ cross-section for varying uniformly distributed 

load q 



248  Chapter 8 

Doctoral Thesis of Konstantinos Kalochairetis   N.T.U.A. 2014 

 

Example 3- Arbitrary boundary conditions 

The geometrical and boundary characteristics of the third laced member are the same as the ones 

used for rectangular cross-sections while the only difference is that IPE270 is used for the chords. The 

global and local buckling loads are equal to 1677kN and 7500kN, respectively. The squash load is 

equal to 3125kN. The local non-dimensional slenderness is equal to 0.66. A global imperfection equal 

to L/500 based on the first global buckling mode shape is considered. The local imperfection is taken 

according to buckling curve “c” of Eurocode 3 [8-1]. The results for the load cases investigated are 

shown in Figure 8-24 and Figure 8-25, respectively. A very satisfactory correlation between the 

proposed methods (especially Proposed-B method) and GMNIA is observed. It is also interesting to 

note that the interaction curves obtained with GMNIA for the rectangular cross-sections are close to 

the ones found for I-sections with similar areas. 
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Figure 8-24: Interaction diagram of Example 3 with IPE270 chords’ cross-section for combined lateral loads 

including uniformly distributed load q, concentrated moment –M1 and concentrated force H2 
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Figure 8-25: Interaction diagram of Example 3 with IPE270 chords’ cross-section for combined lateral loads 

including concentrated moment –M1 and concentrated force H2 

8.4.2 Modelling with shell elements 

The use of shell elements is mandatory mainly in cases that the structure is prone to local plate 

buckling. Despite that fact, a wide range of analyses are also performed modelling the chords of the 

built-up column with 4-node shell elements, in order to observe more accurately the spread of 

plastification in the flanges. All laced beam-columns have an initial global imperfection equal to L/500, 

a local imperfection according to EC3 buckling curves and the material is S355. In addition to the 

collapse loads, the maximum force in the diagonals is also given. 

Example 1 - Partially sway member 

The geometrical, inertial and boundary characteristics of Example 1 with shell elements are 

summarised in Table 8-4. An X-lacing shear system is used while load combinations including 

concentrated moment M2 at end B and concentrated load H2 at end B are analysed. The global and 

local buckling loads are equal to 1289kN and 4855kN, respectively. The squash load is equal to 

1427kN. The local non-dimensional slenderness is equal to 0.54. 

Table 8-4: Geometrical, inertial and boundary characteristics of Example 1 with shell elements 

L (m) 
ho 

(cm) 
a 

(cm) 
Flange cross-

section 
cb  

(Nm) 
cbr,b  

(N/m) 
ct  

(Nm) 
cbr,t 

 (N/m) 

8.25 45 75 IPE160 5·106 →∞ 5·106 3·104 

The results are shown in Table 8-5 and Table 8-6 for example 1 with shell elements for both collapse 

loads (c.l.) and maximum diagonal forces (d.f.) as obtained with the use of GMNIA, Proposed-B (Pr.-

B), Proposed-A (Pr.-A), and commercial software 1st order (C.S.1st) and 2nd order (C.S.2nd) analyses. It 

can be seen that Proposed-B method gives results very close to the numerical ones while Proposed-A 

is always more conservative. The use of 1st-order analysis with commercial software is in general 

inaccurate while the use of 2nd-order analysis with commercial software improves the results 

remaining on the safe side. The undeformed shape, deformed configuration and plastified zones (red 

colour) in the critical panel at failure are depicted in Figure 8-26. 
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Table 8-5: Collapse loads of Example 1 with shell elements 

Lateral loads 

 

GMNIA 
collapse 

load (kN) 

Proposed-B 
collapse 

load (kN) 

Proposed-A 
collapse 

load (kN) 

Commercial 

software 1st 
order 

collapse 

load (kN) 

Commercial 

software 2nd 
order 

collapse load 

(kN) 

M2=0kNm,  

H2=0kN 
1125 1124 1090 1152 1152 

M2=353kNm,  

H2=0kN 
565 555 520 532 480 

M2=325kNm,  
H2=6.5kN 

521 515 480 660 447 

M2=202kNm, 
H2=40.5kN 

324 311 275 470 260 

M2=143kNm,  

H2=57kN 
230 221 185 314 155 

Table 8-6: Maximum diagonal forces of Example 1 with shell elements 

Lateral loads 
 

GMNIA 

diagonal 
forces 

(kN) 

Proposed 

diagonal 
forces (kN) 

Commercial 

software 
1st order 

diagonal 
forces (kN) 

Commercial 

software  
2nd order 

diagonal 
forces (kN) 

M2=0kNm,  
H2=0kN 

21 26 20 18 

M2=353kNm,  

H2=0kN 
20 22 14 20 

M2=325kNm,  

H2=6.5kN 
21 23 11 21 

M2=202kNm, 
H2=40.5kN 

29 29 21 29 

M2=143kNm,  
H2=57kN 

33 32 27 33 

  

(a) (b) 

Figure 8-26: (a) Undeformed and deformed shape and (b) plastified zones (red colour) of laced member of 
Example 1 with shell elements under axial load, concentrated moment M2 and concentrated load H2 at failure 

 



Behaviour of laced beam-columns with arbitrary supports 251 

Nonlinear behaviour and design of steel built-up columns under axial and transverse loading 

Example 2 - Partially sway member 

The geometrical, inertial and boundary characteristics of Example 2 with shell elements are 

summarised in Table 8-7. An X-lacing shear system is used while load combinations including 

concentrated moment M1 at end A, concentrated moment M2 at end B and concentrated load H2 at 

end B are analysed. The global buckling load and squash load are equal to 17000kN and 8378kN, 

respectively. The local buckling is much larger and therefore the local non-dimensional slenderness is 

less than 0.2. For this reason, no local imperfections are used. 

Table 8-7: Geometrical, inertial and boundary characteristics of Example 2 with shell elements 

L (m) 
ho 

(cm) 

a 

(cm) 

Flange cross-

section 

cb  

(Nm) 

cbr,b  

(N/m) 

ct  

(Nm) 

cbr,t  

(N/m) 

13.2 75 132 HEB260 →0 →∞ 1·108 1·106 

The results are shown in Table 8-8 and Table 8-9 for Example 2 with shell elements for both collapse 

loads (c.l.) and maximum diagonal forces (d.f.) as obtained with the use of GMNIA, Proposed-B (Pr.-

B), Proposed-A (Pr.-A), and commercial software 1st order (C.S.1st) and 2nd order (C.S.2nd) analyses. It 

can be seen that Proposed-B method gives results very close to the numerical ones while Proposed-A 

is always more conservative. The use of 1st-order analysis with commercial software is in general 

inaccurate while the use of 2nd-order analysis with commercial software improves the results 

remaining on the safe side. The concentration of plastification (red colour) in the critical panel at 

failure is depicted in Figure 8-27. 

Table 8-8: Collapse loads of Example 2 with shell elements 

Lateral loads 
 

GMNIA 

collapse load     

(kN) 

Pr.-B 

collapse load 

(kN) 

Pr.-A 

collapse 

load (kN) 

C.S. 1st order 

collapse load 

(kN) 

C.S. 2nd order 

collapse load 

(kN) 

M2=0kNm,  

H2=0kN, 
M1=0kNm 

7849 7812.0 7640 7355 7350 

M2=-427.3kNm,  
H2=427.3kN 

M1=2137kNm 

2137 2006 1875 1315 1125 

M2=0kNm,  
H2=560.9kN 

M2=0kNm 

2704 2661 2472 3125 2300 

Table 8-9: Maximum diagonal forces of Example 2 with shell elements 

Lateral loads 
 

GMNIA 

diagonal 
forces 

(kN) 

Proposed 

diagonal 
forces 

(kN) 

C.S. 1st 

order 
diagonal 

forces 
(kN) 

C.S. 2nd order 

diagonal forces 
(kN) 

M2=0kNm,  
H2=0kN, 

M1=0kNm 

51 83 85 81 

M2=-427.3kNm,  
H2=427.3kN 

M1=2137kNm 

33 46 60 36 

M2=0kNm,  

H2=560.9kN 

M2=0kNm 

117 126 121 124 
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Figure 8-27: Plastified zones (red colour) of laced member of Example 2 with shell elements under axial load and 

concentrated load H2 at failure 

A very good correlation of the equilibrium paths obtained with GMNIA and Proposed-B method is 

shown in Figure 8-28. It can be seen that both the lateral deflections until failure and the collapse 

load are sufficiently captured by Proposed-B method. GMNIA revealed that the laced member behaves 

elastically until failure at which stiffness is almost equal to zero. 
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Figure 8-28: Equilibrium paths of the laced member of Example 2 with shell elements under axial load obtained 

with the use of GMNIA and Proposed-B method 
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8.5 VERIFICATION WITH EXPERIMENTAL RESULTS 

The proposed design method of imperfect laced built-up beam-columns is verified in this section 

against experimental and corresponding numerical results. The test results are associated with the 43 

ones reported by Klӧppel and Ramm [8-13] and with the 10 laced beam-columns tested in the context 

of the present doctoral thesis (five groups of similar specimens). The numerical results are obtained 

with the use of GMNIA in shell element models. In the proposed and numerical methods, the global 

imperfection has a magnitude of L/500, while the local one is EC3’s specified value according to the 

corresponding buckling curves, as initial imperfections were not measured in the tests. In all cases the 

material properties obtained with tensile tests performed on appropriately manufactured coupons are 

used. The approaches are summarised as: 

− Experimental results: The maximum load that the specimens sustained in the tests. 

− GMNIA: The laced built-up members are modelled with the use of finite element software. The 

collapse load is considered to be the maximum load value of the equilibrium path obtained with 

GMNIA, using 4-node shell elements. The chords are modelled as continuous members while the 

lacing bars are modelled with the use of Hermitian beam elements. Conservatively, global 

imperfections are directed so that they lead to the lowest collapse load in all cases. Local 

imperfections are directed so that they lead to the lowest collapse load in the literature 

experimental results (the exact direction of the critical panel is not reported) and so that they are in 

accordance with the direction of the critical panel observed in the present doctoral thesis’s 

experimental tests. 

− Proposed-A method: The collapse load is obtained by making use of Eq. (8-1) and incorporating the 

local capacity related to first yield as described in Eq. (8-4). Eq. (7-67) and Eq. (7-68) are used for 

the calculation of the maximum bending moment and corresponding shear force. This calculation is 

the lower bound of the proposed procedure and gives the same result as EC3 as all tests refer to 

simply-supported columns with relatively small lateral loads. 

− Proposed-B method: The collapse load is obtained by making use of Eq. (8-1) and incorporating the 

local capacity associated with the full plastic reserve of the cross-section. The local capacity is 

obtained with the use of GMNIA in an imperfect (local imperfection) simply-supported panel with 

the appropriate direction of local imperfection so that the minimum local capacity is obtained. Eq. 

(7-67) and Eq. (7-68) are used for the calculation of the maximum bending moment and 

corresponding shear force. 

The results are presented in graphs in which on both the vertical and the horizontal axes the collapse 

loads obtained with the use of the procedures presented in this section are plotted. The comparison 

between the collapse loads obtained with the procedure of the vertical axis with the ones obtained 

with the procedure of the horizontal axis for each specimen is illustrated by plotting a point in the 

two-dimensional graph. If the two collapse loads coincide, the corresponding point lies on the 45 

degrees line. 

8.5.1 Klӧppel and Ramm experimental results 

Klӧppel and Ramm [8-13] tested 43 different laced columns under combined axial loading and 

concentrated bending moments at the ends due to small eccentricity of the load. The small 

eccentricities caused single curvature deformation. The comparison of the ultimate strength obtained 

numerically (GMNIA) and experimentally is presented in Figure 8-29 in which a satisfactory correlation 

can be noticed. A more accurate prediction of the ultimate strength is not possible as initial 

imperfections (either geometrical or material) were not measured in the tests. 
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Similar conclusions can be drawn from the comparison between Proposed-B method and experimental 

collapse loads depicted in Figure 8-30. The comparison between GMNIA and Proposed-B method is 

shown in Figure 8-31 and a remarkable accuracy is observed as the initial imperfections’ magnitude 

and direction are in accordance in the two procedures. Proposed-A method that is based on first yield 

(in these cases it is close to Eurocode 3 predictions as it refers to simply-supported members) gives 

more conservative results when compared with GMNIA in Figure 8-32. The improvement with the use 

of the full local capacity in Proposed-B method is obvious. 
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Figure 8-29: Comparison between numerical (GMNIA) and experimental collapse loads for Klӧppel and Ramm 

tests 
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Figure 8-30: Comparison between Proposed-B method and experimental collapse loads for Klӧppel and Ramm 
tests 
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Figure 8-31: Comparison between Proposed-B method and numerical (GMNIA) collapse loads for Klӧppel and 
Ramm tests 
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Figure 8-32: Comparison between Proposed-A method and numerical (GMNIA) collapse loads for Klӧppel and 

Ramm tests 

When comparing the different methods with the experimental results the mean and absolute errors 

for GMNIA, Proposed-B method and Proposed-A method (close to EC3 for this specific case) are 

approximately equal to 6%, 9% and 11%, respectively. 

Also, it should be noted that the four cases that are much more conservative than the others as 

shown in Figure 8-31 and Figure 8-32, refer to a laced specimen that had 3 panels, fewer than the 
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minimum number of panels (four) required for satisfactory modelling of the laced member as an 

equivalent Timoshenko one with constant bending and shear rigidities along its length. 

8.5.2 Present doctoral thesis’s experimental results 

In the context of the present doctoral thesis ten simply-supported laced built-up columns were tested 

and the results obtained experimentally and numerically with the use of GMNIA were presented in 

detail in Chapter 3 and Chapter 4, respectively. The specimens were subjected to compressive loads 

with end eccentricities causing either single or double curvature deformation. A graphic comparison 

between GMNIA and experimental collapse loads is shown in Figure 8-33 revealing the conclusion 

drawn in Chapter 4 that the numerical models capture the collapse mechanism sufficiently. It is 

possible that better accuracy could be achieved if initial imperfections were measured and used in the 

numerical analyses instead of the code specified values. 
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Figure 8-33: Comparison between numerical (GMNIA) and experimental collapse loads for present doctoral 

thesis’s tests 

In Figure 8-34 and Figure 8-35 the results obtained with the two proposed procedures are depicted 

and compared with experimental collapse loads. Both of them are conservative especially Proposed-A 

method. Proposed-B method has also a safe margin and appears to be not as accurate as for the 

literature’s tests presented in subsection 8.5.1. The reason behind this divergence lies in the important 

difference between the unrestricted and restricted panels’ lengths as described in Chapter 4, 

explaining the differences in the collapse load between beam and shell element models. As in the 

numerical models with beam elements, the proposed analytical methods consider the local buckling 

length to be equal to the theoretical distance between adjacent connections. Nevertheless, for the 

specific specimens tested, the unrestricted length of the panels was approximately equal to 75% of 

the theoretical one which means that the local buckling load was much larger (approximately 1.8 

times larger). 
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Figure 8-34: Comparison between Proposed-B method and experimental collapse loads for present doctoral 
thesis’s tests 
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Figure 8-35: Comparison between Proposed-A method and experimental collapse loads for present doctoral 

thesis’s tests 

The results of the two proposed methods with the use of the unrestricted length for the critical panel’s 

buckling length are given in Figure 8-36 and Figure 8-37. It can be concluded that the results are 

significantly improved when the unrestricted length is used as the local buckling length. Of course the 

results remain on the safe side due to the fact that conservative initial imperfections based on code’s 

provisions are used while the existing imperfections in the specimens were not measured. Another 

reason behind the safety margin is that initial local imperfections are directed so that the minimum 



258  Chapter 8 

Doctoral Thesis of Konstantinos Kalochairetis   N.T.U.A. 2014 

collapse load of the critical panel is obtained for all five cases, being in accordance with the result that 

the engineer of practice would obtain. 
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Figure 8-36: Comparison between Proposed-B method (unrestricted length used) and experimental collapse loads 
for present doctoral thesis’s tests 
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Figure 8-37: Comparison between Proposed-A method (unrestricted length used) and experimental collapse loads 

for present doctoral thesis’s tests 

The comparison between the results obtained with Proposed-B method and GMNIA is depicted in 

Figure 8-38. When comparing the different methods with the experimental results the mean and 

absolute errors for GMNIA, Proposed-B method and Proposed-A method (close to EC3 for this specific 

case) are equal to 3.4%, 6.1% and 9.7%, respectively. 
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Figure 8-38: Comparison between Proposed-B method (unrestricted length used) and numerical (GMNIA) collapse 

loads for present doctoral thesis’s tests 

8.6 CONCLUSIONS 

A general interaction equation for laced built-up beam-columns with arbitrary boundary conditions 

was presented. Based on the analytical procedures proposed in the previous chapters for the second-

order elastic analysis of imperfect Timoshenko beam-columns with arbitrary supports and on the 

general interaction equation, two methods were presented: Proposed-A and Proposed-B that differ 

only in the local capacity of the critical panel. In the first case, the local capacity is associated with the 

1st yield, while in the latter one the spread of plasticity in the cross-section is taken into account, thus 

requiring a slightly larger computational effort. 

Both procedures gave very satisfactory results when compared with GMNIA results for a wide range of 

laced members that were analysed using beam and shell elements. Proposed-A was more 

conservative while Proposed-B method resulted in very good accuracy. Both methods were in general 

more accurate than using 1st-order and 2nd-order elastic analyses with commercial software and 

checking according to the Method 2 interaction equations of Eurocode 3 [8-1]. To be more specific, 

the use of 1st-order analysis proved to be unsafe in many cases and should be avoided. The use of 

2nd-order analysis and checking based on the interaction equations of Eurocode 3 is much more 

sufficient than using 1st-order analysis but results in less accurate results when compared with the 

proposed methods. The reason is that it accounts for elastic local bending moments that will probably 

be reduced due to material yielding. 

The proposed methods were also validated against experimental results for simply-supported laced 

columns with small lateral loads obtained from literature and from the present doctoral thesis’s 

experimental effort. The results of Proposed-A method were close to the ones found when using 

Eurocode 3 and were sufficiently safe. The results obtained with the use of Proposed-B method were 

also very accurate and closer to the ones obtained numerically.  
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The proposed methods are sufficiently accurate and offer a useful tool in the hands of structural 

engineers. Therefore, it can be concluded that in practice the following procedures can be used: 

− Proposed-A method for preliminary design and/or for checking the results obtained with commercial 

software. 

− Proposed-B method for preliminary design and/or for checking the results obtained with commercial 

software, being confident that very accurate results (compared with GMNIA) will be obtained as far 

as the behaviour and collapse load are concerned. 

− Use of an equivalent Timoshenko beam-column for the elastic second-order analysis and application 

of the internal forces in the interaction Eq. (8-1) to Eq. (8-3) depending on the lacing system. 
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9 BEHAVIOUR OF INDUSTRIAL FRAMES 

9.1 INTRODUCTION 

The structural behaviour and ultimate strength of laced built-up beam-columns was thoroughly 

presented in the previous chapters. The proposed methods were applied to laced built-up beam-

columns with arbitrary supports. Usually these members are part of the supporting system in one-

story industrial buildings that consist of successive planar vertical frames. Indicative photos of such 

structures were presented in Chapter 1. Literature regarding industrial frames with built-up members 

is very limited, including mainly the work of Richard et al. [9-1] who performed elastic time-history 

analyses on planar single-story moment-resisting frames with fixed base supports at their laced built-

up columns’ ends. 

Industrial frames usually consist of successive planar frames having a beam (usually a truss beam) 

and two laced columns. In many cases they carry crane bridges and are designed for heavy loads. 

The beam-column connections are in principle rigid. The laced members can have either a constant 

cross-section (continuous in elevation) or a significantly smaller cross-section close to the beam-

column connection (discontinuous in elevation) for the proper support of the crane bridge that runs 

along the structure. Both types are investigated in the present chapter as far as their behaviour and 

collapse loads are concerned, with emphasis on the first one. 

The application of the proposed methods and of existing analysis and design procedures is 

investigated. Frames with realistic geometry, cross-sections and external loadings are used. Each 

frame is free to sway and consists of a truss beam and two laced built-up columns that are either 

continuous or discontinuous in elevation. Results obtained with the application of the proposed 

methods and existing analysis and design procedures are compared with GMNIA results obtained with 

finite element software ADINA [9-2].  Useful conclusions are drawn that lead to the presentation of 

practical design guidelines. 

9.2 METHODS OF ANALYSIS AND DESIGN FOR LACED MEMBERS 

The advance in computer science resulted in the appearance of significant tools in the hands of the 

structural engineer for modelling, analysing and designing structures. The possible procedures that 

one can use for obtaining the structural response and ultimate capacity of laced built-up members in 
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frames are summarised in the next subchapters, covering separately modelling procedures, types of 

analysis and design checks. The merits and disadvantages of each method are also discussed. 

9.2.1 Modelling procedures 

The main types of modelling include the use of either beam elements or shell elements or a 

combination of the two. Both of them are acceptable for laced members while each one has its merits 

and drawbacks, presented in this subchapter. 

9.2.1.1 Euler- Bernoulli beam elements 

The use of Euler-Bernoulli beam elements with equivalent characteristics for modelling laced members 

is not acceptable, as such elements take into account only bending deformations ignoring shear 

effects. It was shown that shear deformations play an important role in the behaviour of laced 

members resulting in larger deflections and smaller buckling and collapse loads when compared with 

the case that they are ignored. Therefore, the use of Euler-Bernoulli beam elements is expected to 

lead to unsafe and inaccurate results. 

9.2.1.2 Timoshenko beam elements 

The use of Timoshenko beam elements with equivalent characteristics for modelling laced members is 

acceptable, as both bending and shear deformations are taken into account. Therefore, their use 

leads to a sufficient evaluation of deflections and internal forces. Finite element software, in general, 

use a formulation that is close to Engesser’s method for incorporating shear deformation in beam 

elements. Additionally, parametric studies presented in this doctoral thesis show that using 

Timoshenko members with equivalent bending and shear rigidities (described in many structural 

textbooks) for modelling laced members leads to very satisfactory results. 

The use of a single beam element for modelling a laced member facilitates the analysis, as the 

number of degrees of freedom is significantly reduced, but this does not come without any cost. First 

of all, the internal forces refer to an equivalent structural model and should be appropriately used in 

order to refer to the laced member, something for which no specific guidance exists. Additionally, 

errors may be induced in the modelling, mainly attributed to the validity of the assumptions made, 

regarding equivalent characteristics, boundary conditions, loads and connections between chords and 

lacing bars. It is clear that when modelling a structure and a connection of finite dimensions as a 

single beam and node, respectively, it is possible to ignore some parameters. Nevertheless, as was 

shown in previous chapters and will be investigated in the present one, the importance of these 

parameters is expected to be small. 

9.2.1.3 Full laced member with the use of Euler-Bernoulli beam elements 

Modelling the full laced member with all its structural components as Euler-Bernoulli beam elements is 

very common in practice and is considered to be a very sufficient approximation of the real response. 

Analysis of full laced members results in the calculation of internal forces of each structural 

component, which can be used for their design. Chords are modelled as continuous components while 

lacing bars usually have moment releases at their ends. 

The main shortcoming of such modelling is that welded connections between lacing bars and chords 

are considered to be nodal. In the previous chapters, it was concluded that this is expected to play a 

somewhat important role only if the finite dimensions of the connections are a significant part of the 

panels’ length as in the tests performed in the context of the present doctoral thesis. In practice, this 

will not be the case as connections’ dimensions are only a small part of the panel’s length. 
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Additionally, in riveted connections this assumption is very close to reality, while some commercial 

software are capable of taking this effect into account. 

9.2.1.4 Full laced member with the use of shell elements 

Modelling the full laced member with all its structural components as shell elements is the most 

accurate type of modelling as it accounts for the finite dimensions and rigidity of the connections and 

for local plate buckling. Nevertheless, it requires extensive computational effort, especially for 

modelling large scale structures. Connecting shell elements between each other, applying boundary 

conditions and applying external loads demand very careful modelling in order to avoid undesirable 

local stress concentrations that may be far from real behaviour. Use of shell elements should be 

selected only if local behaviour, not sufficiently captured by beam elements, is expected to play a 

significant role. 

9.2.2 Types of analysis 

There are many possible types of analysis that differ between each other in the assumptions they 

include, and therefore in the computational effort required. In this section many types of analysis are 

briefly presented, starting from the simpler one and ending with the most sophisticated and accurate 

one. 

9.2.2.1 Linear analysis (LA) 

Linear analysis is the most commonly used type of structural analysis and is based on 1st-order theory. 

Equilibrium is considered in the undeformed configuration. Material is assumed to be elastic. As a 

result the least computational effort is required. Deflections and internal forces are obtained and it 

may be an acceptable type of analysis in case of relatively stiff structures when the undeformed and 

deformed configurations do not differ significantly. 

9.2.2.2 Linearised Buckling Analysis (LBA) 

Linearised Buckling Analysis results in the evaluation of the elastic critical buckling loads of the 

structure and of the corresponding buckling mode shapes. The elastic critical buckling loads are an 

upper bound of the capacity. The main usefulness of LBA is that the buckling mode shapes can be 

used as initial imperfection patterns for the performance of nonlinear analyses. 

9.2.2.3 Nonlinear analysis P-∆ 

Nonlinear analysis P-∆ includes the global geometrical nonlinearity dealing with differential deflections 

between the ends of a sway member. These effects are very important in slender and flexible 

structures and this type of analysis is expected to be more conservative than LA. Equilibrium is based 

on the deformed configuration and deflections and internal forces are also obtained. No material 

nonlinearity is considered and for this reason the collapse load cannot be directly calculated. 

9.2.2.4 Nonlinear analysis P-δ 

Nonlinear analysis P-δ includes the local geometrical nonlinearity dealing with the deflections between 

the ends of a non-sway member. These effects are usually small but may play an important role in 

slender and flexible structures. Additionally, they are expected to be less important than P-∆ effects. 

Equilibrium is based on the deformed configuration and deflections and internal forces are also 

obtained. No material nonlinearity is considered and for this reason the direct evaluation of the 

collapse load is not possible. 



264  Chapter 9 

Doctoral Thesis of Konstantinos Kalochairetis   N.T.U.A. 2014 

9.2.2.5 Geometrically Nonlinear Analysis - Geometrically Nonlinear Imperfection Analysis 

This type of analysis includes both P-∆ and P-δ effects, either with the use of initial imperfections or 

not. It should be used in cases that structures are slender and flexible, which means that the 

deformed configuration differs significantly from the undeformed one. As in the previously mentioned 

nonlinear analyses, GNA and GNIA result in the calculation of deflections and internal forces. The 

material is considered to be elastic and the collapse load cannot be directly calculated by this type of 

analysis. 

9.2.2.6 Geometrically and Materially Nonlinear and Geometrically and Materially Nonlinear 

Imperfection Analyses 

This type of analysis includes both geometrical and material nonlinearity either with the use of initial 

imperfections or not. The spread of plasticity in the structure is taken into account and this type of 

analysis results in a very accurate prediction of the response of the structure and of the collapse load. 

The computational effort required is much larger than the ones for the previously mentioned analysis 

methods. 

9.2.2.7 Proposed analytical second-order approach including initial imperfections 

This type of analysis includes P-∆ and P-δ effects including member’s initial out-of-straightness. It is 

based on small deflection theory which can be used for the reliable calculation of deflections and 

internal forces in realistic structures in which excessive deformations are undesirable. The closed-form 

solutions provided in Chapter 7 are based on these assumptions. 

9.2.3 Design checks 

The capacity of structural components can be calculated with the use of an appropriate failure 

criterion. In modern code provisions, extensive guidance is given on the failure criteria and design 

checks that should be used by structural engineers. For laced built-up members, one of the following 

design checks can be applied. 

9.2.3.1 Allowable Stress Design 

The elastic calculation of the stresses based on internal forces obtained from the analysis can be used 

for checking the capacity of the structure. Stress check for steel can be based on the von Mises yield 

criterion incorporating in this way the effect of both normal and shear stresses: 

yvMσ f≤  (9-1)

where σvM is the von Mises stress and fy the yield stress of the material. In laced columns mainly 

normal stresses appear along the chords simplifying the calculations. The use of stress checks for 

evaluating the ultimate strength of a laced member is expected to be conservative. 

9.2.3.2 Interaction equation of Eurocode 3 

The interaction equation of Eurocode 3 for buckling about the weak axis z-z can be used for checking 

the capacity of the critical panel of a laced member: 

z
zz

z ych z,pl,Rd

MΝ
+k 1

χ Α f M
≤  (9-2)

where N and Mz are the applied axial force and bending moment at the examined cross-section, χz the 

reduction coefficient for flexural buckling about the weak axis, kzz the interaction factor as defined by 
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Method 2 of EC3 [9-3] and Mz,pl,Rd is the plastic moment of resistance about the axis of bending (z-

axis). 

9.2.3.3 Proposed interaction equation 

The interaction equation for laced built-up beam-columns with arbitrary supports proposed in Chapter 

8 (Eqs. (8-1), (8-2) or (8-3) for different types of lacing) can be used for calculating the ultimate 

strength of a laced built-up column. Parametric studies, some of which are included in Chapter 8, 

showed that the proposed interaction equation results in a satisfactory estimation of the collapse load 

for any type of loading and boundary conditions. 

9.3 EXISTING ANALYSIS AND DESIGN PROCEDURES FOR FRAMES 

In the previous section possible methods for modelling, analysing and designing laced built-up 

members were presented but not all of them can be used and combined for obtaining sufficiently 

acceptable results for laced members. The combinations that can be used in practice are summarised 

in the present section. They are also to be used in the numerical studies of industrial frames that 

follow. 

9.3.1 Linear elastic analysis and design of the full frame (C.S.1st) 

Modelling: Euler-Bernoulli beam elements for modelling the full frame (presented in section 9.2.1.3) 

Type of analysis: Linear elastic analysis (presented in section 9.2.2.1) 

Design check: Interaction Eq. (9-2) (presented in section 9.2.3.2) 

In this case, beam elements are used for the modelling of the full laced member with all its structural 

components. Linear elastic analysis of the laced member is employed with the use of commercial 

software for obtaining the internal forces and deflections. The elastic analysis is terminated with the 

use of either stress checks or the interaction Eq. (9-2) with the second one primarily used in practice. 

First-order elastic analysis and design with commercial software was also presented as C.S.1st in the 

parametric study of laced beam-columns with arbitrary supports in Chapter 8. This type of analysis 

and design is very commonly used in modern design practice as it can be easily performed by all 

structural commercial software. It is acceptable in cases of small deflections but unsafe in flexible and 

slender structures with highly nonlinear geometrically response. 

9.3.2 Nonlinear elastic analysis and design of the full frame (C.S.2nd) 

Modelling: Euler-Bernoulli beam elements for modelling the full frame (presented in section 9.2.1.3) 

Type of analysis: Nonlinear elastic analysis (presented in section 9.2.2.5) 

Design check: Interaction Eq. (9-2) (presented in section 9.2.3.2) 

The only difference from linear elastic analysis and design of the full laced member is that it accounts 

for geometrical nonlinearity. Nonlinear elastic analysis and design with commercial software was also 

presented as C.S.2nd in the parametric study of laced beam-columns with arbitrary supports in Chapter 

8. Some commercial software can perform this type of analysis accounting for geometrical 

nonlinearity. It should be used for both flexible and slender structures. 

9.3.3 Geometrically and Materially Nonlinear Imperfection Analysis of the full frame 

(GMNIA) 

Modelling: Euler-Bernoulli beam elements for modelling the full frame (presented in section 9.2.1.3) 
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Type of analysis: Nonlinear analysis with elastoplastic material (presented in section 9.2.2.6) 

Design check: No additional design check is required as the collapse load is directly calculated by 

GMNIA. 

As it was previously mentioned, this type of analysis is the most sophisticated one as it accounts for 

both types of nonlinearity and results in the calculation of both the deflections and collapse load. It 

incorporates plasticity criteria without requiring by the user the definition of any additional design 

checks. Spread of plasticity inside the structural components is taken into account leading to an 

accurate evaluation of both elastic and elastoplastic response. In case that arc-length method is used, 

the post-buckling response can also be identified. This type of analysis is not commonly used as only 

advanced finite element software can perform it. In addition, even with the use of them, the 

computational effort is relatively large. Nevertheless, it is expected that further progress of computer 

science will lead to an extensive use of GMNIA. 

9.4 APPLICATION OF PROPOSED METHOD TO FRAMES 

9.4.1 Analytical proposed method applied to frames 

Modelling: Timoshenko members with equivalent characteristics (presented in section 9.2.1.2) 

Type of analysis: Analytical closed-form solutions for 2nd-order elastic analysis (presented in section 

9.2.2.7) 

Design check: Proposed interaction equation (presented in section 9.2.3.3) 

The proposed method (with alternatives A and B) can be applied to single imperfect laced beam-

columns with arbitrary supports. Therefore it is clear that its application to an industrial frame, such as 

the one described in the introduction, should be based on appropriate and reasonable assumptions 

that transform the frame into a sufficiently approximate equivalent member in which the proposed 

methods can be used. In order to be conservative, this equivalent member should deal with the more 

compressed one of the two frame’s columns, as it is the one that leads to overall failure. 

Initially, the truss beam and the laced built-up columns are modelled as Timoshenko members with 

equivalent bending and shear rigidity (Figure 9-1). The calculation of the latter is based on Eurocode3 

provisions [9-3]. The connections between the beam and the columns are considered to be nodal and 

rigid. In this way, the degrees of freedom of the model are significantly reduced. 

Afterwards, the most unfavourable column (usually the more compressed one) is considered and the 

truss beam is replaced with an equivalent rotational spring based on either double curvature or single 

curvature deformation according to Chapter 6 accounting for shear deformations of the truss beam 

(Figure 9-1). Double curvature deformation (based on sway mode with anti-symmetrical deformation) 

is used in the cases of horizontal loads and initial global imperfection and the rotational spring at the 

top of the more compressed laced member is called ct,d. Single curvature deformation (based on a 

non-sway mode with symmetrical deformation) is considered when the loads are symmetrically 

applied on the frame, as there is no horizontal perturbation for triggering a sway type of deformation. 

The rotational spring at the top of the more compressed laced member in this case is called ct,s. When 

a uniformly distributed load is considered along the truss beam, apart from the rotational spring ct,s an 

equivalent load and moment should be also transferred to the tip of each laced built-up column. The 

equivalent load is equal to gLb/2 while the equivalent moment is equal to g(Lb)
2/12 where g is the 

lateral distributed load along the beam and Lb is the length of the beam. It should be mentioned that 

the assumption of double curvature deformation for sway behaviour under lateral horizontal loading is 

conservative as it does not account for the fact that the less compressed column will provide lateral 
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support to the more compressed one and as a result the beam will not deform exactly in a double 

curvature configuration.  

 

Figure 9-1: Gradual transformation of full frame to equivalent Timoshenko member 

The axial force that is applied to the more compressed column is associated with half of the vertical 

loads (the other half is carried by the other column) and with the compressive force caused due to 

horizontal loads (a tensile force is caused to the other column). The most unfavourable column under 

this axial force is considered separately for each type of deformation. The first type of deformation 

considers a sway column (Figure 9-1) with rotational spring ct,d under loads that lead to sway 

deformation (horizontal loads and initial global imperfections). The second one considers a non-sway 

column (Figure 9-1) with rotational spring ct,s under loads that lead to non-sway deformation 
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(symmetrical vertical loads and loads causing symmetrical deformation). As the axial force is the same 

for the two types of deformation the principle of superposition is then applied in order to evaluate 

their combined effect on lateral deflections and internal forces. 

The gradual transformation of a typical full frame with arbitrary rotational supports at the bottom that 

is free to move transversely at the top, into an equivalent Timoshenko beam-column depicted in 

Figure 9-1, highlights the significant simplification of the initial model. Finally, the most unfavourable 

laced built-up column is considered alone allowing for the use of the proposed methods presented in 

Chapters 6, 7 and 8. To be more specific, the work presented in Chapter 6 can be used for evaluating 

the rotational stiffness that the truss beam offers to the more compressed columns and for the 

calculation of the column’s (and subsequently the frame’s) elastic critical buckling load. The closed-

form solutions in Chapter 7 can be used for analytically performing the 2nd-order elastic analysis of the 

column (and subsequently of the frame) in order to obtain lateral deflections and internal forces to be 

used for the design. Finally, the interaction equation described in Chapter 8 can be used for the 

calculation of the column’s ultimate strength (and subsequently the full frame’s capacity).  

It should be noted that the application of the proposed method is approximate and may be inaccurate 

in some cases. Nevertheless, it is expected to be sufficient for practical industrial frames with laced 

members. Additionally, the proposed methods are applicable only to symmetrical and/or anti-

symmetrical load patterns. It is clear that this way of applying external loads is an idealised 

confrontation of much more complex load distributions that usually take place in practice. Despite that 

fact, the purpose of this study is to provide engineers with a tool that can predict the behaviour of 

such frames in typical cases without the use of finite element software and/or can be used for 

checking results already obtained with analysis and design commercial software. 

9.4.2 Equivalent Timoshenko frame with GNIA 

Modelling: Timoshenko members with equivalent characteristics (presented in section 9.2.1.2) 

Type of analysis: Nonlinear elastic analysis (presented in section 9.2.2.5) 

Design check: Proposed interaction equation (presented in section 9.2.3.3) 

In case that finite element software is available, the use of a frame consisting of equivalent 

Timoshenko members can be feasible. The performance of GNIA can result in the evaluation of 

deflections and internal forces along the laced members. The evaluated internal forces can then be 

used in the proposed interaction equation (Eqs. (8-1), (8-2) or (8-3) depending on the type of lacing 

and location of failure) for the evaluation of the ultimate strength of the laced member, and in 

consequence of the full frame. 

9.5 NUMERICAL VERIFICATION IN FRAMES WITH UNIFORM LACED MEMBERS 

In this section, the applicability of the existing design procedures (described in section 9.3) and of the 

proposed analytical method (described in section 9.4) for predicting the structural behaviour of frames 

with uniform in elevation laced beam-columns is investigated. In such frames, the laced members are 

continuous in elevation and a rigid connection between the beam and the columns is constructed. 

When crane bridges need to run along the structure, corbels (short cantilevers) at an intermediate 

point of the laced built-up columns’ interior chord are used. Full cooperation between them is 

guaranteed by the rigid beam-column connection. It should be noted that failures of the truss beam 

or of the truss beam-laced column connection are excluded from the presented numerical verification, 

as the latter focuses on the behaviour and collapse of laced members only. 
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The comparison basis is associated with the use of finite element software ADINA [9-2] that is 

employed for the performance of LBA and GMNIA on the full frame. Two-noded Hermitian beam 

elements are used for all structural components. Bending moment end releases are used for the lacing 

bars’ ends. LB Analyses are used for the numerical calculation of elastic critical buckling loads and for 

obtaining the global and local buckling mode shapes that will be used as initial global and local 

imperfection patterns, respectively. GMNI Analyses are used for the numerical evaluation of the 

frames’ ultimate strength and deflections. 

The investigated procedures are summarised as: 

− Commercial Software linear analysis (C.S.1st): Application of the linear analysis with commercial 

software, as presented in section 9.3.1. The full frame is modelled and interaction equation (9-2) is 

used. The results appear in both tables and equilibrium paths. 

− Commercial Software nonlinear analysis (C.S.2nd): Application of the geometrically nonlinear 

analysis with commercial software, as presented in section 9.3.2. The full frame is modelled and 

interaction equation (9-2) is used. The results appear in both tables and equilibrium paths. 

− Geometrically and Materially Nonlinear Imperfection Analysis (Numerical): GMNIA is used for 

obtaining the deflections and capacity of the frame, as presented in section 9.3.3. It is considered 

to be the comparison standard and the results are presented in both tables and equilibrium paths. 

− Proposed-A (Pr.-A): Application of the Proposed-A method, as presented section 9.4.1. The results 

appear only in the tables as the elastic analysis coincides with Proposed-B method. 

− Proposed-B (Pr.-B): Application of the Proposed-B method, as presented in section 9.4.1. The 

results appear in both tables and equilibrium paths. 

− GNIA Timoshenko frame: Based on deflections and internal forces obtained from the geometrically 

nonlinear analysis of an equivalent Timoshenko frame modelled with finite element software, as 

presented in section 9.4.2. Application of the interaction equation (8-1), (8-2) or (8-3) depending 

on the lacing type leads to calculation of the collapse load. The results appear only in the 

equilibrium paths. 

9.5.1 Load cases 

Three different load cases are considered that are idealised load patterns of the ones used by 

engineers of practice. All of them are either symmetrical or anti-symmetrical load patterns, being 

consistent with the basic assumption of the application of the proposed analytical method to frames. 

They include both vertical and horizontal loads and are categorised in three cases. Load case-A 

consists mainly of vertical loads, Load case-B of vertical and horizontal loads that could be attributed 

to seismic actions, while Load case-C is associated with vertical loads and horizontal loads that could 

be related to wind actions. 

9.5.1.1 Load case-A 

Load case-A consists of vertical loads and initial imperfections. The vertical loads include uniformly 

distributed load g=30kN/m along the beam due to dead and snow loads and concentrated loads 

P=500kN due to crane bridge applied directly on the interior chord of the laced columns as shown in 

Figure 9-2 obtained from finite element software ADINA. The equivalent Timoshenko frame is 

depicted in Figure 9-3 and due to the eccentricity of load P, a concentrated moment M at the top of 

each column appears. Global imperfections wo=Lc/500 based on the first global buckling mode shape 

(sway mode) and local imperfections zo based on the local buckling mode shape (depending on the 

laced built-up member used) are also considered. The distributed load g and concentrated moments M 
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cause a non-sway single curvature deformation, while the initial global imperfections wo result in a 

sway double curvature deformation. The total axial force applied to the more compressed laced 

member includes one half of the vertical loads. 

 

Figure 9-2: Load case-A applied to full frame with laced members 

 

Figure 9-3: Load case-A applied to equivalent Timoshenko frame 

9.5.1.2 Load case-B 

Load case-B consists of vertical loads, horizontal loads and initial imperfections. The vertical loads 

include uniformly distributed load g=12kN/m along the beam due to dead and snow loads and 

concentrated loads P=500kN due to crane bridge applied directly on the interior chord of the laced 

columns as shown in Figure 9-4 obtained from finite element software ADINA. The horizontal loads 

include the seismic loading H=450kN applied at the tops of the built-up columns considering that the 

seismic mass of the structure is concentrated on the roof (Figure 9-4). The equivalent Timoshenko 

frame is depicted in Figure 9-5 and due to the eccentricity of load P, a concentrated moment M at the 

top of each column appears. The initial imperfections include global imperfection wo=Lc/500 based on 

the first global buckling mode shape (sway mode) and local imperfection zo based on the local 

buckling mode shape (depending on the laced built-up member used). The distributed load g and 
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concentrated moments M cause a non-sway single curvature deformation while the initial global 

imperfection wo and horizontal loads H result in a sway double curvature deformation. The total axial 

force applied to the more compressed laced member includes one half of the vertical loads and the 

vertical reaction caused by the appearance of the horizontal load 2H on the roof. Conservatively, the 

vertical reaction due to horizontal load 2H is taken equal to: 

c
H

b

2HL
V =

L
 (9-3)

where all parameters have been previously defined. This value corresponds to the vertical reactions of 

a single-story frame with hinged bases under total lateral load 2H at the top of the columns. For base 

supports with rotational stiffness other than zero this value is conservative and for this reason it will 

be used for any type of base boundary conditions. 

 

Figure 9-4: Load case-B applied to full frame with laced members 

 

Figure 9-5: Load case-B applied to equivalent Timoshenko frame 
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9.5.1.3 Load case-C 

Load case-C consists of vertical loads, horizontal loads and initial imperfections. The vertical loads 

include uniformly distributed load g=25kN/m along the beam due to dead and snow loads and 

concentrated loads P=500kN due to crane bridge applied directly on the interior chord of the laced 

columns, as shown in Figure 9-6 obtained from finite element software ADINA. The horizontal loads 

consist of the wind loading q=12kN/m applied along the exterior chords of the built-up columns, by 

assuming that exterior cladding is attached to the exterior chords of the industrial structure (Figure 

9-6). The equivalent Timoshenko frame is depicted in Figure 9-7 and due to the eccentricity of load P, 

a concentrated moment M at the top of each column appears. The initial imperfections include global 

imperfection wo=Lc/500 based on the first global buckling mode shape (sway mode) and local 

imperfection zo based on the local buckling mode shape (depending on the laced built-up member 

used). The distributed load g and concentrated moments M cause a non-sway single curvature 

deformation while the initial global imperfection wo and horizontal loads q result in a sway double 

curvature deformation. The total axial force applied to the more compressed laced member includes 

one half of the vertical loads and the vertical reaction caused by the horizontal load 2q. 

Conservatively, the vertical reaction due to horizontal load 2q is taken equal to: 

2
c

H
b

L
V =q

L
 (9-4)

where all parameters have been previously defined. This value corresponds to the vertical reactions of 

a single-story frame with hinged bases under total lateral load 2q along the columns. For base 

supports with rotational stiffness other than zero this value is conservative and for this reason it will 

be used for any type of base boundary conditions. 

 

Figure 9-6: Load case-C applied to full frame with laced members 
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Figure 9-7: Load case-C applied to equivalent Timoshenko frame 

9.5.2 Examples 

In the following examples realistic single-story industrial frames are investigated from a structural 

point of view. The design loads presented in the previous section are applied and the load factor is 

calculated with the methods previously described. The numerical method GMNIA will be considered as 

the comparison basis as it is based on the use of the most sophisticated modelling, analysis and 

checking procedures. The equilibrium paths provide an overall view of the stiffness and collapse load 

that each method predicts. In the tables the load factor of each method and the maximum deflection 

∆max for Load Case-B and Load Case-C at a numerical load level (load equal to the collapse load 

obtained numerically for comparison reasons) is given. For the case that the load factor is equal to 

unity, the design loads lead to marginal collapse of the frame. For the case that the load factor is 

larger than 1, the structure is safe for the specific design loads while the opposite happens for load 

factor less than 1. Unsafe predictions of the results are identified in the tables with the use of red 

colour. Except for the graphs, in the text the term load factor is used for the collapse load factor 

(maximum load factor along an equilibrium path). 

I-sections are used for the chords of the laced built-up columns. Their numerical modelling capturing 

elastoplastic behaviour is accomplished with the use of moment-curvature relationships about the 

weak axis of bending z-z for different levels of axial force as described in Chapter 8 ([9-4], [9-5] and 

[9-6]). The steel grade considered for the material properties is S355 without strain hardening and 

with 21000kN/cm2 elastic modulus. 

9.5.2.1 Example 1 

The first example’s geometrical characteristics for both laced built-up columns and truss beam are 

summarised in Table 9-1. Additionally, the equivalent bending and shear rigidities for the structural 

components are also presented. Both hinged and fixed supports are examined for the load cases 

described previously. The frame’s global and local buckling mode shapes as obtained with LBA are 

shown in Figure 9-8 and Figure 9-9, respectively. It should be noted that the local buckling mode 

shape shown deals with buckling of the internal chords while at the same load level the external 

chords buckle, too. The local buckling mode shape of the external chords is not given, as it is similar 

to the internal chords’ local buckling mode shape. 
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Table 9-1: Geometrical characteristics and equivalent bending and shear rigidities of Example 1 

Member L (m) ho (cm) a (cm) Chord cross-section Ad (cm
2) Ieff (cm

4) Sv (kN) 

Columns 23.8 170 170 HEB450 65.3 3150100 484805 

Truss 43.0 300 295 HEA400 100 7155000 549407 

 

Figure 9-8: Global buckling mode shape of frame of Example 1 with hinged supports 

 

Figure 9-9: Local buckling mode shape of frame of Example 1 with hinged supports 

The rotational stiffness that can be used to replace the truss beam corresponding to the non-sway 

mode is approximately equal to 700000kNm (single curvature beam deformation), while for the sway 

mode it is approximately equal to 1780000kNm (double curvature beam deformation). The local 

capacity of the simply-supported critical panel is equal to 7451kN and 7515kN for the case of 1st yield 

failure and of accounting for plastic reserve, respectively.  

The equilibrium paths obtained with each procedure for Load Case-B are presented in Figure 9-10. 

The use of GNIA in Timoshenko frame leads to the most sufficient prediction of the collapse load. 

Proposed-B method is also very close to GMNIA results and always on the safe side. The use of 

C.S.2nd results in an accurate prediction of the stiffness and in a conservative evaluation of the 

collapse load. C.S.1st leads to an unsafe prediction of deflections but to a conservative calculation of 

the ultimate strength of the frame. 
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Figure 9-10: Equilibrium paths for Example 1 with hinged supports under Load Case-B 

The equilibrium paths obtained for Load Case-C are presented in Figure 9-11. The Proposed-B method 

predicts sufficiently the behaviour and collapse of the frame being very close to GMNIA and GNIA with 

equivalent Timoshenko frame. C.S.2nd predicts satisfactorily the stiffness of the frame but is more 

conservative as far as the collapse load is concerned. Finally, C.S.1st is unconservative in the 

calculation of the lateral deflections. 
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Figure 9-11: Equilibrium paths for Example 1 with hinged supports under Load Case-C 
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The results for the frame of Example 1 with hinged supports are given in Table 9-2. A very good 

comparison between the numerical results and the proposed methods is achieved for the load factors 

and maximum deflections. GNA using commercial software (C.S. 2nd) gives satisfactory results but less 

accurate than the ones obtained with the proposed methods. The use of linear analysis without 

including geometrical nonlinearity leads to less accurate results, especially as far as the deflections are 

concerned. 

Table 9-2: Summary of results for Example 1 frame with hinged supports 

 Method Absolute Error (%) 

GMNIA C.S. 2nd C.S. 1st Pr.-B Pr.-A C.S. 2nd C.S. 1st Pr.-B   Pr.-A  

Global buckling load 
(kN) 

21230 - - 20720 - - 2.40 

Local buckling load 

(kN) 

169957 - - 168104 - - 1.09 

Squash load (kN) 15478 - - 15478 - - 0.00 

L.F.  Load Case –A 3.654 3.424 3.424 3.645 3.615 6.29 6.29 0.25 1.07 

L.F.  Load Case –B 1.027 0.952 0.975 0.998 0.990 7.30 5.06 2.82 3.60 

L.F.  Load Case –C 1.860 1.732 1.812 1.830 1.815 6.88 2.58 1.61 2.42 

∆max Load Case-C 

(mm) 

357.9 352.7 320.6 367.9 1.45 10.42 2.79 

∆max  Load Case-B 

(mm) 

491.5 489.8 472.1 518.5 0.35 3.95 5.49 

The axial force diagram for Load Case-B as obtained with GMNIA is depicted in Figure 9-12. The 

critical panel is the top one in the right column. At the base, the axial forces are very small as the 

hinged supports do not restrict rotation and no bending moments appear. It is also interesting to note 

that for the specific load case, the main deformation of the truss beam is related to double curvature. 

This can be understood if one observes the axial force distribution in the truss beam’s chords. They 

are large at the ends and approach zero at the middle (double curvature deformation). 

 

Figure 9-12: Axial force diagram of frame of Example 1 with hinged supports under Load Case-B (green colour 

corresponds to compression) 

The bending moment diagram only along the chords of the laced built-up members with hinged 

supports is depicted in Figure 9-13. It can be seen that an approximately trapezoidal bending moment 

distribution appears along the critical panel at the top of the right column. The corresponding bending 

moment diagram at collapse is shown in Figure 9-14 at which the critical panel’s bending moment 

distribution has a parabolic shape and a smaller maximum value. It can therefore be seen that the 

bending moment distribution changed along the critical panel and to be more specific reduced 
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allowing for an increase of its internal axial force. This phenomenon is more obvious in relatively 

stocky panels in which initial local imperfections do not play an important role and bending moments 

appear mainly due to continuity of the chords. 

 

Figure 9-13: Bending moment diagram of laced members’ chords of Example 1 with hinged supports under Load 

Case-B at an elastic state before collapse 

 

Figure 9-14: Bending moment diagram of laced members’ chords of Example 1 with hinged supports under Load 
Case-B at collapse 

The global buckling mode shape of the frame of Example 1 with fixed supports is provided in Figure 

9-15 while the results are given in Table 9-3. It should be noted that the rotational springs for the 

substitution of the truss beam in the case of single and double curvature deformation are the same as 

the ones presented for the hinged supports. The local buckling mode shape is exactly the same as the 

one presented for the hinged supports as the boundary conditions at the base affect only the global 

response and not the local one.  
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Figure 9-15: Global buckling mode shape of frame of Example 1 with fixed supports 

The equilibrium paths obtained with each procedure for Load Case-B are presented in Figure 9-16. All 

procedures predict in a satisfactory way the stiffness of the frame, while the use of GNIA in 

Timoshenko frame leads to the most sufficient prediction of the collapse load. Proposed-B method is 

also very close to GMNIA results and always on the safe side. The use of C.S.1st is more efficient than 

in the case of hinged base supports for Load Case-B, as fixed supports lead to a significant reduction 

of the lateral deflections’ magnitude, allowing in this way for the use of linear analysis. 
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Figure 9-16: Equilibrium paths for Example 1 with fixed supports under Load Case-B 

The equilibrium paths obtained for Load Case-C are presented in Figure 9-17. All procedures result in 

a slightly uncoservative prediction of the overall stiffness but in a safe calculation of the ultimate 

strength. The larger stiffness predicted by the proposed procedure and GNIA with frame consisting of 

equivalent Timoshenko members is attributed to the fact that the beam-column connection is 

considered to be nodal while in reality it has finite dimensions. Therefore, even under only vertical 
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loads, the rotation of the laced member at its top results in small transverse displacements at the 

location that the horizontal displacement is measured. This difference is expected to become more 

prominent in the case of fixed supports that the deflections are rather small and in the case that the 

dimensions of the beam-column connection are large. 
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Figure 9-17: Equilibrium paths for Example 1 with fixed supports under Load Case-C 

A satisfactory comparison between the numerical results and the proposed methods is achieved for 

the load factors and maximum deflections in this case, too, as presented in Table 9-3. The fixed 

supports lead to an increase of the strength and reduction of horizontal deflections in the case that 

significant lateral loads exist. The accuracy of the GNA with commercial software is also satisfactory 

but always less than the one found for the proposed procedures. The use of linear analysis with 

commercial software is also acceptable as the overall deflections are small and geometrical 

nonlinearity plays a smaller role in this case when compared with the one associated with hinged 

supports. 

Table 9-3: Summary of results for Example 1 frame with fixed supports 

 Method Absolute error (%) 

GMNIA C.S. 2nd C.S. 1st Pr.-B Pr.-A C.S. 2nd C.S. 1st Pr.-B   Pr.-A  

Global buckling load 

(kN) 

74790 - - 74145kN - - 0.86 

Local buckling load 

(kN) 

170200 - - 168104kN - - 1.23 

Squash load (kN) 15478 - - 15478kN - - 0.00 

L.F.  Load Case –A 3.612 3.344 3.344 3.560 3.525 7.42 7.42 1.44 2.41 

L.F.  Load Case –B 1.718 1.624 1.640 1.629 1.615 5.47 4.54 5.18 6.00 

L.F.  Load Case –C 2.869 2.766 2.814 2.760 2.670 3.59 1.92 3.80 6.94 

∆max Load Case-C 

(mm) 

121.1 119.1 115.3 115.8 1.65 4.79 4.38 

∆max  Load Case-B 
(mm) 

229.3 226.7 223.0 230.4 1.13 2.75 0.48 



280  Chapter 9 

Doctoral Thesis of Konstantinos Kalochairetis   N.T.U.A. 2014 

The axial force diagram for Load Case-B as obtained with GMNIA is depicted in Figure 9-18. The 

critical panel is the bottom one in the right column. At the base, the axial forces are larger due to the 

restriction of rotation and appearance of bending moments. It is also interesting to note that for the 

specific load case, the main deformation of the truss beam is related to double curvature. This can be 

understood if one observes the axial force distribution in the truss beam’s chords. They are large at 

the ends and approach zero at the middle (double curvature deformation). 

 

Figure 9-18: Axial force diagram of frame of Example 1 with fixed supports under Load Case-B (green colour 

corresponds to compression) 

The bending moment diagram only along the chords of the laced built-up members with fixed 

supports is depicted in Figure 9-19. It can be seen that an approximately trapezoidal bending moment 

distribution appears along the critical panel at the bottom of the right column. The corresponding 

bending moment diagram at collapse is shown in Figure 9-20 at which the critical panel’s bending 

moment distribution has a parabolic shape and a smaller maximum value. As for the hinged supports, 

the local bending moment maximum value reduced along the critical panel and allowed for an 

increase of its internal axial force. 

 

Figure 9-19: Bending moment diagram of laced members’ chords of Example 1 with fixed supports under Load 

Case-B at an elastic state before collapse 



Behaviour of industrial frames 281 

Nonlinear behaviour and design of steel built-up columns under axial and transverse loading 

 

Figure 9-20: Bending moment diagram of laced members’ chords of Example 1 with fixed supports under Load 

Case-B at collapse 

9.5.2.2 Example 2 

The second example deals with X-lacing laced built-up members and its geometrical characteristics for 

both laced built-up columns and truss beam are summarised in Table 9-4. Additionally, the equivalent 

bending and shear rigidities for the structural components are also presented. Both hinged and fixed 

supports are examined for the load cases described previously. The frame’s global buckling mode 

shape as obtained with LBA for the hinged supports is shown in Figure 9-21. The local buckling mode 

shape and load are the same as the ones obtained with the use of LBA for Example 1, as no changes 

are made at a local level. 

Table 9-4: Geometrical characteristics and equivalent bending and shear rigidities of Example 2 

Member L (m) ho (cm) a (cm) Chord cross-section Ad (cm
2) Ieff (cm

4) Sv (kN) 

Columns 18.7 70 170 HEB450 65.3 557540 367648 

Truss 32.7 170 100 HEA400 100 2297550 482230 

 

Figure 9-21: Global buckling mode shape of frame of Example 2 with hinged supports 
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The rotational stiffness that can be used to replace the truss beam corresponding to the non-sway 

mode is approximately equal to 295000kNm (single curvature beam deformation), while for the sway 

mode it is approximately equal to 796000kNm (double curvature beam deformation). The local 

capacity of the simply-supported critical panel is equal to 7451kN and 7515kN for the case of 1st yield 

failure and of accounting for plastic reserve, respectively.  

The equilibrium paths obtained with each procedure for Load Case-B are presented in Figure 9-22. 

The use of GNIA in Timoshenko frame leads to the most sufficient prediction of the stiffness and 

collapse load. Proposed-B method is also very close to GMNIA results and always on the safe side. 

The use of C.S.2nd leads to a satisfactory and relatively safe calculation of the deflections and collapse 

load. C.S.1st results in a stiffer response but in a smaller collapse load when compared with GMNIA 

predictions. Therefore, it is highlighted that geometrical nonlinearity should be taken into account. 

The equilibrium paths obtained for Load Case-C are presented in Figure 9-23. It can be seen that the 

GMNIA equilibrium path is more nonlinear when compared with the one presented in Figure 9-22, as 

the total axial force applied to the more compressed column is larger. Similar conclusions, as far as 

the deflections and collapse loads are concerned, are drawn for all cases except for C.S.1st. In this 

case, a much stiffer response is predicted and C.S.1st doesn’t capture the nonlinearity of the 

equilibrium path that corresponds to GMNIA. Nevertheless, the collapse load is safely predicted by this 

method, too. 
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Figure 9-22: Equilibrium paths for Example 2 with hinged supports under Load Case-B 
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Figure 9-23: Equilibrium paths for Example 2 with hinged supports under Load Case-C 

The results for the frame of Example 2 with hinged supports are given in Table 9-5. A very good 

comparison between the numerical results and the proposed methods is achieved for the load factors 

and maximum deflections. The use of GNA with commercial software gives satisfactory results but 

always less accurate than the ones obtained with the proposed methods. The use of linear elastic 

analysis results in satisfactory comparison of the load factors but not of the lateral deflections which it 

predicts unsafely. 

Table 9-5: Summary of results for Example 2 frame with hinged supports 

 Method Absolute error (%) 

GMNIA C.S. 2nd C.S. 1st Pr.-B Pr.-A C.S. 2nd C.S. 1st Pr.-B   Pr.-A  

Global buckling load 
(kN) 

7058 
- - 

6970 
- - 

1.25 

Local buckling load 

(kN) 
169957 

- - 
168104 

- - 
1.09 

Squash load (kN) 15478 - - 15478 - - 0.00 

L.F.  Load Case –A 3.780 3.608 3.504 3.670 3.635 4.55 7.30 2.91 3.84 

L.F.  Load Case –B 0.577 0.500 0.516 0.542 0.537 13.34 10.57 6.06 6.93 

L.F.  Load Case –C 1.418 1.248 1.335 1.341 1.331 12.00 5.85 5.43 6.13 

∆max Load Case-C 

(mm) 
565.5 553.5 451.6 578.8 2.12 20.14 2.35 

∆max  Load Case-B 

(mm) 
649.5 645.6 609.3 681.9 0.60 6.19 4.99 

The deformed configuration of the frame of Example 2 with hinged connections under the application 

of Load Case-C is presented in Figure 9-24 magnified for better graphical representation. The truss 

beam’s deformation is a superposition of the single curvature and double curvature deformations, 

something that is reflected in the axial force diagram shown in Figure 9-25, too.  
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Figure 9-24: Deformed configuration of frame of Example 2 with hinged supports under the application of Load 
Case-C 

 

Figure 9-25: Axial force diagram of frame of Example 2 with hinged supports under Load Case-C (green colour 
corresponds to compression) 

The global buckling mode shape of the frame of Example 2 with fixed supports is provided in Figure 

9-26. The double curvature deformation of the truss beam in the global buckling mode is obvious. It 

should be noted that the rotational springs for the substitution of the truss beam in the case of single 

and double curvature deformation are the same as the ones presented for the hinged supports. 
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Figure 9-26: Global buckling mode shape of frame of Example 2 with fixed supports 

The equilibrium paths obtained with each procedure for Load Case-B are presented in Figure 9-27. 

The use of GNIA in Timoshenko frame leads to the most sufficient prediction of the stiffness and 

collapse load. The use of C.S.2nd leads to a satisfactory and relatively safe calculation of the 

deflections and collapse load. C.S.1st results in a slightly stiffer response but in a smaller collapse load 

when compared with GMNIA predictions. Proposed-B method is also very close to GMNIA results and 

always on the safe side. It results in a better estimation of the collapse load when compared with 

C.S.1st and C.S.2nd. 

The equilibrium paths obtained for Load Case-C are presented in Figure 9-28. It can be seen that the 

GMNIA equilibrium path is more nonlinear when compared with the one presented in Figure 9-27, as 

the total axial force applied to the more compressed column is larger. The response of all cases is 

slightly stiffer, especially the one corresponding to C.S.1st. The collapse load is safely predicted by all 

procedures. Proposed-B method results in better approximation of the ultimate strength when 

compared with the use of commercial software C.S.1st and C.S.2nd.  

The larger stiffness predicted by the proposed procedure and GNIA with frame consisting of 

equivalent Timoshenko members is attributed to the fact that the beam-column connection is 

considered to be nodal while in reality it has finite dimensions. Therefore, even under only vertical 

loads, the rotation of the laced member at its top results in small transverse displacements at the 

location that the horizontal displacement is measured. This difference is expected to become more 

prominent in the case of fixed supports that the deflections are rather small and in the case that the 

dimensions of the beam-column connection are large. 
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Figure 9-27: Equilibrium paths for Example 2 with fixed supports under Load Case-B 
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Figure 9-28: Equilibrium paths for Example 2 with fixed supports under Load Case-C 

The results for Example 2 with fixed base supports are summarised in Table 9-6. A very good 

comparison between the numerical results and the proposed methods is achieved for the load factors 

and maximum deflections in this case, too. The fixed supports lead to an increase of the strength and 

reduction of horizontal deflections in the case that significant lateral loads exist. The use of GNA with 

commercial software is more conservative for load factors in all cases. The use of linear elastic 
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analysis results in even more conservative results as far as the load factor is concerned but in smaller 

deflections. 

Table 9-6: Summary of results for Example 2 frame with fixed supports 

 Method Absolute error (%) 

GMNIA C.S. 2nd C.S. 1st Pr.-B Pr.-A C.S. 2nd C.S. 1st Pr.-B   Pr.-A  

Global buckling load 

(kN) 
26950 

- - 
26425 

- - 
1.94 

Local buckling load 

(kN) 
169957 

- - 
168104 

- - 
1.09 

Squash load (kN) 15478 - - 15478 - - 0.00 

L.F.  Load Case –A 3.630 3.240 3.200 3.442 3.415 10.74 11.85 5.18 5.92 

L.F.  Load Case –B 1.115 0.987 1.002 1.055 1.046 11.48 10.13 5.38 6.19 

L.F.  Load Case –C 2.573 2.262 2.352 2.420 2.401 12.10 8.59 5.95 6.68 

∆max Load Case-C 

(mm) 
195.6 191.3 176.5 191.2 2.20 9.76 2.25 

∆max  Load Case-B 
(mm) 

321.1 319.4 310.5 328.5 0.53 3.30 2.30 

The deformed configuration of the frame of Example 2 with fixed connections under the application of 

Load Case-A is presented in Figure 9-29 magnified for better graphical representation. Load Case-A is 

mainly related to symmetrical loads and for this reason the truss beam’s deformation is mainly 

associated with single curvature deformation, something that is reflected in the axial force diagram 

shown in Figure 9-30, too. In this case, the axial force diagram takes its maximum value at the middle 

of the truss beam as expected. 

 

Figure 9-29: Deformed configuration of frame of Example 2 with fixed supports under the application of Load 
Case-A 
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Figure 9-30: Axial force diagram of frame of Example 2 with fixed supports under Load Case-A (green colour 

corresponds to compression) 

9.5.2.3 Example 3 

The third example’s geometrical characteristics for both laced built-up columns and truss beam are 

summarised in Table 9-7. Additionally, the equivalent bending and shear rigidities for the structural 

components are also presented. Both hinged and fixed supports are examined for the load cases 

described previously. The frame’s global and local buckling mode shapes as obtained with LBA are 

shown in Figure 9-31 and Figure 9-32, respectively. It should be noted that the local buckling mode 

shape shown is related to buckling of the internal chords while at the same load level the external 

chords buckle, too. The local buckling mode shape of the external chords is not given as it is similar to 

the internal chords’ local buckling mode shape. 

Table 9-7: Geometrical characteristics and equivalent bending and shear rigidities of Example 3 

Member L (m) ho (cm) a (cm) Chord cross-section Ad (cm
2) Ieff (cm

4) Sv (kN) 

Columns 23.8 170 170 HEB160 10.0 784635 74242 

Truss 43.0 300 295 HEA400 100 7155000 549407 

 

Figure 9-31: Global buckling mode shape of frame of Example 3 with hinged supports 
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Figure 9-32: Local buckling mode shape of frame of Example 3 with hinged supports 

The rotational stiffness that can be used to replace the truss beam corresponding to the non-sway 

mode is approximately equal to 700000kNm (single curvature beam deformation), while for the sway 

mode it is approximately equal to 1780000kNm (double curvature beam deformation). The local 

capacity of the simply-supported critical panel is equal to 1570.35kN and 1702.5kN for the case of 1st 

yield failure and of accounting for plastic reserve, respectively.  

The equilibrium paths obtained with each procedure for Load Case-B are presented in Figure 9-33. 

The use of GNIA in Timoshenko frame leads to the most sufficient prediction of the stiffness and 

collapse load. Proposed-B method is also very close to GMNIA results and always on the safe side. 

The use of C.S.2nd leads to a satisfactory and relatively safe calculation of the deflections and collapse 

load. C.S.1st results in a slightly stiffer response but in a smaller collapse load when compared with 

GMNIA predictions. 

The equilibrium paths obtained for Load Case-C are presented in Figure 9-34. It can be seen that the 

GMNIA equilibrium path is more nonlinear when compared with the one presented in Figure 9-33, as 

the total axial force applied to the more compressed column is larger. Similar conclusions, as far as 

the deflections and collapse loads are concerned, are drawn for all cases except for C.S.1st. In this 

case, a much stiffer response is predicted and C.S.1st doesn’t capture the nonlinearity of the 

equilibrium path that corresponds to GMNIA. Nevertheless, the collapse load is safely predicted by this 

method, too. 
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Figure 9-33: Equilibrium paths for Example 3 with hinged supports under Load Case-B 
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Figure 9-34: Equilibrium paths for Example 3 with hinged supports under Load Case-C 

The results for the frame of Example 3 with hinged supports are given in Table 9-8. A very good 

comparison between the numerical results and the proposed methods is achieved for the load factors 

and maximum deflections. The use of GNA with commercial software leads to errors close to or larger 
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than 10% being on the conservative side in all cases for load factors. The use of C.S.2nd is slightly 

unsafe for the prediction of the lateral deflections. C.S.1st is also on the safe side for load factors but 

unconservative for the deflections, especially for Load Case-C. 

Table 9-8: Summary of results for Example 3 frame with hinged supports 

 Method Absolute error (%) 

GMNIA C.S. 2nd C.S. 1st Pr.-B Pr.-A C.S. 2nd C.S. 1st Pr.-B   Pr.-A  

Global buckling load 
(kN) 

6115 
- - 

6104kN 
- - 

0.18 

Local buckling load 

(kN) 
12800 

- - 
12751kN 

- - 
0.38 

Squash load (kN) 3855 - - 3855kN - - 0.00 

L.F.  Load Case –A 1.410 1.272 1.260 1.435 1.323 9.79 10.64 1.77 6.17 

L.F.  Load Case –B 0.247 0.210 0.22 0.241 0.223 14.98 10.93 2.43 9.72 

L.F.  Load Case –C 0.512 0.456 0.478 0.508 0.471 10.94 6.64 0.78 8.00 

∆max Load Case-C 

(mm) 
332.2 326.1 297.8 334.5 1.84 10.36 0.69 

∆max  Load Case-B 

(mm) 
387.5 386.2 374.7 396.2 0.34 3.30 2.25 

The deformed shape of the frame of Example 3 with hinged supports under Load Case-C is shown in 

Figure 9-35. Despite the fact that the frame deflects laterally the deformation of the truss is mainly 

associated with single curvature deformation due to the uniformly distributed load applied along it, 

something that is verified by the axial force diagram as obtained with GMNIA and depicted in Figure 

9-36. The critical panel is the top one in the right column. 

 

Figure 9-35: Deformed shape of frame of Example 3 with hinged supports under Load Case-C 
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Figure 9-36: Axial force diagram of frame of Example 3 with hinged supports under Load Case-C (green colour 
corresponds to compression) 

The bending moment diagram only along the chords of the laced built-up members with hinged 

supports is depicted in Figure 9-37. It can be seen that the bending moment distribution along the 

critical panel at the top of the right column follows the local imperfection shape (local buckling mode 

shape). The corresponding bending moment diagram at collapse is shown in Figure 9-38 at which the 

critical panel’s bending moment distribution has a very similar shape and no reduction is observed in 

the magnitude. This happens because the local non-dimensional slenderness of the panels is relatively 

large and initial local imperfections play an important role and internal bending moments along the 

chords appear mainly due to their effect. Therefore, contrary to the phenomenon observed in 

Examples 1 and 2, internal bending moments along the critical panel in this case do not reduce due to 

plastification of the material and are taken into account in the proposed procedures.  

 

Figure 9-37: Bending moment diagram of laced members’ chords of Example 3 with hinged supports under Load 
Case-C at an elastic state before collapse 



Behaviour of industrial frames 293 

Nonlinear behaviour and design of steel built-up columns under axial and transverse loading 

 

Figure 9-38: Bending moment diagram of laced members’ chords of Example 3 with hinged supports under Load 
Case-C at collapse 

The global buckling mode shape of the frame of Example 3 with fixed supports is provided in Figure 

9-39. It should be noted that the rotational springs for the substitution of the truss beam in the case 

of single and double curvature deformation are the same as the ones presented for the hinged 

supports. The local buckling mode shape is exactly the same as the one presented for the hinged 

supports as they affect only the global response and not the local one.  

 

Figure 9-39: Global buckling mode shape of frame of Example 3 with fixed supports 

The equilibrium paths obtained with each procedure for Load Case-B are presented in Figure 9-40. All 

procedures predict in a satisfactory way the stiffness of the frame, while the use of GNIA in 

Timoshenko frame leads to the most sufficient prediction of the collapse load. Proposed-B method is 

also very close to GMNIA results and always on the safe side. The use of C.S.1st is more efficient than 

in the case of hinged base supports for Load Case-B, as fixed supports lead to a significant reduction 

of the lateral deflections’ magnitude, allowing in this way for the use of linear analysis.  

The equilibrium paths obtained for Load Case-C are presented in Figure 9-41. All procedures result in 

an uncoservative prediction of the overall stiffness but in a safe calculation of the ultimate strength. 

The larger stiffness predicted by the proposed procedure and GNIA with frame consisting of 

equivalent Timoshenko members is attributed to the fact that the beam-column connection is 
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considered to be nodal while in reality it has finite dimensions. Therefore, even under only vertical 

loads, the rotation of the laced member at its top results in small transverse displacements at the 

location that the horizontal displacement is measured. 
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Figure 9-40: Equilibrium paths for Example 3 with fixed supports under Load Case-B 
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Figure 9-41: Equilibrium paths for Example 3 with fixed supports under Load Case-C 
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The results for Example 3 with fixed base supports are summarised in Table 9-9. A very good 

comparison between the numerical results and the proposed methods is achieved for the load factors. 

The fixed supports lead to an increase of the strength and reduction of horizontal deflections in the 

case that significant lateral loads exist. The use of GNA and commercial software leads to conservative 

errors that exceed 10% in all cases. The predictions of the proposed methods, C.S.1st and C.S.2nd for 

the lateral deflections are slightly unsafe when compared with GMNIA results. The axial force diagram 

for Load Case-C as obtained with GMNIA is depicted in Figure 9-42. The critical panel is the bottom 

one in the right column. At the base, the axial forces are larger due to the restriction of rotation and 

appearance of bending moments. The distribution of the axial forces along the truss beam’s chords 

reveals that single curvature deformation is the dominant one. 

Table 9-9: Summary of results for Example 3 frame with fixed supports 

 Method Absolute error (%) 

GMNIA C.S. 2nd C.S. 1st Pr.-B Pr.-A C.S. 2nd C.S. 1st Pr.-B   Pr.-A  

Global buckling load 

(kN) 
19400 

- - 
19589 

- - 
0.97 

Local buckling load 
(kN) 

12800 
- - 

12751 
- - 

0.38 

Squash load (kN) 3855 - - 3855 - - 0.00 

L.F.  Load Case –A 1.390 1.227 1.218 1.410 1.300 11.73 12.37 1.44 6.47 

L.F.  Load Case –B 0.460 0.390 0.392 0.415 0.384 15.20 14.78 9.78 16.52 

L.F.  Load Case –C 0.800 0.690 0.710 0.764 0.707 13.75 11.25 4.50 11.63 

∆max Load Case-C 
(mm) 

132.9 130.6 125.6 128.7 1.73 5.49 3.16 

∆max  Load Case-B 
(mm) 

230.5 229.2 225.4 231.3 0.56 2.21 0.35 

 

Figure 9-42: Axial force diagram of frame of Example 3 with fixed supports under Load Case-C (green colour 
corresponds to compression) 

The bending moment diagram only along the chords of the laced built-up members with fixed 

supports before collapse is depicted in Figure 9-43 and follows the shape of the local imperfections. 

The corresponding bending moment diagram at collapse is shown in Figure 9-44 at which the critical 

panel’s bending moment distribution is very similar to the elastic case despite the fact that the 

material is plastified. The same conclusions as for the hinged case of Example 3 are drawn. 
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Figure 9-43: Bending moment diagram of laced members’ chords of Example 3 with fixed supports under Load 

Case-C at an elastic state before collapse 

 

Figure 9-44: Bending moment diagram of laced members’ chords of Example 3 with fixed supports under Load 
Case-C at collapse 

9.5.2.4 Example 4 

The fourth example’s geometrical characteristics for both laced built-up columns and truss beam are 

summarised in Table 9-10. Additionally, the equivalent bending and shear rigidities for the structural 

components are also presented. Both hinged and fixed supports are examined for the load cases 

described previously. The frame’s global and local buckling mode shapes as obtained with LBA are 

similar to the ones obtained for Example 2. 

Table 9-10: Geometrical characteristics and equivalent bending and shear rigidities of Example 4 

Member L (m) ho (cm) a (cm) Chord cross-section Ad (cm
2) Ieff (cm

4) Sv (kN) 

Columns 18.7 70 170 HEB160 10.0 134813 56301 

Truss 32.7 170 100 HEA400 100 2297550 482230 

The rotational stiffness that can be used to replace the truss beam corresponding to the non-sway 

mode is approximately equal to 295000kNm (single curvature beam deformation), while for the sway 

mode it is approximately equal to 796000kNm (double curvature beam deformation). The local 
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capacity of the simply-supported critical panel is equal to 1570.35kN and 1702.5kN for the case of 1st 

yield failure and of accounting for plastic reserve, respectively.  

The equilibrium paths obtained with each procedure for Load Case-B are presented in Figure 9-45. 

The use of GNIA in Timoshenko frame leads to the most sufficient prediction of the stiffness and 

collapse load. Proposed-B method is also very close to GMNIA results and always on the safe side. 

The use of C.S.2nd leads to a satisfactory calculation of the deflections and to a very conservative 

prediction of the collapse load. C.S.1st results in a slightly stiffer response but in a much smaller 

collapse load when compared with GMNIA predictions. 
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Figure 9-45: Equilibrium paths for Example 4 with hinged supports under Load Case-B 

The equilibrium paths obtained for Load Case-C are presented in Figure 9-46. It can be seen that the 

GMNIA equilibrium path is more nonlinear when compared with the one presented in Figure 9-45, as 

the total axial force applied to the more compressed column is larger. Similar conclusions, as far as 

the deflections and collapse loads are concerned, are drawn for all cases except for C.S.1st. In this 

case, a much stiffer response is predicted and C.S.1st doesn’t capture the nonlinearity of the 

equilibrium path that corresponds to GMNIA. Nevertheless, the collapse load is safely predicted by this 

method despite the fact that the conservatism in its calculation is significant. 
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Figure 9-46: Equilibrium paths for Example 4 with hinged supports under Load Case-C 

The results for the frame of Example 4 with hinged supports are given in Table 9-11. A very good 

comparison between the numerical results and the proposed methods is achieved for the load factors 

and maximum deflections. 

Table 9-11: Summary of results for Example 4 frame with hinged supports 

 Method Absolute error (%) 

GMNIA C.S. 2nd C.S. 1st Pr.-B Pr.-A C.S. 2nd C.S. 1st Pr.-B   Pr.-A  

Global buckling load 

(kN) 
1882 

- - 
1860 

- - 
1.17 

Local buckling load 

(kN) 
12780 

- - 
12751 

- - 
0.23 

Squash load (kN) 3855 - - 3855 - - 0.00 

L.F.  Load Case –A 1.450 1.552 1.544 1.445 1.365 7.00 6.48 0.34 5.86 

L.F.  Load Case –B 0.133 0.113 0.109 0.128 0.119 15.04 18.05 3.76 10.53 

L.F.  Load Case –C 0.367 0.322 0.346 0.357 0.334 12.26 5.72 2.72 8.99 

∆max Load Case-C 

(mm) 
534.6 523.8 430.4 548.3 2.02 19.49 2.56 

∆max  Load Case-B 
(mm) 

539.3 536.3 510.1 557.7 0.56 5.41 3.41 

The deformed shape of the frame of Example 4 with hinged supports under Load Case-B is shown in 

Figure 9-47. The truss is mainly related to double curvature deformation, something that is verified by 

the axial force diagram as obtained with GMNIA and depicted in Figure 9-48. The critical panel is the 

top one in the right column. 
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Figure 9-47: Deformed shape of frame of Example 4 with hinged supports under Load Case-B 

 

Figure 9-48: Axial force diagram of frame of Example 4 with hinged supports under Load Case-B (green colour 

corresponds to compression) 

The bending moment diagram only along the chords of the laced built-up members with hinged 

supports is depicted in Figure 9-49. It can be seen that the bending moment distribution along the 

critical panel at the top of the right column follows the local imperfection shape (local buckling mode 

shape). The corresponding bending moment diagram at collapse is shown in Figure 9-50 at which the 

critical panel’s bending moment distribution has a very similar shape and no reduction is observed in 

the magnitude. The same conclusions drawn for Example 3 with hinged supports apply in this case, 

too.  
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Figure 9-49: Bending moment diagram of laced members’ chords of Example 4 with hinged supports under Load 

Case-B at an elastic state before collapse 

 

Figure 9-50: Bending moment diagram of laced members’ chords of Example 4 with hinged supports under Load 

Case-B at collapse 

The global buckling mode shape of the frame of Example 4 with fixed supports is provided in Figure 

9-51. It should be noted that the rotational springs for the substitution of the truss beam in the case 

of single and double curvature deformation are the same as the ones presented for the hinged 

supports. The local buckling mode shape is exactly the same as the one presented for the hinged 

supports as the boundary conditions at the base affect only the global response and not the local one.  
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Figure 9-51: Global buckling mode shape of frame of Example 4 with fixed supports 

The equilibrium paths obtained with each procedure for Load Case-B are presented in Figure 9-52. 

The use of GNIA in Timoshenko frame leads to the most sufficient prediction of the stiffness and 

collapse load. Proposed-B method is also very close to GMNIA results and always on the safe side. 

The use of C.S.2nd leads to a satisfactory calculation of the deflections and a very conservative 

prediction of the collapse load. C.S.1st results in a slightly stiffer response but in a very conservative 

calculation of the collapse load when compared with GMNIA predictions. 
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Figure 9-52: Equilibrium paths for Example 4 with fixed supports under Load Case-B 

The equilibrium paths obtained for Load Case-C are presented in Figure 9-53. It can be seen that the 

GMNIA equilibrium path is more nonlinear when compared with the one presented in Figure 9-52, as 

the total axial force applied to the more compressed column is larger. The use of the equivalent 
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Timoshenko frame and of the proposed method leads to a very accurate prediction of the deflections 

and a relatively conservative calculation of the ultimate strength of the frame. The use of C.S.2nd 

results in a slightly stiffer response but in a very conservative prediction of the collapse load. The use 

of C.S.1st results in much smaller deflections and in a safe magnitude for the ultimate load. 
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Figure 9-53: Equilibrium paths for Example 4 with fixed supports under Load Case-C 

The results for Example 4 with fixed base supports are summarised in Table 9-12. A very good 

comparison between the numerical results and the proposed methods is achieved for the load factors 

and maximum deflections in this case, too. The fixed supports lead to an increase of the strength and 

reduction of horizontal deflections in the case that significant lateral loads exist. The use of analyses 

with commercial software leads to safe prediction of collapse loads but unconservative calculation of 

deflections. 

Table 9-12: Summary of results for Example 4 frame with fixed supports 

 Method Absolute error (%) 

GMNIA C.S. 2nd C.S. 1st Pr.-B Pr.-A C.S. 2nd C.S. 1st Pr.-B   Pr.-A  

Global buckling load 

(kN) 
6871 

- - 
6770 

- - 
1.47 

Local buckling load 

(kN) 
12780 

- - 
12751 

- - 
0.23 

Squash load (kN) 3855 - - 3855 - - 0.00 

L.F.  Load Case –A 1.591 1.448 1.413 1.560 1.433 8.99 11.19 1.95 9.93 

L.F.  Load Case –B 0.273 0.232 0.234 0.259 0.240 15.02 14.29 5.13 12.09 

L.F.  Load Case –C 0.684 0.570 0.596 0.642 0.596 16.67 12.87 6.14 12.87 

∆max Load Case-C 

(mm) 
202.6 198.1 181.5 203.3 2.22 10.41 0.35 

∆max  Load Case-B 
(mm) 

300.0 298.6 290.6 306.9 0.47 3.13 2.30 

The axial force diagram for Load Case-A as obtained with GMNIA is depicted in Figure 9-54. The 

critical panel is the top one in the right column while at the base, the axial forces are slightly smaller. 
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The distribution of the axial forces along the truss beam’s chords reveals that single curvature 

deformation is the dominant one. 

 

Figure 9-54: Axial force diagram of frame of Example 4 with fixed supports under Load Case-A (green colour 
corresponds to compression) 

The bending moment diagram only along the chords of the laced built-up members with fixed 

supports before collapse is depicted in Figure 9-55 and follows the shape of the local imperfections. 

The corresponding bending moment diagram at collapse is shown in Figure 9-56 at which the critical 

panel’s bending moment distribution is very similar to the elastic case despite the fact that the 

material is plastified. The same conclusions as for the hinged case of Example 4 are drawn. 

 

Figure 9-55: Bending moment diagram of laced members’ chords of Example 4 with fixed supports under Load 
Case-A at an elastic state before collapse 
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Figure 9-56: Bending moment diagram of laced members’ chords of Example 4 with fixed supports under Load 

Case-A at collapse 

9.5.2.5 Example 5 

Example 5 is related to the single-story frame with fixed supports presented in Example 29 by Vayas 

et al. [9-7] in which the two laced columns are axially loaded. The frame is free to sway laterally and 

initial global and local imperfections are taken into account. The beam’s cross-section has a second 

moment of inertia about the axis of bending equal to 73800cm4 and its length is equal to 17.0m. The 

geometrical and inertial characteristics of the laced columns are summarised in Table 9-13. The 

Proposed-B method, GMNIA results and the procedure used in the structural textbook are compared. 

Table 9-13: Geometrical characteristics and equivalent bending and shear rigidities of Example 5 

Member L (m) ho (cm) a (cm) Chord cross-section Ad (cm
2) Ieff (cm

4) Sv (kN) 

Columns 8.5 34.6 69.2 UPN300 4.8 35197 71284 

According to the procedure described in the structural textbook the collapse load of the frame is equal 

to 2297kN. The Proposed-B method and GMNIA result in collapse loads equal to 2528.5kN and 

2530kN, respectively. The Proposed-B method gives a more accurate prediction of both the internal 

forces and the local capacity of the critical panel and in this way predicts the collapse load with an 

error equal to 0.06%. The error of the procedure in the structural textbook reaches a magnitude of 

9.20%. The undeformed and deformed shapes of the frame of Example 5 are depicted magnified in 

Figure 9-57. 

  

Figure 9-57: Undeformed and deformed shapes at collapse load of frame of Example 5 
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9.6 FRAMES WITH NON-UNIFORM LACED MEMBERS 

In many industrial buildings, laced built-up columns are not continuous in elevation due to the fact 

that the crane bridge often carried by such structures is designed to be supported by the inner chord 

of the laced members. A typical industrial frame with truss beam and discontinuous in elevation laced 

members is depicted in Figure 9-58. The frame is exactly the same as the ones with uniform laced 

members in elevation with the only difference that a member with a much smaller bending rigidity 

intervenes between the laced members and the truss beam. This member usually is the continuation 

of the outer chord of the laced column. This discontinuity facilitates the movement of the crane bridge 

but from a structural point of view reduces dramatically the rotational stiffness that the truss beam 

offers to the top of the laced members. 

 

Figure 9-58: Typical industrial frame with truss beam and discontinuous in elevation laced members 

A comparison between the frame of Example 2 with fixed supports and with uniform and non-uniform 

laced members is presented. In the structure with the non-uniform laced members the outer chord 

connects the truss beam with the laced members and the length of the discontinuity is equal to 

170cm. The structures are subjected to the same loads but an absolute comparison between the two 

cannot take place as the vertical loads along the truss beam cause different direction of moments at 

the top of the laced members for the two cases as in the uniform case they are transferred through 

the rigid connection while in the non-uniform case they are transferred through the outer chord of the 

laced members. The global buckling mode shape of the structure is depicted in Figure 9-59. The 

numerical results are summarised in Table 9-14.  

It can be concluded that the global buckling load is significantly reduced due to the interposition of 

the lower stiffness member, revealing that the global response is affected. The local behaviour of the 

laced members is not modified and the local buckling load and squash loads of the laced members 

remain the same. The load factor for Load Case-A is much larger for the non-uniform laced members 

due to the fact that the vertical loads along the truss beam are transferred through the outer chord to 

the laced members relieving the inner critical chord that is loaded by the crane bridge. This is not the 

case in uniform laced members in which the inner chord is loaded by both the crane bridge and the 

vertical loads along the truss beam. 
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Figure 9-59: Global buckling mode shape of frame of Example 2 with fixed supports and discontinuous laced 

members 

In Load Case-B and Load Case-C that the horizontal loads play an important role and the effect of the 

vertical loads along the truss beam becomes smaller, the load factors for the non-uniform laced 

members are significantly smaller than the ones for the uniform laced members. Additionally, the 

deflections at their top are much larger even for smaller loads highlighting that the lateral stiffness of 

the structures is dramatically reduced as the truss beam is “isolated” from the columns. 

Table 9-14: Comparison between numerical results for the frame of Example 2 with uniform and non-uniform 
laced members 

 Numerical results for uniform 
laced members 

Numerical results for non-uniform laced 
members 

Global buckling load 26950kN 9511kN 

Local buckling load 169957kN 169957kN 

Squash load 15478kN 15478kN 

Load factor for Load Case –A 3.630 7.169 

Load factor for Load Case –B 1.115 0.656 

Load factor for Load Case –C 2.573 2.068 

The proposed methods cannot be used in industrial buildings with discontinuous laced columns in 

elevation as they are based on the second-order elastic analysis of Timoshenko members with 

constant cross-section along their length. Therefore, it is recommended that in discontinuous laced 

members the whole frame is modelled with equivalent Timoshenko members and then the proposed 

interaction equations are used based on the analysis’s output for the internal forces. 

The equilibrium paths obtained with GMNIA for the case of uniform and non-uniform laced members 

in elevation are presented for Load Case-B and Load Case-C in Figure 9-60 and Figure 9-61, 

respectively. Based on the comparison between the two, it is recommended that the second type of 

construction should be avoided. The reason behind this recommendation lies on the fact that it usually 

leads to small exploitation of the beam’s stiffness, to smaller collapse loads and to larger lateral 

deflections. It is therefore clear, that the use of discontinuous laced members in elevation leads to 

more expensive structures in terms of material and financial cost. 

 



Behaviour of industrial frames 307 

Nonlinear behaviour and design of steel built-up columns under axial and transverse loading 

0.0

0.2

0.4

0.6

0.8

1.0

1.2

0 100 200 300 400 500 600

L
o

a
d

 f
a

c
to

r

Horizontal displacement (mm)

GMNIA-uniform laced column GMNIA-non-uniform laced column

 

Figure 9-60: Equilibrium paths obtained with GMNIA for the frame of Example 2 with fixed supports and with 

either uniform or non-uniform laced column under the application of Load Case-B 
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Figure 9-61: Equilibrium paths obtained with GMNIA for the frame of Example 2 with fixed supports and with 
either uniform or non-uniform laced column under the application of Load Case-C 
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9.7 GUIDELINES FOR PRACTICAL USE 

In practice many different ways can be used for the analysis and design of industrial frames that 

consist of laced built-up columns, as discussed at the beginning of the present chapter. Each 

procedure has merits and drawbacks and the selection of a suitable method should be based on the 

availability of tools and time. In this section, based on the qualitative and quantitative conclusions 

drawn by the present doctoral thesis, all possible types of analysis and design will be summarised so 

that guidelines for practical use can be drawn. 

9.7.1 Linear elastic analysis and design of full frame (C.S.1st) 

In this type of analysis and design the detailed modelling of the full frame with the use of beam 

elements is required. Using LA in full frames and checking according to interaction formula Eq. (9-2) 

as provided by Eurocode 3 proved to be conservative for the prediction of the collapse load in the 

examples presented in this chapter. Nevertheless, in some cases of relatively slender frames the 

deflections predicted by C.S.1st were not on the safe side. 

One of the advantages of this procedure is that limitless load patterns and frames’ geometries can be 

analysed. Engineering software, commonly used, can easily perform linear elastic analysis and design 

checks with little computational effort. 

The main disadvantage deals with the fact that geometrical nonlinearity is not taken into account. As 

was observed in the presented examples, this may lead to very unsafe prediction of the response and 

deflections of the frame. 

In conclusion, this type of analysis is recommended in cases that the planar behaviour of the frame is 

expected to be very stiff and geometrical nonlinearity is not anticipated to play a significant role in the 

overall behaviour. The critical panel can be checked only against local buckling by ignoring the 

existence of internal local bending moments and by accounting for plastic reserve. 

9.7.2 Nonlinear elastic analysis and design of the full frame (C.S.2nd) 

In this type of analysis and design the detailed modelling of the frame with the use of beam elements 

is required. Using GNA in full frames and checking according to interaction formula Eq. (9-2) as 

provided by Eurocode 3 proved to be conservative and satisfactory in the previously presented 

examples. 

The main advantage of this procedure is that limitless load patterns and frames’ geometries can be 

analysed. The results are expected to be on the safe side while geometrical nonlinearity is taken into 

account. This type of analysis requires slightly larger computational effort than linear elastic analysis 

but not prohibitive in any case for use in practical cases. The main disadvantage of GNA of full frame 

is that not many engineering software can perform nonlinear elastic analysis accounting for P-∆ 

effects. 

In conclusion, this type of analysis is recommended in cases that the planar behaviour of the frame is 

either stiff or more flexible, as geometrical nonlinearity is taken into account. The critical panel can be 

checked only against local buckling by ignoring the existence of internal local bending moments and 

by accounting for plastic reserve, leading in this way to more accurate results. 

9.7.3 GNIA of equivalent Timoshenko frame 

In GNIA of equivalent Timoshenko frame as described previously, the full frame is replaced by an 

equivalent frame that consists of Timoshenko members with equivalent characteristics. Boundary 

conditions and load patterns are also appropriately modified. The internal forces (axial force, bending 
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moment and shear force perpendicular to the deformed axis) can be used in the proposed interaction 

Eqs. (8-1), (8-2) or (8-3) for checking the efficiency of the structural components.  

The main advantage of GNIA of equivalent frame is the same as the one of GNA of full frame with the 

addition that modelling becomes less demanding. This procedure proved to be the most sufficient for 

the prediction of structural behaviour and collapse load in the examples investigated previously. 

The main disadvantage is that the design checks are not automatically performed by commercial 

software but require their appropriate incorporation in the interaction formula proposed in the present 

doctoral thesis. Additionally, it requires the calculation of the members’ equivalent characteristics and 

loads that is somewhat time-consuming. Also, the procedure of replacing the full frame with an 

equivalent one induces some errors as this simplification does not come without a cost. These errors 

proved to be trivial for the examples examined previously.  

In conclusion, this type of analysis may be appropriate in cases that the planar behaviour of the frame 

is either stiff or not, as geometrical nonlinearity is taken into account. It can be of usefulness for 

preliminary design and/or for checking the numerical results obtained with GNA of full frame. 

9.7.4 Proposed procedure 

As validated in the present doctoral thesis, the proposed procedure (Proposed-A and Proposed-B 

alternatives) can be used for the calculation of the global elastic critical buckling load and the second-

order elastic analysis of imperfect industrial frames under symmetrical and anti-symmetrical axial and 

lateral loads. The use of the calculated internal forces (axial force, bending moment and shear force 

perpendicular to the deformed axis) can be used in the proposed interaction Eqs. (8-1), (8-2) or (8-3) 

for calculating the collapse load of the structure with sufficient accuracy. 

The main advantage of the proposed procedure is that calculations are based on closed-form solutions 

that facilitate its use. Therefore, the proposed method can be used for an accurate prediction of the 

collapse load especially for preliminary design purposes and/or for checking the numerical results 

obtained with the use of finite element software. Additionally, it can be proved useful in performing 

parametric studies by varying the geometrical and cross-sectional characteristics of the frame. 

The main drawback is that this analytical procedure requires manual programming by the designer, so 

that its use becomes easy. Additionally, the proposed method deals with symmetrical and anti-

symmetrical load patterns and it cannot account for discontinuities of the laced members in elevation. 

Finally, the procedure of using an equivalent Timoshenko column instead of analysing the full frame 

induces some shortcomings. 

9.7.5 GMNIA of full frame 

GMNIA is a type of analysis that was used for the numerical verification of the experimental tests and 

analytical procedures in the present doctoral thesis and is one of the most accurate available 

numerical methods for the calculation of a structure’s capacity. It accounts for large displacements 

and elastoplastic material leading to the direct calculation of the ultimate strength of the structure. A 

LBA is initially used for obtaining the global and local elastic buckling mode shapes for the 

incorporation of initial global and local imperfections, respectively. It requires the detailed modelling of 

the chords, lacing bars and connections in the frame with the use of either beam or shell elements.  

The main advantages of this procedure are the high level of accuracy, the limitless load patterns that 

can be used and the limitless geometries (symmetrical or non-symmetrical, continuous or 

discontinuous laced members) that can be analysed. The structural engineer is not required to 

perform additional design checks. 



310  Chapter 9 

Doctoral Thesis of Konstantinos Kalochairetis   N.T.U.A. 2014 

The main drawback is associated with the requirement for the use of special finite element software 

as commonly used engineering software cannot perform this type of analysis. Another disadvantage 

deals with the time required for the complete modelling of the frame especially if shell elements are 

selected for this purpose and for the elastoplastic analysis that usually needs a large number of 

iterations. 

9.8 CONCLUSIONS 

In the present chapter, the application of the proposed methods for the calculation of the collapse 

load of industrial buildings was described. The proposed procedures were validated against the use of 

GMNIA in industrial frames with realistic dimensions and cross-sections with both hinged and fixed 

supports. The frames were subjected to realistic types and magnitudes of external loads. The 

correlation between the numerical and analytical results was very satisfactory as far as the global 

buckling load, collapse load factor and deflections were concerned. Therefore, it was concluded that 

the use of the proposed method can sufficiently lead to reliable evaluation of the behaviour of 

industrial frames in terms of both deflections and collapse loads. The accuracy of using GNA with 

commercial software and checking the critical panels according to the interaction formula of Eurocode 

3 described in Eq. (9-2) was less than the one of the proposed procedures but usually on the safe 

side. The use of LA with commercial software proved to be sufficient only in cases that the in-plane 

behaviour of the frames was sufficiently stiff. 

Industrial buildings with appropriate discontinuity in elevation for the support of the crane bridge were 

also discussed and an example was presented in order to quantitatively observe the effect of the 

interposition of a lower stiffness member between the top of the laced members and the truss beam. 

It is concluded that the ultimate strength and lateral stiffness are significantly reduced. For this 

reason, it is recommended that alternative designs should be investigated. Although not investigated 

in the context of the present doctoral thesis, a possible method for carrying the bridge could be the 

use of appropriate short cantilevers instead of “isolating” the truss beam from the laced columns. 

Finally, guidelines for the analysis and design of industrial frames were given describing the merits 

and disadvantages that each procedure has. It is concluded that the use of GNIA in equivalent frames 

and the application of the calculated internal forces in the proposed interaction equations can lead to 

a sufficient calculation of the strength and stiffness of industrial buildings with laced columns without 

any limitations regarding geometry and load patterns. The proposed procedure offers the advantage 

of closed-form solutions without the need of iterations for obtaining internal forces and deflections. 

Nevertheless, it requires to be programmed so that it can be of practical use for the structural 

engineer. Another disadvantage is that it deals with symmetrical uniform frames and with symmetrical 

and anti-symmetrical load patterns. Nevertheless, its use can be a useful tool for the engineer in 

preliminary design, in checking the numerical results obtained with the use of finite element software 

and in performing extensive parametric studies. 
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Nonlinear behaviour and design of steel built-up columns under axial and transverse loading 

10 SUMMARY AND CONCLUSIONS 

10.1 SUMMARY 

During the last decades the structural response of built-up columns has been thoroughly investigated 

by many researchers. Analytical investigations, experimental tests and a limited number of numerical 

analyses are included in the literature. Their common characteristic is that they are mainly related to 

simply-supported built-up members, either under only axial load or under combined axial and small 

lateral loads, usually due to the eccentricity of the applied axial load. Nevertheless, one can hardly 

find a reliable solution process for the nonlinear problem concerning imperfect laced built-up members 

with arbitrary boundary conditions and subjected to combined axial and lateral loads. This shortage is 

reflected in modern design guidelines that focus on simply-supported columns only.  

Additionally, according to modern design practice laced built-up members are modelled in commercial 

software using beam elements for both chords and lacing bars. By means of elastic analysis, either 

linear or nonlinear (including usually only P-∆ effects), internal forces are obtained, which are then 

used for the design of the laced members’ components. The design process includes both cross-

sectional and member checks. Nevertheless, it does not account for global and local buckling 

interaction and its effect on deflections and internal forces.  

The aim of the present research is to investigate the response of imperfect laced built-up beam-

columns with arbitrary boundary conditions, taking into consideration both geometrical and material 

nonlinearity. To that effect the present study consists of experimental tests, analytical procedures and 

numerical analyses, combining in this way the three available research approaches in modern 

structural engineering. 

Initially, the design and testing of a series of experimental specimens took place. Tests were 

conducted on ten simply-supported laced columns (5 groups of similar columns for repeatability 

reasons) with realistic global and local slendernesses. The specimens were subjected to axial 

compressive loads and concentrated end moments due to eccentricity of the applied axial loads. 

Group 1 was the basis of the experimental tests, having laced columns with chords’ cross-section 

UNP60, panels’ length equal to 40cm and end eccentricities equal to 10cm resulting in single curvature 

deformation. Each one of the other groups differed from the first one only in one parameter, so that 

the effect of the differing parameter could be separately examined. The specimens of Group 2 had 

panels with half length, while Group 3’s had IPE80 chords’ cross-section. The 4th Group was related to 
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end concentrated moments of the same direction causing double curvature deformation, while in 

Group 5 the eccentricity of the applied axial forces was half. The steel’s constitutive behaviour for 

each specimen was extracted through tensile testing of appropriately constructed coupons. The 

experimental tests differ from the ones in the literature, as they had larger end eccentricities (and 

therefore larger lateral loads) and included deflection measurements, indicative of global response, as 

well as local measurements, facilitating in this way the understanding of the specimens’ local 

response. The results for each specimen were presented with characteristic photographs at different 

load levels, equilibrium paths in the form of load-lateral displacement diagrams and load-strain graphs 

at characteristic locations. 

The satisfactory agreement between the results for specimens of the same group at both global and 

local level shows that the experimental results can be considered as reliable. The behaviour of all 

specimens was initially elastic, while for larger load levels a gradual decrease of the stiffness was 

observed. The stiffness’s gradual decrease was attributed to the existence of thermally induced 

residual stresses in the chords’ cross-sections that led to premature yielding in the critical cross-

sections. The load corresponding to zero stiffness was considered to be the collapse load, while after 

its attainment a descending post-buckling branch followed. It was concluded that in all groups, local 

elastoplastic failure of a critical panel resulted in overall collapse without any allowance for 

redistribution of internal forces, despite the indeterminate nature of laced columns. In many cases, 

specimens of the same group failed in different panels, highlighting the effect of local imperfections. 

Additionally, the existence of internal bending moments due to the continuity of the chords was 

verified, as inwards deflection of the critical panels was observed regardless of whether single or 

double symmetrical cross-sections were used. Finally, no significant effect of residual stresses due to 

welding was observed in specimens with a large number of welds between chords and lacing bars. 

Afterwards, numerical modelling of the experimental tests took place, aiming at calibration of the 

numerical models, so that they can be considered as sufficiently accurate and reliable. Shell elements 

were used for the numerical modelling of both chords and lacing bars. The existence of thermally 

induced residual stresses was taken into account and their modelling relied on discretising the cross-

section of the chords (UNP60 and IPE80) in sufficiently small shell elements and on using appropriate 

material yield strengths in each element group, so that the residual stress distribution would be 

correctly applied. The material yield strength of each element group depended on whether it belonged 

to a location with tensile or compressive residual stresses and on the yield strength measured through 

tensile tests. Global and local imperfections were incorporated in the analyses according to the global 

and local buckling modes, respectively. Their magnitude was based on Eurocode 3 provisions, as 

actual imperfections of the specimens were not measured. 

Based on the numerical analyses, it was concluded that the use of Geometrically and Material 

Nonlinear Analysis with Imperfections (GMNIA) in combination with modelling thermally induced 

residual stresses led to very good agreement between the numerical and experimental results. The 

agreement was satisfactory at both global and local level. In the case that initial geometrical 

imperfections and residual stresses were neglected, the numerical collapse loads obtained were larger 

than the experimental ones and the gradual decrease of the stiffness at high load levels could not be 

predicted. Moreover, the use of numerical models with beam elements led to the conclusion that they 

can predict the behaviour of laced built-up members in a satisfactory manner, with significantly 

smaller computational effort as compared to numerical models with shell elements. 

Taking advantage of the conclusion that using beam elements for numerical modelling is sufficient, an 

extensive parametric study has been performed to investigate the response of globally and locally 

imperfect laced built-up columns (simply-supported and cantilevers). It was concluded that overall 

collapse takes place usually when local elastoplastic failure of a critical panel appears or, more rarely, 



Collapse load of industrial frames 315 

Nonlinear behaviour and design of steel built-up columns under axial and transverse loading 

when global elastic instability takes place. In the second case, interaction between global and local 

buckling is important and should be taken into account, while in the first one it can be indirectly 

included in the local capacity of the critical panel. The largest reduction of the collapse load of the 

imperfect structure with respect to the perfect one occurs if the global buckling, local buckling and 

squash loads coincide. The effect of imperfections is the smallest if the global buckling load is smaller 

than the local buckling load. 

The use of Eurocode 3 cannot safely predict the collapse load in the second case, as it does not 

account for the interaction between global and local buckling. This drawback was the motivation for 

the derivation of an approximate analytical procedure that predicts sufficiently the behaviour of laced 

built-up columns in both types of failure. In the proposed procedure, laced built-up columns are 

modelled as Timoshenko members with equivalent bending and shear rigidity according to Engesser’s 

method. The bending rigidity is appropriately modified in order to incorporate the effect of local 

imperfections on the global response. Elastic analysis is terminated when the stiffness of the structure 

becomes zero, either without yielding (elastic failure), or when the critical panel reaches its local 

capacity (local elastoplastic failure). The required computational effort of the proposed procedure is 

slightly heavier than the one of Eurocode 3. For laced columns the proposed procedure and Eurocode 

3 led to similar results to the ones obtained from GMNIA in the case of local elastoplastic failure. 

Nevertheless, in the case of elastic failure, the proposed method remained satisfactorily accurate and 

on the safe side, while the opposite happened with Eurocode 3. Despite that fact, the most common 

type of failure is the local elastoplastic one, due to the use of members with small and moderate 

global and local non-dimensional slendernesses and due to the existence of significant lateral loads. 

For this reason, the subsequent research activities were based on the concept of Eurocode 3. 

Afterwards, after concluding previously that laced members can be sufficiently modelled as 

Timoshenko members based on Engesser’s method, the present research focused on the prediction of 

the elastic critical buckling load of Timoshenko columns with arbitrary boundary conditions and of 

multi-story frames consisting of Timoshenko members. To that effect a 3x3 stability matrix was 

proposed based on Engesser’s method, that leads to three nonlinear equations for non-sway, partially 

sway and sway members. Additionally, slope-deflection equations based on Engesser’s method were 

proposed for Timoshenko members with semi-rigid connections at their ends. Based on them, a 

complete set of rotational stiffness coefficients was presented, which were then used for the 

replacement of members converging at the bottom and top ends of the column in question by 

equivalent springs. All possible rotational and translational boundary conditions at the far end of these 

members, as well as the eventual presence of axial force, were considered. The final goal was the use 

of the nonlinear equations for the calculation of the elastic critical buckling load of multi-story frames 

consisting of Timoshenko and laced built-up members. A very satisfactory agreement between the 

proposed analytical procedure for the elastic critical buckling load and numerical procedures was 

observed. 

Subsequently, the 2nd-order response of imperfect Timoshenko members with arbitrary boundary 

conditions under commonly used lateral loads was investigated, in order to propose closed-form 

solutions for the calculation of the internal forces and deflections along them. To that effect, each 

loading was considered separately and then the principle of superposition was applied. The 

incorporation of initial global imperfection based on the 1st buckling mode shape was achieved with 

the use of the approximate magnification factor, which is commonly employed by code provisions, by 

using the elastic critical buckling load of Timoshenko members mentioned in the previous paragraph. 

The lateral loads included uniformly distributed load, end concentrated moments and end 

concentrated forces and the analysis under their effect was based on slope-deflection equations 

according to Engesser’s method for Timoshenko members. When compared with existing methods, 
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the proposed one considers the effect of initial imperfection based on the 1st buckling mode, while the 

closed-form solutions facilitate their use for obtaining internal forces and deflections without requiring 

iterative procedures or further treatment. The comparison of the proposed method for the 2nd-order 

analysis of imperfect Timoshenko beam-columns with the performance of GNIA on numerical models 

constructed with beam elements resulted in very satisfactory agreement. 

The 2nd-order elastic analysis of a Timoshenko member results in the calculation of internal forces and 

the termination of the analysis for the calculation of the collapse load of the laced member requires a 

suitable failure criterion. For this reason, and based on the conclusion drawn from both experimental 

and numerical investigation that laced members collapse due to local elastoplastic failure, a simple 

interaction equation was proposed that is in accordance with the philosophy of code provisions. Thus, 

the proposed method for evaluating the strength of a laced built-up beam-column consists of a 2nd-

order elastic analysis of an equivalent Timoshenko member and of its termination for the calculation 

of the collapse load based on the interaction equation. The use of the proposed procedure for the 

evaluation of the deflections and collapse loads of a large number of laced built-up beam-columns was 

found to be in very good agreement with results obtained with GMNIA of numerical models. It was 

also observed that the approach prevailing in modern design practice led to less accurate results in 

comparison with the proposed method, as it accounts for local internal bending moments along the 

chords due to their continuity. These bending moments exist but are drastically reduced due to 

yielding as the member approaches collapse, therefore they do not affect significantly the collapse 

load. In addition, the approach adopted in modern design practice does not account for the effect of 

the spread of yielding on the local capacity of the critical panel, and consequently on the collapse 

load. 

The proposed procedure was also applied to single-story industrial frames consisting of laced built-up 

columns under symmetrical and anti-symmetrical load patterns. In each case, the frame’s girder is 

replaced by rotational springs corresponding to either single or double curvature deformation, as they 

were obtained for the calculation of the elastic critical buckling load of multi-story frames consisting of 

Timoshenko members, depending on whether the load pattern causes single (non-sway behaviour) or 

double (sway behaviour) curvature deformation. Subsequently, the critical laced member is examined 

separately, both symmetrical and non-symmetrical load patterns are applied, the principle of 

superposition is used and the procedure described in the previous paragraph for laced beam-columns 

with arbitrary supports is followed. The comparison of the analytical results with the ones obtained 

with GMNIA performed on single-story frames consisting of laced members was found to be very 

satisfactory. As observed for laced members, the use of the modern design practice led to less 

accurate results than the ones found with the proposed procedure. Finally, based on the observations 

made during the experimental, numerical and analytical research, guidelines for the analysis and 

design of laced members in practice were provided. Their aim is to improve the reliability of laced 

members’ design in everyday engineering practice.  

10.2 CONCLUDING REMARKS 

The experimental, numerical and analytical approaches used for the investigation of the response of 

laced built-up columns lead to the following conclusions: 

− Laced built-up columns behave almost elastically until failure, without any significant allowance for 

redistribution of internal forces, despite the fact that they are characterised by high static 

indeterminacy. Collapse in all experimental specimens was attributed to local elastoplastic failure of 

the more stressed panel. 
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− Local imperfections influence the collapse of laced members and their appearance was 

experimentally verified due to the fact that in some cases specimens of the same group failed in 

different panels. Internal bending moments also develop along the chords due to their continuity, 

verified experimentally by the inwards deflection of critical panels in all cases. 

− Very good agreement between numerical models consisting of shell elements and experimental 

results was observed at both global (lateral deflections) and local (strains) level. Therefore, such 

models can be a reliable tool for the prediction of the behaviour of laced members. The use of 

numerical models consisting of beam elements also leads to satisfactory results in terms of 

deflections and collapse loads. The much smaller computational effort associated with the second 

type of numerical modelling makes such models attractive for the analysis and design of laced 

members. 

− Initial global and local imperfections should be taken into account in the analysis and design of 

laced members as they affect both the global response and the collapse load. Eurocode 3 provisions 

for imperfections of laced members proved to be relatively conservative for the experimental 

specimens, leading to results on the safe side. 

− Numerical modelling of thermally induced residual stresses based on the simple concept of 

modifying the yield strength of appropriate regions based on the residual stress distribution in the 

cross-section leads to effective capturing of the gradual yielding of columns. The concept can be 

used only if the primary type of stress is known in advance. Its main advantage is that it can be 

employed in any finite element software whether elastoplastic analysis with the existence of initial 

strains/stresses is supported or not. 

− Interaction between global and local buckling plays an important role in the response of laced built-

up columns. The coexistence of global and local imperfections increases the lateral deflections and 

decreases the collapse load of the laced member when compared with the case that only global 

imperfections are taken into account. The largest reduction of capacity due to initial imperfections 

takes place when global buckling, local buckling and squash loads coincide. The decrease of the 

collapse load of an imperfect structure when compared with a perfect one may reach magnitudes in 

the order of 50% in some cases. 

− The failure modes of imperfect laced built-up columns are distinguished into global elastic failure 

and local elastoplastic failure. It was concluded, that for reasonable magnitudes of imperfections, in 

the first case the interaction between buckling modes should be taken into account directly in the 

global response, while in the second one it can be inserted indirectly through the local capacity of 

the critical panel. The most common type of failure is the second one, as global and local non-

dimensional slendernesses in practice are relatively small, leading to material yielding. 

− Eurocode 3 results in satisfactory estimation of collapse loads in the case of the second type of 

failure but not of the first one. For this reason, a method was proposed that predicts both types of 

failure in a satisfactory manner and yields collapse loads on the safe side. The proposed method is 

based on modelling the laced column as equivalent Timoshenko member with modified bending 

stiffness in order to account for the effect of local imperfections on the global behaviour. The 

results are satisfactory for both deflections and collapse loads.  

− Built-up columns are subjected to significant shear deformations due to the fact that they are 

characterised by large bending rigidity and relatively small shear rigidity. For this reason, it is 

necessary that they are modelled according to Timoshenko beam theory accounting in this way for 

both bending and shear deformations. The existence of Engesser’s and Haringx’s theories for the 

incorporation of shear deformations in structural analysis is still on debate. Nevertheless, it was 
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concluded that laced built-up members should be modelled according to Engesser’s theory when 

the shear rigidities provided in structural textbooks and code provisions are used. 

− The elastic 2nd-order analysis of imperfect Timoshenko beam-columns according to Engesser’s 

theory can predict in a satisfactory manner the internal forces along an imperfect laced built-up 

beam-column. As laced members behave elastically almost until failure, these internal forces can be 

inserted in an appropriate interaction equation for the calculation of the collapse load. 

− The interaction equation contains the axial forces applied to the more compressed panel on the left 

hand-side while the local capacity of the imperfect critical panel considered as simply-supported is 

included in the right-hand side. The assumption that the critical panel of the chord is simply-

supported at failure is convenient, facilitates the calculations and approximates in most cases the 

actual behaviour. In cases of large shear forces, adjacent panels to the critical one may offer 

rotational stiffness to its ends, thus increasing its buckling strength. Commonly, the local non-

dimensional slenderness of the panels is small or moderate and, as a result, boundary conditions do 

not play a very important role. Additionally, if the local capacity of the critical panel is obtained by 

accounting for the spread of yielding over the entire cross-section, the calculated collapse loads are 

improved compared to the ones obtained if the local capacity is associated with the first yield.  

− Local bending moments appear due to both local imperfections and continuity of the chords. In 

slender panels the first ones are, in general, more significant, while the opposite happens in stocky 

panels. Both of them are not important for global equilibrium. The increase of the axial force in a 

chord leads to higher local bending moments due to local imperfections and this is more prominent 

in slender panels. For this reason, local bending moments due to local imperfections should be 

taken into account in the calculation of local capacity. On the contrary, in stocky panels that fail 

mainly due to material yielding, local bending moments due to continuity of the chords are reduced 

due to yielding, allowing for an increase of the corresponding axial force. As a result, elastic 

calculation of local bending moments due to continuity of the chords and incorporation of them in 

interaction equations is conservative. 

− The proposed analytical procedures result in satisfactory approximation of the behaviour and 

collapse loads of imperfect laced built-up beam-columns with arbitrary boundary conditions and of 

single-story industrial frames consisting of laced members. The commonly used design practice of 

using linear elastic analysis and Eurocode 3 provisions for the capacity of the panels yields less 

accurate results. These results are in some cases very unsafe for the prediction of deflections. The 

use of geometrically nonlinear elastic analysis improves significantly the results. 

10.3 RESEARCH CONTRIBUTION AND INNOVATION 

The present doctoral thesis deals with the analysis and design of laced built-up members with 

arbitrary boundary conditions under both axial and lateral loads. It consists of experimental, numerical 

and analytical research and offers both scientific and practical contribution. The scientific originality is 

mainly achieved by proposed analytical methods, procedures of numerical modelling and experimental 

works that are not available in the literature and offer improved qualitative understanding of structural 

behaviour as well as quantitative evaluation of response and strength of such members. Objective of 

this thesis was to take advantage of scientific originality, in order to contribute also to structural 

engineering practice. For that purpose, guidelines for numerical simulation, analysis and design have 

also been formulated. The achieved innovation of the thesis, both scientific and practical, is presented 

next. 
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10.3.1 Contribution to the advancement of engineering science 

The innovations that contribute to the advancement of engineering science can be summarised as: 

− Original experimental tests of built-up specimens with realistic global and local non-dimensional 

slenderness were performed, including both global and local measurements for the better 

qualitative understanding and quantitative evaluation of the response ([10-1], [10-2]). 

− Geometrically and Materially Nonlinear Imperfection Analyses, including the effect of thermally 

induced residual stresses based on a simple concept of appropriately modifying the material’s 

strength in specific cross-sectional regions, were performed for the calibration of numerical models 

based on the experimental results. It is noted that the numerical modelling of experimental tests of 

this type is not commonly encountered in the existing literature. Therefore, the numerical features 

and details presented in the present doctoral thesis can prove beneficial for other researchers 

([10-1], [10-2]). 

− Extensive numerical parametric studies were performed and led to the observation that the overall 

collapse of an imperfect laced column can be attributed either to global elastic failure or to local 

elastoplastic failure, with the second one being more common in practice. An analytical procedure 

that can sufficiently capture both types of failure was proposed. Due to the lack of existing 

analytical methods for capturing both failure modes, the only alternative is by means of nonlinear 

numerical analyses, which requires much heavier computational effort ([10-3]). 

− An analytical procedure for the calculation of the elastic critical buckling load of multi-story frames 

consisting of Timoshenko members based on Engesser’s method was proposed, by expanding an 

existing method for multi-story frames consisting of Euler-Bernoulli members. To that effect, a 

stability matrix, slope-deflection equations for shear-weak members with semi-rigid connections 

based on Engesser’s method and a complete set of rotational stiffness coefficients for the 

replacement of members converging at the bottom and top ends of the column in question by 

equivalent springs were proposed ([10-4]). 

− Closed-form solutions for the direct calculation of internal forces and deflections as obtained from 

the 2nd-order analysis of imperfect Timoshenko members with arbitrary boundary conditions under 

both axial and lateral loading were proposed. The incorporation of shear deformations was based 

on Engesser’s theory. The lateral loads include uniformly distributed line load, end concentrated 

moments and end concentrated forces ([10-5], [10-6], [10-7]). 

− Using the results of the two previous paragraphs and a proposed simple interaction formula for the 

termination of the 2nd-order elastic analysis, the collapse load of locally and globally imperfect laced 

built-up beam-columns either with arbitrary boundary conditions or as part of single-story frames 

under symmetrical and anti-symmetrical load patterns can be evaluated ([10-5], [10-6], [10-7]). 

10.3.2 Contribution to the advancement of engineering practice 

Previous research on built-up members dealt mainly with simply-supported columns, while in practice 

such members are usually part of larger frames. For this reason, the existing analytical predictions 

cannot be applied to more complex cases and require appropriate modifications. The main 

contributions of the present doctoral thesis to practical engineering design can be summarised as: 

− The proposed method, based on the analytical calculations and interaction equation, can be used 

for the analysis and design of laced built-up members, regardless of whether they are parts of 

frames or not, without requiring any iterative solution process. This facilitates its direct use from 

engineers of practice. The proposed procedure can be used for calculating internal forces and 

deflections at any load level. Moreover, the maximum load factor which can be sustained by the 
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laced member can be sufficiently predicted with the use of the proposed interaction equation. The 

method’s accuracy was checked against results obtained with the use of GMNIA and proved to be 

sufficient for practical purposes. 

− As the proposed procedure does not require the use of commercial software, it is suitable for 

preliminary design purposes, offering sufficient accuracy with low computational demands. The 

analytical nature of the proposed method also facilitates its easy incorporation in software. Thus, it 

can prove beneficial for the performance of extensive parametric studies by the design engineer, 

towards the preliminary selection of appropriate geometrical and cross-sectional characteristics for 

a laced built-up member. In addition, it can be a useful tool for qualitative checking of the 

numerical results obtained with commercial software. 

− Useful conclusions were drawn for the analysis and design methods that are commonly used in 

design practice, by comparing their results with the ones obtained with GMNIA. The use of linear 

elastic analysis proved to be sufficient only in cases that the lateral behaviour of the laced members 

and frames is expected to be very stiff, thus leading to negligible geometrically nonlinear effects. In 

more slender frames the use of linear analysis proved to be sufficient for the calculation of the 

ultimate strength but unsafe for the prediction of the lateral deflections. The use of geometrically 

nonlinear elastic analysis proved to be satisfactory and on the safe side for any case of laced 

members and industrial frames for the calculation of both deflections and collapse loads. It can be 

improved if the interaction equation for buckling about the weak axis z-z of the chords includes only 

the term associated with the axial force. 

− Modelling the full frame using equivalent Timoshenko members and performing GNIA proved to be 

of sufficient accuracy for predicting the structural response of the industrial frames.  The use of the 

proposed interaction equation based on the internal forces obtained from GNIA of equivalent 

Timoshenko frames leads to satisfactory prediction of the ultimate strength of the frames. This 

procedure is fast for analysing and designing single-story industrial frames with laced members 

without detailed modelling of the laced members. Thus, it can be used for preliminary design and 

for qualitative checking of the numerical results obtained based on full modelling of the frame with 

commercial software. 

− Non-uniformity of laced columns in elevation, for example employed commonly in order to support 

a crane runway beam on the inner chord, should be avoided. Such non-uniformity causes lack of 

full cooperation between the laced column and the frame girder, leading to much larger lateral 

deflections and to smaller collapse loads. The use of a short cantilever for the support of the crane 

beam may be preferable. 

10.4 SUGGESTIONS FOR FUTURE RESEARCH 

The topic of built-up beam-columns is broad and cannot be fully covered only in the context of a 

doctoral thesis. Some suggestions for future research are summarised next: 

− The present work focuses on the in-plane behaviour of laced built-up beam-columns, examining 

two-dimensional frames. For this reason, the analytical solutions for imperfect Timoshenko beam-

columns also deal only with planar response. Usually, out-of-plane behaviour of laced members 

does not include any lateral forces due to the existence of bracing systems. Nevertheless, the 

proposed method cannot be directly applied in cases of three-dimensional response and both 

numerical and experimental studies should be performed in order to understand the modifications 

required in such cases. 



Collapse load of industrial frames 321 

Nonlinear behaviour and design of steel built-up columns under axial and transverse loading 

− The derived analytical solutions deal with laced columns with constant cross-section in elevation. In 

many cases, non-uniform members in elevation are used in single-story industrial frames, such as 

the ones presented in Chapter 9. In order to facilitate calculations, analytical solutions for the 2nd-

order analysis of non-uniform imperfect Timoshenko beam-columns should be derived. 

− In the present doctoral thesis only statically applied external loads are considered. Wind and 

seismic actions are approximately applied on the studied frames as equivalent static loads 

according to code provisions. Despite the fact that the behaviour of laced members under dynamic 

loading is not expected to differ significantly from that under static loading as far as collapse load is 

concerned, it is interesting to investigate the behaviour of laced members under cyclic loading in 

terms of stiffness, energy dissipation and ductility. Realistic frames should be analysed under 

dynamic loading and the case of arbitrary supports should be considered. 

− Battened built-up members are not investigated in the present doctoral thesis. In many existing 

structures, they are used either as columns or as beam-columns in moment-resisting frames. For 

this reason, it is suggested that their behaviour under static and dynamic loads is investigated, 

aiming at checking their adequacy and proposing retrofitting methods. 
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