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Abstract

The research presented in this thesis aims at investigating the response of cable nets subjected to 
dynamic loads, focusing on the dynamic phenomena that characterise nonlinear structures. Firstly a 
simple cable net is studied, consisting of two crossing cables and the equation of motion is derived. 
Neglecting small terms of its equation of motion, a simplified single-degree-of-freedom (SDOF) cable 
net is assumed, which is proved to be similar to a Duffing oscillator with a cubic nonlinear term of the 
displacement. The analytical solution of its steady-state response, found in the literature, is adopted 
for this simple cable net and the occurrence of fundamental and secondary resonances, such as 
superharmonic and subharmonic resonances, is verified for this system. The response diagrams are 
plotted for different resonant conditions showing bending of the response curve, hardening behaviour 
and dependence on the initial conditions. This response is confirmed by solving numerically the 
equation of motion as well as using finite element software and performing time-history analyses, 
considering also the geometric nonlinearity of the cable net. With this investigation, an important first 
step towards understanding the dynamic response of cable nets is achieved. Although double 
curvature renders cable nets stiffer than simple cables and a weakly nonlinear behaviour would be 
expected, nonlinear dynamic phenomena, established for simple cables, are also detected for these 
systems. 

Proceeding to multi-degree-of-freedom (MDOF) systems, a saddle-form cable net with circular plan 
view is assumed, similar to the roof of the Peace and Friendship Stadium in Faliro, Greece. The cable 
net boundary is considered either as rigid, with cable ends modelled as pinned, or as flexible, 
modelling the deformable edge ring. The first symmetric and antisymmetric vibration modes and the 
corresponding natural frequencies are calculated. A parametric analysis shows that changing the sag-
to-span ratio of the net and the mechanical characteristics of the cables, regarding their axial stiffness 
and their pretension, the sequence of the first modes changes. A non-dimensional parameter 
2,
similar to the one used for simple cables to describe this phenomenon, is also introduced for cable 
nets in this study. It is confirmed that this parameter determines the sequence of their vibration 
modes, as in simple cables. For specific values of this parameter two or more vibration modes have 
equal frequencies although they have different shapes, leading to internal resonances. Thus, knowing 
the important role of this parameter, it is possible to choose appropriately the mechanical and 
geometric characteristics of the cable net in order to avoid internal resonances. Semi-empirical 
formulae are also proposed to estimate the frequencies of the first vibration modes of the system with 
satisfactory accuracy compared to modal analysis results. Modelling the ring is proved to influence 
significantly the symmetric vibration mode of the net, due to the ring’s in-plane mode, which induces 



a symmetric oscillation to the net. On the other hand, the antisymmetric modes of the net remain 
unaltered irrespectively of whether the cable supports are considered as fixed or as flexible. 

Having the analytical solution of the simple cable net, the concept of an equivalent SDOF system for 
estimating the dynamic response of a MDOF system is then explored. The transformation of the 
characteristics from the large system to the smaller one is obtained by similarity relations adopted 
from a preliminary method used at the first steps of this research, which is extended here for this 
purpose. Response diagrams are plotted for both SDOF and MDOF systems, based on the analytical 
solutions and conducting time-history analyses, respectively. The two responses are compared for 
several geometries and cable initial stresses in order to define the field of application of this method, 
showing a good agreement. The main advantage of this method is that it can be used to define with 
small error and minimum computational time the loading amplitude and frequency for which nonlinear 
phenomena develop. It is also noted that, in order to have a superharmonic or a subharmonic 
resonance, large amplitudes of the load are required. Especially for subharmonic resonances, large 
initial conditions are also necessary. The combination of these two conditions leads to cable tensile 
failure during the transient response at the beginning of the analysis. Thus, it is unlikely for cable nets 
to experience subharmonic resonance.  

Next, the influence of the spatial load distribution on the response of a cable net subjected to 
harmonic loads is investigated. Three different spatial load distributions are assumed: a symmetric 
one, and two antisymmetric ones with respect to one or both horizontal axes. Response diagrams are 
plotted for loading frequencies either close to the natural frequency, leading to fundamental 
resonances, or smaller than the eigenfrequency, accounting for superharmonic resonances. The 
bending of the response curve, which indicates a hardening nonlinear behaviour, is more intense 
when the net is loaded antisymmetrically rather than symmetrically. As a result, the initial conditions 
influence the steady-state response for a large range of the loading frequency. The behaviour of the 
net, when it is uniformly loaded, is altered significantly if the deformability of the boundary ring is also 
taken into account in the simulation. On the other hand, the presence of the ring does not alter the 
response of the net for antisymmetric loading, as also noted for the antisymmetric modes.  

In order to analyse the behaviour of such structures to actual dynamic loads such as wind actions, the 
wind pressure distribution on this kind of surfaces is defined based on the recommendations of 
Eurocode 1. The saddle-form roof is divided into zones and pressure coefficients are provided for each 
zone according to the wind direction. The proposed wind pressure distribution is also compared with 
experimental results in order to verify the accuracy of the assumptions made. It is proved that the 
approach adopted in this thesis results in slightly larger pressure coefficients in some cases, but the 
spatial distribution of the wind pressure is satisfactory. Finally, a measured wind record and an 
artificial one are considered and nonlinear time-history analyses are performed to detect nonlinear 
resonant phenomena for the wind action, as well. The dynamic behaviour of the cable nets is 
compared with the static one, which is calculated according to the quasi-static procedure 
recommended by Eurocode 1. Large oscillation amplitudes are also observed in the response spectra 
for frequencies equal to the eigenfrequencies, although the main frequencies of the wind are much 
smaller than the eigenfrequencies of the cable nets, while for frequencies close to the natural 
frequencies, the amplitude of the wind load is small. This leads to the conclusion that the small 
frequencies with large amplitudes of the wind load cause superharmonic resonances to the net, while 
a weak excitation with frequency near the eigenfrequency enforces the system to experience a 
fundamental resonance, although damping is considered. As a result, large differences between static 
and dynamic responses are observed for all cable nets, while, as the parameter 
2 increases, the 
oscillation amplitude becomes smaller. The quasi-static methods cannot predict these nonlinear 
dynamic phenomena and thus they cannot be considered as accurate for the analysis and design of 
such structures. 
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-����# ��# �&=�!��# ���*# ����� � ���&����!� ��# ����&�!�# ������� ��
����� ��� �������$ \�&���,
�!��$]����# ��� �&�!��* !�� �������$ \�������� ��� ��&����&�]��� �� �� =&�����$ !�!�*����.
�&���%# ��&\%����� � �^�!�!� ����!�# ���# ��
�� ������� ��
����� ��� �����
����� ��� ���
��+8��# ���!���&������ ��
%��� �� �!� ��� ����+��� �&���� '8
�#. ������!!����# !� !��&$ Taylor 
��� ���
%���# ���&��# �&��#, � �^�!�!� ����!�# �&������� ��&����� �� ���* ��� ��
�����*
Duffing. 	 ���
����* 
�!� ��# ������# ����&�!�# ��# �^�!�!�# Duffing �����+���� !�� '�'
��=&�\��
��� ���+������� !� ���*� ��� �&=�!�� =�� ��� ��&����!� ��� ����8&� ������� ��
�����.
���'�'��%������ ��&��� ��� �����&������# !������!���, ���# ����� � ���&�&������# ��� �
����&������# !������!��#. 	 !�8!� ��# ������# ��&���&\�!�# �� �� !�������� ��# ��
$���!�#
��������]���� =&�\��$ =�� ��$\�&�# !��+*��# !������!���, ��&��!�$]����# �����
�!� ���
���=&$�����# ��# ����&�!�# ��� �^$&��!� ��# ����&�!�# ��� ��# �&���8# !��+*��#. ����
���'�'��%����� ���
�����# �&�+�����$ ��� �^�!�!� ����!�# ��+%# ��� �&�!������%���# �� 
�=�!����
ADINA, �� �� ����� �&�=������������� �� =&�����8# �������8# ���
�!��#. �� �� ���&����!� �����
��� ��
�� �������, �����=�$����� 8�� ��
� !�������� '*�� �&�# ��� �������!� ��� �������%�
\�����8��� ��� ��8���� �� !����&�\�&$ ��� ������� ��
�����.

-�� !��8����, +��&����� 8�� ��
�'$+��� ������ ��
����� !�*����# ���&'�
���� ��&�'�
������# ��
���
��* �$��_�, ��&����� �� �� !�8=� ��� -������ ��&*��# ��� `�
��# !�� `$
�&�. �� $�&� ���
��
����� +��&����� ��� �=��&%������ ���� !� ��
�����# !��&�^��# ���� !� 8��� ��&���&\%!���
��&����&��� �����
��, ��
� ��� ��!������ ��� �� ������ ��
�����. >��
�=�]����� �� �&%��#
!�����&��8# ��� ����!�����&��8# ������&\8# �� ��# ����!�����# ����!��������#. ��&����&��8#
���
�!��# �������� ��� ����'$

����# �� 
�=� '8
��# �&�# $���=�� ��� �� �������$ ��&����&�!���$
��� ��
�����, � !��&$ ��� �&%��� ������&\%� �

$]��. ��� ����!���������8�� ��&$���&�# 
2,
��$
�=� �� ���*� ��� ����� =��!�* ��� �� +��&�� ��� ��
%� ��
�����, ���������	
 ��� =�� ��
������ ��
����� !� ���* ��� �&=�!��, � ����� �^�&�$��� ��� �� 
�=� '8
��# �&�# $���=�� ��� ���
�&���* ���=�8�� ����*���!� ��� ��
����� ��� ��+�&�]�� �� !��&$ ��\$��!�# ��� ������&\%�. ;��
��$\�&�# ���8# ���*# ��# ��&��8�&��, ��� * ��&�!!���&�# ������&\8# �� ���\�&����� !�*�� 8����
�!�# !��������#, \�������� ��� ��&����&�]���� �# �!���&���# !������!��#. ;��&�]����# ��
!�������� &�
� ��� ���]�� ���* � ��&$���&�# !�� �������* ����&�!� ��� �� 
�	��
���
!�!���$���, ����� ����
� �� ���
�=��� ���$

�
� �� �������$ ��� =�����&��$ ��&����&�!���$ ���
������� ��
�����, 8�!� %!�� �� ���\���+��� �8����� �����# !������!���. 
$!�� ��� �����
�!�$���
��� ��&����&��%� ���
�!��� �&���������� ��������&��8# !�8!��# =�� ��� ���
�=�!�� ��� �&%���
����!�����*��� ��� !�!�*����#, ��% � !�=�&�!� ���%� �� �����
8!���� ������&\��%� ���
�!���
����� ��
� ������������*. ������������� ���!�# ��� � �&�!�����!� ��� ��&����&���� �����
���
���&�$]�� !�������$ �� !�����&��* ������&\* ��� ������� ��
����� ��� ��� ����!�����



����!��������, 
�=� ��# ���&^�# ���# ����# ����8��� ������&\*# ��� �����
���. ����+8��#, ��
����!�����&��8# ������&\8# ��&��8���� �����&8�!��# ��� ��� ��&��!�� ��� �����
���.

	 �������* ����&�!� ���# ��
�'$+���� !�!�*����# ������� ��
����� �&�!�==�]���� �&���%#
�&�!������%���# 8�� �!������� ����'$+��� !�!����. 	 �����&��* ��� =�����&��%� ��� �������%�
��&����&�!���%� ��� �� 8�� !�!���� !�� $

� '�!�]���� !� ��� �8+��� ��� �&�!������*+��� !��
�&���$ !�$��� ��# 8&����# ���*# ��� ��&8��� ���$

�
�# !�8!��# ����!������!���. {��'$�����#
���_� ���\�&����8# =�����&��# ������� ��
����� ��� ���\�&����8# �&���8# �$!��# !�� ��
%���
������&=������ ���=&$����� ������# ����&�!�# =�� �� ����'$+��� !�!���� '$!�� ��� ���
����%�

�!���, ��% �&�=������������� �� =&�����8# �������8# ���
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Nonlinear dynamic response and design of cable nets 

1 INTRODUCTION

1.1 HISTORICAL SURVEY 

Nature has always granted to the humanity examples to solve problems of covering spans. The 
vaulted caves were used as shelters, the trunks of the fallen trees formed bridges to cross streamlets 
or even rivers at the narrow passages and the interlaced vines constituted a sort of suspended roof, 
while the trees, standing upright, represented the necessary masts to support these roofs. These 
images, among many others, stimulated the human imagination and triggered structural engineering. 
The need for progress and evolution, along with the development of technology, which brought new, 
more efficient materials, generated the opportunity to elaborate new concepts, find new solutions, 
overcome the existing limits and always set new ones. The examples are numerous, still standing over 
the centuries, testifying the course of the human inventiveness. 

Since the ancient Roman years, curves dominated in the field of engineering and architecture, 
substituting straight lines, made of stones or wood, which were proved to be inadequate in some 
cases. Arcades, arches, and domes were the best solution to cover large spans, such as aqueducts, 
bridges, churches, etc. Later, thin shells, made of concrete, gained the interest of architects, giving a 
different aspect to their creations with their lightness and captivating elegance. The function of these 
structures was to carry loads in pure compression, thus avoiding bending of the members.  

The reverse solution was realised by structures with members that operate in pure tension, which 
belong to the family of tensile structures. The sails of ships were among the first membrane structures 
ever used, providing resistance to wind, developing only tension and moving the ship over the seas. 
The first suspended bridges, made of ropes, were used to cross canyons, while the first suspended 
roof was the “velarium” of the Coliseum, built in 70 b.C. in Rome (Photo 1-1), protected the 
spectators from rain and sun. During the last six centuries, many suspended bridges were 
constructed, but only in the second half of the twentieth century, tensile structures became a pioneer 
in the field of structural engineering, opening new frontiers. 
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Photo 1-1: Schematic representation of the “velarium” of the Coliseum in Rome, Italy 

1.2 TENSILE STRUCTURES 

The term “tensile structure” is attributed to structures, which, while guiding the applied loads to the 
supports, remain constantly in tension. There are two groups of tensile structure: in the first one, the 
main tension elements are ropes or strands and cables, which operate as uniaxially stressed members, 
while in the second one, the tension is developed in biaxially stressed members, the tents or 
membranes. The shear and flexural rigidities of these elements, as well as their buckling resistance 
are negligible. Such structures are prestressed membrane or cable roofs, air-supported or inflated 
structures made also of membranes, tensegrity structures combining beams and cables, suspended or 
stayed bridges, antennae or guyed masts, sea-based applications, or even smaller structures such as 
snow avalanche nets, sailboats, mooring lines, trawl lines and nets, floating or submerged 
breakwaters, or aerostats. In most cases the tension elements are anchored to very stiff elements, 
which work mostly in compression, such as masts, columns, pylons, beams, trusses or arches ([1-1], 
[1-2]). 

1.3 CABLE NETS 

Cable nets belong to the family of tensile structures. They are characterised by their capacity to cover 
long spans without intermediate supports and to carry loads much heavier than their own weight. 
They are structures that always stimulate the interest and the imagination of both structural engineers 
and architects, demanding their collaboration, as their structural behaviour and geometry are closely 
related. The shape of the final surface depends on the geometry of their boundaries, the curvatures, 
the levels of cable pretension and the eventual internal supports. The most common shape of cable 
nets is the hyperbolic paraboloid with a surface that is convex with respect to one axis and concave 
with respect to the other, with a rectangular, rhomboid, circular or elliptical plan. The net consists of 
two families of prestressed cables, the main or carrying cables, which are suspended from the highest 
points of the boundary and the secondary or stabilising ones, which are anchored at the lowest points 
of the boundary. The difference of height between the highest or lowest points and the central node 
is called sag of the roof in the direction of the main or stabilising cables, respectively. The boundary is 
usually a prestressed reinforced concrete ring with a box cross-section.  

These structures are very efficient, because the loads are transmitted through tension of the cables, 
usually made of high-strength steel, having thus the best exploitation of the material. In addition, with 
their unusual forms they differ from all other, conventional structures, something that makes them 
extremely elegant. These characteristics render them one of the most attractive alternatives for 
covering hangars, stadiums, swimming pools, ice rinks, exhibition halls, theatres, concert halls, 
churches and other long-span structures. On the other hand, these structures experience large 



Introduction 3

Nonlinear dynamic response and design of cable nets 

deformations, mainly because, due to their lack of shear rigidity, the cables change their shape in 
order to equilibrate the loads without shear. The large deflections can be alleviated by appropriate 
level of pretension. The design of such structures aims at maintaining all cables in tension under any 
load combination; in case of cable slackening, the net may exhibit large deformations. Opposite 
curvatures enable pretension in both directions, providing bearing capacity for loads directed 
downwards, such as snow and wind pressure and upwards, such as wind suction. Flat or nearly flat 
regions of the cable net surface should be avoided, because their stiffness is insufficient and they may 
easily flutter. In general, however, the suspended roofs cannot be calculated on the basis of linear 
theory, due to the large difference between their undeformed and their deformed shape. Thus, their 
analysis should be geometrical nonlinear. The principle of superposition does not apply and separate 
nonlinear analyses must be performed for each loading combination [1-3]. 

1.4 STRUCTURAL EXAMPLES 

The first modern saddle-form cable net was the Raleigh Arena in North Carolina, built in 1953, which 
for many years after its completion, constituted an important exemplar for such structures. The 
saddle-shaped hyperbolic parabaloid roof form is created by a network of crosswise cables suspended 
between two opposing intersecting parabolic reinforced concrete arches, which reach a maximum 
height of 27.4m. They are inclined at approximately 21o and they cross each other at about 7.9m 
above the ground. They are supported by columns of composite cross-section while they extend into a 
tunnel below the surface at the east and west ends (Photo 1-2).  

(a) (b) 

(c) (d) 

Photo 1-2: Raleigh Arena in North Carolina (a) construction of the arches (b) the cable net (c) internal view  
(d) the Arena today 

The cable net consists of 47 main cables of diameters that vary between 19mm to 33mm, while the 
stabilising cables are smaller with diameters between 13mm and 19mm. The dimensions of this 
structure are 92m×97m, covering an area of 10,000m2, while the interior is column-free [1-4]. When 
this structure was completed, the cables were just anchored to the border, and no pretension was 
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applied. The roof soon began to flutter and oscillate violently, due to the turbulent wind. Inclined 
cables were added, connecting the net with the columns, in order to stiffen the roof ([1-5]). 

The Arizona Veterans Memorial Coliseum in Phoenix, Arizona, U.S.A. was built in 1965 (Photo 1-3). 
The building has circular shape with 112m diameter. The edge ring, which is supported by steel 
columns, has 30.5m maximum height and 19.2m minimum height. The cable network is a square 
mesh with hyperbolic paraboloid shape. The roof carries over 1000 precast concrete panels [1-6]. 

(a) (b) 

(c) (d) 

Photo 1-3: Arizona Veterans Memorial Coliseum in Phoenix, Arizona, U.S.A. (a), (b) placement of the concrete 
panels on the cable net, (c) the completed stadium, (d) aerial view of the stadium

Another pretensioned cable net, creating the surface of a hyperbolic paraboloid, is the roof of the 
Scandinavium Arena in Gothenburg, Sweden, constructed in May 1971 (Photo 1-4). The sag of the 
roof in the direction of the main cables is 10m and that in the direction of the stabilising ones is 4m. 
The grid of the network is orthogonal of 4m×4m. The ring beam has a rectangular cross-section with 
a width of 3.5m and a height of 1.2m. An alternative solution with a ring beam with a cross-section of 
a hollow steel box was investigated during design, but it was found to be too expensive. The contour 
ring is supported by four stiff pylons and 40 circular columns. The pylons are designed to take large 
horizontal forces. They are concrete walls, arranged radially, with a side length of 3.5m. The circular 
columns instead are designed to undertake mainly axial forces. Therefore, the ring beam is 
discontinuous at the top of the pylons, which influences the prestressing forces in the cable in the 
areas between the pylons and the top of the ring beam. The forces in the stabilising cables are 
significantly smaller than in other parts of the roof [1-7]. 
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(a) (b) 

(c) (d) 

Photo 1-4: Scandinavium Arena in Gothenburg, Sweden (a) the stadium under construction, (b) placement of the 
cladding, (c) the completed stadium, (d) the stadium today  

A different cable structure was built in 1973 in Largo, Maryland, U.S.A., the US Air Arena (Photo 1-5). 
The roof consists of a warped circular ring of 122m diameter with square cross-section of 2.4m×2.4m 
and two groups of cables, which do not form a cable net. One set of cables is high and outside and 
the other low and inside, running straight across the building [1-8]. In 2002 the Arena was 
demolished (Photo 1-6). 

(c) (d) 

Photo 1-5: US Air Arena in Largo, Maryland, U.S.A. (a) the stadium under construction, (b) plan view  
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Photo 1-6: US Air Arena in Largo, Maryland, U.S.A. during its demolition in 2002 

Another saddle-form cable structure, now demolished, was the Sport Centre of San Siro in Milan, 
which was inaugurated in 1976 (Photo 1-7 and Photo 1-8). It had an elliptical plan view with axes of 
144m and 146m. The cables were arranged in a quadratic grid of dimensions 2m×2m. The ring, made 
of steel, had a box cross-section with dimensions 2.5m×6.5m. The maximum height difference of the 
ring was 18.4m [1-9]. On January 17, 1985, one of the largest snowfalls of the 20th century in Milan 
caused large deflections of the net and severe damage to the cables. Three years later it was 
demolished [1-10]. 

(a) (b) 

Photo 1-7: Palasport of San Siro in Milan, Italy (a) the cable net, (b) the cable interconnections 
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(a) (b) 

Photo 1-8: Palasport of San Siro in Milan, Italy (a) aerial view during construction (b) the completed stadium  

The saddle-shaped roof of Pengrowth Saddledome in Calgary, Alberta, Canada, is also a hyperbolic 
paraboloid (Photo 1-9). When it was inaugurated on October 15, 1983, it was known as the Olympic 
Saddledome as it would host the indoor ice events for the 1988 Winter Olympics. The horizontal 
projection of the suspended roof is a circle with a radius of 67.65m, covering 13,900m². From the 
centre point of the roof the carrying cables rise 14m to the top and the stabilising cables fall 6m to the 
valley of the ring. The bearing capacity of the main cables arises at 735kN, except of the four ones 
situated at the centre of the roof, which have a bearing capacity of 1235kN. The breaking load of the 
stabilising cables is 306kN. The edge ring consists of 16 precast elements of prestressed concrete and 
its dimensions are 1.5m×4.3m×27.4m [1-11].  

(a) (b) 

Photo 1-9: Pengrowth Saddledome in Calgary, Alberta, Canada (a) the stadium under construction, (b) the 
completed stadium 

The Stadium of Peace and Friendship in Greece, is another example of a saddle-shaped cable net. It 
was constructed in 1983 and it was used, among other stadiums, for the Olympic Games of 2004 
(Photo 1-10). Its circular plan view has a diameter of 114m, and the sag of the roof is 6.15m, equal in 
both directions. The net consists of 27 cables in each direction and the cable spacing is constant and 
equal to 4m in both directions. The main cables have a diameter of 60mm and a breaking load of 
3000kN, while the diameter of the stabilising cables is 46mm and their breaking load is 1850kN. The 
edge ring is made of prestressed concrete, with a box cross-section of dimensions 6.40m×8.15m. The 
thickness of its horizontal walls is 20cm and of the vertical ones 50cm. The ring seats on bearings, 
which are placed on 32 pylons. These pylons consist of radially oriented concrete walls. The bearings 
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allow small radial translations of the ring, but in case of violent horizontal forces, for example during a 
seismic event, the ring is restrained in the radial direction of the roof [1-12]. 

(a) (b) 

(c) (d) 

(e) (f) 

Photo 1-10: Stadium of Peace and Friendship in Athens, Greece (a) the stadium under construction, (b), (c) 
placement of the cables, (d) the cable interconnections (e) placement of the cladding, (f) the completed stadium  

The Velodrome in London (Photos 1-11), which will host the Olympic track cycling events in 2012, is 
under construction. Steel cables form a huge cable net roof, which has a span of 136.5m at its widest 
point. The lightweight cable-net roof structure weighs only 30kg/m2. 16km of cables have been used 
for the construction of the roof, weighing 100 tonnes alone. The cables were first laid out on the floor 
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of the building, with the nodes that join them also affixed. The inner side of the roof is clad in timber, 
while an aluminium cover is placed over the top of the timber cassettes to make the roof waterproof 
[1-13].

(a) (b) 

(c) (d) 

(e) (f) 

Photos 1-11: Velodrome in London, Great Britain (a) the stadium under construction, (b) the cable net,  
(c), (d) placement of the cladding, (e) internal view, (f) virtual representation of the completed stadium 

Another example of a suspended roof is a small cable net, in the shape of a hyperbolic paraboloid 
surface, which forms the stage covering of the open theatre at Sao Jose do Rio Pardo, Brazil (Photo 
1-12). The plan view of this structure is an ellipse, with the major axis equal to 20m and the minor 
one 13m. An orthogonal mesh of 10×6 cables, parallel to the axis of the ellipse, forms the cable net. 
The cables are anchored in a reinforced concrete ring, which has a rectangular cross-section 
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measuring 1.00m×0.45m. The axis of the edge ring follows the shape of the hyperbolic paraboloid 
surface. Four reinforced concrete pillars, of 3.70m height, sustain the edge ring [1-14]. 

Photo 1-12: The stage covering of the theatre at Sao Jose do Rio Pardo, Brazil 

1.5 OBJECTIVE AND STRUCTURE OF THE THESIS 

This thesis focuses on suspended roofs as the ones described above. These structures, being 
nonlinear and lightweight, exhibit large deformations and fatigue problems, especially when they are 
excited by dynamic loads, such as wind pressures. The geometric nonlinearity of cable structures 
produces nonlinear dynamic phenomena and secondary resonances, unknown in common linear 
structures, which may render their response unpredictable. The purpose of this research is to 
investigate the dynamic behaviour of such structures and to provide useful guidelines for their design. 
Beginning by their natural frequencies and vibration modes, which give insightful information about 
their overall nonlinear dynamic response, proceeding with exploring cable nets under simple harmonic 
loads with frequencies appropriately chosen to detect nonlinear resonant phenomena, and finally 
applying wind loads with realistic amplitudes, spatial distributions and time variation, the intensity of 
nonlinearity in their dynamic response and eventual problems of cable slackening or tensile failure are 
evaluated, in order to conclude with valuable suggestions for future design. 

Following the general introduction on tensile structures and cable nets in particular, presented in this 
first chapter, chapter 2 contains a literature review on simple cables and cable nets, nonlinear 
dynamic phenomena, as well as recommendations of the pertinent codes regarding the calculation of 
the wind loads. In chapter 3, the dynamic behaviour of a simple cable net model is studied in detail 
and its equation of motion is solved analytically. Nonlinear phenomena are detected and similarities 
with a simple suspended cable are identified. Chapter 4 contains the validation of the finite element 
software, which will be used in the next chapters for analysing multi-degree-of-freedom models. Static 
and dynamic analyses of simple cable nets are conducted and the numerical results are compared 
with analytical ones. Chapter 5 presents a thorough investigation on the dynamic analysis of multi-
degree-of-freedom cable nets, regarding their natural frequencies and vibration modes. The cable 
ends are considered either as fixed or flexible, taking into account the deformability of the boundary 
ring. Similarities with simple suspended cables are again underlined and semi-empirical formulae for 
the estimation of the first eigenfrequencies are provided and proposed to be used for preliminary 
design purposes. In chapter 6, the dynamic response of a MDOF cable net model is estimated using 
an equivalent single-degree-of-freedom model, consisting of two crossing cables and considering the 
vertical displacement of the central node as the only degree of freedom. Chapter 7 includes numerical 
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analyses of cable nets subjected to harmonic loads, considering several spatial distributions and 
frequencies, accounting for resonant conditions. Their dynamic behaviour is investigated, regarding 
the cable net maximum deflection and the cable maximum or minimum tension. The results are 
discussed and compared between cable nets with different boundary conditions. In chapter 8, the 
wind pressure spatial distribution is defined for different wind directions according to Eurocode 1, 
which is the current loading code in Europe, specifying wind pressure coefficients on structures. The 
accuracy of the assumptions made for the shape of a hyperbolic paraboloid is verified by comparing 
the pressure coefficients with the ones obtained by experimental results in wind tunnel tests reported 
in the literature. In chapter 9, actual wind records or artificial time histories of wind velocity are used 
to excite the cable nets, in order to compare their nonlinear dynamic response with respect to the one 
resulting by quasi-static procedures. Chapter 10 includes a summary of this thesis, the basic 
conclusions and contributions obtained from this research as well as suggestions for future research. 
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2 THEORETICAL BACKGROUND AND 
LITERATURE REVIEW

2.1 INTRODUCTION 

The response of simple suspended cables subjected to static or dynamic loads is studied extensively 
and many publications can be found in the literature. Analyses of larger cable structures, such as 
cable nets, are also conducted by several researchers for specific geometries and loading conditions, 
regarding the spatial distribution, the load amplitude and the load frequency. In this chapter, the main 
notions describing the behaviour of nonlinear systems are provided in order to understand qualitative 
features of the response of cable structures. Differences between linear and nonlinear systems are 
also highlighted. The equation of motion and the analytical expressions of the eigenfrequencies for a 
simple suspended cable and a simple cable net are reported from the literature, being the base of this 
investigation. The geometry of saddle-shaped cable nets is delineated, while important conclusions of 
publications regarding their static and dynamic response are also included. Design rules for cable 
structures, technical requirements and mechanical characteristics of cables are reported from the 
current codes, in order to use realistic values for the material of the cables in the analyses that will 
follow. Emphasis is given on the wind action, being the main dynamic load affecting suspended roofs. 
The wind spatial distribution referring to common shapes of roofs is retrieved from Eurocode. The 
calculation of the static wind load is based on equivalent static procedures, while the dynamic one on 
time-history diagrams produced by actual records of the wind velocity or by stochastic procedures. 

2.2 NONLINEAR SYSTEMS 

2.2.1 Behaviour of nonlinear systems 

Cable structures have negligible bending, shear and buckling resistance. Because they cannot sustain 
any compression, they transmit the applied loads to the foundations by changing their shape and by 
developing only tension in their members. Thus, the deformed state of such structures is 
characterised by large displacements. The deformed shape differs significantly from the initial 
geometry of the unloaded structure, with remarkable change in stiffness as the deformation evolves. 
This interaction between the stiffness of the system and its deformed state is known as geometric 



14 Chapter 2 

Doctoral Thesis of Isabella Vassilopoulou  N.T.U.A. 2011 

nonlinearity and it is the principal characteristic of such structures and their main difference from 
conventional ones [2-1].  

According to Nayfeh and Pai [2-2], the modelling of nonlinear structural systems may be linear, 
pseudo nonlinear or nonlinear. In the first case, linear models describe both static and dynamic 
response and the solutions are unique. In the second case, a nonlinear model describes the static 
behaviour, but the dynamic one may be analysed by a linear model. The third case refers to a 
nonlinear static and dynamic model, which can be used for calculating the overall response of a 
nonlinear system. Only in the latter case is it possible to detect several dynamic equilibria and each 
one can be examined for a set of initial conditions and system parameters.  

2.2.2 Nonlinear static analysis 

As already mentioned, because of the geometric nonlinearity, the stiffness of nonlinear systems is 
related to the deformation. Thus, cable structures cannot be analysed on the basis of their original 
geometry, but it is necessary to take into account the deformed state at every step of the applied 
load, performing nonlinear structural analyses considering large displacements. This means that the 
internal forces do not vary linearly with the applied load, rendering the principle of superposition 
invalid [2-3].

For simple problems, such as SDOF cable systems, the analytical solution in static equilibrium can be 
easily obtained. For a given displacement, the stiffness of the system and the external load is 
calculated for the deformed geometry. For a given external load a trial and error procedure is 
required, until convergence is achieved. For complicated problems of nonlinear systems such as MDOF 
cable structures, numerical simulations are necessary, taking into account geometric nonlinearities. 
The Full Newton-Raphson method is one of them [2-4]. According to this method, the load is applied 
in steps, and the stiffness matrix is calculated in each iteration of every loading step, until 
convergence is obtained. The Modified Newton-Raphson method follows a similar procedure. The only 
difference from the Full Newton-Raphson method is that the stiffness matrix is not calculated in each 
iteration, but for every iteration of the same load step keeps the initial stiffness matrix. This 
assumption makes the method faster, but convergence is slower [2-4]. 

Several other procedures were also developed to solve large nonlinear problems, based on Newton’s 
methods, such as the ones described in [2-5] – [2-8].  

2.2.3 Nonlinear dynamic analysis 

The dynamic response of a system is described by the following equation of motion [2-9]: 

)}t(P{}x]{K[}x]{C[}x]{M[ ��� ��� (2-1)

where [M] is the mass matrix, [C] is the damping matrix, [K] is the stiffness matrix, {P(t)} is the 
vector of the external dynamic load, while {x}, { x� } and { x�� } the displacement, the velocity and the 
acceleration vectors, respectively. For linear systems exact solutions of Eq. (2-1) can be obtained, but 
for nonlinear systems, for which the stiffness depends on the displacement, that is [K]=[K(x)], 
numerical techniques are required for analysing them, because the solution of the nonlinear ordinary 
differential equations becomes too complicated. However the results of single numerical analyses are 
unable to present all the features of the system’s response. 

During the last decades, the nonlinear behaviour of structures stimulated the scientists’ interest in 
many fields. New terms were defined to describe nonlinear phenomena, unknown to the engineers 
dealing with conventional structures exhibiting linear response, such as attractors, limit cycles or 
closed paths, spirals, nodes and saddle points of equilibrium, stable and unstable equilibrium points, 



Theoretical Background and Literature Review 15

Nonlinear dynamic response and design of cable nets 

superharmonic and subharmonic resonances, jump phenomena, bifurcations, etc. [2-10]. New 
methods were also found to identify and solve such problems ([2-11] – [2-13]). Many researchers 
have studied the occurrence of such nonlinear phenomena, addressing several applications in 
mechanical and structural engineering. Some representative examples are included in ([2-14] – 
[2-18]). In [2-19] a survey of recent developments in the field of nonlinear dynamic response of 
structures is presented. 

Two types of analysis are available for solving dynamic problems: the frequency domain analysis and 
the time domain analysis [2-20]. The frequency domain analysis is based on the principle of 
superposition and is not appropriate for nonlinear structures. However, if the structure is considered 
as weakly nonlinear, it could be applied, but at first, it is necessary to carry out an eigenvalue analysis 
taking into account the stiffness in the deformed state due to the mean value of the dynamic load and 
any gravitational load and then adding the response of the fluctuating component of the dynamic 
load. On the other hand, the only reliable method to calculate the dynamic response of nonlinear 
structures is the time-domain method [2-21] in combination with the Full or Modified Newton-Raphson 
methods. 

The three important requirements for a numerical procedure are 1) convergence – as the time step 
decreases, the numerical solution should approach the exact solution, 2) stability – the numerical 
solution should be stable in the presence of numerical round-off errors and 3) accuracy – the 
numerical procedure should provide results that are close enough to the exact solution. There are 
several types of time-stepping procedures, as the methods based on interpolation of excitation (i.e. 
piecewise exact method), methods based on finite difference expressions of velocity and acceleration 
(i.e. central difference method) and methods based on assumed variation of acceleration (i.e. 
Newmark method, Wilson +) ([2-22], [2-23]). These methods are generally stable if the time step is 
small enough, i.e. �t<1/2Tmin, where Tmin is the smallest period of the structure and tends to become 
unstable if �t>Tmin. On the other hand, a very small time step, smaller than required, is not necessary 
because it only increases the computational time. However, the time step should always describe the 
dynamic load. 

The Composite method, introduced by Bathe [2-24] is a time integration method for solving nonlinear 
dynamic problems in time domain analysis, which is recommended for nonlinear systems. While, 
according to the standard Newmark method, the displacements, velocities, and accelerations are 
calculated for every time step �t, the Composite one calculates them for every 0.5�t. For large 
deformation problems, the Newmark method can become unstable, while the composite scheme 
remains stable. However, for a given time step size, the scheme is about twice as expensive 
computationally as the Newmark method, due to the extra solution step at time t+0.5�t [2-25]. 

2.2.3.1 Phase portrait 

In what follows, the phase portrait is described, which is one of the main tools that gives us the 
possibility to study a nonlinear system and identify properties of its motion, such as equilibrium, 
periodicity, unlimited growth, stability, instability, etc. The phase portrait construction is based on the 
transformation of the equation of motion in a function of one less unknown variables, and the 
representation of this function on a diagram of Cartesian axes x and y, called phase plane [2-10]. For 
a SDOF dynamical system, its motion may be expressed as: 
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A system is in equilibrium if its state does not change with time, which leads to 0xx �� ���  and 
consequently to g(x,0,t)=0. Two types of equations are distinguished: 
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� the autonomous type, in which time t does not appear on the right hand side, and 
� the non-autonomous type or forced equation in which g depends explicitly on time t.  

The non-autonomous equations represent systems subjected to loads varying with time. For an 
autonomous system, adopting the transformation yx �� , Eq. (2-2) becomes: 

)y,x(gy)x,x(gx xy ��� ��� � ���� �
(2-3)

A state at a time t0 is described by a pair of numbers consisting of the displacement x(t0) and the 
velocity x� (t0), which can be considered also as the initial conditions. In such a system, the initial 
conditions determine all following states in a free motion. In the phase plane, with axes x and y, every 
state of the motion, at every time t, is represented by a point, having the coordinates (x(t),y(t)). The 
succession of states creates a curve, passing through the initial point for an undamped system, which 
is called a phase path, or trajectory or orbit. Figure 2-1 shows a closed path, where a point P leaves 
the initial state (x(t0),y(t0)) and after a time T returns to it, leaving again and returning to the same 
point an infinite number of times. Every circuit lasts the same time T, which does not depend on the 
initial conditions. Hence, the closed path defines a periodic motion, with period T and amplitude equal 
to the maximum value of x encountered by the curve. The time t does not appear on the phase 
portrait, but it determines the direction of the path, which is obtained from the relation x� =y. When 
y>0, then also x� >0, which means that x is increasing with time and when y<0, x� <0, meaning that x 
is decreasing with time. Therefore, the direction of the path is from left to right in the upper half-
plane and from the right to the left in the lower half-plane as the arrow of Figure 2-1 shows. 

Figure 2-1: A closed path defining periodic motion 

Equilibrium points correspond to constant solutions with constant displacement and zero velocity and 
acceleration. They are situated at points (x,0) where g(x,0)=0 and they can be regarded as 
degenerate phase paths. An equilibrium point surrounded by closed paths is called centre (Figure 
2-2a). Figure 2-2b shows an unstable equilibrium point called saddle. This equilibrium point can never 
be reached in a finite time. In this case, the paths are hyperbolas, leading away from the equilibrium 
state to infinity and the asymptotic lines are called separatrices. 

(a)        (b)  

Figure 2-2: (a) Centre point, (b) Saddle point 
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If damping is included in the system, two cases are distinguished. In the first case, the damping is 
strong and no oscillation occurs. The paths start at infinity and lead very quickly to the origin, which is 
called stable node. Such a system is called dead beat (Figure 2-3a,b). In the second case, the 
damping is weak and the system performs oscillations with decreasing amplitudes. The paths have the 
form of a spiral and the origin is called a stable spiral or a stable focus (Figure 2-3c,d). 

(a)        (b)   (c)             (d) 

Figure 2-3: (a) Damped time solution for strong damping, (b) Phase portrait for strong damping, (c) Damped 
time solution for weak damping, (d) Phase portrait for weak damping 

2.2.3.2 Nonlinear resonances 

In nonlinear dynamics there are three main types of resonances. The first one is the external 
resonance, depending on the frequency of the external excitation ? and its relation with the 
eigenfrequencies of the system �. It consists of the primary resonance as well as the subharmonic 
and superharmonic resonances, called secondary resonances. The second one is the internal 
resonance, depending on the characteristics of the system and specifically on the relation between its 
natural frequencies. The third one is the parametric resonance ([2-26] – [2-27]).  

In a harmonic-forced system, the external excitation tries to force the system at oscillations of 
frequency ?, against its natural tendency to perform free vibrations with frequency �. In undamped 
or lightly damped linear or nonlinear systems, when the loading frequency is equal to the 
eigenfrequency, that is ?=�, even a weak excitation forces the system to unbounded vibrations, with 
a continuously increasing amplitude and the system is said to be in the state of fundamental (primary) 
resonance. In nonlinear systems, superharmonic resonance may occur when the loading frequency 
may be expressed as: 

?=(1/n).� (2-4)

where n is an integer. When the loading frequency is larger than the frequency of the system, related 
to it with the expression  

?=n.� (2-5)

where n is again an integer, phenomena of subharmonic resonance may occur. In both cases, the 
system responds in such a way that the free oscillation term does not decay to zero in spite of 
presence of damping and in contrast to the linear solution. Subharmonic oscillations can have 
potentially catastrophic effects [2-28]. 

In contrast to SDOF systems, which have only a single linearised natural frequency and a single mode 
of motion, an n-DOF system has n linearised natural frequencies and n corresponding mode shapes 
(some of which can be generalised modes corresponding to repeated eigenvalues). When two or more 
linearised natural frequencies are commensurable or nearly commensurable, for example �2��1,
�2�2�1, �2�3�1, �3��2±�1, �3�2�2±�1, �4��3±�2±�1 and so on, the corresponding modes may 
be strongly nonlinearly coupled leading to internal resonances. If an internal resonance exists in a free 
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system, energy imparted initially to one of the modes involved in internal resonance, will be 
continuously exchanged among all the modes involved in that internal resonance. Moreover, if a 
harmonic external excitation of frequency ? acts on a MDOF system, then, in addition to all primary 
and secondary resonances, resonant combinations of frequencies might exist. Finally, it should be 
mentioned that, during the internal resonances, the beat phenomenon characterises the response of 
the system, due to the combination of frequencies very close to each other. 

In parametrically excited systems, the excitation appears as coefficient in the governing differential 
equations, simulating the time-dependent boundary conditions. In contrast to the case of external 
excitations, a small periodic parametric excitation can produce a large response when the frequency of 
the excitation is close to twice one of the natural frequencies of the system (principal parametric 
resonance). 

The relation between oscillation amplitude and frequency is described by the response diagram in 
which the steady-state amplitude, denoted as a, is plotted on the vertical axis and the frequency ratio 
?/� on the horizontal axis. For a free vibration of an undamped and unforced oscillator, the response 
is represented by one curve, called the backbone curve. For the forced system, the response is 
represented by different curves depending on the amplitude of the external force. These curves can 
be interpreted as perturbations out of the equilibrium state. In linear systems, the backbone curve is a 
straight vertical line and the response curves for the forced systems approach asymptotically this line, 
as the forcing frequency ? approaches the system’s frequency �. This indicates the phenomenon of 
the primary resonance, in which the vibration amplitude increases infinitely when the force has the 
same frequency with the system. In nonlinear systems instead, the backbone curve is a bending curve 
representing either the softening or the hardening behaviour of the system (Figure 2-4). The 
softening behaviour means that the stiffness of the system decreases as the oscillation amplitude 
increases and the hardening behaviour means that the system’s stiffness becomes progressively 
stronger for large amplitudes [2-19]. 

a)      b)    c)  

Figure 2-4: Amplitude-frequency curves for undamped systems with (a) softening nonlinear behaviour, (b) linear 
behaviour, (c) hardening nonlinear behaviour 

Looking into the diagrams of Figure 2-4, important observations are made [2-10]: 

� The bending of the response curves proves the bounded oscillations of the nonlinear systems for 
sufficiently small forces with frequencies close to the system’s frequency, even if the system is 
undamped. In linear systems, even a small force, having the frequency of the system produces 
vibrations of infinitely increasing amplitudes, due to the fundamental resonance. In nonlinear 
systems instead, the nonlinearity controls the oscillation amplitude. As the amplitude increases (or 
decreases) the system becomes more (or less) stiff, changing its natural frequency, and the forcing 
term does not remain in step with the natural oscillation. 
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� Observing the response curves of the hardening (or softening) system, for ?/�<1 (or ?/�>1) a 
single response is expected, while for ratios ?/�>1 (or ?/�<1), there might be three different 
amplitudes of the system for the same forcing level. The initial conditions determine which of these 
responses is the actual response of the system. When only one response exists, this response is 
stable. When three different responses exist, only the oscillations with largest and smallest 
amplitudes are stable, while the remaining intermediate one is unstable.  

� The multivaluedness of response curves due to nonlinearity leads to jump phenomena and 
consequently to hysteresis loops. If a force is applied to a nonlinear system with a hardening 
behaviour, described by the diagram of Figure 2-5, with an increasing frequency from ?1 to ?2, the 
response point will move on the upper curve as far as point C, but then it will drop to point D on 
the lower curve and continue to point E. If the force has a decreasing frequency from ?2 to ?1, it 
will follow the curve EDF, but at point F it will jump to the upper curve at point B, and continue 
until point A. This is in contrast to linear systems, where no hysteresis loops exist in frequency 
response functions, and the eventual steady states do not depend on the choice of initial 
conditions. 

Figure 2-5: The jump phenomenon and hysteresis loop for a system with hardening behaviour 

2.3 SIMPLE SUSPENDED CABLE 

2.3.1 General

A sagged cable is considered, subjected to its self-weight, spanning a distance L. The two supports 
are at the same level. The sag of the cable at midpoint is f, its diameter is A and its mass density is m. 
The self-weight causes the deflection of the cable, while tension develops in the cable, tangential to 
the cable profile. No longitudinal loads are acting on the cable; thus, the horizontal equilibrium of a 
cable segment requires that the horizontal component of cable tension is constant along the cable and 
equal to H (Figure 2-6).  

Figure 2-6: Sagged cable under its self-weight 

As described in [2-29], the geometry of an inextensible suspended cable is expressed as: 
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where mgA is the self-weight of the cable per unit length. Given that the length of the cable segment 
is calculated as: 
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the horizontal component of the cable tension is defined as: 
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An equivalent simply supported beam loaded by its self-weight could simulate the cable. Hence, 
moment equilibrium at the central point yields: 
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Eq. (2-9) expresses also the horizontal component of the cable tension. For cables with sag-to-span 
ratio smaller than 1/8, the profile adopted by the cable can be described with accuracy by the 
parabola: 
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In case the origin of the coordinates is set at the mid-point of the cable curve, as shown in Figure 2-6, 
Eq. (2-10) becomes: 
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The arc length of the cable, described by Eq. (2-7), can be rewritten as: 
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Differentiating Eq. (2-10) we obtain: 

�
�

�
�
�

� ��
L
x

21
L
f4

dx
dz

 and 
22

2

L

f8

dx

zd
�� (2-13)

If the series expansion is considered [2-30]: 
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taking into account the first two terms, neglecting second order terms because the sag-to-span ratio 
is small with respect to 1, Eq. (2-12), which expresses the length of the cable, becomes: 
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The straight cable segment AB of Figure 2-7 is assumed with initial unstressed length equal to ds0=dx.
Considering an elongation at the cable, the deformed segment is �'
' with length ds. 

Figure 2-7: Elongation of cable segment AB 

The Green-Lagrange strain (large strain) is defined as [2-31]: 

2
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The stretched length ds is: 
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and the elongation of the segment over the initial length is: 
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The engineering strain (small strain) is described by a simpler expression, neglecting the second order 
term: 

dx
du

� e,x � (2-19)

The stretched length ds is expressed as: 

)�1(dxdudxds e,x���� (2-20)

and the elongation of the segment over the initial length is: 
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According to the Hooke’s law, the cable tension n on a cable segment due to an elongation �x is: 
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n=EA�x (2-22)

Assuming Green-Lagrange or large strains Eq. (2-22) becomes: 
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while, for engineering or small strains, it is: 
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� (2-24)

For a small difference between the deformed and the undeformed length, the difference between the 
Green-Lagrange and the engineering strain is also small. This is confirmed by the chart of Figure 2-8, 
where the ratio of the deformed length over the unstressed one is plotted with respect to the strain �.
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Figure 2-8: Difference between small and large strains 

Consider now the suspended cable of Figure 2-9. If ds0 is the original length of an infinitesimal 
segment at point P and ds is its deformed length, then: 

222
0 dzdxds �� (2-25)

ds2=(dx+du)2+(dz+dw)2 (2-26)

where u and w are the longitudinal and the vertical components of the displacement, respectively 
[2-29].

Figure 2-9: Deformed cable 

Subtracting Eq. (2-25) from Eq. (2-26) and dividing by 2
0ds2 :

00
2
0

2

00
2
0

2

2
0

2
0

2

ds
dw

ds
dz

ds

dw
2
1

ds
du

ds
dx

ds

du
2
1

ds2

dsds
����

�
(2-27)



Theoretical Background and Literature Review 23

Nonlinear dynamic response and design of cable nets 

The left hand side of Eq. (2-27) can be written: 
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This is the assumption of large displacements and large strains. However, neglecting the second term, 
which is very small, Eq. (2-28) results in the assumption of large displacements and small strains and 
Eq. (2-27) becomes: 
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Assuming that for flat cables the longitudinal change in length is small and neglecting this second 
order term, Eq. (2-29) results in: 
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2.3.2 Static response of simple cables 

A simple cable with initial unstressed length S0, spanning a distance L, is studied next. A concentrated 
load P is applied at middle span and the cable stretches until an equilibrium position is obtained with a 
deflection at the midpoint equal to z1 from the chord connecting points A and B, as shown in Figure 
2-10. The self-weight of the cable is neglected and the material is assumed as linearly elastic. The 
equation of static equilibrium is reported from [2-32]. 

Figure 2-10: Cable with concentrated load at middle span 

The vertical component V of tension N is: 

V=P/2 (2-31)

The sums of moments about points A and B give: 

1z2
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H �� (2-32)

and the tension of the cable is: 
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while the stretched length S is: 
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which is related to the tension and the deflection by Hooke’s law: 

�
�

�
�
�

�
���

�
���

AE
N

1SS
S

)SS(
�

�
N

��! 0
0

0
(2-35)

Combining Eqs. (2-33), (2-34) and (2-35), we obtain: 

��
�

�

�

��
�

�

�

�
��

2
10

1

)L/z2(1

1
S
L

L
z2

�A2P (2-36)

Eq. (2-36) shows the nonlinear relationship between the load P and the deflection of the cable z1. It is 
difficult to obtain an explicit expression for z1 as a function of P, without using numerical methods. 
Differentiating Eq. (2-36) the linearised stiffness of the cable can be evaluated: 
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which depends on the deflection of the cable. In Figure 2-11 the non-dimensional load is plotted as 
function of z1/L for two different cases of initial lengths, S0=L and S0=1.05L. In the first case, the 
unloaded cable without pretension has a stiffness equal to zero (represented by the tangent angle of 
the curve at z1=0). In the second case, in which the cable’s initial length is larger than the span, the 
cable at first is slack, without any tension and without any stiffness, until the deflection becomes 
equal to: 
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which for S0=1.05L results in z1=0.16L. In both cases, as P and z1 increase, the stiffness of the cable 
also increases and the response tends to become linear, in other words the system becomes stiffer.  

0

0.1
0.2

0.3

0.4
0.5

0.6

0 0.1 0.2 0.3 0.4 0.5
z1/L

P/
AE

S0/L=1

S0/L=1.05

Figure 2-11: Load-deflection curve for central concentrated load 

Following the same procedure for the cable of Figure 2-12, the expressions for the tension, the 
deformed length and the deflection of the cable are derived.  
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Figure 2-12: Cable with a concentrated load at an arbitrary location 

The tensions of the cable are: 

1
A c=

Pab
N �  and 

2
B c=

Pab
N � (2-39)

where 

a=x1/L, b=1-a, ==z1/L,
2

1
)a/=(1

1
c

�
�  and 

2
2

)b/=(1

1
c

�
� (2-40)

The stretched lengths S1 and S2 are: 
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and the unstressed lengths S01, S02 and S0 are: 
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The load is expressed as:  
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The horizontal component of tension is constant along the cable, since no horizontal loads are applied. 
Simulating the cable by a simply supported beam, loaded in the same way as the cable, the deflected 
shape is the shape of the moment diagram of the equivalent beam: 
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The analogy of the deflected cable to the moment diagram of a simply supported beam is useful in 
order to obtain the prestressed configuration of cables subjected to multiple loads. This moment 
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analogy method can be used for the generalised problem with multiple loads Pi applied at points xi

along the horizontal projection of the span, either if the horizontal component of tension is known, or 
the deflected profile at a specific point is known [2-32]. The chord connecting the endpoints of the 
cable makes an angle + with the x-axis as illustrated in Figure 2-13. 

Figure 2-13: Cable with multiple concentrated loads 

The vertical reactions are: 
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If a simply supported beam directed along the chord is considered instead, the moment at any point i 
is: 
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while the moments Mi in the cable must be zero at every point: 
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where di is the distance of the cable from the chord at point i. Eq. (2-50) shows that if the horizontal 
component of the cable tension is known, all di can be calculated. If, on the other hand, a distance dI

at point I is known, the distance di at any point i can be also calculated by: 
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The vertical component of tension in each segment is equal to the tension of the equivalent beam: 
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and the tension in each cable segment is: 
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The undeformed length of each segment is calculated by Hooke’s law: 
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The horizontal component of tension is not constant along the cable if horizontal loads are applied. In 
such a case the following expressions are used (Figure 2-14): 
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Figure 2-14: Equilibrium at the point i 

If H1 and V1 are known, it is possible to calculate Hi, Vi and Ni at every point i of the cable, using Eqs. 
(2-55) – (2-57). If, in addition, the unstressed lengths S0i and the coordinates at point 0 are known, 
the coordinates of all points can be calculated: 
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xi+1=xi+�xi (2-61)

zi+1=zi+�zi (2-62)

If only the horizontal distances �xi are known, the vertical distance �zi and the stressed lengths Si are 
calculated as: 
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In case H1 and V1 are not known, the solution to the problem can be obtained only by iteration 
methods consisting of the following steps: 

� Assume H1 and V1

� Calculate Vi, Hi and Ni [Eqs. (2-55), (2-56) and (2-57)] 
� Calculate xi, zi and Si [Eqs. (2-58) – (2-64)] 
� Compare the computed xn+1, zn+1 and Sn+1 to the exact values at the end point n+1 and if they are 

different, assume new H1 and V1 and repeat from the first step. 

A cable subjected to a uniformly distributed vertical load is also assumed. Two cases of loading are 
taken into account: a) loads distributed uniformly along the horizontal span of the segment, e.g. 
permanent suspended loads, snow etc. and b) loads distributed uniformly along the arc length of the 
segment e.g. self-weight of the cable [2-32]. In the first case, with a uniform load over the horizontal 
span of the cable segment (Figure 2-15), the vertical reaction at point A is obtained by the sum of 
moments about point B: 
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The equilibrium of forces on the differential length is expressed as: 
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and using Eq. (2-65), the vertical reaction VB is calculated: 
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Figure 2-15: Uniform distributed load over horizontal span 

The cable tension at point P, located at distance x from the end A, is calculated as: 
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The vertical distance z of point P, shown in Figure 2-16, is: 

z=x.tan++d (2-70)

where d is the distance from the chord to the cable, expressed as an expression of the moment mx at 
point P in the equivalent simply supported beam: 
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If the sag of the cable at midpoint is defined as f, the horizontal component of the cable tension is 
calculated as: 
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Figure 2-16: Point P at distance x 

The unstressed length of the cable segment AP is determined as: 
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Expanding to series according to [2-30]: 
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x1
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(2-74)

assuming that N/AE<<1, and neglecting the terms N/EA of higher order, Eq. (2-73) becomes: 
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If the unstressed length of the cable is known, the sag f can be determined combining Eqs. 
(2-69)(2-72) and (2-75). It is convenient to define the non-dimensional variables: 
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�
�

� ���
L
x
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L
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4+tan� (2-76)
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& � (2-77)

with: 
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�0=tan++4f/L and �1= tan+-4f/L (2-78)

The total unstressed length is: 
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Using various numerical procedures to determine the roots of Eq. (2-79), the sag f could be 
calculated. If the cable is considered as inextensible, with &=0, the expression defining the sag f is: 
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while the unstressed length becomes: 
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and if +=0:
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In case a uniformly load q along the arc length of the cable segment is considered, as shown in Figure 
2-17, a different solution is obtained. 

Figure 2-17: Cable with uniform load along the arc length of the cable 

The equilibrium of forces on the differential length yields: 

BA HHH0
dx
dH

���� (2-84)

dx
ds

q
dx
dV

qdsdx
dx
dV

����� (2-85)

Since the tension must be directed along the tangent to the arc: 
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dx
dz

HV � (2-86)

while, taking into account the arc’s length given by Eq. (2-7), the cable tension is defined: 
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���� (2-87)

Substituting Eq. (2-86) into Eq. (2-85) the classic catenary’s equation for the deflected profile of the 
arc arises: 
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and applying the boundary conditions z=0 at x=0 and z=Ltan+ at x=L, the solution is: 

�  
�	

�


�

��

�


�

�
�

�
�
�

�
�
�

�
�
�

�
�����

L
x

21'=cosh'=cosh
q
H

)x(z (2-89)

where 
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Thus, the vertical component V and the tension N of the cable at a point x on the horizontal span are, 
respectively: 
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The total stretched length is obtained by integration of Eq. (2-85): 
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and the unstressed length is calculated by integration of Eq. (2-75), applying the boundary conditions 
at the ends of the cable s0=0 at x=0 and s0=S0 at x=L: 
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2.3.3 Dynamic response of simple cables 

A simple cable is first treated as a single-degree-of-freedom (SDOF) undamped system, with supports 
at the same horizontal level [2-32]. The mass of the system is concentrated at the central node. This 
node is assumed to move only vertically. The cable is loaded by a concentrated load in the middle. 
The undeformed length of the cable is s0. The initial deflection of the cable is considered to be equal 
to z0. Due to the weight of the concentrated mass M, a static load P is assumed causing a static 
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deflection z*. Then, a load �P(t), varying with time is also applied, or an initial displacement �z0

(Figure 2-18).

(a)       (b) 

Figure 2-18: Single-degree-of-freedom cable (a) with time-dependent load, (b) with initial displacement 

The equation of motion at any time t, as described in Figure 2-19, is: 

�  )t(\sin)t(N2)t(PzM * ���� (2-95)

where zM ��  is the inertia force, P(t) the external excitation and 2N(t)sin\(t) the vertical component of 
the cable tension. The dot denotes differentiation with respect to time. The deformed length of the 
cable at time t is s(t), defined as: 
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and the angle of inclination \(t) of each section is expressed as: 
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Figure 2-19: Equilibrium of the central node 

If the material is considered as linearly elastic, the cable tension is: 
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where
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Substituting Eqs. (2-97), (2-98) and (2-99) in Eq. (2-95), the nonlinear equation of motion of the 
mass M is obtained as a function of the forcing term P(t): 
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The load consists of a steady prestressing force P and a time varying one �P(t), while the non-
dimensional deflection q(t) consists of a static deflection q and a transient one �q(t):

P(t)=P+�P(t) (2-101)
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Thus, Eq. (2-100) becomes: 
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In case of static equilibrium, the load P is expressed as: 
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and Eq. (2-103) becomes: 
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Taylor expansion implies [2-30]: 
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where 0z� � . Retaining only the first order term, Eq. (2-106) becomes: 
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If we consider the function: 
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taking into account Eq. (2-107), we obtain: 
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Substituting Eq. (2-109) into Eq. (2-105) yields: 
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where K is the stiffness of the cable in the static equilibrium, obtained by Eq. (2-37): 
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In free vibration the equation of motion is: 

0)t(q�K)t(q�M ���� (2-112)

having the solution: 

�q(t)=asin(�t)+bcos(�t) (2-113)

where � is the natural frequency of the system in the static equilibrium: 
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and the amplitudes a and b are defined by the initial conditions: 
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where )0(q� �  and �q(0) are the initial velocity and displacement, respectively. 

In free damped vibration the equation of motion becomes [2-33]: 
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where ] is the damping ratio. For ]<1 the solution is: 

�q(t)=[Asin(�dt)+Bcos(�dt)]e-�]t (2-117)

where

2
d ]1�� �� (2-118)

The amplitudes A and B are defined again by the initial conditions: 
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In forced vibration, in which �P(t) is a non-zero oscillatory load, expressed as �P(t)=aPsin?t, the 
equation of motion of a damped system is: 
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having the solution: 
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where '=?/� and 
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The vibration modes and natural frequencies of a nonlinear system can be calculated conducting a 
linear modal analysis. Although it is not appropriate to perform any kind of linear analysis for 
nonlinear systems, it is important to know their linearised frequencies, in order to detect nonlinear 
dynamic phenomena, depending on the natural frequencies of the system, as it will be proved further 
on. Pugsley [2-34] gave some semi-empirical expressions for the first three in-plane modes of a 
sagged suspended chain, which could represent a hanging inextensible cable without pretension. He 
demonstrated the applicability of the results by conducting experiments on cables, in which the sag-
to-span ratio ranged from 1:10 up to about 1:4. He used the expression: 
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where f is the sag, g is the acceleration due to the gravity, S is the length of the chain and the 
coefficients �n and 'n were obtained from experimental results. For the first three natural frequencies 
of the chain, from which the first and the third are related to antisymmetric modes and the second is 
related to the symmetric mode, the equations expressing the natural frequencies, based on Eq. 
(2-123), were: 
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From these formulae, it is interesting to note that the mass density m do not influence the frequencies 
of the hanging chain. These frequencies are similar to the natural frequency of the simple pendulum, 
which is: 

L
g

� � (2-127)

where L is its length (Figure 2-20), confirming that the hanging chain or the suspended inextensible 
slack cable swing in the vertical plane like a pendulum and the only force that tends to bring it back to 
the equilibrium state is gravity. 

Figure 2-20: Simple pendulum 

Ahmadi-Kashani [2-35] compared the semi-empirical formulae of Pugsley with numerical results for 
the entire range of sag-to-span ratio and slope angles + (Figure 2-21). It was shown that Eq. (2-124) 
provided good approximations for the first frequency for slope angles 0o<+<65�. For the second mode 
the formula of Eq. (2-125) was applicable to larger values of + i.e. 15o<+<85� and for the third mode 
Eq. (2-126) did not yield as accurate results for angles +>35�. The reason may be due to the fact 
that, as the mode numbers increase, the experimental results become less and less accurate. 

Figure 2-21: Geometry of the hanging cable assumed by Ahmadi-Kashani [2-35] 

Improving the coefficients �n and 'n for the expressions of the second and third natural frequencies, 
new approximate formulae were provided, for the first four in-plane and out-of-plane natural 
frequencies, applicable to a wide range of sag/span ratios and inclination angles. Thus, denoting the 
length of the cable as S, the in-plane natural frequencies of a hanging inextensible cable were 
expressed as: 
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while its out-of-plane natural frequencies were: 
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Irvine and Caughey [2-36] developed a linear theory for the free vibrations of a suspended cable, in 
which the sag-to-span ratio f/L is about 1:8 or less. They derived specific formulae for the frequencies 
of the in-plane and out-of-plane vibrations, introducing also the horizontal component of the 
pretension. They also compared their numerical results with experimental ones. The out-of-plane 
modes of a sagged cable were the swinging ones with frequencies: 

m
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L
�n

�n �  where n=1,2,3… (2-136)

where H is the horizontal component of the initial pretension and m the cable mass density. The in-
plane motion could be distinguished in antisymmetric in-plane modes, consisting of antisymmetric 
vertical components and symmetric longitudinal components and in symmetric ones, consisting of 
symmetric vertical components and antisymmetric longitudinal components. The frequencies of the 
antisymmetric in-plane modes of a sagged cable were described by: 
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The natural frequencies � of the symmetric in-plane modes could be calculated by solving the 
following equation: 
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where: 
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where Le is the cable length defined as: 
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The length Le is usually only a little larger than the span itself. Assuming L�Le for small sag-to-span 
ratios, Eq. (2-140) becomes: 

H
��

L
f

64

2

2 �
�

�
�
�

�� (2-142)

The parameter 
2, which involves the cable geometry and elasticity, plays an important role in the 
cable’s symmetric vibrations. The values of the frequencies for the in-plane symmetric modes depend 
on this parameter. Several cases were explored in [2-36] for different values of this parameter: 

a) For large values of 
2 the cable is considered as inextensible and Eq. (2-138) becomes: 
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with the first two roots at: 

( �~ )1=2.86� and ( �~ )2=4.92� (2-144)

while the higher roots are quite accurately expressed as: 

( �~ )n=(2n+1)�, where n=3,4,5,… (2-145)

b) For law values of 
2 the cable is considered as a taut string with negligible sag and Eq. (2-138) 
becomes:
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with roots: 

( �~ )n=(2n-1)�, where n=1,2,3,… (2-147)

c) The roots of Eq. (2-138) depend on the value of the parameter 
2.

The first root lies between 1/2� and 1.43�, the second root lies between 3/2� and 2.46�, the third 
root lies between 5/2� and 7/2� and so on. In particular for: 

� 
2<4�2 the frequency of the first symmetric in-plane mode is smaller than the frequency of the first 
antisymmetric in-plane mode and the vertical modal component of the first symmetric mode has no 
internal nodes with zero displacements along the span (Figure 2-22). 
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� 
2=4�2 the frequency of the first symmetric in-plane mode is equal to the frequency of the first 
antisymmetric in-plane mode. This phenomenon is called crossover of modes and this value of 
2

designates the first crossover point. The vertical modal component of the first symmetric mode is 
tangential to the profile of the cable at each support (Figure 2-22). 

� 
2>4�2 the frequency of the first symmetric in-plane mode is larger than the frequency of the first 
antisymmetric in-plane mode and the vertical modal component of the first symmetric mode has 
two internal nodes with zero displacements along the span (Figure 2-22). 

� 
2=16�2 the second crossover point occurs and the frequency of the second symmetric in-plane 
mode is equal to the frequency of the second antisymmetric in-plane mode. 

� In general, the parameter 
2 takes the value (
n)2=(2n�)2 at the nth crossover point. 

Figure 2-22: First symmetric mode for different values of the parameter 
2

In addition, it was observed that the frequencies of the antisymmetric modes remain constant as 
2

changes, while the frequencies of the symmetric modes change and at the crossover points become 
larger than the corresponding antisymmetric ones. This was also confirmed be conducting several 
experiments changing the sag of the cable and observing the first symmetric and the first 
antisymmetric in-plane vibration mode. As shown in Figure 2-23 the shape of the first symmetric 
mode changed before and after the first crossover point, while the one of the first antisymmetric 
mode remained unaltered.  

(a) (b) 

Figure 2-23: First two vibration modes of a simple suspended cable (a) before crossover, (b) after crossover 

It should be mentioned that if an inextensible cable is investigated the phenomenon of modal 
transition does not occur, since 
2 assumes a large value and the frequencies of the symmetric modes 
are no longer dependent on this parameter. The formulae provided by Irvine and Caughey, taking into 
account the pretension, are not comparable with the previous ones of Pugsley and Ahmadi-Kashani, 
which do not consider the pretension. 

Rega and Luongo [2-37] explored an inextensible cable with flexible supports. Although an 
inextensible cable was assumed, the dynamic behaviour of the cable with the flexible supports was 
similar to the one of the elastic cable with fixed ends. The authors also investigated an elastic cable 
with flexible supports and they concluded that the cable extensibility plays a more important role than 
that of the supports in the system’s dynamic behaviour. The former is sufficient by itself to cause 
crossover of all modes, while the latter causes transitions only under certain conditions.  
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The natural frequencies of an inclined cable do not present points of frequency crossover as proved in 
[2-38]. The points of frequency crossover are replaced by regions of frequency avoidance, in which 
the frequencies of the symmetric and the corresponding antisymmetric mode are close but distinct 
and their relative separation increases as the inclination angle of the cable increases. Due to the cable 
inclination, there is no longer symmetry of the static cable profile, which prohibits the formation of 
two separable sets of mode shapes. Near the frequency avoidance, the modes become hybrid, with 
mixture of symmetric and antisymmetric shapes and this has an important effect on the cable tension 
[2-39].

Hagedorn and Schäfer [2-40] investigated the effect of the nonlinear terms in the equations of motion 
on the first normal modes of the oscillations of an elastic flexible cable under the action of gravity. In 
[2-41] a nonlinear finite element approach was provided in order to calculate the static deflection and 
natural frequency for small oscillations about the nonlinear equilibrium position for single-span cables.  

Zhang and Peil [2-42] studied the dynamic behaviour of an inclined cable in parametrically unstable 
zones for eleven cases of loading amplitude P0 and for four cases of frequency ratios �/�0, where � is 
the loading frequency and �0 the cable’s frequency. They showed that the deformation modes of the 
cable depend on the loading amplitude and the frequency ratio. For frequency ratio n=1.0 the cable 
vibrates according to the first mode, while for n>1.0, modal transition takes place between the first 
mode and the modes of higher order, with the increase in the excitation strength. The change of the 
deformation mode indicates parametric instability of the cable. Therefore, the nonlinear parametric 
instability of the cable depends on both the frequency and the strength of excitation. Once the 
parametric instability occurs, the amplitudes of the cable will increase greatly, with vibration 
amplitudes larger than the ones caused by the fundamental resonance. 

In [2-43] the equation of motion of an elastic cable as a continuous system was developed, having a 
quadratic and a cubic nonlinear term. The authors used the parameter 
2, defined by Eq. (2-142), as a 
parameter that determines the dynamic response of the cable. The frequency-amplitude relationship 
was obtained, proving that the behaviour of the cable is initially hardening for low 
2 values. As 
2

increases the behaviour is softening at low vibration amplitudes and becomes hardening again as the 
amplitude increases. In [2-44] the frequency-response curves for two prestressed cables were drawn, 
for a taut cable and a suspended sagged one. It was proved that the quadratic nonlinearity is 
responsible for the softening behaviour and the cubic nonlinearity for the hardening one. The 
shallower the cable is, the lower the effect of the quadratic nonlinearity becomes. Thus, the taut 
string presents a hardening response for every amplitude value, due to the prevailing cubic 
nonlinearity in the equation of motion. Instead, the response of the sagged suspended cable is 
softening at low vibration amplitudes, due to the large value of the coefficient of quadratic term, and 
becomes hardening as the amplitude increases. The same conclusions were derived in [2-45] where 
superharmonic resonance conditions of a simple cable were studied. In [2-46] the equation of motion 
of suspended elastic cables was studied under subharmonic resonances, detecting stable and unstable 
solutions. In [2-47] – [2-49] it was proved that internal resonance conditions of a suspended cable at 
crossover points lead to bifurcation mechanisms. A study for bifurcation and chaos mechanisms of 
simple cables, associated with the nonlinearity of the system, was also included in [2-50]. 

Srinil et al. [2-51] studied the free vibrations of sagged flexible horizontal or inclined cables in three-
dimensional motion, conducting time-history analyses. It was shown that not only the 1:1 internal 
resonance between symmetric and antisymmetric modes – which corresponds to the crossover or 
avoidance points, respectively – but mostly the 2:1 internal resonances produce hybrid profiles of the 
cable’s vibration and enhancement of the cable tension in some time intervals.  
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In [2-52] the free vibrations in three-dimensional motion of four undamped cables with different 
parameter 
2 were explored, by means of time-history analyses. The cables were: a) one with small 
sag, considered as taut, b) one with 
2 corresponding to the first crossover point, c) one 
corresponding to the 2nd crossover point and d) one with large sag. The ends of the cables were at 
the same level. Each cable was subjected to an initial displacement, having the spatial shape of a 
vibration mode at a time. No initial velocity and acceleration were taken into consideration. The cable 
nonlinear dynamic response was depicted in displacement diagrams versus time and diagrams of the 
maximum and minimum tension versus time, as well as Fourier amplitude spectra of the cable vertical 
displacements, in order to distinguish the frequencies of the oscillation. The interest was focused on 
two cables, which corresponded to the 1st and 2nd crossover point. 1:1 and 2:1 internal resonances 
produced beat phenomena in the time-history diagrams and transition of the vibration profile, exciting 
the modes involved in these internal resonances. 

A review on nonlinear vibrations of simple suspended cables, regarding the mathematical modelling of 
the system, the methods of analysis, nonlinear dynamic phenomena, was included in [2-53]. 
Bifurcations and chaos phenomena of simple cables were also discussed in [2-54]. 

The dynamic response of a structure definitely depends on its stiffness and mass, but also on its 
damping. Damping is a characteristic of the structure associated with its capacity to dissipate the 
kinetic energy during the induced vibrations. It plays the most important role in the control of the 
oscillations caused by dynamic loads [2-55]. It is usually expressed as a percentage of the critical 
damping Ccr. For example, in a SDOF system the damping is calculated as [2-22]: 

C=]·Ccr =2·]·M·� (2-148)

where ] is the damping ratio, M is the mass and � is the circular natural frequency of the structure. In 
order to estimate the damping ratio in a system, experimental work is required in models or 
prototypes. That is why it is very difficult to estimate percentages of damping [2-22]. There are three 
sources of damping in cables: a) the material damping, due to the friction forces developed between 
the separated strands laid into a cable rope, which is usually small, b) the connection damping, due to 
the loss of energy from friction in joints and support connections and c) the environmental damping, 
due to the friction between the cables and the medium in which it is embedded, usually air or water 
[2-32]. Damping ratios for transmission lines, approximating the value of 2%, are suggested in [2-56]. 
Measurements of damping ratios for cable stays of a bridge, varying between 0.1%-0.3%, are 
reported in [2-57] and [2-58]. According to experiments, it was found that damping ratio is much 
higher for a slack cable, i.e. 4%, compared to a taut cable in which the damping ratio could arise at 
0.4% [2-59]. 

2.4 CABLE NETWORKS 

2.4.1 General

Prestressed cable net roofs can produce a wide range of shapes. The most frequent shape is the 
hyperbolic paraboloid. This kind of cable net is also called saddle roof, because the form resembles 
the shape of a saddle [2-60]. The surface of a hyperbolic paraboloid follows a convex curve with 
respect to one axis and a concave curve with respect to the other (Figure 2-24). 
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(a) (b) 

Figure 2-24: (a) Hyperbolic paraboloid, (b) Saddle roof 

Mathematically, the hyperbolic paraboloid is a doubly ruled surface, and when it opens up along the x-
axis and down along the y-axis, it can be described by: 

2
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2
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y

a

x
z �� (2-149)

For constant values of z, which correspond to a horizontal plane, the section is a hyperbola. For 
constant x or y values, corresponding to a vertical plane, the section is a parabola. If fx/Lx and fy/Ly

are the sag-to-span ratios of a cable net forming a hyperbolic paraboloid surface, in x and y direction, 
respectively, Eq. (2-149) becomes: 
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with fx, fy taking always positive values. In case the sags are equal in both directions and the 
boundary is a cycle, with Lx=Ly=L, the expressions giving the geometry of the structure (Figure 2-25) 
are: 

)yx(
L

f4
z 22

2
�� (2-151)

4x2+4y2=L2 (2-152)

Figure 2-25: Saddle roof with circular plan view 

A saddle-form cable network consists of two families of prestressed cables, which projected in plan 
create an orthogonal grid. The cables that are suspended from the highest points of the boundary are 
called carrying or main cables, while the stabilising or secondary cables are anchored at the lowest 
points of the boundary (Figure 2-26).  
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(a) (b) 

Figure 2-26: Components of a cable net: (a) main cables, (b) secondary cables 

The cables are anchored to a boundary ring usually made of prestressed concrete with a closed box 
cross-section. It is supported by columns arranged radially and it is either rigidly connected with the 
columns or it seats on bearings placed on the top of the columns.  

2.4.2 Static response of cable nets 

Leonard in [2-32] gave an analytical solution for a simple cable net, consisting of two crossing cables, 
prestressing one another (Figure 2-27). The main features of that study are reported next. For the 
solution process, the prestressed state was considered to be the reference state. The origin of the 
coordinate system was placed at the central node and each segment was directed away from that 
node. The cross-sectional area at the unstressed state was A0 and the instantaneous value of the 
elastic modulus at the reference state is ER, conventionally based on the unstressed area A0, but 
assuming that it remained the same at the additionally deformed state. The span � and the sag ratio fR
for the two cables were equal. The initial pretension NR with a horizontal component HR, the 
elongation ratio 
R and the length L of each segment in the prestressed reference configuration were 
the same for both cables.  

Figure 2-27: Simple cable net 

Let S0 be the initial unstressed length of the cables and � the small initial strain, which, according to 
Hooke’s law, will be: 
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� (2-153)

If & is defined as: 
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The segment stiffness matrix is: 
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where

�  ! "! "TRiRiRR0RR� ++N
AE]I[N]B[ ��� (2-159)

and +Ri are the direction cosines for segment i in the prestressed reference state: 
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Substituting Eqs. (2-156) and (2-157) into Eq. (2-159): 
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The system stiffness matrix is: 
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where [0] denotes a 3x3 null matrix. The equation of equilibrium for the system to be solved is: 
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Applying the boundary conditions, the displacements {D2}, {D3}, {D4} and {D5} of the support nodes 
2 to 5 are zero, and the external loads {P2}, {P3}, {P4} and {P5} are unknown changes in reactions, 
the matrix is partitioned as shown by dashed lines. Thus, the equation of equilibrium becomes: 

% ' ]P[]D[]B[]B[]B[]B[ 114321 ���� (2-164)

For the system of Figure 2-27 Eq. (2-164) becomes: 
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where d1i is the displacement of node 1 in the xi direction. The solution of Eq. (2-165) is: 

d11=d12=0 
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In the chart of Figure 2-28 the nondimensionalised deflections w are plotted with respect to the sag 
ratio fR, for three values of the ratio ERA0/HR, where w is defined as: 

�z

0R
13 P

AE
d8w � (2-167)

It is noted that as the sag ratio increases the system becomes stiffer and the deflection of the central 
node decreases. As the ratio ERA0/HR increases corresponding to smaller horizontal component of 
pretension HR, the stiffness of the system also decreases and for the same sag ratio fR the deflection 
increases. However, the effect of the sag ratio to the deflection of the central node is more important 
than the one of the modulus of rigidity. For fR>0.20 the three curves practically coincide, while values 
of sag ratio larger than 0.45 do not influence the deflection significantly.  
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Figure 2-28: Deflections vs. sag ratio of cable net 

Gero in [2-61] and [2-62] introduced a method for the scaling of a large network to a smaller one, 
both having fixed cable edges. The method is based on the Buckingham Pi theorem, which is a key 
theorem in dimensional analysis ([2-63], [2-64]). The Buckingham Pi theorem states that the 
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functional dependence between a certain number (e.g.: n) of variables can be reduced by the number 
(e.g. k) of independent dimensions occurring in those variables to give a set of p=n-k independent, 
dimensionless numbers. It provides a method for computing sets of dimensionless parameters from 
the given variables. However, the choice of dimensionless parameters is not unique. 

The method proposed the transformation of a network with large number of cables, called prototype, 
to a smaller network, that had a geometry similar to the prototype, referred to as model, using 
transformation relations and design charts that were produced with geometrically nonlinear analyses. 
The two networks, the prototype and the model, should have similar geometries, so that their 
corresponding quantities could also be similar. All cables were arranged in equal distances and had 
the same material, which was assumed to be linearly elastic. The nets were uniformly prestressed and 
loaded with nodal loads. The charts described the behaviour of the model, namely the maximum cable 
tension and the maximum net deflection, for different loads and axial cable stiffness. A typical chart 
for a flat cable net is shown in Figure 2-29. Using the transverse transformation relations, it was 
possible to evaluate the behaviour of the prototype. The charts produced were dimensionless and 
could be used for every system of units.  
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Figure 2-29: A typical design chart for a flat cable net with axial cable stiffness EA=20000 

The proposed transformation relations are the following:  
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p

m
pm L

L
dd � : nodal deflections (2-173)

where < is the number of the cables per direction, L is the maximum length of the cables, E the 
elastic modulus of the cables, while m and p are subscripts referring to model and prototype, 
respectively. 

However, the deformability of the edge ring caused a variation in the tension of the cables and in the 
deflection of the net. Szabó et al. [2-65] proposed a method of preliminary analysis of cable nets with 
elliptical plan view, which considers the effect of the closed edge ring on the response of the net. This 
method was developed in two steps: a) the edge ring was presumed infinitely rigid and consequently 
undeformed, and the problem was solved only for the cable force distribution that caused 
compression to the ring, b) the edge ring was presumed deformable and the problem was solved only 
for the cable force distribution that developed bending to the ring. However, that method did not take 
into account the change of the cable geometry, thus the calculation was based on the undeformed 
structure. The influence of the deformations could be taken into consideration by repeating the 
process, taking the changed shape as a basis for the next iteration.  

In [2-66] some mathematical techniques were described, in order to determine the initial shape of 
cable structures and compute their displacements resulting from static loads, considering the 
geometric nonlinearity. In [2-67], cable nets with elasto-plastic behaviour were assumed and the 
equilibrium equations were derived, considering the history of loading and the slackening of cables. A 
numerical method to calculate the static response of cable nets was presented in [2-68]. The 
numerical results were compared with experimental ones, resulting in good agreement. 

A mathematical model for the analysis of such systems was presented by Talvik [2-69], in which the 
cable net and the flexural boundary structure were treated as two separate substructures, the former 
as a nonlinear structure and the latter as a linear one. At first, 1) the equilibrium position of the cable 
network was determined, using the dynamic relaxation method, 2) the cable forces of the segments 
adjacent to the contour were transformed to nodal loads applied to the contour, 3) the displacements 
of the elastic contour beam were calculated and 4) transformed to the displacements of the cable net 
supports. These displacements were compared with the ones calculated at step (1) and used for the 
second iteration, beginning again from step (1). The significance of the edge ring modelling to the 
static response of the cable net was also underlined in [2-70]. 

Majowiecki and Zoulas [2-71] investigated the influence of the mesh net and the bending stiffness of 
the contour ring on the structure’s response. They showed that the number of cables did not influence 
significantly neither the net’s vertical displacement in the centre of the rope net, nor the horizontal 
displacement of the ring, but instead the internal forces of the ring depended on the mesh density. As 
the ring’s moments of inertia increased the vertical and horizontal deformation of the net and the ring, 
respectively, decreased, the axial force of the ring and the cable forces decreased also, while the 
ring’s moment increased. They concluded that the interaction between the cable net and the flexible 
boundary ring should be taken into account in the analysis and that the fixed end hypothesis did not 
give any useful design information for actual structures, even for a preliminary design phase. 

2.4.3 Dynamic response of cable nets 

In tension structures, the dynamic loads are more significant than static loads and they may lead to 
large amplitude vibrations, overstressing of cables and fatigue problems. In cable structures, the 
stiffness is relatively small compared to other structural types while the mass may be large because of 
attached components or cladding. The natural frequencies of such structures are expected to be 
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smaller than most other structural components, since they are proportional to the square root of the 
stiffness to mass ratio. 

In [2-72] the author derived a formula for the first frequency of a simple flat cable net, consisting of 
two cables, having the same pretension and cross-section. Leonard in [2-32], considering lumped or 
consistent masses [2-9], provides an analytical solution for the frequencies of a simple cable net with 
initial sag, having the shape of a cross as described in section 2.4.2. Reporting from [2-32], the 
Rayleigh-Ritz procedure [2-73] is applied and the displacement ui of cable segment i of length L, is 
written as a linear combination of two shape functions: 

2i21i1i d)x(_d)x(_)x(u �� (2-174)

where the shape functions are: 

_1(x)=1-x/L=1-^ and _2(x)=x/L=^ (2-175)

and di1, di2 are nodal values of ui at x=0 (^=0) and x=L (^=1), respectively.  

If m is the mass density per unit volume in the prestressed state, the consistent mass matrix for 
segment i will be: 
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where
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jiij dx)x(_)x(_Amm  with i,j=1,2 (2-177)

and A is the cross-sectional area in the prestressed state. If m0 and A0 are the mass density per unit 
volume and the cross-sectional area of the cable segment in the unstressed state, respectively, then, 
applying the principle of conservation of mass, the total mass of the segment is: 

mAL=m0A0S0=m0A0L/
R (2-178)

where 
R is expressed by Eq. (2-157). Hence, the consistent mass matrix for the segment i is 
expressed as: 
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If the mass matrix is considered as lumped, then: 
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where
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The assembled mass matrix of the cross cable system is therefore: 
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where a=3 and b=0 for lumped mass matrix and a=2, b=0.5 for consistent mass matrix. Applying the 
boundary conditions, the displacements {D2}, {D3}, {D4} and {D5} of the support nodes 2 to 5 are 
zero, thus the equations of free vibration of node 1 are: 
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and the three eigenfrequencies of the system are: 
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with eigenvectors: 
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For multi-degree-of-freedom models numerical analyses have been conducted in order to investigate 
the dynamic behaviour of the system regarding the natural frequencies. In [2-74] a transfer matrix 
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method was presented for calculating the natural frequencies of orthogonal flat cable nets. Examples 
with up to six cables in each direction were compared with a finite element method and their results 
for the first four frequencies showed good agreement. This method resulted in frequencies of the net, 
which were independent of the number of the cables in each direction. A boundary element approach 
was included in [2-75] in order to calculate the eigenfrequencies and the mode shapes of the free 
vibrations of flexible membranes with arbitrary shape. In [2-76] the authors presented a 
computational scheme for vibration analysis of flat cable nets consisting of highly tensioned cables 
and having orthogonal projections in plan. They were assumed to be subject to inertial forces 
concentrated at the cable intersections. The technique was based on decomposing the n dimensional 
vector space of a problem with n degrees of freedom, into a number of independent subspaces each 
of dimension r, where r�n and then solving for the r eigenvalues. 

Gambhir and Batchelor, in [2-77], developed a finite element method for the analysis of cable nets, 
flat or with initial sag, modelling the prestressed cable net as a series of finite length curved elements. 
Several boundary shapes were applied in order to evaluate their method. The numerical results giving 
the fundamental frequency of the cable net were compared with experimental ones resulting in 
sufficient accuracy. In [2-78], they investigated the influence of various parameters, such as the cable 
cross-sectional area, the initial pretension and the sag-to-span ratio, on the natural frequencies of 3D 
cable nets of two different types: type A, a hyperbolic paraboloid, bounded by straight line generators 
with cables parallel to these generators (Figure 2-30), and type B, being a hypar cable net with curved 
boundaries (Figure 2-31). It was shown that the natural frequencies a) were inversely proportional to 
span or linear dimension for both types of cable networks, b) were proportional to N , where N is the 
pretension in each cable, for both types, c) were linearly related to the surface curvature, denoted as 
8hx/Lx

2, d) were closely related to those of a taut cable if the rise/span ratio was zero, and as the ratio 
increased modal transition occurred. The modal shapes were not influenced by the change in cable 
span and pretension. In addition, an increase in the cable rigidity, resulting from an increase of the 
cross-sectional area of the cables, which also yielded to an increase of the mass per unit length, kept 
unaltered the natural frequencies.  

Figure 2-30: Cable net of type A (from [2-78]) 
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Figure 2-31: Cable net of type B (from [2-78]) 

Seeley et al. [2-79] studied the natural frequencies and modal shapes of a cable network with a 
circular plan view, forming a concave surface. The nets consisted of circular and radial cables with 
sag-to-span ratios between 1/9 and 1/15. The fundamental frequency of the net was described by an 
approximate formula, by means of the sag and the sag-to-span ratio. The value of this natural 
frequency was proved to be close to an average of the frequencies of the first in-plane and out-plane 
modes of a simple sagged cable with the same sag-to-span ratio.  

Talvik [2-69] noticed that, in a cable network with an elliptical flexible contour ring (Figure 2-32), the 
first vibration mode involved mostly the contour ring, while the next four modes were determined only 
by cable net deformations. In the case of forced vibration, the motion of the contour ring dominated, 
while the cable net executed coupled motion.  

Figure 2-32: Saddle-shaped cable network with elliptical boundary structure (from [2-69]) 

Most of the pertinent publications, referring to the dynamic behaviour of cable nets, present new 
computerised methods of analysis and other numerical techniques to calculate the nonlinear dynamic 
response of cable networks and membranes, by solving the governing equations of motion ([2-80] – 
[2-87]), several of them compared with experimental results. In [2-88] a modified modal 
superposition method is used, appropriate for nonlinear systems, considering their geometrical 
nonlinearities by changing the geometry under load.  

Geschwindner and West [2-89] studied the dynamic behaviour of the Aden Airways Network, having 
the shape of a rhomboid hyperbolic paraboloid. They conducted nonlinear dynamic analyses of a cable 
network oscillation for symmetric or antisymmetric spatial distributions of the dynamic load. They 
concluded that a uniform loading produced an almost linear dynamic response, whilst antisymmetric 
loads rendered the behaviour of the system more nonlinear.  

Fan et al. [2-90] investigated the nonlinear dynamic response of a cable suspended roof during a 
strong earthquake. They concluded that, although the cable suspended roofs were not damaged as 
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other stiffer structures during strong earthquakes, since their natural frequencies were low in relation 
to the earthquake frequencies, they might loose their bearing capacity to resist vertical seismic effect, 
due to the nonlinear vibration of the system, which procured jump phenomena detected in the 
diagrams of the backbone curves.  

Lazzari et al. [2-91] proposed a numerical analysis of the response of wind-induced flexible structures, 
offering the advantage to capture the effects of nonlinearities of both structural and aerodynamic 
origins of the problem. They also studied the free vibrations of a real saddle-form cable net, its 
resonant behaviour and its dynamic response under wind action. They interpreted the beat 
phenomenon of the displacement time-history diagram, in case of primary resonance, as the change 
of stiffness due to increase of deformation, producing also a change of the resonance frequency and 
avoiding the well-known continuously increasing amplitude of vibration, which occurs in linear 
systems. 

Damping results from energy loss mechanisms and can be explained as material structural and 
aerodynamic. The damping sources are the structural system and its material, the roof cladding, the 
nodal point joints, the pre-stressing, the influence of air and external loads and the supporting 
structure. The damping ratio depends on the vibrating modes. Damping ratios, obtained by model 
tests for a rhomboid saddle-shaped roof, vary between 1% and 3%, if the structure is made of a 
cable net, 5%-10% if the cable net is combined with membrane and 7%-12% if the structure consists 
only of a membrane [2-92]. In [2-21], the damping ratio of an opened cable net roof was referred 
equal to 0.78%. The cable net had a surface of a hyperbolic paraboloid, with a circular plan view of 
diameter L=120m and a sag-to-span ratio equal to f/L=3% for both main and secondary cables. The 
self-weight of the roof, including the net and the cladding was equal to 0.6kN/m2, and an additional 
air mass was assumed to be vibrating with the roof, only in resonant conditions, equal to 60kg/m2. In 
addition, the measured frequencies and damping ratios were mentioned, for the first four vibration 
modes of the saddle-shaped net roof over the Palais de sport in Milan, Italy, having a diameter of 
125m (Table 2-1) and for the first two vibration modes of an experimental 20m×20m saddle-shaped 
net with edge cables and roofing membrane (Table 2-2). 

Table 2-1: Measured frequencies and damping ratios for the roof of the Palais de sport in Milan 

Mode f (Hz) ]
1 0.7407 0.0188 
2 0.8197 0.0218 
3 1.0526 0.0164 
4 1.1236 0.0110 

Table 2-2: Measured frequencies and damping ratios for the experimental net 

Mode f (Hz) ]
1 1.59 0.0179 
2 1.74 0.0175 

The damping of a MDOF system is introduced as Rayleigh damping, which is expressed as [2-22]: 

 [C]=�0[M]+�1[K] (2-187)

where [C] is the damping matrix, [M] is the mass matrix of the system and [K] is the stiffness matrix 
corresponding to the zero initial displacements. The constants �0 and �1 have units of sec-1 and sec, 
respectively. The damping ratio for the nth mode of a system is: 

2
��

�2
�

] n1

n

0
n �� (2-188)
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The coefficients �0 and �1 can be determined from specified damping ratios ]i and ]j for the ith and jth

modes, respectively, which leads to the following expression: 
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If both modes have the same damping ratio ], then: 
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The modes i and j, chosen to define the coefficients �0 and �1, must ensure that the damping ratio will 
be reasonable for all the modes contributing to the response. If, for example, five modes are included 
in the dynamic analysis and have almost the same damping ratio, the coefficients �0 and �1 should be 
calculated taking into account the eigenfrequencies of the first and the fourth mode. In this way, the 
damping ratio of the second and the third mode is slightly larger than ], while for modes higher than 
the fifth one it increases monotonically with frequency [2-22]. 

2.5 CABLE PROPERTIES 

The basic element for cables is the steel wire with a tensile strength larger than that of ordinary 
structural steel. The steel wire has a cylindrical shape with a diameter of between 3 and 7 mm. A 
single straight wire, surrounded by a single layer of six wires with the same pitch and direction of 
helix, makes up the seven-wire strand [2-93], as shown in Figure 2-33. 

Figure 2-33: Seven-wire strand 

A straight wire core surrounded by successive spinning of layers, generally with opposite direction of 
helix, creates the multi wire helical strands, called spiral strands. Due to the twisting of the layers, the 
helical strand becomes self-compacting and thus there is no need to wrap or apply bands around the 
strand to hold the wires together. Typical values of the elastic modulus for a spiral strand are E=145-
170GPa, depending on the size, almost 15-25% lower than the one for the single wire. In addition, 
the strength of the helical strand is approximately 10% lower than the sum of the breaking strengths 
of the individual wires. The way of winding defines the type of the strand. The main types of strands 
are those with one layer of wires (single layer strand), with two layers consisting of the same number 
of wires for each layer (seale strand), with two layers of wires having the same diameter for each 
layer (filler wire strand), with two layers of wires having different diameters in the outer layer 
(Warrington strand) and the multi-layer strands (combined patterns strand), as illustrated in Figure 
2-34. Alternatively, the wire rope is composed by a number of steel wires spun together to form six 
strands, which in turn are spun together around a fiber core to form a rope (Figure 2-35). 
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Figure 2-34: Basic strand construction 

Figure 2-35: Wire rope 

Locked coil strands are composed of two types of twisted wire: in the core normal round wires 
arranged as in a normal helical strand, and in the outer layers wires of a special Z-shape. This Z-shape 
is chosen so that the wires interlock which, in combination with the self-compacting effect from the 
spiral arrangement, ensures a tight surface (Figure 2-36). The locked-coil strands are more compact 
than any other type of strand. The elastic modulus is approximately E=160-180MPa. 

Figure 2-36: Typical cross-sections of locked coil strands 

The term lay refers to the direction of the twist of the wires in a strand and to the direction that the 
strands are laid in the rope. In some cases, both wires in the strand and strands in the rope are laid in 
the same direction; otherwise, the wires are laid in one direction and the strands are laid in the 
opposite direction, depending on the intended use of the rope. The six types of lays used in wire 
ropes are as follows: 1) Right Regular Lay (RRL): The strands are laid in clockwise direction around 
the core and the wires in the strand are laid in a counter clockwise direction. 2) Left Regular Lay 
(LRL): The strands are laid in a counter clockwise direction around the core and the wires in the 
strand are laid in a clockwise direction. In this lay, each step of fabrication is exactly opposite from the 
right regular lay. In these two ways, the wires are parallel to the longitudinal axis of the strand. 3) 
Right Lang Lay (RLL): The strands are laid in a clockwise direction around the core and the wires in 
the strands are laid in clockwise direction. 4) Left Lang Lay (LLL): The strands are laid in a counter 
clockwise direction around the core and the wires in the strand are laid in a counter clockwise 
direction. These two lays are more resistant to the bending fatigue and to the abrasion than the 
previous two. 5) Right Alternate Lay (RAL): The strands are laid in clockwise direction. The wire in the 
strands are laid in a clockwise and counter clockwise direction in alternating strands and 6) Left 
Alternate Lay (LAL): The strands are laid in a counter clockwise direction, while the wire in the strands 
are laid in a counter clockwise direction in alternating strands [2-94]. These six different lays of wire 
rope are shown in Figure 2-37. 
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Figure 2-37: Lays of wire rope 

The length of a rope lay is the distance measured parallel to the centre line of a wire rope in which a 
strand makes one complete spiral or turn around the rope. The length of a strand lay is the distance 
measured parallel to the centre line of the strand in which one wire makes one complete spiral or 
turnaround the strand. The lay length of a rope is the basic factor controlling the breaking load and 
extension characteristics of the finished cable. The breaking load is relatively low for short lay lengths 
and greater for longer lay lengths. Spiral strand constructions normally have lay lengths in the range 
9-12 times the cable diameter, depending on the size of the finished strand and the number of the 
layers of wires. A small size strand may have long lay length, and thus large values of modulus and 
breaking loads. As the spiral becomes larger and more complex, the lay has to be shortened in order 
to produce a good, tight strand, which leads to low values of modulus and breaking load. On the other 
hand, the locked coil construction may have longer lays, not depending on the size of the cable, due 
to the interlocking of the outer wires [2-21]. 

Figure 2-38: Lay length measurement 

Eurocode 3, Part 1.11 [2-95] provides design rules for structures with tension components made of 
steel, which are adjustable and replaceable. These products are prefabricated, and installed into the 
structure on-site. For cable nets, two types of cables are recommended: the spiral strand ropes 
(having the characteristics of Table 2-3) and the full-locked coil ropes (with characteristics listed in 
Table 2-4). 
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Table 2-3: Spiral strand ropes (from [2-95]) 

Construction 1 ( 19 1 ( 37 1 ( 61 1 ( 91 
Diameter ds [mm] 3 to 14 6 to 36 20 to 40 30 to 52 
Wires per strand 19 37 61 91

Outer wire per strand 12 18 24 30
Breaking force factor K 0.525 0.52 0.51 0.51

Table 2-4: Full-locked coil ropes (from [2-95]) 

Construction 1 layer Z-wires 2 layer Z-wires ) 3 layer Z-wires 
Diameter ds [mm] 20 to 40 25 to 50 40 to 180 

Tolerance d +5% +5% +5%
Breaking force factor K 0.585 0.607 0.643

The value of the rope self-weight is related to the metallic cross-section and the unit length, taking 
account of the weight densities of steel and the corrosion protection system. For spiral strands or 
locked coil strands the following approximate expression for the nominal self-weight may be used: 

gk=wAm (2-192)

where w is the unit weight in kN/(m.mm²), given in Table 2-5 and Am is the metallic cross-sectional 
area in mm², calculated as: 

f
4
d�

A
2

m � (2-193)

where d is the external diameter of the rope or strand, including sheathing for corrosion protection if 
used. The fill-factor f is defined as the ratio of the sum of the nominal metallic cross-sectional areas of 
all the wires in a rope (A) and the circumscribed area (Au) of the rope based on its nominal diameter 
(d), also given in Table 2-5. 

Table 2-5: Unit weight w and fill-factors f (from [2-95]) 

  Fill factor f  

Ropes
Core wires 
+ 1 layer 
z-wires 

Core wires 
+ 2 layer 
z-wires 

Core wires 
+ >2 layer

z-wires 

number of wire layers 
around core wire 

Unit weight 
w×10-4

 1 2 3-6 >6 kN/(m.mm²)

1 Spiral strand    0.77 0.76 0.75 0.73 0.830 

2 Full-locked coil 0.81 0.84 0.88     0.830 
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Regarding the modulus of elasticity, the exact values should be derived from tests. Notional values of 
elastic moduli, for first estimations, when test results are not available, are tabulated in Table 2-6 for 
locked coil strands and bundles of strands. 

Table 2-6: Notional values for the modulus of elasticity EQ in the range of variable loads Q (from [2-95]) 

High strength tension component 
EQ [kN/mm²] 

Steel wires Stainless steel wires 
1 Spiral strand ropes 150 * 10 130 * 10 
2 Full locked coil ropes 160 * 10 –

The characteristic values of the yield stress fy and the ultimate tensile strength fu shall be taken from 
the relevant technical specifications. The following values fu are recommended:  

Table 2-7: Recommended nominal tensile strength values fu for steel and stainless steel wires (from [2-95]) 

  fu [N/mm²] 

steel wires 
round wires 1770 

Z-wires 1570 
stainless steel wires round wires 1450 

The minimum breaking load of the cable is obtained as follows: 

1000
KRd

F r
2

min � [kN] (2-194)

Where d is the diameter of the rope in mm, K is the breaking force factor and Rr is the rope grade in 
N/mm², which is designated by a number (e.g. 1770 [N/mm²]). 

2.6 WIND ACTION ON STRUCTURES 

The main dynamic loads affecting structures are the seismic load and the wind action. Cable 
structures, belonging to the family of lightweight structures, are more susceptible to wind loads, 
rather than to seismic ones. Eurocode 1, Part 1.4 [2-96], which is the current code in Europe, provides 
guidance regarding the determination of the wind load acting on structures, including the whole 
structure, parts of it or elements attached to the structure, e. g. components, cladding units and their 
fixings, safety and noise barriers. However, it is addressed to engineers dealing with structures having 
typical shapes, such as vertical walls of rectangular buildings, free-standing walls, parapets and 
fences, flat, monopitch, duopitch, hipped or multispan roofs, canopies, vaulted roofs or domes. For 
unusual shapes of structures, wind tunnel experiments are recommended as the only reliable method 
to evaluate the wind pressure on the structure’s components. 

2.6.1 Wind nature 

The wind is the motion of the air with respect to the ground, caused by the differences of pressure 
between two points of the earth’s atmosphere. The sun provides the energy necessary for this motion, 
by heating the earth. The atmosphere, which is quite transparent to the solar radiated heat, absorbs 
the heat from the earth and re-emits part of it to the ground and part of it to the higher layers of the 
air. The atmospheric pressure is produced by the weight of the overlying air. As the air moves 
vertically, it experiences a change of pressure and a change of temperature. On the other hand, the 
difference of temperature between the poles and the equator of the earth produces the horizontal 
motion of the air. 

As the air moves horizontally, the surface of the earth exerts a drag force, produced by the roughness 
of the terrain and the friction developed between the earth and the air. This force reduces the velocity 
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of the flow near the ground, and decreases as the height above ground increases, up to the end of 
the boundary layer, where the free atmosphere begins. There, this force is considered as negligible 
and the wind flow has a gradient velocity along the isobars. The depth of the boundary layer depends 
on the wind intensity, the roughness of terrain, and the angle of latitude and ranges from a few 
hundred meters to several kilometres [2-97]. The roughness of the earth’s surface, induced either by 
mountains, hills and forests, or by man-made obstructions, such as buildings, bridges and dams, not 
only decreases the wind velocity but also changes the wind direction causing the turbulence of the 
flow.

2.6.2 Wind velocity 

2.6.2.1 Wind velocity records 

The wind velocity can be divided in two parts; the mean wind velocity, described as a static part in the 
wind direction at a certain height and the time dependent velocity (gust) described as the dynamic 
part, having three different components in the along-wind, the horizontal cross-wind and the vertical 
cross-wind directions at a certain height. However, the main fluctuations occur in the longitudinal 
direction, which is also the mean direction of the flow. Close to the ground, the mean velocity 
decreases and the flow becomes more turbulent. Both phenomena occur due to the roughness of the 
earth’s surface [2-98]. Generally, it is assumed that the mean wind velocity does not change with time 
over periods of 10min to 1 hour [2-99]. 

Structures, designed to sustain strong winds, may carry anemometers that measure the wind velocity 
and direction at specific time steps. For example, cable stayed or suspended bridges are equipped 
with such devices, in order to select the appropriate positions to place dampers to suppress cable 
vibrations of large amplitudes. Wind turbines, guyed masts, towers and chimneys are also wind-
sensitive structures [2-100] – [2-109]. Wind velocity records are provided in [2-21], [2-97], [2-110] – 
[2-112]. Typical wind velocity records are shown in Figure 2-39, retrieved from the Department of 
Water Resources and Environmental Engineering of the School of Civil Engineering of the National 
Technical University of Athens [2-113].  
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Figure 2-39: Typical wind velocity records 

2.6.2.2 Basic wind velocity 

According to Eurocode 1 [2-96], the fundamental value of the basic wind velocity, denoted as vb,0, is 
the characteristic 10 minutes mean wind velocity, irrespective of the wind direction and time of year, 
at 10m above ground level in open country terrain with low vegetation. The basic wind velocity, 
referring to a height of 10m above ground of terrain with low vegetation, is expressed as: 

vb=vb,0
. cdir

. cseason (2-195)
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where cdir and cseason are the direction and season factor, respectively. The recommended value for 
both factors is 1. Thus, Eq. (2-195) becomes: 

vb=vb,0 (2-196)

2.6.2.3 Mean wind velocity 

The mean wind profile in horizontally homogeneous terrain was first represented by the power law in 
[2-114] and expressed as: 
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where VH is the mean velocity at a height zH and Vref is the mean velocity at a reference height zref,
while the exponent � depends on the terrain roughness. Assuming that at some height above ground, 
called gradient height zG, the air movement is not influenced by the ground obstruction and 
consequently, the wind velocity above that height is constant [2-115], Eq. (2-197) becomes: 
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where VG is the velocity at gradient height. The parameters zG and � depend on the ground 
roughness. Typical values for the gradient height are listed in Table 2-8. 

Table 2-8: Typical values of parameters in wind profiles (from [2-112]) 

Terrain description zG (m) �

1 Open sea, ice, tundra, desert 250 0.11 

2 Open country with low scrub or scattered tress 300 0.15 

3 Suburban areas, small towns, well wooded areas 400 0.25 

4 Numerous tall buildings, cities, well developed industrial areas 500 0.36 

If the wind velocity Vref at height zref is known, the velocity VG is calculated as: 
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Nowadays, the logarithmic law is used widely to represent the wind velocity profile. It is applicable to 
heights in excess of 10m. Below this height the velocity is assumed to be constant and equal to 
V(10m) [2-116]. According to the logarithmic law the wind velocity at height z is expressed as: 
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where z is the height above the surface, V(z) is the mean wind velocity at height z and zo is the 
roughness length. The shear velocity or friction velocity is calculated, taking into account the 
reference mean velocity 10m above ground level: 
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(2-201)
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where k is the surface drag coefficient. If k is known the corresponding value for zo can be calculated 
from Eq. (2-200): 
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Typical values of the roughness length zo and the surface drag coefficient k are listed in Table 2-9.  

Table 2-9: Typical values of k and zo (from [2-116])

Terrain description k zo (m) 
Sand 1.2-1.9 0.0001-0.001
Sea surface 0.7-2.6 0.005 
Grass 3.4-7.6 0.01-0.10 
Pine forest 28.0-30.0 0.90-1.00 
Suburban area 10.5-15.4 0.20-0.40 
Cities 14.2-16.6 0.35-0.45 
Large cities 20.2-25.1 0.20-0.80 

According to Eurocode 1 [2-96], the mean wind velocity Vm(z) at a height z above the terrain, 
depends on the terrain roughness and orography and on the basic wind velocity vb, and it is expressed 
as: 

Vm(z)=co(z) cr(z) vb (2-203)

where co(z) is the orography factor, taken as 1.00, cr(z) is the roughness factor, which is equal to: 

cr(z) = kr ln(z/zo) for zmin � z � zmax

cr(z) = kr ln(zmin/zo) for z � zmin

(2-204)

kr is the terrain factor depending on the roughness length zo:

kr =0.19(zo/zo,II)0.07 (2-205)

zmax is the maximum height equal to 200m, zmin is the minimum height, z� is the roughness length, zo,II

is the roughness length for terrain category II, equal to 0.05m. The heights z�, zo,II and zmin are 
defined in Table 2-10. 

Table 2-10: Terrain categories and terrain parameters (from [2-96]) 

Terrain category zo (m) zmin (m) 
0 Sea or coastal area exposed to the open sea 0.003 1 
� Lakes or flat horizontal area with negligible vegetation and without obstacles 0.01 1 
II Area with low vegetation such as grass and isolated obstacles (trees, buildings) with 
separations of at least 20 obstacle heights 0.05 2 

��� Area with regular cover of vegetation or buildings or isolated obstacles with separations 
of maximum 20 obstacle heights (such as villages, suburban terrain, permanent forest) 0.3 5 

IV Area in which at least 15% of the surface is covered with buildings and their average 
height exceeds 15m 1.0 10 

In order to compare the power law, the logarithmic one and the mean velocity based on Eurocode 1, 
a basic wind velocity is assumed equal to 30m/sec, referring to a height of 10m for a country terrain 
with low vegetation. The wind velocity profiles for the three considerations are shown in Figure 2-40, 
where it is shown that the logarithmic law results in conservative values of the wind velocities with 
respect to the power law and Eurocode 1. 
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Figure 2-40: Wind velocity profiles

2.6.2.4 Turbulence intensity 

The fluctuation of the wind velocity is known as turbulence, which depends on the height and on the 
roughness of the terrain. It is higher in rougher terrains than in smoother ones and it decreases as the 
height increases [2-112]. The turbulence intensity I(z) is a parameter measuring the turbulence at 
height z and it is defined as the standard deviation of the turbulence !(z) divided by the mean velocity 
V(z): 

I(z)= !(z)/V(z) (2-206)

The variance varies with height dependent also on the ground roughness and mean wind velocity. In 
[2-116] the variance is expressed as: 

16�
o )z/z538.0(�*u63.2)z(! �� (2-207)

with 

�=1-z/H (2-208)

H is the gradient height, given as: 

H=u*/(2.'.�.sin\) (2-209)

where ' is a constant equal to 6, � is the angular rotation of the earth equal to 7.2722.10-5rad/sec 
and \ is the local angle of latitude. 

In Eurocode 1 [2-96], the turbulence intensity is defined as: 

Iv(z)= !V/Vm(z)=k�/{ln(z/zo) . co(z)} for zmin � z � zmax (2-210)

Iv(z)= Iv(zmin) for z � zmin (2-211)

where zmax is the maximum height equal to 200m 

zmin is defined in Table 2-10 

Vm(z) is the mean wind velocity at height z  

!V is the standard deviation of the turbulence: 

!v=kr·vb·kI (2-212)

kI is the turbulence factor with recommended value 1.00, kr is calculated from Eq. (2-205) and vb from 
Eq. (2-196). 
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2.6.2.5 Wind velocity power spectra 

In statistical signal processing and physics, the properties of a time function are specified by the 
power spectral density, which is a positive real function of a frequency variable. It is often called 
simply the spectrum of the signal. It describes how the power of a signal or time series is distributed 
with frequency. In case of the wind, most countries have their own wind velocity spectrum, according 
to the weather conditions of the area, providing information about the main frequencies of the wind 
velocity. Several wind velocity power spectra are reported from the literature in [2-99]. Davenport 
[2-117] suggested that the wind velocity spectrum could be calculated as: 
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where f(n) is the non-dimensional frequency, expressed as: 

)m10(V
n1200

)n(f � (2-214)

n is the velocity frequency, V(10m) is the mean wind velocity at 10m and the friction velocity u* is 
defined by Eq. (2-201). 

Kaimal [2-118] introduced the height above the ground z: 
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with 
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where V(z) is the mean wind velocity at height z, which can be calculated according to the logarithmic 
law (Eq. (2-200)). 

The spectrum suggested by Eurocode 1 [2-96] is calculated as: 
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where !v is the standard deviation of the turbulence, defined by Eq. (2-212), and 
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L(z)=L(zmin)  for z < zmin

(2-219)

where L(z) is the turbulent length scale representing the average gust size for natural winds, with a 
reference height of zt=200m, a reference length scale of Lt=300m, and �=0.67+0.05ln(zo). The mean 
velocity is calculated according to Eq. (2-203), while the roughness length zo and the minimum height 
zmin are taken from Table 2-10. 
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In order to compare the different wind velocity spectra, the basic wind velocity is assumed again 
equal to 30m/sec, referring to a height of 10m for a country terrain with low vegetation and the 
spectra of Kaimal and Eurocode 1 are calculated for z=25m. The non-dimensional spectral densities, 
according to the three considerations, defined as: 

�  2)m10(V

S(z,n)n
)n,z(s

�
� (2-220)

are plotted in Figure 2-41. In this chart it is shown that the spectrum calculated according to Eurocode 
1 approaches the one of Kaimal.  
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Figure 2-41: Wind velocity spectra

2.6.3 Wind artificial functions 

In order to perform a nonlinear dynamic analysis for the wind action a wind velocity time-history 
diagram is required. In case no wind velocity records are available, it is convenient to create wind 
artificial functions giving the wind velocity fluctuations. In [2-119] efficient methods were presented to 
simulate random processes as a series of cosine functions with random phase angles and almost 
evenly spaced frequencies. It was suggested that the random process could be simulated as: 

$
�

���
N

1k
kkko )\t�cos(��)�(S2)t(f (2-221)

where So(�k) is the spectral density function of fo(t) at frequency �k, \k is an independent random 
phase uniformly distributed between 0 and 2�, and  

<
�

�� max� (2-222)

���� kk ��� (2-223)

where �� is a small random frequency introduced. The frequency band, which is divided in N parts, 
must contain all the significant natural frequencies of the structure. For nonlinear structures the 
frequency step �� should be small, in order to take into consideration the fact that the natural 
frequencies of such structures vary with the amplitude of response. 

In [2-21], Eq. (2-221) took the form of the wind velocity and was rewritten as: 

$
�

��
N
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iiiv )\tn�2cos(n�)n,z(S2)t,z(v (2-224)

with
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<
n

n� max� (2-225)

n�inn oi ��� (2-226)

where n=2�/�. In [2-120], Eq. (2-224) was combined with the recommendations of Eurocode 1 
[2-96], in order to use an artificial time-history diagram of the wind velocity to calculate the dynamic 
response of a structure. Based on the Fourier transform of Eq. (2-221), a simulation algorithm is 
proposed in [2-121] to generate sample functions of stochastic process with three components in 
space, giving as an example a simulation of turbulent wind velocity fluctuations.  

Taking into account the wind velocity spectrum of Eurocode 1 [2-96] and assuming a mean wind 
velocity equal to 30m/sec, a time-history diagram of the wind velocity, calculated from Eq. (2-224), is 
plotted in Figure 2-42. 
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Figure 2-42: Artificial wind velocity time-history diagram  

2.6.4 Wind pressure on structures 

According to Bernoulli’s theorem a horizontal airflow velocity V produces a pressure P as: 

�� 2V&
2
1

P constant (2-227)

where the second term has dimensions of pressure and is called dynamic pressure, while & is the air 
density. This expression cannot be used in the case of turbulent flows around structures [2-112]. 
Pressures are expressed in a non-dimensional form, independent of the wind velocity: 

2p
V&2/1

P�
C � (2-228)

where Cp is called the pressure coefficient and �P is the pressure above or below the atmospheric 
pressure, induced by the wind over the surface. Thus, if Po is the atmospheric pressure, �P can be 
written as: 

�P=P-Po (2-229)

Values of the pressure coefficient are provided in [2-97]. According to Eurocode 1 [2-96] the wind 
pressure on a structure’s surface is calculated, taking also into account the velocity fluctuations. In 
what follows the methodology suggested by this code is described. 
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2.6.4.1 Peak velocity pressure 

The peak velocity pressure qp(z) at height z, including the mean velocity and the short-terms velocity 
fluctuations is: 

! " be
2
mvp q)z(c)z(V&

2
1

)z(I71)z(q �������� (2-230)

where & is the air density, which depends on the altitude, the temperature and the barometric 
pressure, with recommended value 1.25kg/m3, Iv(z) the turbulence intensity obtained by Eqs. (2-210) 
and (2-211), qb the basic velocity pressure and ce(z) the exposure factor: 

qb =1/2&(vb) 2 (2-231)
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2.6.4.2 Wind pressure on surfaces 

The wind pressure on external surfaces is: 

we=cpe qp(z) = cpe ce(z) qb= 2
b
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and the wind pressure on internal surfaces, called suction is: 

wi=cpi qp(z) = cpi ce(z) qb= 2
b

2
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2
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2
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)z(c)z(c)]z(I71[c � (2-234)

where qp(z) the peak velocity pressure, qb the basic velocity pressure, ce(z) the exposure factor, cpe

and cpi the pressure coefficient for the external and internal pressure, respectively. Pressure, directed 
towards the surface is taken as positive, and suction, directed away from the surface as negative, as 
shown in Figure 2-43. 

Figure 2-43: Pressure on surfaces (from [2-96]) 

2.6.4.3 External pressure coefficient cpe

The external pressure coefficient cpe depends on the size of the loaded surface A and it is provided in 
tables for loaded areas A of 1m2 and 10m2. Values for the local coefficients cpe,1, may be used for the 
small elements design, with an area per element of 1m2, while values for the overall coefficients cpe,10

may be used for the overall loaded structure. For 1m2<A<10m2, the pressure coefficient is calculated 
as: 

cpe = cpe,1 - (cpe,1 -cpe,10) log10 A (2-235)
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The recommended procedure for loaded areas between 1m2 and 10m2 is shown in the diagram of 
Figure 2-44. 

Figure 2-44: External pressure coefficient for building with a loaded area A between 1m2 and 10m2 (from [2-96]) 

The value of the pressure coefficient cpe also depends on the shape and the dimensions of the roof, as 
well as the wind direction. The ones for vaulted, duopitch or flat roofs are reported next, as 
recommended in [2-96]. 

2.6.4.4 Vaulted roofs 

The vaulted roof is divided into zones as shown in Figure 2-45 and the reference height is taken equal 
to ze=h+f. The pressure coefficients, which can be used for such roofs, are shown in the diagram of 
Figure 2-45. For 0<h/d<0.5, the coefficient cpe,10 is obtained by linear interpolation, while for 
0.2�f/d�0.3 and h/d�0.5, two values of cpe,10 have to be considered. 

Figure 2-45: External pressure coefficients cpe,10 for vaulted roofs with rectangular base (from [2-96]) 

2.6.4.5 Duopitch roofs 

The zones of duopitch roofs are illustrated in Figure 2-46 with positive or negative pitch angle. The 
pressure coefficients cpe,1 and cpe,10 are provided for orthogonal wind directions +=0� (Table 2-11) and 
+=90o (Table 2-12). For pitch angles between �=-5o and �=+5o the roof should be considered as flat. 
The positive values of these coefficients correspond to overpressure and the negative ones to 
underpressure. In case positive and negative values are proposed, both values should be considered 
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but without mixing positive and negative values on the same face. The reference height ze should be 
taken as h. 

Figure 2-46: Key for duopitch roofs (from [2-96]) 

Table 2-11: External pressure coefficient for duopitch roofs for wind direction +=0� (from [2-96]) 

pitch
angle

�

Zone for wind direction + = 0o

F G H I J 
cpe,10 cpe,1 cpe,10 cpe,1 cpe,10 cpe,1 cpe,10 cpe,1 cpe,10 cpe,1

 -45o -0.6 -0.6 -0.8 -0.7 -1.0 -1.5 
 -30o -1.1 -2.0 -0.8 -1.5 -0.8 -0.6 -0.8 -1.4 
 -15o -2.5 -2.8 -1.3 -2.0 -0.9 -1.2 -0.5 -0.7 -1.2 

 -5o -2.3 -2.5 -1.2 -2.0 -0.8 -1.2 
+0.2 +0.2 
-0.6 -0.6 

 +5o -1.7 -2.5 -1.2 -2.0 -0.6 -1.2 
-0.6 

+0.2
0.0 0.0 0.0 -0.6 

+15o -0.9 -2.0 -0.8 -1.5 -0.3 -0.4 -1.0 -1.5 
+0.2 +0.2 +0.2 0.0 0.0 0.0 

+30o -0.5 -1.5 -0.5 -1.5 -0.2 -0.4 -0.5 
+0.7 +0.7 +0.4 0.0 0.0 

+45o 0.0 0.0 0.0 -0.2 -0.3 
+0.7 +0.7 +0.6 0.0 0.0 

+60o +0.7 +0.7 +0.7 -0.2 -0.3 
+75o +0.8 +0.8 +0.8 -0.2 -0.3 
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Table 2-12: External pressure coefficient for duopitch roofs for wind direction +=90� (from [2-96]) 

Pitch angle  � �
Zone for wind direction +=90�

F G H I 
cpe,10 cpe,1 cpe,10 cpe,1 cpe,10 cpe,1 cpe,10 cpe,1

-45o -1.4 -2.0 -1.2 -2.0 -1.0 -1.3 -0.9 -1.2 
-30o -1.5 -2.1 -1.2 -2.0 -1.0 -1.3 -0.9 -1.2 
-15o -1.9 -2.5 -1.2 -2.0 -0.8 -1.2 -0.8 -1.2 
-5� -1.8 -2.5 -1.2 -2.0 -0.7 -1.2 -0.6 -1.2 
5� -1.6 -2.2 -1.3 -2.0 -0.7 -1.2 -0.6 
15� -1.3 -2.0 -1.3 -2.0 -0.6 -1.2 -0.5 
30� -1.1 -1.5 -1.4 -2.0 -0.8 -1.2 -0.5 
45� -1.1 -1.5 -1.4 -2.0 -0.9 -1.2 -0.5 
60� -1.1 -1.5 -1.2 -2.0 -0.8 -1.0 -0.5 
75� -1.1 -1.5 -1.2 -2.0 -0.8 -1.0 -0.5 

2.6.4.6 Flat roofs 

The surfaces of flat roofs are divided in zones according to the dimensions and the height of the 
building, depending on the wind direction. The pressure coefficients are provided for each zone of the 
surface. In Figure 2-47 the zones of flat roofs with parapets, sharp, curved or mansard eaves are 
defined and the corresponding pressure coefficients cpe,1 and cpe,10 are listed in Table 2-13. The 
reference height for flat roof and roofs with curved or mansard eaves should be taken as ze=h, while 
for parapets it should be taken as ze=h+hp (Figure 2-47). 

Figure 2-47: Key for flat roofs (from [2-96]) 
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Table 2-13: External pressure coefficient for flat roofs (from [2-96]) 

Roof type 
Zone

F G H I 
cpe,10 cpe,1 cpe,10 cpe,1 cpe,10 cpe,1 cpe,10 cpe,1

Sharp eaves -1.8 -2.5 -1.2 -2.0 -0.7 -1.2 
+0.2
-0.2 

With
parapets 

hp/h=0.025 -1.6 -2.2 -1.1 -1.8 -0.7 -1.2 
+0.2
-0.2 

hp/h=0.05 -1.4 -2.0 -0.9 -1.6 -0.7 -1.2 
+0.2
-0.2 

hp/h=0.10 -1.2 -1.8 -0.8 -1.4 -0.7 -1.2 
+0.2
-0.2 

Curved
eaves 

r/h = 0.05 -1.0 -1.5 -1.2 -1.8 -0.4 
+0.2
-0.2 

r/h = 0.10 -0.7 -1.2 -0.8 -1.4 -0.3 
+0.2
-0.2 

r/h = 0.20 -0.5 -0.8 -0.5 -0.8 -0.3 
+0.2
-0.2 

Mansard 
eaves 

� = 30° -1.0 -1.5 -1.0 -1.5 -0.3 
+0.2
-0.2 

� = 45° -1.2 -1.8 -1.3 -1.9 -0.4 
+0.2
-0.2 

� = 60° -1.3 -1.9 -1.3 -1.9 -0.5 
+0.2
-0.2 

2.6.4.7 Internal pressure coefficient cpi

Internal and external pressures should be considered to act at the same time. The internal pressure 
coefficient, cpi, depends on the size and distribution of the openings in the building envelope. Open 
windows, ventilators, chimneys, etc. as well as background permeability, such as air leakage around 
doors, windows, services and through the building envelope are considered openings of a building. A 
face of a building is regarded as dominant when the area of openings at that face is at least twice the 
area of openings and leakages in the remaining faces of the building.  

When the area of the openings at the dominant face of a building is twice the area of the openings in 
the remaining faces, the internal pressure coefficient should be calculated as: 

cpi=0.75cpe (2-236)

In case the area of the openings at the dominant face is at least 3 times the area of the openings in 
the remaining faces, then: 

cpi=0.90cpe (2-237)

where cpe is the value for the external pressure coefficient at the openings in the dominant face. When 
these openings are located in zones with different values of external pressures an area weighted 
average value of cpe should be used. When the area of the openings at the dominant face is between 
2 and 3 times the area of the openings in the remaining faces linear interpolation for calculating cpi

may be used. For buildings without a dominant face, the internal pressure coefficient cpi should be 
determined from the diagram of Figure 2-48, and is a function of the ratio of the height and the depth 
of the building, h/d, and the opening ratio � for each wind direction +, which should be determined 
as: 

$
$�

openings all of area
0.0or  negative is c where openings of area

� pe
(2-238)
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If it is not possible to estimate � for a particular case, cpi should be taken as the more onerous of +0.2 
and -0.3. 
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Figure 2-48: Internal pressure coefficients for uniformly distributed openings 

In case there are no openings in the surfaces of the building, the internal pressure can be neglected, 
i.e. cpi=0.0 [2-122]. 

2.6.4.8 Canopy roofs 

A canopy roof is defined as the roof of a structure that does not have permanent walls. The degree of 
blockage under a canopy roof, shown in Figure 2-49, depends on the coefficient \, which is the ratio 
of the area of feasible, actual obstructions under the canopy divided by the cross-sectional area under 
the canopy, both areas being normal to the wind direction.  

Figure 2-49: Airflow over canopy roofs (from [2-96]) 

The value \=0 represents an empty canopy, and \=1 represents the canopy fully blocked with 
contents to the down wind eaves only (this is not a closed building). The maximum and minimum 
values of the overall force coefficients, cf, and the net pressure coefficients cp,net are provided for flat 
and monopitch canopies, listed in Table 2-14 and for duopitch canopies in Table 2-15, for \=0 and 
\=1, taking account of the combined effect of wind acting on both the upper and lower surfaces of 
the canopies for all wind directions. Intermediate values may be found by linear interpolation. 
Downwind of the position of maximum blockage, cp,net values for \=0 should be used. The overall 
force coefficient cf represents the resulting force, while the net pressure coefficient represents the 
maximum local pressure for all wind directions. It should be used in the design of roofing elements 
and fixings. 
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Table 2-14: Values of the coefficients cp,net and cf for monopitch canopies (from [2-96])

Net pressure coefficient cp,net

Roof angle � Blockage \ Overall force 
coefficient cf

Zone A Zone B Zone C 

0°
Max all \
Min \ = 0 
Min \ = 1 

+ 0.2 
- 0.5 
- 1.3 

+0.5
- 0.6 
- 1.5 

+1.8
- 1.3 
- 1.8 

+1.1
- 1.4 
- 2.2 

5°
Max all \
Min \ = 0 
Min \ = 1 

+ 0.4 
- 0.7 
- 1.4 

+ 0.8 
- 1.1 
- 1.6 

+2.1
- 1.7 
- 2.2 

+1.3
- 1.8 
- 2.5 

10°
Max all \
Min \ = 0 
Min \ = 1 

+ 0.5 
- 0.9 
- 1.4 

+ 1.2 
- 1.5 
- 2.1 

+ 2.4 
- 2.0 
- 2.6 

+1.6
- 2.1 
- 2.7 

15°
Max all \
Min \ = 0 
Min \ = 1 

+ 0.7 
- 1.1 
- 1.4 

+ 1.4 
- 1.8 
- 1.6 

+ 2.7 
- 2.4 
- 2.9 

+ 1.8 
- 2.5 
- 3.0 

20°
Max all \
Min \ = 0 
Min \ = 1 

+ 0.8 
- 1.3 
- 1.4 

+ 1.7 
- 2.2 
- 1.6 

+ 2.9 
- 2.8 
- 2.9 

+ 2.1 
- 2.9 
- 3.0 

25°
Max all \
Min \ = 0 
Min \ = 1 

+ 1.0 
- 1.6 
- 1.4 

+ 2.0 
- 2.6 
- 1.5 

+ 3.1 
- 3.2 
- 2.5 

+ 2.3 
- 3.2 
- 2.8 

30°
Max all \
Min \ = 0 
Min \ = 1 

+ 1.2 
- 1.8 
- 1.4 

+ 2.2 
- 3.0 
- 1.5 

+ 3.2 
- 3.8 
- 2.2 

+ 2.4 
- 3.6 
- 2.7 

wind
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Table 2-15: Values of the coefficients cp,net and cf for duopitch canopies (from [2-96])

Net pressure coefficient cp,net

Roof
angle � Blockage \ Overall force 

coefficient cf
Zone A Zone B Zone C Zone D 

- 20 
Max all \
Min \ = 0 
Min \ = 1 

+ 0.7 
- 0.7 
- 1.3 

+ 0.8 
- 0.9 
- 1.5 

+ 1.6 
- 1.3 
- 2.4 

+ 0.6 
- 1.6 
- 2.4 

+ 1.7 
- 0.6 
- 0.6 

- 15 
Max all \
Min \ = 0 
Min \ = 1 

+ 0.5 
- 0.6 
- 1.4 

+ 0.6 
- 0.8 
- 1.6 

+ 1.5 
- 1.3 
- 2.7 

+ 0.7 
- 1.6 
- 2.6 

+ 1.4 
- 0.6 
- 0.6 

- 10 
Max all \
Min \ = 0 
Min \ = 1 

+ 0.4 
- 0.6 
- 1.4 

+ 0.6 
- 0.8 
- 1.6 

+ 1.4 
- 1.3 
- 2.7 

+ 0.8 
- 1.5 
- 2.6 

+ 1.1 
- 0.6 
- 0.6 

- 5 
Max all \
Min \ = 0 
Min \ = 1 

+ 0.3 
- 0.5 
- 1.3 

+ 0.5 
- 0.7 
- 1.5 

+ 1.5 
- 1.3 
- 2.4 

+ 0.8 
- 1.6 
- 2.4 

+ 0.8 
- 0.6 
- 0.6 

+ 5 
Max all \
Min \ = 0 
Min \ = 1 

+ 0.3 
- 0.6 
- 1.3 

+ 0.6 
- 0.6 
- 1.3 

+ 1.8 
- 1.4 
- 2.0 

+ 1.3 
- 1.4 
- 1.8 

+ 0.4 
- 1.1 
- 1.5 

+ 10 
Max all \
Min \ = 0 
Min \ = 1 

+ 0.4 
- 0.7 
- 1.3 

+ 0.7 
- 0.7 
- 1.3 

+ 1.8 
- 1.5 
- 2.0 

+ 1.4 
- 1.4 
- 1.8 

+ 0.4 
- 1.4 
- 1.8 

+ 15 
Max all \
Min \ = 0 
Min \ = 1 

+ 0.4 
- 0.8 
- 1.3 

+ 0.9 
- 0.9 
- 1.3 

+ 1.9 
- 1.7 
- 2.2 

+ 1.4 
- 1.4 
- 1.6 

+ 0.4 
- 1.8 
- 2.1 

+ 20 
Max all \
Min \ = 0 
Min \ = 1 

+ 0.6 
- 0.9 
- 1.3 

+ 1.1 
- 1.2 
- 1.4 

+ 1.9 
- 1.8 
- 2.2 

+ 1.5 
- 1.4 
- 1.6 

+ 0.4 
- 2.0 
- 2.1 

+ 25 
Max all \
Min \ = 0 
Min \ = 1 

+ 0.7 
- 1.0 
- 1.3 

+ 1.2 
- 1.4 
- 1.4 

+ 1.9 
- 1.9 
- 2.0 

+ 1.6 
- 1.4 
- 1.5 

+ 0.5 
- 2.0 
- 2.0 

+ 30 
Max all \
Min \ = 0 
Min \ = 1 

+ 0.9 
- 1.0 
- 1.3 

+ 1.3 
- 1.4 
- 1.4 

+ 1.9 
- 1.9 
- 1.8 

+ 1.6 
- 1.4 
- 1.4 

+ 0.7 
- 2.0 
- 2.0 

NOTE + values indicate a net downward acting wind action 
 - values represent a net upward acting wind action 

wind
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2.6.5 Wind tunnel experiments 

The most reliable method to calculate the wind pressure on a surface of a particular shape is the 
method of physical simulation, in which a scaled model of the construction is immersed in a turbulent 
atmospheric flow, simulated in a wind tunnel. Many publications referred to such experiments, 
regarding simple suspended cables, ([2-123], [2-124]), or real design projects concerning structures 
with unaccustomed geometries, such as the roofs of the Olympic stadium in Rome [2-125], the 
“Stadio delle Alpi” in Turin ([2-126], [2-127]), the “Karaiskaki” stadium in Athens ([2-127], [2-128]), 
“le grand Stade” in Paris [2-129], and the hangar at the airport in Riga (Latvia) [2-130], or roofs with 
normal shapes, such as canopy roofs ([2-131] – [2-134]), hip roofs [2-135], cantilevered roofs 
([2-136] – [2-137]), duopitch roofs [2-138], curved roofs ([2-139], [2-140]) or flat roofs with circular 
plan view ([2-141] – [2-142]). In some of these publications, only the dynamic response of the 
structure was discussed. In others, pressure coefficient maps were also suggested, referring though to 
specific geometries. The results of the tests on models with common shapes can be compared and 
probably provide amendments to the approach of Eurocode 1. 

Concerning the tensile structures, such as membranes or cable nets, some researchers performed a 
numerical simulation with the aid of suitable Computational Fluid Dynamics (CFD) programs ([2-143] 
– [2-144]), while others invented approximate procedures to estimate the wind pressure distribution 
on their models ([2-145], [2-146]). Few publications report the results of wind tunnel experiments of 
saddle roofs. In [2-147] the Calgary Olympic Coliseum in Canada was scaled for a wind tunnel test, in 
order to measure the maximum deflection of the net. Wind tunnel studies were carried out by Beutler 
[2-148], giving diagrams of the wind pressure distribution over a rhomboid saddle-form roof and for 
three different directions of the wind. Other results of wind tunnel test, using as models saddle-
shaped suspended roofs with a rhomboid plan view, were also published in [2-149] – [2-151]. 
Buchholdt [2-21] gave a diagram of the pressure coefficient for an opened cable roof having the 
geometry of a hyperbolic paraboloid. In ([2-152] – [2-155]) a series of wind tunnel experiments was 
conducted on saddle-form roofs with rectangular, square and circular plan view and maps of wind 
pressure coefficients on the roof and the lateral walls for three different wind directions were 
provided.

2.6.6 Wind force 

According to Eurocode 1 [2-96], the wind force, Fw acting on a structure or a structural element may 
be determined by vectorial summation of the forces Fw,e, Fw,i and Ffr. For roofs or walls, the wind force 
becomes equal to the difference between the external and internal resulting forces, while friction 
forces Ffr act in the direction of the wind components parallel to external surfaces. These forces are 
expressed as: 

$ ��
surfaces

refedse,w AwccF (2-239)

$ ��
surfaces
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frepfrfr A)z(qcF ��� (2-241)

where we and wi are the wind pressure on external and internal surfaces, respectively, Aref is the 
reference area of the structure or structural element and Afr is the area of external surface parallel to 
the wind. The structural factor, defined as cscd, consists of the size factor cs, accounting for the effect 
on wind actions from the non-simultaneous occurrence of peak wind pressures on the surface, and 
the dynamic one cd, which considers the effect of the vibrations of the structure due to turbulence. 
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The friction coefficient cfr takes values between 0.01 (very smooth surface) and 0.04 (very rough 
surface). 

The size factor is defined as: 
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and the dynamic one, as: 
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where ze is the reference height, kp is the peak factor defined as the ratio of the maximum value of 
the fluctuating part of the response to its standard deviation, Iv is the turbulence intensity defined in 
section 2.6.2.4, B2 is the background factor, allowing for the lack of full correlation of the pressure on 
the structure surface and R2 is the resonance response factor, allowing for turbulence in resonance 
with the vibration mode. 

The background factor is expressed as: 
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where b and h is the width and height of the structure and L(ze) is the turbulent length scale at the 
reference height, defined by section 2.6.2.5. It is on the safe side to use B2=1, leading to cs=1. The 
peak factor kp, defined as the ratio of the maximum value of the fluctuating part of the response to its 
standard deviation, is obtained by: 
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where T is the averaging time for the mean wind velocity and is equal to T=600 seconds, while the 
up-crossing frequency � should be expressed as:
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where n1,x is the natural frequency of the structure and R2 is: 
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where � is the total logarithmic decrement of damping, with recommended values for cables between 
0.006 and 0.02, SL is the non-dimensional power spectral density function, and Rh, Rb are the 
aerodynamic admittance functions. The non-dimensional power spectral density function is: 
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where !v is the standard deviation of the turbulence, defined by Eq. (2-212), and S�(z,n) is the one-
sided variance spectrum according to Eq. (2-217) in section 2.6.2.5. The aerodynamic admittance 
functions are calculated as: 
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where fL(ze,n1x) is defined by Eq. (2-218) in section 2.6.2.5. 

2.7 SUMMARY AND CONCLUSIONS 

In this chapter, the main concepts regarding the nonlinear static and dynamic behaviour of structures 
are summarised, focusing on cable structures and specifically on simple suspended cables and cable 
networks. The dynamic response of cable nets is investigated in this work and the principal dynamic 
load affecting the lightweight structures is the wind, which, in some cases, causes cable failure due to 
fatigue. Hence, the calculation of the wind load on the surfaces of a structure is reported from the 
literature and the standing codes.  
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3 ANALYTICAL SOLUTIONS FOR SIMPLE CABLE
NETS

3.1 INTRODUCTION 

During the last decades, the attention of several researchers has been focused on cable vibrations. 
Due to its geometric nonlinearity, the cable response under dynamic loading is very complicated, 
dominated by phenomena that do not appear in a linear structure. The field of nonlinear dynamics has 
been developed introducing several methods that detect this kind of nonlinear phenomena [3-1]. 

A first approach to cables’ dynamic response has been oriented towards calculating the frequencies of 
a simple cable. Pugsley [3-2] introduced semi-empirical formulae for the three in-plane frequencies of 
a suspended sagged chain. Ahmadi-Kashani [3-3] obtained closed formulae for the frequencies of an 
inclined hanging inextensible cable, while in [3-4] the authors derived formulae for the natural 
frequencies and mode shapes of taut, inclined cables. Burgess and Triantafyllou [3-5] explored and 
compared the elastic frequencies of a horizontal sagged cable and an inclined one. Irvine and 
Caughey [3-6] derived formulae for the frequencies of the in-plane and out-of-plane vibrations of a 
horizontal suspended cable. Rega and Luongo [3-7] studied the natural frequencies of an inextensible 
cable with flexible supports. Rega et al. [3-8] instead, explored the effect of nonlinear terms on the 
crossover frequencies of a prestressed or slack cable. The nonlinear dynamic response of a simple 
cable is studied in many works. In [3-9] the equation of motion of a simple cable as a continuum 
system is presented, having quadratic and cubic nonlinear terms. In [3-10] the response curves of a 
taut cable and a suspended sagged one are plotted, exploring the influence of nonlinear terms on the 
steady-state response of the cable. In [3-11] and [3-12] the authors studied the motion of a 
suspended elastic cable under nonlinear resonances.  

In more recent works the analytical equations of motion are solved numerically giving the dynamic 
response of a simple cable. Takahashi et al. [3-13] showed that the in-plane antisymmetric response 
of a cable under a symmetric harmonic load occurs through bifurcation, the frequency for this 
bifurcation depends on the sag-to-span ratio and within the unstable regions a strong coupling 
between symmetric and antisymmetric responses is observed. In [3-14] the authors evaluated 
numerically the analytical solution of the equation, describing the motion of sagged flexible horizontal 
or inclined cables, detecting nonlinear phenomena, such as internal resonances, crossover or 
avoidance points, through the time-history diagrams of the cable’s dynamic response. An investigation 
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of a simple cable vibration is presented in [3-15], taking into account higher order terms of 
longitudinal dynamic deformation, capturing thus nonlinear coupling of longitudinal/vertical 
displacements. 

Very few publications provide analytical solutions for the equation of motion of cable nets or their 
natural frequencies. Chisalita in [3-16] provided a formula for the first frequency of a simple flat cable 
net, consisting of two crossing cables, having the same cross-section and pretension. Leonard [3-17] 
referred to a similar cable net including the initial sag of the cables. He presented expressions of its 
three natural frequencies, considering lumped or consistent mass. Seeley et al. [3-18] gave a formula 
for the fundamental frequency of a circular cable network, with cables arranged radially and ring-wise, 
for a limited range of the sag-to-span ratio, showing that the first frequency of the net depends solely 
on the sag. For multi-degree-of-freedom models numerical analyses have been conducted, in order to 
investigate the dynamic behaviour of the system, regarding the natural frequencies ([3-19], [3-20]) or 
its dynamic oscillation ([3-21], [3-22]). In [3-23] the author presented a simple approach to calculate 
natural frequencies of geometrically nonlinear cable structures, using straight axial elements. He 
analysed two different flat nets consisting of two or four cables and a saddle-shaped cable net of an 
actual structure. The frequencies of these models were compared with the results referred by other 
sources and found to be in good agreement. Talvik in [3-24] presented and verified a mathematical 
model for the analysis of prestressed cable networks with flexible contour ring. The equations were 
solved by iterative methods and explicit time integration. 

In this chapter, the simplest cable net is taken into consideration, aiming at deriving the analytical 
equations in static and dynamic equilibrium. It is a symmetric system of two crossing cables having 
the same geometrical and mechanical characteristics. The motion of the central node is investigated, 
allowing for all three translational degrees of freedom. Expressions of the three natural frequencies of 
the system are also provided, referring to the prestressed but unforced state. However, deriving an 
exact analytical solution of this equation of motion is proved to be very difficult due to the complexity 
of the nonlinear terms. In addition, detecting the conditions that cause resonant phenomena by 
solving numerically the equation of motion is a time consuming procedure requiring a trial and error 
iterative process. Thus, several simplifications are made which lead to the analogy of a Duffing 
oscillator, the analytical solution of which can be found in the literature ([3-25] – [3-27]) and several 
applications are provided in [3-1]. On the basis of this simplification, expressions of the steady-state 
response regarding the deflection of the net are reported in this work and dynamic phenomena that 
characterise nonlinear systems are delineated, such as nonlinear resonances, bending of the response 
curves, hysteresis loops and instability regions, leading to unexpected large amplitudes of oscillation. 
An example is presented in order to confirm the theoretical conclusions and to compare the exact 
model with the simplified one.  

3.2 CABLE NET WITH TWO CABLES (EXACT MODEL) 

3.2.1 Geometry

The simplest possible cable net model is studied, which is a structure consisting of two crossing 
perpendicular cables (Figure 3-1). The ends of the cables are fixed while the central node is free. The 
span of each cable between the supports is equal to L and the cable sags are f.  
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(a) (b) 

Figure 3-1: Geometry of cable net: (a) plan view, (b) perspective view 

The uniformly distributed mass of the cables is considered as lumped. Additional concentrated mass 
can be taken into account. The total mass is attached to the central node. No local sag is produced 
between two adjacent nodes, as no self-weight is taken into account. Both cables have the same 
cross-section, material and initial pretension N0, with horizontal component H0. The initial pretension is 
introduced as initial strain �0 to all cable segments, which, according to Hooke’s law, is equal to: 

L
S2

H�EAN N
000 �� (3-1)

where SN is the length of each segment at the equilibrium state under pretension expressed as: 
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Considering instead large strains, the initial length S0 for all segments is equal to: 
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3.2.2 Equilibrium of the central node 

If we define as u, v and w the displacements of the central node, referring to the global axes x, y, z, 
respectively, the deformed structure is shown in Figure 3-2. 



88 Chapter 3 

Doctoral Thesis of Isabella Vassilopoulou  N.T.U.A. 2011 

(a) (b) 

Figure 3-2: Deformed cable net: (a) plan view, (b) perspective view 

The deformed lengths of the cable segments are calculated as: 
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The cable tension for each deformed segment, with the assumption of large displacements – small 
strains, is expressed as: 
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while for large displacements – large strains: 
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where i=1,2,3,4, and their components, referring to the global axes, are calculated by the following 
expressions: 

N1x= N1·(L/2+u)/(S1) (3-11)

N1y= N1·v/(S1) (3-12)

N1z= N1·(f+w)/(S1) (3-13)

N2x= N2·(L/2-u)/(S2) (3-14)
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N2y= -N2·v/(S2) (3-15)

N2z= -N2·(f+w)/(S2) (3-16)

N3x= N3·u/(S3) (3-17)

N3y= N3·(L/2+v)/(S3) (3-18)

N3z= -N3·(f-w)/(S3) (3-19)

N4x= -N4·u/(S4) (3-20)

N4y= N4·(L/2-v)/(S4) (3-21)

N4z= N4·(f-w)/(S4) (3-22)

The sum of forces at the central node, referring to the x, y, z global axes, are: 

Nx= N1x - N2x + N3x - N4x (3-23)

Ny= N1y - N2y + N3y - N4y (3-24)

Nz= N1z - N2z + N3z - N4z (3-25)

3.2.3 Stiffness and eigenfrequencies of the system 

Assuming large displacements but small strains, differentiating equations (3-23)-(3-25) with respect to 
u, v and w, respectively, the stiffness coefficients of the cable system are obtained: 
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and the three corresponding natural frequencies of the system, dependent on the displacements u, v 
and w, are: 
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The frequencies �x and �y refer to a horizontal vibration of the central node with respect to x and y 
axes, while the �z frequency refers to a vertical vibration of the central node. Considering zero 
displacement (u=v=w=0) for the unforced and undeformed state, the stiffness coefficients at the 
prestressed equilibrium states are: 
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while the three corresponding natural frequencies of the system can be expressed by: 
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which are exactly the same as the ones reported by Leonard [3-17] for the same cable system. 

In [3-17] and in chapter 2 the stiffness coefficient of a simple cable is provided, in the prestressed 
configuration due to a load P, applied at middle span and causing a deflection z: 
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where 

��
�

�
��
�

�
�

��
�

�
�
�

�

�

AE
N

1

z
2
L

2

S
0

2
1

2

0 (3-34)

Comparing the stiffness coefficient Kz0 of Eq. (3-30) with the one of Eq. (3-33), it is noted that for z1=f
the second cable of the cable net doubles the stiffness of the system. Thus, the cable net is stiffer 
than a simple cable with the same geometry and the same mechanical characteristics. This is an 
additional effect of the stabilising cable, besides offering stiffness for both upward and downward 
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loads and enabling pretension. As the cable net deforms, one of its cables becomes stiffer and the 
other softer. If one of the two cables becomes slack, its stiffness vanishes and the cable net response 
becomes similar to the one of a simple cable. 

Assuming instead large displacements and large strains, the stiffness coefficients of the cable system 
at the presstressed, unforced and undeformed equilibrium state are: 
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and the three corresponding natural frequencies of the system: 
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The corresponding eigenvectors are: 
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For common levels of initial cable stress, at about 20% of the yield stress and for modulus of elasticity 
165GPa, which is a common value for materials used in such structures, the difference between the 
two assumptions arises at maximum 0.09% for all three eigenfrequencies, independently of the sag-
to-span ratio, as illustrated in Figure 3-3. The difference is small if a sag-to-span ratio equal to 
f/L=1/20 is assumed, for initial cable stress varying between 10% and 35% of the yield stress, as 
shown in Figure 3-4. Thus, computing the eigenfrequencies with the assumption of small strains, gives 
results that are considered as sufficiently accurate for all practical purposes.  
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Figure 3-3: Difference of eigenfrequencies: (a) �x0 and �y0, (b) �z0, for initial cable stress 20% of the yield stress 
(s: small strains, l: large strains) 
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Figure 3-4: Difference of eigenfrequencies: (a) �x0 and �y0, (b) �z0, for sag-to-span ratio f/L=1/20 
(s: small strains, l: large strains) 

In both cases, if L2=8f2, then �x0=�y0=�z0, which means that a crossover between the three vibration 
modes occurs. Crossover points occur when two or more eigenfrequencies with different modal 
shapes are equal. Cable structures are characterised by such crossover points [3-28]. For L2<8f2,
Kx0,y0<Kz0 and �x0,y0<�z0, meaning that the first vibration modes of the cable net are defined by the 
horizontal motion of the central node, regarding the x and y axes. For L2>8f2 instead, Kx0,y0>Kz0 and 
�x0,y0>�z0, meaning that the first vibration mode of the cable net is defined by the vertical motion of 
the central node. The variation of the ratio Kx0,y0/Kz0 with respect to the sag-to-span ratio, considering 
large and small displacements, is plotted in Figure 3-5, for Young modulus E=165GPa, yield stress 
!y=1570MPa, considering one of the most common categories of cable steel St 1570/1770. The 
pretension is equal to 20% of the yield stress. In this chart, it is shown that independently of the f/L 
ratio, the difference between the two assumptions of large or small strains is negligible. It is also 
noted, that the coefficients Kx0 and Ky0 become larger than Kz0, as the sag-to-span ratio becomes 
smaller than 8/1 =0.354, which would never be the case for an actual cable net.  
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Figure 3-5: Variation of the ratio Kx,y0/Kz0 with respect to the sag-to-span ratio f/L 

In Figure 3-6 the variation of the ratio Kx0,y0/Kz0 with respect to the level of pretension is illustrated, 
considering large and small displacements, for Young modulus E=165GPa, yield stress !y=1570MPa
and sag-to-span ratio equal to 0.2 and a level of initial stress between 10% and 35% of the yield 
stress. The level of pretension does not change significantly the ratio of the stiffness coefficients, 
while the difference between the two assumptions is again negligible. 
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Figure 3-6: Variation of the ratio Kx0,y0/Kz0 with respect to the pretension level 

3.2.4 Equations of static equilibrium 

The equilibrium for static loads is described by the following equations: 

Nx=N1x - N2x + N3x - N4x = Px (3-40)

Ny=N1y - N2y + N3y - N4y = Py (3-41)

Nz=N1z - N2z + N3z - N4z = Pz (3-42)

where Px, Py and Pz are the three components of the external static load, applied on the central node, 
with respect to the global axes. 

The maximum permissible deflection, caused by a vertical load exerted on the central node, can be 
defined with respect to the maximum allowable stress of the cables, which is considered equal to the 
yield stress !y. According to Hooke’s law, at the ultimate stage, the cable stress is expressed as: 
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Substituting the initial length of the cable segments, expressed by Eq. (3-3), taking into account Eq. 
(3-2), Eq. (3-43) becomes: 
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Substituting the deformed lengths of the cables, defined by Eqs. (3-5)-(3-8), Eq. (3-44) becomes: 
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The four solutions of Eq. (3-45) are: 
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The minimum absolute values of these four solutions constitute the maximum permissible deflection, 
which is defined as: 

Qffw 2
max ��� (3-48)

The maximum permissible deflection depends on the sag and the span, the yield stress !y, the initial 
pretension in terms of initial strain and the Young modulus E. The diagram of Figure 3-7 shows the 
variation of the ratio wmax/L with respect to f/L, for yield stress !y=1570MPa, Young modulus 
E=165GPa and initial stress equal to 20% of the yield stress, which are common values for cable nets. 
For values of the sag-to-span ratio between 1/35 and 1/2, the values of the ratio wmax/L are smaller 
than 0.05, and as the ratio f/L increases, wmax/L decreases. The maximum load causing the maximum 
deflection is shown in Figure 3-8, as a ratio of the load over the initial pretension, with respect to the 
sag-to-span ratio. In this chart an eventual cable slackening is taken into consideration, by setting the 
stiffness of the slackened cable equal to zero. As the net becomes stiffer and the ratio f/L increases, 
the maximum permissible load also increases. 
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Figure 3-7: Maximum deflection variation with respect to the sag-to-span ratio 
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3.2.5 Equations of motion 

In case a dynamic load is applied on the central node, the equations of motion of this node for the 
three directions of the global axes are expressed in the equilibrium state: 

�  �  tPNNNNuCuMtPNuCuM xx4x3x2x1xx ���������� ������ (3-49)

�  �  tPNNNNvCvMtPNvCvM yy4y3y2y1yy ���������� ������ (3-50)

�  �  tPNNNNwCwMtPNwCwM zz4z3z2z1zz ���������� ������ (3-51)

where Px(t), Py(t) and Pz(t) are the three components of the external dynamic load, varying with time, 
referring to the global axes. The damping C is a function of the damping ratio ], expressed as [3-29]: 

C=]Ccr=2]M�z0 (3-52)

3.2.6 Numerical example 

3.2.6.1. Geometry and prestressing 

A numerical example is considered of a cable net consisting of two cables having a diameter D=10mm 
and cross-sectional area A=7.85·10-5m2. The span of the cables is L=50.00m and their sag f=2.50m. 
The cable material is treated as nonlinear, having no compression branch, and linear elastic tension 
branch, with Young modulus E=165000MPa (Figure 3-9a). The initial strain of the cables is �0=0.001,
which is interpreted as an initial pretension N0=EA�0=12.959kN. If a maximum cable stress is taken 
into account, it is set equal to the yield stress 1570MPa (Figure 3-9b), which corresponds to a strain 
�max=0.0095152 and a maximum cable tension Nmax=123.31kN.
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Figure 3-9: Material constitutive law with zero compression branch and: (a) infinitely linear elastic tension branch, 
(b) linear elastic tension branch limited by the yield stress 

3.2.6.2. Static response 

A vertical displacement towards +z is enforced at the central node, in steps of 0.05m. The length of 
each segment at the equilibrium state under pretension is calculated from Eq. (3-2): 

�  m12.255.225f2/LS 2222
N ����� (3-53)

while the initial length S0 for all segments, according to Eq. (3-3), is: 
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The deformed lengths of the cable segments are obtained by Eqs. (3-5)-(3-8) and the cable tensions 
by Eq. (3-9). The static load Pz, which counterpoises the imposed deflection w, is calculated from Eq. 
(3-42), taking into consideration Eqs. (3-11)-(3-22). For a nonlinear material with infinitely elastic 
tension branch, the load – displacement curve is plotted in Figure 3-10 and the cable tension variation 
with respect to the central node deflection, in Figure 3-11. The curved diagrams show the intense 
nonlinearity of the system. 
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Figure 3-10: Load – displacement curve for nonlinear material with infinitely elastic tension branch 
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Figure 3-11: Cable tension variation with respect to the central node deflection for nonlinear material with 
infinitely elastic tension branch: (a) segments 1 and 2, (b) segments 3 and 4 

When the vertical displacement becomes equal to w=0.27m, the length of segments 3 and 4 is 
calculated from Eq. (3-7): 

�  �  �  m10.2527.05.225wf2/LS 2222
3 ������� (3-55)

which is equal to the initial unstressed length S0. This means that, for this imposed vertical 
displacement, segments 3 and 4 become slack. As the displacement increases, the distance between 
the central node 1 and nodes 3 and 4 further decreases, until w=f=2.50m and then it increases again. 
When w=4.73m the length of these two segments becomes again equal to S0:

�  �  �  m10.2573.45.225wf2/LS 2222
3 ������� (3-56)

and as the displacement w continues to increase, tension develops again and the cables stop being 
slack. The length of segments 1 and 2 always increases as the displacement w increases. The 
diagrams of the distance between the central node and the anchorages of segments 1 and 3 are 
illustrated in Figure 3-12.  
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Figure 3-12: Distance between node 1 and (a) node 2, (b) node 3, with respect to the central node deflection for 
nonlinear material with infinitely elastic tension branch 

If a nonlinear material is considered with null compression branch and a limit for tension stress equal 
to the yield stress, the load – displacement curve is plotted in Figure 3-13 and the cable tension 
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variation with respect to the central node deflection in Figure 3-14. The change of stiffness, 
represented by the abrupt change of the slope of the load – displacement curve in Figure 3-13, occurs 
when the imposed displacement becomes w=0.27m and cable segments 3 and 4 become slack, as 
shown in Figure 3-14b. Up to this level of imposed displacement the response appears to be 
practically linear, while beyond that level it exhibits the well-known nonlinearity of single cables. 
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Figure 3-13: Load – displacement curve for nonlinear material with linear elastic tension branch limited by the 
yield stress 
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Figure 3-14: Cable tension variation with respect to the central node deflection for nonlinear material with linear 
elastic tension branch limited by the yield stress: (a) segments 1 and 2, (b) segments 3 and 4 

The behaviour of the system is the same as described before, until the imposed displacement 
becomes w=1.63m, which corresponds to a static load P0=40.20kN. Then, the stress of segments 1 
and 2 becomes equal to the yield stress, a limit which represents the maximum allowable cable stress, 
causing failure of the cables. The tension of these cable segments is equal to the maximum tension 
Nmax=123.31kN, while cable segments 3 and 4 are slack at the end of the calculation. The maximum 
allowable displacement is also verified by Eq. (3-48), using Eq. (3-47): 
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m63.179.105.25.2Qffw 22
max ������� (3-58)

3.2.6.3. Eigenfrequencies

The distributed mass of the cables is considered equal to m=7.85kN·sec2·m-4, while an additional 
concentrated mass is applied on the central node, equal to Mc=0.1t=0.1kN·sec2·m-1. The masses are 
considered as lumped, so that the total mass at the central node is equal to M=m·4S0/2·A+Mc=
=0.131kN·sec2·m-1. Assuming large displacements and small strains, the stiffness coefficients are 
obtained by Eqs. (3-28)-(3-30): 
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and the corresponding natural frequencies, at the presstressed, unforced and undeformed equilibrium 
state from Eqs. (3-31) and (3-32): 
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while, assuming large displacements and large strains, the stiffness coefficients are calculated 
according to Eqs. (3-35) and (3-36): 
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and the corresponding natural frequencies: 
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The difference between the two approaches of both stiffness coefficients and frequencies calculation 
is insignificant. The variation of the natural frequency �z, calculated from Eq. (3-27), taking into 
account Eq. (3-26), is plotted in Figure 3-15, in which it is evident that the increase of the deflection 
results in increase of the stiffness and consequently the natural frequency. When the system exhibits 
the maximum deflection wmax=1.63m, the natural frequency is �z=16.27sec-1, being 24% larger than 
the natural frequency at the unforced and undeformed state, �z0=13.10sec-1.
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Figure 3-15: Variation of the natural frequency with respect to the deflection 

3.2.6.4. Dynamic response 

In order to investigate the dynamic response of the system, the equation of motion is solved using the 
program MATLAB [3-30]. This program allows the user to solve many technical computing problems, 
especially those with matrix and vector formulations. Typical uses include math and computation, 
algorithm development, data acquisition, modelling, simulation, and prototyping, data analysis, 
exploration, and visualisation, scientific and engineering graphics, application development including 
graphical user interface building. With this program the time-history response of the system is 
calculated, solving numerically the analytical equations of motion. In order to solve numerically 
ordinary differential equations, it employs the Runge-Kutta integration method [3-31]. 

Firstly, an undamped system is analysed, in order to detect large-scale oscillations for different 
loading frequencies. The cable material is treated as nonlinear with linear elastic tension branch 
limited by the yield stress and zero compression branch. A harmonic load is applied on the central 
node, equal to Pz=P0·cos?t. The loading frequency is chosen to be equal to ?=�z0=13.10sec-1

(2.08Hz), aiming at fundamental resonance phenomena, while the load amplitude is P0=1.30kN, 
which, after several trials, is proved to be the minimum load causing failure of the cables. The time-
history diagrams of the central node deflection and the tension of cable segment 3, which arrives first 
at failure, are illustrated in Figure 3-16.  
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Figure 3-16: Fundamental resonance with Pz=(1.30kN)cos(�z0t). Time-history diagrams of (a) the central node 
vertical displacement, (b) the tension of cable segment 3 

The failure occurs at time 11.926sec and the analysis stops. At that time, the displacement at the 
central node is 1.63m, equal to the maximum allowable deflection. The tension developed in cable 
segments 3 and 4 is 123.44kN, which is slightly larger than the permissible tension, exceeding thus 
the yield stress threshold and causing the termination of the analysis. The phase plane plot and the 
response spectrum of the central node deflection are plotted in Figure 3-17. In these charts, it is 
noted that the maximum (absolute) velocity of the central node is 21.11m/sec, while the main 
frequency of the oscillation is equal to the loading frequency, being also the frequency of the system.  
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Figure 3-17: Fundamental resonance with Pz=(1.30kN)cos(�z0t), (a) phase plane plot of the central node motion, 
(b) deflection response spectrum of the central node 

The ratio of the maximum velocity over the maximum deflection, compared with the natural frequency 
and the loading frequency, is: 

?�99.0sec95.12
m63.1

sec/m11.21
w
w

0z
1

max

max ���� ��
(3-59)

This information will be used in the next section.  

Comparing the dynamic response of the cable net with the static one, analysed in section 3.2.6.2, it is 
worth mentioning that the static load causing failure of the cables is 40.20kN, while the dynamic one 
is only 1.30kN. Hence, the maximum dynamic load that this cable net can sustain is thirty times 
smaller than the static one. Nevertheless, in nonlinear systems, the maximum steady-state response 
occurs for ?=�+!, where � is the eigenfrequency and ! is a non-zero frequency detuning. In order 
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to find numerically which frequency detuning causes the maximum response, a parametric analysis is 
required, changing the frequency of the load by small steps. 

Next, a loading frequency ?=�z0/3=4.37sec-1 (0.69Hz) is selected, aiming at superharmonic resonant 
conditions. The amplitude of the dynamic load that is proved to cause cable failure in this case is 
equal to P0=19.97kN, which is half of the static one. The time-history diagrams of the central node 
deflection and the tension of cable segment 1, which arrives at failure, are plotted in Figure 3-18. 
Failure occurs at time 1.631sec and the analysis stops. At that time, the displacement at the central 
node is 1.63m, while the tension of cable segments 1 and 2 is 123.32kN, almost equal to the 
permissible tension. The phase plane plot and the response spectrum of the central node deflection 
are illustrated in Figure 3-19. The central node oscillates with two dominant frequencies, one equal to 
0.61Hz, being close to the loading frequency and one equal to 1.84Hz, which is close to the system’s 
frequency.
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Figure 3-18: Superharmonic resonance with Pz=(19.97kN)cos(0.33�z0t). Time-history diagrams of (a) the central 
node vertical displacement, (b) the tension of cable segment 1 
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Figure 3-19: Superharmonic resonance with Pz=(19.97kN)cos(0.33�z0t), (a) phase plane plot of the central node 
motion, (b) deflection response spectrum of the central node 

In this case, the maximum (absolute) velocity of the central node is 17.23m/sec. The ratio of the 
maximum velocity over the maximum deflection, compared with the natural frequency and the loading 
frequency, is: 

?40.2�80.0sec57.10
m63.1

sec/m23.17
w
w

0z
1

max

max ���� ��
(3-60)
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Subsequently, aiming at subharmonic resonance, the loading frequency is chosen equal to 
?=3�z0=39.30sec-1 (6.25Hz). The amplitude of the dynamic load equals to the maximum static one, 
P0=40.20kN, without causing cable failure. The time-history diagrams of the central node deflection 
and the tension of cable segment 1 are plotted in Figure 3-20. The phase plane plot and the response 
spectrum of the central node deflection are illustrated in Figure 3-21. In this case, the maximum 
(absolute) velocity of the central node is 11.62m/sec and the maximum deflection is 0.36m. The ratio 
of the maximum velocity over the maximum deflection, compared with the natural frequency and the 
loading frequency, is: 
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(3-61)

The central node oscillates with a frequency (6.25Hz) equal to the loading frequency and another one 
(2.05Hz), very close to the system’s frequency. 
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Figure 3-20: Subharmonic resonance with Pz=(40.20kN)cos(3�z0t). Time-history diagrams of (a) the central node 
vertical displacement, (b) the tension of cable segment 1 
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Figure 3-21: Subharmonic resonance with Pz=(40.20kN)cos(3�z0t), (a) phase plane plot of the central node 
motion, (b) deflection response spectrum of the central node 

In these last two cases, although the loading frequency is away from the natural frequency, the 
eigenmode is activated, due to the relation between these two frequencies. Hence, the system 
vibrates not only with the loading frequency but also with the natural frequency, but this information 
is not sufficient to confirm the superharmonic and subharmonic resonances. Occurrence of these 
nonlinear resonances signifies large oscillation amplitudes, even though the loading frequency is away 
from the eigenfrequency of the system, as well as sudden changes of the response amplitude for 
small changes of the loading frequency. Especially in case of subharmonic resonance, the initial 
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conditions play an important role along with the frequency detuning for specific load amplitude and 
damping ratio. In order to include these parameters and to detect nonlinear phenomena, a damped 
system is analysed next. The cable material is now assumed to be nonlinear with infinitely elastic 
tension branch and zero compression branch, in order to detect nonlinear phenomena without cable 
tensile failure, which leads to the analysis termination. A vertical dynamic load is applied on the 
central node described as P=P0·cos?t. Two damping ratios are chosen, equal to ]=0.5%, being a 
common value for simple cables [3-28] and ]=2%, corresponding to the damping ratio for cable nets 
[3-32]. The steady-state deflection wss is calculated for a wide range of loading frequencies and the 
response diagrams are plotted, either for zero initial conditions, or for initial deflection 1m and velocity 
20m/sec. The parameter Rd is defined as the ratio of the steady-state deflection wss, over the static 
one wst:

st

ss
d w

w
R � (3-62)

Firstly, the parameter Rd is calculated for values of frequency ratio (?/�z0) between 0.80 and 1.20 
increasing in steps of 0.01. A load amplitude equal to P0=1kN is considered, which applied statically 
causes a deflection wst=0.045m. The variation of the parameter Rd with respect to the frequency ratio 
is shown in Figure 3-22. The maximum value of the ratio Rd for damping ratio ]=0.5% is 50.876 
occurring for ?/�z0=1.09, while for ]=2% and ?/�z0=0.96 Rd becomes equal to 26.067, thus 
indicating the importance of the dynamic nature of the response. The bending of the response curve 
is noted as the frequency ratio increases, resulting in a sudden decrease of the steady-state response 
amplitude, named as jump phenomenon. Moreover, for frequency ratios close to 1 two responses are 
observed, one with small deflection amplitude, for zero initial conditions, and one with large amplitude 
which is obtained taking into account the initial deflection and velocity. The dependence of the 
response of the system on the initial conditions and the jump of the oscillation amplitude are 
phenomena that occur only in nonlinear systems.  
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Figure 3-22: Steady-state deflection under fundamental resonance for P0=1kN 

For frequency ratios (?/�z0) between 0.25 and 0.60 the load amplitude is assumed to be equal to 
P0=5kN, which, applied as a static load, causes a deflection equal to wst=0.022m. The variation of Rd

with respect to the ratio (?/�z0) is illustrated in Figure 3-23 for both values of damping ratio. 
Considering ]=0.5%, three peaks are observed, for frequency ratios 0.32, 0.48 and 0.56, while for 
]=2%, only one peak of the response is noted for frequency ratio 0.48. These peaks of the response 
diagram, for loading frequencies smaller than the natural frequency of the system, appear only in 
nonlinear systems and indicate the occurrence of superharmonic resonances. As the damping 
decreases, superharmonic resonances occur for more frequency ratios. On the other hand, for 
frequency ratios away of the aforementioned values, the response amplitude of the central node does 
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not depend on the damping ratio. In this case, the initial conditions do not influence the steady-state 
response of the net.  
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Figure 3-23: Steady-state deflection under superharmonic resonance for P0=5kN 

For a loading amplitude equal to P0=15kN and a frequency ratio varying between 2.80 and 3.50, the 
corresponding response diagrams are illustrated in Figure 3-24. For this load, the static deflection is 
wst=0.76m. If zero initial conditions are considered, the oscillation amplitudes are very small for both 
damping ratios. If the initial deflection and velocity are taken into consideration, large amplitudes are 
noted for damping ratio ]=0.5% and for frequency ratios close to 3. This means that subharmonic 
resonance phenomena take place during the vibration of the cable net, resulting in sudden increase of 
the deflection, delineating the intense nonlinear dynamic behaviour of the cable net.  
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Figure 3-24: Steady-state deflection under subharmonic resonance for P0=15kN

It should be mentioned that subharmonic resonances occur for a specific load frequency, load 
amplitude and initial conditions. A small change of the load frequency results in smaller oscillation 
amplitudes than the ones corresponding to the nonlinear phenomena. Finding the exact loading 
frequency for which the system exhibits the maximum response amplitude under fundamental, 
superharmonic, or subharmonic resonance, requires a parametric analysis, for different load 
amplitudes, initial conditions, damping ratios and a very small step of variation of loading frequency. 
In what follows, an attempt to simplify the problem is presented, in order to provide analytical 
solutions and important information about the conditions under which these nonlinear phenomena 
occur.

3.3 A SDOF CABLE NET SYSTEM (SIMPLIFIED MODEL) 

3.3.1 Forced vibration of the system – Non-resonant excitations 

A single-degree-of-freedom system is assumed, similar to the one described before, allowing only for 
vertical displacements. An external excitation Pz(t)=P0cos?t is applied on the central node, with a 
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loading frequency ? away from the only eigenfrequency �z0 of the system at the unforced, 
undeformed and prestressed equilibrium state. Substituting the expressions of the tension of the 
cables (Eq. (3-9)) and the prestressed, initial and deformed lengths of Eqs. (3-2), (3-3), (3-5) - (3-8), 
respectively, into the vertical components of the cable tensions (Eqs. (3-13), (3-16), (3-19) and 
(3-22)), the differential equation (3-51) becomes: 
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A function of type: 
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can be expanded in Taylor series [3-31], with respect to the variable z, around z0=0, as follows: 
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(3-65)

Taking into account that the sag-to-span ratio f/L is usually very small for actual cable nets, allowing 
thus to neglect its third or higher powers, Eq. (3-63), developed in Taylor series, becomes: 
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Expanding the expression of the stiffness Kz0 of the undeformed system of Eq. (3-30) in Taylor series 
with respect to the term f/L, according to Eq. (3-65), and neglecting terms of order (f/L)4, it reduces 
to: 
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Eq. (3-66) can be written as: 
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where a nonlinear cubic term appears with a coefficient depending on the modulus of elasticity of the 
cable material, the cable cross-sectional area and the span of the cables. The ratio of the linear term 
over the nonlinear term is defined as R: 
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The ratio R is plotted in Figure 3-25 with respect to f/L, taking into consideration the maximum 
permissible deflection shown in Figure 3-7 for yield stress !y=1570MPa, Young modulus E=165GPa 
and initial stress equal to 20% of the yield stress. As the sag-to-span ratio increases, the ratio R 
increases as well, taking large values. Hence, as the sag-to-span ratio increases, and the system 
becomes stiffer due to the large opposite curvatures, the contribution of the nonlinear term in the 
dynamic motion of the net could be considered as very small with respect to the one of the linear 
term, concluding that the system’s behaviour becomes quasi linear.
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Figure 3-25: Ratio R with respect to the sag-to-span ratio 

For sag-to-span ratios between 1/35 and 1/10, the above ratio takes values between 1.6 and 57 
(Figure 3-26). For common values of the ratio f/L, the nonlinear term of the displacement is smaller 
than the linear term and its contribution could be presumed as considerable only for very shallow 
cable nets. However, as will be shown further on, the effect of this small nonlinear term on the 
system’s dynamic response is not negligible, even for sag-to-span ratios larger than 1/35, producing 
large-scale phenomena, which do not occur for linear systems. 
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Figure 3-26: Ratio R with respect to the sag-to-span ratio between f/L=1/35 and f/L=1/10 

The ratio of the linear term over the velocity term is defined as RV: 
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The maximum damping ratio ], measured for cable nets, is 2% [3-32]. Taking into account the results 
of the example in section 3.2.6.4, the minimum ratio of the deflection over the velocity can be 
considered equal to 1/(2.46�z0). In this case, the parameter RV is equal to: 
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The change of the parameter RV with respect to the ratio rw, defined as: 
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for damping ratio ]=2%, is plotted in Figure 3-27. It is noted that even for much larger values of the 
ratio rw than the ones calculated in section 3.2.6.4, the ratio RV is larger than 1, which means that 
the velocity term can be considered as small with respect to the linear term of the displacement. 
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Figure 3-27: Ratio RV with respect to ratio rw for damping ratio ]=2%

Nayfeh and Mook [3-25] thoroughly explored the equation: 
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known as the equation of motion referring to a forced damped Duffing oscillator, with � being 
positive, and the coefficient of the nonlinear term � being either positive (hardening spring) or 
negative (softening spring). Here the main features of this investigation are reported. The equation of 
motion of the simple cable net, described by Eq. (3-68), can take the form of Eq. (3-73), with positive 
coefficient of the nonlinear term and become: 
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The parameter � is assumed to be small and dimensionless, with �<1, defining the small scale of the 
coefficients of the velocity and the cubic term in the equation of motion with respect to the one of the 
linear term. The exact value of this parameter is not important, because the solution of the problem is 
independent of �. It depends only on the parameters �� and ��, as defined in Eqs. (3-75) and (3-76), 
respectively, meaning that the parameter � never appears alone in the solution. For �=0 a linear, 
undamped system is described by the equation of motion. In order to find a solution of nonlinear 
equations of motions, several methods are used, named as perturbation techniques, such as 
Lindstedt’s method, the method of multiple scales, the method of averaging, the method of harmonic 
balance, etc. ([3-25], [3-27], [3-33], [3-34], [3-35]). In this case, the method of multiple scales is 
applied. The main idea of this method is to consider the expansion representing the response to be a 
function of multiple independent variables, called scales. The introduced independent variables will be 
time intervals, referring to “slow” or “fast” vibrations, named as time scales. A “slow” vibration is 
produced by an excitation having a frequency near the eigenfrequency of the system, while a “fast” 
vibration is produced by a high frequency excitation with a time period smaller than the natural period 
of the system. In linear systems the amplitude of “fast” vibrations is small; in nonlinear systems, 
instead, the high frequency excitation alters the “slow properties” of a system, such as the natural 
frequencies, the location and stability of equilibrium points and the response to resonant excitations, 
having thus a significant effect on its dynamics at a time scale comparable to the natural time period 
of the system. Hence, the time scales are defined as: 

Tn=�nt (3-79)

with n=0,1,2,…, T0>T1>T2>…>Tn and T0=t being the “slow” time while T1, T2 … Tn being the 
variables of the “fast” time. In order to understand the meaning of “slow” and “fast” vibrations, two 
typical dynamic response diagrams are shown in Figure 3-28, where the “slow” and “fast” components 
of the response are shown. In case the dynamic response of a system consists of “slow” and “fast” 
components, the “fast” oscillation is embounded by a “slow” envelope. 
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Figure 3-28: “Slow” and “fast” oscillations: (a) dynamic response consisting of two different frequencies,  
(b) dynamic response of a damped system 

It is assumed that the solution of the equation of motion, described by Eq. (3-74), can be expressed 
as: 
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w(t,�)=w0(T0,T1,�2...)+�w1(T0,T1,�2...)+�2w2(T0,T1,�2...)+... (3-80)

For this investigation, the analysis will be carried out to O(�2), thus only the time scales T0 and T1 are 
introduced. The solution is separated into “slow” components referring to the time T0 and “fast” 
components referring to the time T1.

w(t,�)=w0(T0,T1...)+�w1(T0,T1...)+... where T0=t, T1=�t, ...  (3-81)

The time derivatives are expressed as: 
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where 
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Substituting the series expression into Eq. (3-74) yields: 
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Equating coefficients of like powers of �, one obtains: 
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The first equation has the following solution ([3-36] and [3-37]): 
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where A(T1) is an undetermined function for now and: 
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Substituting the expression of the solution, Eq. (3-86) becomes: 
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The first term, which has the exponent j�z0T0, increases with time without bounds. Terms that grow 
indefinitely with time are referred to as secular terms. In the above equation there are terms that can 
be secular when the loading frequency is very small ?=�(�) or when there is a secondary resonance, 
�z0�(m�z0+n?), with |m|+|n|=3. In the case of non-resonant conditions, when the loading frequency 
? is away from 0, 3�z0, �z0/3, the first term is the only secular term and it must be eliminated 
because the exact solution remains bounded at all times ([3-38] and [3-39]), due to the damping and 
the nonlinearity. Thus, we set: 

0{A�6AA�3)��AD(�j2 22
10z ���� (3-90)

Assuming that the function A(T1) is expressed as: 
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where a, ' are real amplitude and phase of the displacement, respectively. If the above expressions 
are substituted into Eq. (3-90), the following equation is obtained: 
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Separating the real and imaginary parts gives the following set of differential equations:  
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Substituting the above expressions, the response of the nonlinear system, defined by Eq. (3-87), is 
expressed as: 
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where a0 and '0 are the initial amplitude and phase of the displacement, respectively. Using the 
Maclaurin series [3-31] for the exponential function e-2��t=1-2��t, keeping only the first term, because 
the parameter � and the damping coefficient � are very small, the above equation becomes: 
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3.3.2 Forced vibration of the system – Fundamental resonance 

In case of fundamental resonance the excitation is assumed to be weak, in order to prove that a weak 
excitation produces large-scale oscillations. The parameter � is introduced again, defining the small 
amplitude of the load: 

P0=�p0, P=P0/M=�p0/M=�p with p=�(1) (3-96)

The loading frequency is close to the eigenfrequency, ?��z0. A small detuning parameter ! is 
introduced to express the proximity of the loading frequency to �z0, such that: 

?=�z0+�! (3-97)

with !=�(1). Hence, the equation of motion, based on Eq. (3-74), will be: 
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Expressing the solution as before: 

w(t,�)=w0(T0,T1)+�w1(T0,T1)+...  (3-99)

where T0=t, T1=�t, ..., applying the method of multiple scales and collecting like-terms in �, one 
obtains: 
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The solution of the Eq. (3-100), is: 
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Substituting the above solution into Eq. (3-101), it becomes: 
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To eliminate the first term, which is a secular term, requires that: 
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The function A(T1) is assumed to be expressed as: 
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where a, ' are real amplitude and phase of the displacement, respectively. Substituting into Eq. 
(3-104) and using the Euler formula [3-31] for the exponential function ejx=cosx+jsinx, the following 
equation is obtained: 
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Separating the real and imaginary parts, a new set of differential equations can be provided: 
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Setting: 

==!�1-' (3-108)

the above equations are transformed into an autonomous set of ordinary differential equations: 
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Steady-state motions require that: 

a’==’=0 (3-110)

and Eqs. (3-109) become: 
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The peak amplitude of the free oscillation term is given for sin==1:
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and the corresponding value of the detuning ! is calculated for cos==0:

3
0z

2

2

0z

2
p

p
��32

p�3
�8

a�3
! �� (3-113)

If the peak amplitude of the free oscillation is set to be equal to the maximum permissible deflection 
wmax, expressed by Eq. (3-48) and plotted in Figure 3-7, the maximum permissible dynamic load P0,
which causes the maximum deflection, can be calculated from Eq. (3-112), taking into account Eq. 
(3-96). The ratio of the dynamic load P0, which causes the maximum deflection, over the 
corresponding static one Pmax, illustrated in Figure 3-8, with respect to the sag-to-span ratio, for 
damping ratios ]=0.5% and ]=2%, is shown in Figure 3-29. This ratio is very small for both damping 
ratios. As the damping ratio ] decreases, the maximum permissible dynamic load also decreases. As 
the sag-to-span ratio becomes larger and the system becomes stiffer the maximum permissible 
dynamic load increases. 

Fundamental resonance
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Figure 3-29: Variation of the ratio of the maximum dynamic load P0 over the static one (Pmax), with respect to the 
sag-to-span ratio, for the case of fundamental resonance 

The frequency-amplitude relation for fundamental resonance is expressed as: 
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The phase of the periodic solution is computed as: 
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From the above formulae it can be noted that the phase depends not only on the loading frequency, 
the damping and the frequency of the system, as in linear systems, but also on the response 
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amplitude. If �=p=0, one obtains the amplitude-frequency relation for free oscillation of undamped, 
unforced oscillator, which represents the backbone curve of the system: 
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*���� (3-116)

If �,p�0 the frequency – response curves are obtained in the form: 
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The backbone curve represents either the equilibrium state (a=0) or the free vibrations of the 
undamped system about the equilibrium state (a�0, �=p=0), while any other response curve 
(a,�,p�0) represents perturbations from the unforced state. It should be noted that there exist 
frequency ranges for which only one solution is possible and other frequency ranges where three 
solutions exist. This occurs due to the bending of the response curve. In this case, the initial 
conditions determine which of these three responses actually develops. Only two of them are stable 
solutions and the third is an unstable one. The multiple co-existing solutions lead to jump phenomena 
[3-40], creating nonlinear hysteresis loops. In linear systems, there are no hysteresis loops and the 
response does not depend on the initial conditions. Hence, only one solution exists for a given loading 
frequency. Typical frequency – response curves and phase diagrams for linear and nonlinear systems 
are shown in Figure 3-30 and Figure 3-31, respectively. The definition of the hysteresis loop due to 
the jump phenomenon is shown in Figure 3-32.  
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Figure 3-30: Fundamental resonance: Amplitude |a| vs. frequency detuning ! for (a) linear system, (b) nonlinear 
system
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Figure 3-31: Fundamental resonance: Phase = vs. frequency detuning ! for (a) linear system, (b) nonlinear 
system
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Figure 3-32: Jump phenomenon (a) amplitude |a| vs. frequency detuning !, (b) phase = vs. frequency detuning !

The influence of the sag-to-span ratio on the response curve of the simple cable net is shown in 
Figure 3-33a for three different ratios, f/L=1/10, f/L=1/20 and f/L=1/35 for the same damping ratio 
and load amplitude. In this case, the cable span L, the Young modulus E, the cable diameter, the 
concentrated mass of the central node and the initial strain are considered the same for all three sag-
to-span ratios, meaning that only the eigenfrequency changes (Eq. (3-78)) and not the coefficient ��
of the nonlinear term, expressed by Eq. (3-76). As the sag-to-span ratio increases, the eigenfrequency 
increases, representing deeper and stiffer cable nets, the backbone curve tends to be linear and the 
response curves approach the backbone, predicting a more linear behaviour. Keeping constant the 
damping ratio, the load amplitude, the Young modulus, the sag-to-span ratio, equal to 1/20, the 
concentrated mass and the initial strain and changing the cable span L and the cable diameter so that 
the eigenfrequency remains the same and only the coefficient of the nonlinear term �� changes, the 
diagrams of the response curves are illustrated in Figure 3-33b for three different cable spans, 
L=50m, L=100m and L=200m. As the cable span increases, the coefficient �� decreases, reducing the 
influence of the nonlinear term on the response of the net and leading to a more linear behaviour. For 
values of the frequency detuning ! away from zero, the response does not depend on the coefficient 
��, but only on the eigenfrequency. 
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Figure 3-33: Fundamental resonance: Amplitude |a| vs. frequency detuning ! for (a) different sag-to-span ratios 
f/L, (b) different spans L 

The response of the nonlinear system at steady state is obtained by Eq. (3-99) taking into account 
Eqs. (3-102), (3-105) and (3-108): 
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(3-118)

The phase = can be calculated from Eq. (3-115) and the amplitude of the oscillation a by Eq. (3-117). 
The response has the same frequency with the excitation, which means that the term “fundamental 
resonance” can be used. 

3.3.3 Forced vibration of the system – Superharmonic resonance 

Considering a loading frequency ?��z0/3, a detuning parameter !, such that: 

3?=�z0+�!,      with !=�(1) (3-119)

and taking into consideration that in Eq. (3-89) the term proportional to ej3?t is another secular term, 
we eliminate all secular terms by setting: 
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and substituting into (3-120), the following equation is obtained: 
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Separating the real and imaginary parts of the above equation and setting ==!�1-', a system of 
differential equations is derived: 
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Steady-state motions require that a’==’=0, and Eqs. (3-123) and (3-124) become:  

(a): =sin
�
{�

a�
0z

3
�� (3-125)

(b): =cos
�
{�

a
�8
a�3

�
{�3

!
0z

3

0z

2

0z

2
��

�
�

�
�
�
�

�
�� (3-126)

The phase of the periodic solution is computed as: 
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The peak amplitude of the free oscillation term is calculated from Eq. (3-125), for sin==-1:  
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which depends on the cubic term coefficient �. The corresponding value of the frequency detuning !
is obtained by Eq. (3-126) for cos==0:
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The frequency-amplitude relation for the superharmonic resonance is expressed as: 
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A typical frequency – response curve for the case of superharmonic resonance is illustrated in Figure 
3-34. When conditions for superharmonic resonance hold, for excitations of large amplitude and 
loading frequency approximately equal to �z0/3, the amplitude of the oscillation does not decay to 
zero, in spite of the presence of damping, in contrast to linear systems. In addition, a hardening 
response of the system leads to the bending of the response curve, hysteresis loops and jump 
phenomena. 

0

5

-20 0 20

hysteresis 
loop

jump

|a|

!

Figure 3-34: Superharmonic resonance: Amplitude |a| vs. frequency detuning !

The response of the nonlinear system at steady state, defined by Eq. (3-87), is expressed as: 
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having a term with the same frequency as the excitation and a free oscillation term whose frequency 
is exactly three times the frequency of the excitation. The amplitude of the oscillation a can be 
calculated from Eq. (3-130). The maximum amplitude is equal to: 

{2
��

{�

?�

1
Pawmax

0z

3

22
0z

p ���
�
�

�
�
�
�

�

�
�� (3-132)

where { is expressed by Eq. (3-88). Setting the maximum amplitude equal to the maximum 
permissible deflection wmax, as defined by Eq. (3-48) and illustrated in Figure 3-7, Eq. (3-132) 
becomes:

max
0z

3
w{2

��
{�

�� (3-133)

which has one real root and two non real complex conjugate roots for {. The real root is: 
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The load amplitude, corresponding to {0 according to Eq. (3-88), is: 
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The ratio of the dynamic load P0, which causes the maximum deflection, over the corresponding static 
one Pmax, illustrated in Figure 3-8, with respect to the sag-to-span ratio, for damping ratios ]=0.5% 
and ]=2%, is shown in Figure 3-35.  

Superharmonic resonance
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m
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Figure 3-35: Variation of the ratio of the maximum permissible dynamic load P0 over the maximum permissible 
static load Pmax, with respect to the sag-to-span ratio, for the case of superharmonic resonance 

In this case, the maximum permissible dynamic load, for sag/span ratios larger than f/L=0.08 for 
]=2% and f/L=0.10 for ]=0.5%, is larger than the static one (Figure 3-36), meaning that only for 
small sag-to-span ratios and for dynamic load amplitudes smaller but near the maximum permissible 
static loads, the superharmonic resonance may cause cable failure. This means that for large sag-to-
span ratios, corresponding to very deep cable nets, static loading is more crucial than dynamic one 
under superharmonic resonance. 
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Superharmonic resonance
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Figure 3-36: Variation of the ratio of the maximum dynamic load P0 over the maximum static load Pmax, with 
respect to the sag-to-span ratio between the range of 0.03 and 0.10, for the case of superharmonic resonance 

3.3.4 Forced vibration of the system – Subharmonic resonance 

Considering now a loading frequency ?�3�z0 and a detuning parameter !, such that: 

?=3�z0+�!,  with !=�(1) (3-138)

in Eq. (3-89) the term proportional to 00z T)�2?(je �  is another secular term, which can be written as 
100z100z T!jT�j)T!T�(j eee �� . Hence, eliminating all secular terms: 
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and setting: 
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Eq. (3-139) gives the following expression: 
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Separating the real and imaginary parts and setting ==!�1-3', the following differential equations are 
obtained: 
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The steady-state motions correspond to a’==’=0, and Eq. (3-142) and (3-143) become: 
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The frequency-amplitude relation for the subharmonic resonance is expressed as: 
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Eq. (3-145) has a double zero solution, called trivial solution (a=0) and two non-zero ones, denoted 
as nontrivial ones, defined as: 
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where 
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One of the two nontrivial solutions is stable and the other one is unstable. For nontrivial solutions, it is 
required that, c>0 and c2�s. Thus, it must be satisfied that: 
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The above conditions define a region in which subharmonic solutions appear. This region and a typical 
frequency – response curve for the case of subharmonic resonance are illustrated in Figure 3-37.  
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Figure 3-37: Subharmonic resonance: (a) region of subharmonic solutions, (b) Amplitude |a| vs. frequency 
detuning !

The initial conditions define the response amplitude of the system. For the trivial solution a=0, the 
steady-state response depends only on the external load: 
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while for the non-trivial stable solution of a the response of the nonlinear system at steady state is: 
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having a term with the same frequency as the excitation and a free oscillation term whose frequency 
is exactly one-third the frequency of the excitation. The existence of multiple solutions, depending on 
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the initial conditions, renders the dynamic behaviour of the system unpredictable and in some cases 
with catastrophic results. 

3.3.5 Free vibration of the system 

If �=p=0 Eq. (3-107) becomes: 
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where a0 and '0 are constants, defined by the initial conditions. Hence, the function A(T1), defined by 
Eq. (3-105), becomes: 
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For �=p=0, from Eq. (3-117): 
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and combining the previous results of Eqs. (3-99), (3-102), (3-105), (3-153) and (3-155), one obtains 
the periodic solution: 
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3.3.6 Stability of the system 

In order to investigate the stability of the system, we set a=a0+a1 and ===0+=1 with |a1|<<|a0| and 
|=1|<<|=0|. Assuming that a1=1�0, sin=1�=1, cos=1�1, Eqs. (3-109) will be: 
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Using Eqs. (3-111), the above expressions become: 
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The above linear system of first order differential equations can be written as: 
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The homogeneous solutions can be determined as: 

a1=A1e
t and =1=;1e
t (3-161)

which have to satisfy Eq. (3-160): 
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The above system has non-trivial solutions if and only if det([A]-
[I])=0, thus: 
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The above expression can be written as: 
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2 ���  with �=r2 – 4q (3-164)

where: 
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If 
1 and 
2 are the eigenvalues of A, then Eq. (3-164) can be written as: 
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Hence, r is the sum of the eigenvalues, q is the product and � the discriminant. The following criteria 
can be set regarding critical points: 

� Node: if q>0 and ��0
� Saddle: if q<0 
� Centre: if r=0 and q>0  
� Spiral: if r�0 and �<0

A point K0 is called stable critical point if all trajectories that at some instant are sufficiently close to K0

remain close to K0 at all future times. It is called a stable and attractive critical point if it is stable and 
every trajectory approaches K0 as &�t . It is called unstable if it is not stable. A critical point K0 is: 

� Stable and attractive: if r<0 and q>0 
� Stable: if r�0 and q>0 
� Unstable: if r>0 or q<0 

according to the stability criteria for critical points ([3-31] and [3-40]). The above criteria are 
summarised in the chart of Figure 3-38: 

Figure 3-38: Stability chart (from [3-41]) 
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Provided that r=-2�, which means that it is always r�0 with 
1+
2<0, in order to have stability, both 
eigenvalues must have non-positive real parts, thus q=
1
2>0. Thus, the steady-state motions will be 
unstable only if: 
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For �=0, the instability region is defined by two curves. The first one is the backbone curve, 
expressed as: 

0z

2
0

�8
a�3

! � (3-168)

and the second one is defined as: 
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The unstable solutions are for values of frequency detuning !:
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In this case, the diagram of the steady-state response is illustrated in Figure 3-39.  
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Figure 3-39: (a) Instability region, (b) Stable and unstable solutions without damping 

For ��0, the instability region is defined again by two curves. The first one is expressed as: 
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while the second one is: 
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Unstable solutions appear for values of frequency detuning !:
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In this case, the diagram of the steady-state response is illustrated in Figure 3-40, in which it is shown 
how the damping influences the instability region, by restraining it. 
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Figure 3-40: (a) Instability region, (b) Stable and unstable solutions with damping 

3.3.7 Example of SDOF cable net 

3.3.7.1. Eigenfrequency

In order to quantify the above conclusions, the same example described in section 3.2.6 is used. The 
stiffness coefficient Kz0, calculated according to Eq. (3-67), is: 

m/kN51.22
L

f
EA
N

4
EA
N

2
L

f
8

L
EA4

K
2

2
00

2

2

0z ��
�
�

�
�
�
�

�
����

and the corresponding natural frequency: 
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The coefficient of the nonlinear cubic term of the equation of motion of Eq. (3-76) is equal to: 
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3.3.7.2. Fundamental resonance 

Three loading amplitudes are considered, equal to P0=0.1kN, 0.3kN and 0.5kN. These loads are small 
with respect to the load that causes tensile failure of the cables of an undamped system in 
fundamental resonant conditions, equal to 1.30kN, as shown in section 3.2.6.4. The frequency-
amplitude relation for the fundamental resonance (?��z0), calculated from Eq. (3-114), and the 
phase of the periodic solution, computed according to Eq. (3-115), are plotted for two damping ratios, 
equal to ]=0.5% or ��=0.066 (Figure 3-41) and ]=2% or ��=0.264 (Figure 3-42), which are common 
values for cable structures. In these diagrams it can be noted that as the damping ratio decreases and 
the loading amplitude increases, not only the steady-state amplitude increases, but also the bending 
of the response curve. In addition, the phase = depends on the loading amplitude, something that 
does not occur in linear systems.  
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Figure 3-41: Fundamental resonance for damping ratio ]=0.5% (a) amplitude |a| vs. frequency detuning �!,
(b) phase = vs. frequency detuning �!
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Figure 3-42: Fundamental resonance for damping ratio ]=2% (a) amplitude |a| vs. frequency detuning �!,
(b) phase = vs. frequency detuning �!

Neglecting the nonlinear cubic term of the equation of motion, the corresponding frequency-amplitude 
diagrams of the equation of motion describing a linear system, are shown in Figure 3-43, while the 
phase of the periodic solution with respect of the frequency detuning is plotted in Figure 3-44, which 
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does not depend on the load amplitude. Comparing the two groups of diagrams, one can mention 
that, for large values of damping ratios, the nonlinear response of the cable net approaches the linear 
one.
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Figure 3-43: Fundamental resonance for the linear system: Amplitude |a| vs. frequency detuning �!,
(a) for damping ratio ]=0.5%, (b) for damping ratio ]=2%
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If a damping ratio equal to ]=0.5% and a loading amplitude P0=0.5kN are considered, for a frequency 
detuning equal to �!=0.5sec-1, according to Eq. (3-117), one unstable steady-state response 
amplitude due to the cubic term is calculated as a=1.02m as well as two stable ones, a=0.31m 
(denoted as stable 1) and a=1.28m (denoted as stable 2). Considering instead zero frequency 
detuning (�!=0.0sec-1), the steady-state response amplitude is equal to a=0.72m. The phase of the 
periodic solution for the stable solutions is ==0.11� for �!=0.0sec-1, ==0.20� for stable solution 1 and 
==0.95� for stable solution 2 (Figure 3-45). 
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Figure 3-45: Fundamental resonance for damping ratio ]=0.5% and loading amplitude P0=0.5kN (a) amplitude 
|a| vs. frequency detuning �!, (b) phase = vs. frequency detuning �!

The solution of the equation of motion for the case of fundamental resonance is expressed by Eq. 
(3-118), where the maximum steady-state amplitude of the vertical displacement can be calculated 
for the above cases, as: 

�!=0.5sec-1, a=0.31m (stable 1)  (3-175)

�!=0.5sec-1, a=1.28m (stable 2)   (3-176)

�!=0.0sec-1, a=0.72m  (3-177)

The time-history diagram of the steady-state vertical displacement, for both stable solutions with 
frequency detuning �!=0.5sec-1, is shown in Figure 3-46 and for zero frequency detuning in Figure 
3-47.

�!=0.5sec-1, ]=0.5%, P0=0.5kN
(stable 1)

-2.0

-1.0

0.0

1.0

2.0

0 10 20 30 40 50
time (sec)

st
ea

dy
-s

ta
te

 
w

(t
) 

(m
)

�!=0.5sec-1, ]=0.5%, P0=0.5kN
(stable 2)

-2.0

-1.0

0.0

1.0

2.0

0 10 20 30 40 50
time (sec)

st
ea

dy
-s

ta
te

 
w

(t
) 

(m
)

(a) (b) 

Figure 3-46: Fundamental resonance: Time-history diagram of the steady-state response for frequency detuning 
�!=0.5sec-1, damping ratio ]=0.5% and loading amplitude P0=0.5kN: (a) stable solution 1, (b) stable solution 2 
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Figure 3-47: Fundamental resonance: Time-history diagram of the steady-state response for zero frequency 
detuning (�!=0.0sec-1), damping ratio ]=0.5% and loading amplitude P0=0.5kN

The minimum values of the steady-state displacements for these three stable solutions can be 
obtained by solving numerically the equation of motion, described by Eq. (3-74), using MATLAB. At 
the end of the calculation, the system vibrates with the steady-state amplitudes. In Figure 3-48 the 
time-history diagram of the central node vertical displacement is illustrated, for frequency detuning 
�!=0.5sec-1, damping ratio ]=0.5% and loading amplitude P0=0.5kN. For the stable solution 1, zero 
initial conditions are taken into account, while the stable solution 2 is realised considering initial 
velocity 20m/sec. In Figure 3-49, the time-history diagram of the vertical displacement is plotted, for 
zero frequency detuning, damping ratio ]=0.5%, loading amplitude P0=0.5kN and zero initial 
conditions.  
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Figure 3-48: Fundamental resonance: Time-history diagram of the central node displacement for frequency 
detuning �!=0.5sec-1, damping ratio ]=0.5% and loading amplitude P0=0.5kN for (a) zero initial conditions 

(stable solution 1), (b) initial velocity 20m/sec (stable solution 2) 

-2.0

-1.0

0.0

1.0

2.0

0 10 20 30 40 50
t (sec)

w
 (

m
)

Figure 3-49: Fundamental resonance: Time-history diagram of the central node displacement for zero frequency 
detuning (�!=0.0sec-1), damping ratio ]=0.5% and loading amplitude P0=0.5kN
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The dependence of the response amplitude on the initial conditions, the bending of the response 
curve and the jump phenomena, confirmed analytically and numerically, prove that the simple cable 
net, when subjected to a harmonic load with frequency close to the natural frequency of the system, 
exhibits an intense nonlinear dynamic behaviour.  

3.3.7.3. Superharmonic resonance 

For damping ratio equal to ]=0.5% (��=0.066) and loading amplitudes P0=8kN, 10kN and 12kN, the 
frequency-amplitude relation for the superharmonic resonance (?��z0/3) calculated from Eq. (3-130) 
is shown in Figure 3-50. These loads are smaller than the one causing failure of the cables of an 
undamped system in superharmonic resonant conditions, equal to 19.97kN as shown in section 
3.2.6.4 and much smaller than the maximum static load, which is equal to 40.20kN as shown in 
section 3.2.6.2. It can be noted that, in case the frequency detuning is small with respect to the 
frequency of the system, only large loads, close to the breaking loads, can produce superharmonic 
resonance with large response amplitudes. In addition, the larger the load amplitude, the more the 
response curve bends.  
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Figure 3-50: Superharmonic resonance for damping ratio ]=0.5%: (a) amplitude |a| vs. frequency detuning �!,
(b) phase = vs. frequency detuning �!

For loading amplitude P0=12kN and zero frequency detuning (�!=0.0sec-1), the steady-state response 
amplitude due to the cubic term, is equal to a=0.095m and the phase ==0.08�, while for frequency 
detuning �!=0.20sec-1 a=0.25m and ==0.23� (Figure 3-51).  
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Figure 3-51: Superharmonic resonance for ]=0.5% and P0=12kN: (a) amplitude |a| vs. frequency detuning �!,
(b) phase = vs. frequency detuning �!

The solution of the equation of motion for the case of superharmonic resonance is obtained by Eq. 
(3-131), where P=P0/M=91.60m/sec2 and the maximum steady-state amplitude of the vertical 
displacement can be calculated as: 

�!=0.0sec-1, a=0.095m, ?=(�z0+�!)/3=(13.19+0.0)/3=4.40sec-1
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The time-history diagram of the steady-state vertical displacement, calculated from Eq. (3-131) is 
plotted in Figure 3-52. 
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Figure 3-52: Superharmonic resonance: Time-history diagram of the steady-state response for damping ratio 
]=0.5%, loading amplitude P0=12kN and (a) zero frequency detuning (�!=0.0sec-1), (b) �!=0.20sec-1

This steady-state amplitude of the central node deflection is also obtained by solving numerically the 
equation of motion using MATLAB. The time-history diagrams of the central node vertical 
displacement are illustrated in Figure 3-53 for both frequency detuning values. Although a difference 
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is observed between the calculated steady-state amplitudes according to Eq. (3-178) and the ones of 
Figure 3-53, arising at 19% for �!=0.0sec-1 and at 15% for �!=0.20sec-1, the superharmonic 
resonance is verified by the significant increase of the response amplitude for this small increase of 
the loading frequency.  
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Figure 3-53: Superharmonic resonance: Time-history diagram of the central node displacement for damping ratio 
]=0.5%, loading amplitude P0=12kN and (a) zero frequency detuning (�!=0.0sec-1), (b) �!=0.20sec-1

3.3.7.4. Subharmonic resonance 

In case ?�3�z0, for damping ratio equal to ]=0.5% (��=0.066) and ]=2% (��=0.264), the region of 
the subharmonic solutions, defined by Eq. (3-148) or (3-149), is shown in Figure 3-54 by means of 
the amplitude { and the amplitude a. As the damping ratio increases, the subharmonic region moves 
towards larger values of the frequency detuning �!. For larger values of damping ratios, the minimum 
load amplitude required for subharmonic conditions is larger, considering the frequency detuning �!
constant. For the case of ?=3�z0 (�!=0.0sec-1), no subharmonic solutions can be detected.  
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Figure 3-54: Subharmonic resonance with ]=0.5% and ]=2%: (a) response amplitude { vs. frequency detuning 
�!, (b) response amplitude a vs. frequency detuning �!

Figure 3-55a illustrates the curve that defines the region of the subharmonic solutions, by means of 
the load amplitude P0 that corresponds to the amplitude { of Figure 3-54a, according to Eq. (3-88) 
and taking into account Eq. (3-77). In Figure 3-55b the load P0 is plotted with respect to the response 
amplitude a. It is worth mentioning that according to the chart of Figure 3-55b, in case a subharmonic 
resonance occurs, smaller load amplitudes cause larger response amplitudes. This occurs because, 
based on Figure 3-55a, as the load decreases a larger frequency detuning is required in order to have 
subharmonic solutions (Figure 3-54b). In addition, as the damping ratio increases the frequency 



136 Chapter 3 

Doctoral Thesis of Isabella Vassilopoulou   N.T.U.A. 2011 

detuning that can cause subharmonic resonance increases for the same load amplitude (Figure 
3-55a).

0

50

100

150

200

250

300

0 1 2 3 4 5

Frequency detuning �! (sec-1)

Lo
ad

 a
m

pl
itu

de
 P

0 
(k

N
)

]=0.5% 
(��=0.066)

]=2%
(��=0.264)

subharmonic
solutions

0

50

100

150

0 1 2 3 4 5

Response amplitude |a| (m)

Lo
ad

 a
m

pl
itu

de
 P

0 
(k

N
)

]=0.5% 
(��=0.066)

]=2% 
(��=0.264)

(a)  (b) 

Figure 3-55: Subharmonic resonance with ]=0.5% and ]=2%: (a) load amplitude P0 vs. frequency detuning �!,
(b) load amplitude P0 vs. response amplitude a 

Considering a loading amplitude P0=35kN, damping ratio ]=0.5% and zero frequency detuning 
(�!=0.0sec-1), the steady-state response amplitude due to the cubic term is equal to a=0.0m, as 
shown in Figure 3-56a. For frequency detuning larger than �!=1.10sec-1, instead, there are 
subharmonic solutions. For example, for �!=1.40sec-1 there are two stable solutions, a trivial one 
(a=0.0m) and a non-trivial one which is calculated equal to a=1.13m (Eqs. (3-146) and (3-147)), as 
shown also in Figure 3-56b. In this case, the initial conditions determine which of the two stable 
solutions describe the actual response of the system.  
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Figure 3-56: Subharmonic resonance with ]=0.5%: (a) load amplitude P0 vs. frequency detuning �!, (b) response 
amplitude a vs. frequency detuning �!

The solution of the equation of motion in case of trivial solution is expressed by Eq. (3-150), while for 
the case of subharmonic resonance in Eq. (3-151), with P=P0/M=267.18m/sec2, �z0=13.19sec-1. Thus, 
for zero frequency detuning (?=3�z0=39.57sec-1), when no subharmonic resonance can occur, the 
maximum amplitude is calculated as: 
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For frequency detuning �!=1.4sec-1, the loading frequency is ?=3�z0+�!=40.97sec-1, and the trivial 
solution results in maximum oscillation amplitude: 
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while the non-trivial solution with a=1.13m results in maximum oscillation amplitude: 
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The time-history diagrams of the total steady-state vertical displacement are illustrated in Figure 3-57 
for zero frequency detuning (�!=0.0sec-1) and for frequency detuning equal to �!=1.40sec-1, taking 
also into account the component of the response due to the external load. The maximum response 
amplitude in the first diagram is equal to 0.19m and in the second 1.13m. Hence, a 3.5% increase of 
the loading frequency may produce an oscillation of 6 times larger response amplitude. These steady-
state amplitudes of the central node deflection are also obtained by solving numerically the equation 
of motion, using MATLAB. The time-history diagram of the displacement for zero frequency detuning 
is shown in Figure 3-58. In Figure 3-59 two diagrams of the system’s response are plotted for 
frequency detuning �!=1.4sec-1. In the first diagram zero initial conditions are assumed and the 
steady-state response amplitude due to the cubic term is equal to the trivial solution a=0.0m. In the 
second chart, an initial deflection 0.80m and an initial velocity 10m/sec are assumed, in order to have 
the non-trivial solution. In this case the response amplitude is much larger. This investigation proves 
that the initial conditions influence significantly the response of the system. Changing the initial 
conditions subharmonic resonance may or may not occur for the specific frequency detuning and load 
amplitude. The exact initial conditions that can cause subharmonic resonances are not specified by 
the analytical solutions. They can be found only after several trials. The analytical solutions can only 
predict the possibility for the subharmonic resonance to take place. 
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Figure 3-57: Subharmonic resonance: Time-history diagram of the steady-state response, damping ratio ]=0.5%
loading amplitude P0=35kN and (a) zero frequency detuning (�!=0.0sec-1), (b) �!=1.40sec-1
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Figure 3-58: Subharmonic resonance: Time-history diagram of the central node displacement for zero frequency 
detuning (�!=0.0sec-1), damping ratio ]=0.5%, loading amplitude P0=35kN
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Figure 3-59: Subharmonic resonance: Time-history diagram of the central node displacement for frequency 
detuning �!=1.4sec-1, damping ratio ]=0.5%, loading amplitude P0=35kN (a) zero initial conditions, (b) initial 

displacement 0.8m and velocity 10m/sec 

3.4 COMPARISON OF THE TWO MODELS 

In this section the dynamic behaviour of the exact model of section 3.2, is compared with the 
simplified one of section 3.3. The numerical example already used for both models will be studied 
again in order to evaluate the accuracy of the assumed simplifications. It should be mentioned that 
the analytical solutions of the simplified model do not take into account an eventual cable slackening. 
This means that either the loads causing the nonlinear phenomena or the loading frequencies may be 
different for the exact model, with respect to the ones for the simplified model. 

3.4.1 Eigenfrequencies 

As calculated in section 3.2.6.3 and in section 3.3.7.1, the stiffness coefficient Kz0 and the 
corresponding natural frequency for the two models are tabulated in Table 3-1. The difference for 
both magnitudes is negligible. 

Table 3-1: Stiffness coefficient and natural frequencies 

 Exact Model Simplified Model Difference 
Stiffness coefficient Kz0 (kN/m) 22.49 22.51 0.09%
Frequency �z0 (rad/sec) 13.10 13.19 0.70%

3.4.2 Cable failure 

In section 3.2.6.4 the dynamic load amplitude that causes cable failure is calculated for the exact 
model, solving numerically the equation of motion expressed by Eq. (3-51). Given that the analytical 
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solutions of the simplified model, do not consider cable slackening, and solving numerically the 
analytical equation of motion of Eq. (3-74), the corresponding load amplitudes are calculated for three 
loading frequencies. The results for both models are tabulated in Table 3-2 and compared. The 
difference of the maximum load amplitude between the two models is considered as very small. 
Regarding the case with ?=3�z0, the maximum load is considered equal to the maximum static one, 
without causing cable failure. 

Table 3-2: Maximum load amplitudes 

 (?=�z0) (?=0.33�z0) (?=3�z0)
Exact Model 1.30kN 19.97kN (40.20kN) 
Simplified Model 1.37kN 20.54kN (40.20kN) 
Difference 5% 3% no failure

3.4.3 Fundamental resonance 

The response diagrams described by the analytical solutions for the simplified model provide insightful 
information about the loading frequency for which the cable net exhibits the maximum steady-state 
amplitude, whether jump phenomena are expected, and dependence on the initial conditions. In 
Figure 3-60 the diagrams of Figure 3-22 are compared with the corresponding ones describing the 
response of the simplified model under fundamental resonance, calculated from Eq. (3-117), taking 
into consideration load amplitude P0=1kN (�p=114.50m/sec2) and damping ratio ]=0.5% (��=0.066) 
or ]=2% (��=0.264).
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Figure 3-60: Steady-state deflection response factor Rd, with respect to the frequencies ratio for the exact and 
the simplified model under fundamental resonance for P0=1kN 

It is noted that the simplified model can predict with satisfactory accuracy the maximum steady-state 
amplitude, the slope of the response curve and the dependence on the initial conditions, but the 
diagrams of the exact model are shifted towards smaller frequency ratios. This occurs because during 
the oscillation the large amplitudes result in cable slackening and the stiffness of the system 
decreases. As a consequence, the natural frequency of the system decreases and thus the 
fundamental resonance occurs for smaller frequencies. The difference in the frequency ratio arises at 
7% for both damping ratios, which is considered as sufficiently small. For frequency ratios smaller 
than 0.91 and larger than 1.07, for which no cable slackening occurs for this load amplitude, no 
difference between the responses of the two models is observed.  

3.4.4 Superharmonic resonance 

In Figure 3-61 the diagrams of Figure 3-23 are compared with the corresponding ones describing the 
response of the simplified model under superharmonic resonance, calculated from Eq. (3-130). In 
case of damping ratio equal to ]=0.5%, the exact model oscillates with large amplitude when the 
frequency ratio is 0.32, causing cable slackening, while the corresponding solution of the simplified 
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model shows that the frequency ratio for the superharmonic resonance is 0.33, but the oscillation 
amplitude is not significant. For frequency ratios different from 0.32, the two responses are in good 
agreement except from the frequency ratios close to 0.50, indicating an order-two superharmonic 
resonance, which cannot be detected from the simplified model having only one cubic nonlinear term.  
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Figure 3-61: Steady-state deflection response factor Rd, with respect to the frequencies ratio for the exact and 

the simplified model under superharmonic resonance for P0=5kN 

3.4.5 Subharmonic resonance 

The investigation of the simplified model in section 3.3.7.4 showed that, for load amplitude P0=35kN,
frequency detuning �!=1.40sec-1, initial deflection 0.80m and initial velocity 10m/sec, subharmonic 
resonance occurs. Retaining the same parameters, the steady-state response of the exact model is 
small, but keeping the same load amplitude and frequency detuning and changing only the initial 
deflection to 1.00m and the initial velocity to 16m/sec, subharmonic resonance takes place for the 
exact model too and the central node oscillates with large amplitudes, as illustrated in Figure 3-62, 
while for zero initial conditions the response amplitude is very small. It is worth mentioning that the 
deflection of the central node of Figure 3-62b is much larger than the maximum permissible one, 
which is equal to 1.63m. This response is calculated assuming an infinitely linear material in order to 
detect this nonlinear resonance without cable failure. If a maximum permissible cable stress is 
assumed instead, due to the initial conditions, which cause large response at the beginning of the 
calculation, the cable stress arrives at the yield stress within the first second and the analysis stops.  
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Figure 3-62: Exact model under subharmonic resonance with ]=0.5%: Time-history diagram of the central node 
displacement for frequency detuning �!=1.40sec-1, damping ratio ]=0.5%, loading amplitude P0=35kN (a) zero 

initial conditions, (b) initial displacement 1.0m and velocity 16m/sec 

Thus, the simplified model can predict with sufficient accuracy the occurrence of subharmonic 
resonances regarding the frequency detuning and the load amplitude, but not the initial conditions 
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that can cause such phenomena, nor the possibility for the phenomenon to take place regarding the 
maximum permissible stress of the cables. In some cases the subharmonic resonance is impossible to 
evolve before cable failure, because, for small initial conditions, subharmonic solutions require large 
load amplitude, while for small load amplitudes large initial conditions are necessary. Such large loads 
or initial deflections, even if applied statically, lead to cable tensile failure. 

3.5 SUMMARY AND CONCLUSIONS 

The simplest cable net is considered, consisting of two crossing cables. The analytical equations of 
motion for the central free node are derived for all three translational degrees of freedom. The three 
natural frequencies are also calculated for the unforced, undeformed system. The maximum 
permissible deflection is calculated, setting the maximum permissible cable stress equal to the yield 
stress of the material. The equation of motion of a nonlinear system can be solved numerically for 
specific load amplitude, loading frequency and initial conditions. Nonlinear phenomena, such as 
subharmonic and superharmonic resonances, dependence on the initial conditions and bending of the 
response curves, producing unstable solutions and leading to jump phenomena and hysteresis loops, 
can be detected by a large number of numerical analyses, for different values of loading frequency 
and amplitude, as well as initial conditions that are changed in very small steps. This is proved to be a 
time consuming procedure. 

This cable net is further investigated, assuming only the vertical displacement, thus constituting a 
single-degree-of-freedom system. The exact equation of motion is simplified by neglecting small 
terms, leading to a single-degree-of-freedom system with a cubic nonlinear term, similar to a Duffing 
oscillator. The analytical formulae for steady-state responses in different resonant cases are obtained 
for this system and the corresponding diagrams are plotted. Many features of nonlinear systems 
dynamic behaviour are detected for the cable net and its nonlinear behaviour, delineated by the 
analytical solution, is also verified by solving numerically the simplified equation of motion. 

The numerical solutions of the exact cable net and the analytical ones of the simplified model are 
compared by means of a numerical example. The analytical solution of the Duffing oscillator does not 
include an eventual cable slackening. As a result, if one of the two cables of the exact model becomes 
slack, small differences are noted between the two models. These differences are focused on the 
exact loading frequency and amplitude or the initial conditions that are required for a nonlinear 
phenomenon to evolve. In addition, the analytical solution of the Duffing equation, having only a cubic 
term, cannot predict the order-two superharmonic resonances, which are proved to occur for the 
exact model. Nevertheless, the response diagrams, described by these analytical solutions, provide 
useful information about the loading frequency for which the cable net exhibits the maximum steady-
state amplitude, whether jump phenomena or dependence on the initial conditions are expected.  

The analytical solutions describe only the steady-state response, while cable failure may occur during 
the transient one. However, the information provided by the simplified model can be used to further 
investigate the response of the exact model during the transient response conducting numerical 
analyses. 

Part of this work has been accepted for publication [3-42]. 
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4 VALIDATION OF FINITE ELEMENT SOFTWARE

4.1 INTRODUCTION 

As already discussed, suspended cable structures, subjected to either static or dynamic transverse 
loads, usually experience large displacements with respect to their span, belonging thus to the family 
of geometrically nonlinear structures. Their response cannot be calculated on the basis of their 
undeformed geometry, since their stiffness depends on the deformed state, increasing when the 
deflection increases. The internal forces do not vary linearly with load and the principle of 
superposition cannot be applied. It is thus necessary to perform nonlinear analyses, considering large 
displacements and taking into account the deformed geometry at every load step. In addition, as 
cables cannot sustain any compression, their material must be treated and modelled as nonlinear, 
having only tension branch.  

In the previous chapter, analytical expressions for simple cable nets have been derived, describing 
their static equilibrium and dynamic equations of motion. A single-degree-of-freedom cable net model 
was thoroughly explored, detecting nonlinear phenomena, such as nonlinear resonances and 
instability regions, confirming the intense geometric nonlinearity of the system. However, in this 
investigation, an eventual cable slackening was not taken into account and many simplifications were 
made in order to overcome the difficulty of complex mathematics. Obtaining analytical solutions for 
three dimensional cable structures of many degrees of freedom, turns out to be practically impossible, 
due to their complex nonlinearity. Consequently, the investigation of the cable networks’ dynamic 
response, performed in the following chapters, will be based on results of numerical analyses. 

The scope of this chapter is to compare the results of the finite element software that will be used 
further on, with those derived from analytical solutions or results obtained from the literature, thus 
confirming its appropriateness and accuracy. The comparison is carried out for a simple suspended 
cable and for the simplest cable net with two cables, regarding the natural frequencies and the static 
and dynamic nonlinear response under resonant conditions, in terms of nodal deflection and cable 
tension variation diagrams. The cables are modelled to sustain only tension, taking thus into 
consideration an eventual cable slackening.  
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4.2 PRESENTATION AND ASSUMPTIONS OF THE FINITE ELEMENT SOFTWARE 

The finite element analysis software that will be used for this work is ADINA [4-1], which can perform 
linear and nonlinear analyses of structures, including effects of material nonlinearities and large 
deformations. It offers versatile and generally applicable finite elements for solids, trusses, beams, 
pipes, plates, shells and gaps. Material models for metals, soils and rocks, plastics, rubber, fabrics, 
wood, ceramics and concrete are available. It also offers the option to consider the mass matrix as 
lumped or consistent. It can include element birth or death, initial strains or stresses and restart 
analysis in order to consider a deformed state from a previous analysis as an initial condition for the 
subsequent one. It provides the possibility for linear or nonlinear static or dynamic analyses, 
calculation of frequencies, modes, and modal participation factors, mode superposition, linearised 
buckling, collapse analysis. The results can be plotted in graphs, or listed in tables. Response spectra 
and Fourier analyses with amplitude – frequency diagrams or power spectral density are also 
available, following a time-history analysis. Videos or snapshots of the deformed state can also be 
provided.

The following assumptions are adopted in the analyses with ADINA ([4-2] and [4-3]): 

� The cables are modelled as truss elements with initial strain, introducing thus the initial pretension.  
� The cross-sectional area of the element is assumed to remain unchanged. 
� The cable material can be considered in some specific cases as linear, with the same Young 

modulus for the compression and the tension branch, or in most cases as nonlinear, having null 
compression branch and being linear elastic regarding the tension branch with a constant modulus 
of elasticity. In most of the examples analysed in this chapter, the Young modulus is equal to 
E=165MPa and the maximum cable stress is considered equal to the yield stress 1570MPa, 
corresponding to a strain equal to 0.009515. 

� The mass matrix can be calculated as lumped or consistent. The lumped mass matrix is formed by 
dividing the elements mass among its nodes and the element has no rotational mass. 

� The assumption of large displacements – small strains is adopted for nonlinear static or dynamic 
analysis. 

� In all cases, the unstressed length of the cable segments is not taken into account and the form-
finding procedure is not included. The geometry and stiffness of the equilibrium state under 
prestressing are considered as initial state, and the initial length of the cable elements is the one of 
the given geometry. 

� The damping, if considered, is introduced as Rayleigh damping. For a SDOF system, with only one 
eigenfrequency the coefficients �0 and �1 are calculated as: 

�0=2]� and �1=0 (4-1)

� The nonlinear static analysis is performed using the Full Newton iteration method [4-4], in which a 
new stiffness matrix is always formed at the beginning of each new load step and iteration, taking 
into consideration large displacements. 

� The eigenvalue problem for calculating the natural frequencies and modes is solved by linear modal 
analysis. If the structure is nonlinear and is preloaded or prestressed, the analysis is performed in 
two runs. In the first run, the preload is applied (gravity loads, initial strains, etc.) in a nonlinear 
static analysis. This run can contain one or more solution steps. In the second run, the analysis 
restarts from the last solution of the first run, in order to perform a frequency or time-history 
analysis based on the stiffness and mass matrix corresponding to the time of solution start; in this 
case the time of solution start is the time corresponding to the restart analysis. Therefore, the 
stiffness and mass matrices include all geometric and material nonlinearities corresponding to the 
end of the nonlinear static analysis. 
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� The Composite method [4-5], based on Newmark’s method [4-6], is used as the time integration 
method for solving nonlinear dynamic problems in time domain analysis, which is recommended for 
nonlinear systems. In the composite method, the displacements, velocities, and accelerations are 
solved at a time t + 0.5�t.

The results of this program regarding the natural frequencies of the system are compared with the 
ones obtained by MAPLE [4-7], using the analytical solutions provided in chapter 3 and solving the 
eigenvalue problem. The nonlinear dynamic results of ADINA are compared with the ones obtained by 
MATLAB [4-8]. The assumption that the cable cannot sustain any compression is realised by setting 
equal to zero the tension of the cables whenever it becomes negative, nullifying thus their stiffness. 
ADINA results will be denoted as “numerical” while MAPLE and MATLAB results as “analytical”. 

ADINA considers as initial geometry the one at the state in which it calculates the eigenfrequencies. 
If, for example the system is prestressed, the length of the cable segments at the equilibrium state 
under pretension SN is considered to be the initial length of the segment. In addition, small strains are 
taken into account. Thus, the cable tension for each deformed segment is calculated as: 
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The three natural frequencies of the system will be: 
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The difference is calculated between these expressions of eigenfrequencies with the ones obtained in 
the chapter 3, taking into consideration large displacements and small strains, defined as: 
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Thus, for initial cable stress 20% of the yield stress and E=165GPa, the difference between the 
numerical results and the analytical solution, expressed in the previous chapter assuming small 
strains, arises at maximum 0.09% for all three eigenfrequencies, independently of the sag-to-span 
ratio, as plotted in Figure 4-1. For a sag-to-span ratio equal to f/L=1/20 and initial cable stress varying 
between 10% and 35% of the yield stress, the difference is also small, as shown in Figure 4-2. Thus, 
the numerical calculation of the eigenfrequencies, can be considered as sufficiently accurate. 
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Figure 4-1: Difference of the eigenfrequencies: (a) �x0 and �y0, (b) �z0, for initial cable stress 20%!y
(s: small strains, n: numerical calculation) 
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Figure 4-2: Difference of the eigenfrequencies: (a) �x0 and �y0, (b) �z0, for sag-to-span ratio f/L=1/20 
(s: small strains, n: numerical calculation) 



Validation of Finite Element Software 149

Nonlinear dynamic response and design of cable nets 

4.3 NUMERICAL EXAMPLE 

4.3.1 Geometry

A cable net is used as an example, as described in chapter 3, consisting of two cables having diameter 
D=10mm, cross-sectional area A=7.85·10-5m2 and Young modulus E=165000MPa. The initial strain of 
the cables is �0=0.001, which is interpreted as an initial pretension N0=EA�0=12.959kN. The span of 
the cables is L=50.00m and their sag f=2.50m. The distributed mass of the cables is 
m=7.85kN/m4·sec2, while an additional concentrated mass is applied on the central node, equal to 
Mc=0.1t=0.1kN·sec2·m-1. The masses are considered as lumped, so that the total mass at the central 
node is equal to M=m·4SN/2·A+Mc=0.131kN·sec2·m-1.

4.3.2 Static response 

A concentrated vertical static load is applied on the central node, towards +z, equal to P=40kN. The 
numerical results are compared with the analytical ones, regarding the deflection and the cable 
tension of two characteristic segments. The material is treated as nonlinear. The load – displacement 
curve is plotted in Figure 4-3 and the cable tension variation of segments 1 and 3, with respect to the 
central node deflection in Figure 4-4.  
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Figure 4-3: Load – displacement curve for the static load P=40kN 
(numerically (N), analytically considering small strains (ASS) or large strains (ALS)) 
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Figure 4-4: Cable tension variation with respect to the central node deflection (a) segment 1, (b) segment 3 
(numerically (N), analytically considering small strains (ASS) or large strains (ALS))  

It is obvious that the system’s response is nonlinear due to the geometrically nonlinear behaviour of 
the cables and the loosening of the cable segments 3 and 4. The numerical solution, which takes into 
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account large displacements and small strains is compared with the analytical one, considering large 
displacements and either small or large strains. All results are in very good agreement. 

4.3.3 Eigenfrequencies 

The eigenfrequencies are calculated analytically, considering large displacements - small or large 
strains and numerically, taking into consideration only large displacement – small strains. The natural 
frequencies are tabulated in Table 4-1, while the difference between numerical and analytical 
solutions is listed in Table 4-2 and it is considered as insignificant. 

Table 4-1: Calculated natural frequencies: numerically (N), analytically considering small strains (ASS) or large 
strains (ALS) 

MODE Frequency (sec-1) Frequency (Hz) Period (sec) 
 (N) (ASS) (ALS) (N) (ASS) (ALS) (N) (ASS) (ALS) 
1 13.10 13.10 13.11 2.08 2.09 2.09 0.48 0.48 0.48 
2 88.35 88.39 88.44 14.06 14.07 14.07 0.06 0.07 0.07 
3 88.35 88.39 88.44 14.06 14.07 14.07 0.06 0.07 0.07 

Table 4-2: Difference between the calculated natural frequencies: numerically (N), analytically considering small 
strains (ASS) or large strains (ALS) 

MODE Frequency (sec-1)
 (ASS-N)/ASS (ALS-N)/ALS 
1 0% 0% 
2 0% 0.1% 
3 0% 0.1% 

4.3.4 Dynamic response without damping 

Subsequently, a vertical load is applied on the central node, varying with time as P=P0·cos?t, with 
load amplitude P0=1kN. The loading frequency equal to ?=�z0 is assigned, where �z0=13.10sec-1. The 
response of the system is calculated numerically, as well as analytically, and presented by means of 
the time-history diagram of the deflection w of the central node, the corresponding phase plane plot, 
and the time-history of the cable tension of segments 1 and 3. Large displacements and small strains 
are considered for both numerical and analytical solutions, but for the former the initial length of the 
cables is assumed equal to the unstretched length S0 and the cable tension is described by Eq. (3-9) 
while for the latter the initial length of the cables is considered to be equal to the prestressed length 
SN, and the cable tension at each step is expressed by Eq. (4-2). 

The integration time step has been varied for both approaches, in order to compare and evaluate the 
accuracy of the results. Thus, the response diagrams are plotted for three different time steps, with 
respect to the loading period TL=0.48sec being equal to the system’s period TS, which are 
�t1�TL/10=0.05sec (Figure 4-5), �t2�TL/50=0.01sec (Figure 4-6), and �t3�TL/100=0.005sec (Figure 
4-7). In Table 4-3 the maximum deflection of the central node, the maximum tension of the above 
cable segments and the difference between the two analyses are tabulated. It can be noted that the 
maximum magnitudes calculated analytically do not depend on the time step, while for the numerical 
analysis the time step �t1 gives wrong results with a difference of 20-22% with respect to the ones 
obtained analytically, while the other two analyses with time steps �t2 and �t3 provide results with 
differences of 0.9-1.1% and 0-0.4%, respectively, which can be both considered as satisfactory. 
Between the first and the second analysis the time step is decreasing 5 times and the accuracy is 
increasing significantly by 21 times. Between the second and the third analysis the time step is 
decreasing only by 2 times, and the difference between the analytical and the numerical solution is 
decreasing to one third. It is doubtful whether the additional gain in accuracy between �t2 and �t3

justifies the increase in computational time. Nevertheless, the third time step is chosen for the 
numerical analysis, when the loading frequency is close to the eigenfrequency of the system. 
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Figure 4-5: Dynamic response for P=(1kN)cos(�z0t) and �t1=0.05sec, (a) central node deflection time-history 
diagram, (b) phase plane plot of the central node movement, (c) tension time-history diagram of segment 1,  

(d) tension time-history diagram of segment 3. Small strains are considered for the analytical solution. 
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Figure 4-6: Dynamic response for P=(1kN)cos(�z0t) and �t2=0.01sec, (a) central node deflection time-history 
diagram, (b) phase plane plot of the central node movement, (c) tension time-history diagram of segment 1,  

(d) tension time-history diagram of segment 3. Small strains are considered for the analytical solution. 
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Figure 4-7: Dynamic response for P=(1kN)cos(�z0t) and �t3=0.005sec, (a) central node deflection time-history 
diagram, (b) phase plane plot of the central node movement, (c) tension time-history diagram of segment 1,  

(d) tension time-history diagram of segment 3. Small strains are considered for the analytical solution. 

Table 4-3: Maximum deflection and cable tension for P=(1kN)cos(�z0t)

Procedure �t1=0.05sec �t2=0.01sec �t3=0.005sec
w tension of w tension of w tension of 

(m) segment (kN) (m) segment (kN) (m) segment (kN) 
  1 3  1 3  1 3 

analytical (A) 0.92 69.10 69.31 0.93 69.32 69.57 0.93 69.36 69.59 
numerical (N) 0.72 55.20 55.09 0.92 68.71 68.73 0.93 69.09 69.27 

(A-N)/A 22% 20% 21% 1.1% 1% 0.9% 0% 0.4% 0.4% 

Choosing the appropriate time step depends not only on the accuracy of the results, but also on the 
computational time needed. In order to have more accuracy in the results, the computational time 
becomes extremely high. The difference between the two assumptions regarding the calculation of 
the cable tension at each step does not alter significantly the results. 

Keeping only the third time step, �t3=0.005sec, and the load amplitude P0=1kN, the assumption of 
“large displacements – large strains” is now adopted for the analytical approach and the cable tension 
is expressed by Eq. (3-10). The analytical results are compared again with the corresponding 
numerical ones, plotted in Figure 4-8 and tabulated in Table 4-4. Comparing the charts of Figure 4-8 
with those of Figure 4-7, no significant difference is observed. The small difference between the two 
analyses is also shown in Table 4-4 for the maximum response, by means of nodal displacement and 
cable tension. It is increased with respect to the corresponding one of Table 4-3 for the same time 
step, but it is considered again very small. Based on these observations, the assumption of small 
strains will be adopted further on in the analytical solution, in order to compare the results with the 
ones obtained by the numerical analysis, which uses by default the assumption of “large displacement 
– small strains”. 
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Figure 4-8: Dynamic response for P=(1kN)cos(�z0t) and �t3=0.005sec, (a) central node deflection time-history 
diagram, (b) phase plane plot of the central node movement, (c) tension time-history diagram of segment 1,  

(d) tension time-history diagram of segment 3. Large strains are considered for the analytical solution. 

Table 4-4: Maximum deflection and cable tension for P=(1kN)cos(�z0t), considering large strains for the analytical 
solution 

Procedure �t3=0.005sec
 w (m) tension of segment (kN) 
  1 3 

analytical (A) 0.95 71.32 71.31 
numerical (N) 0.93 69.09 69.27 

(A-N)/A 2% 3% 3% 

Next, the loading amplitude equals to P0=1kN and a loading frequency smaller than the system’s 
eigenfrequency is selected, ?=�z0/3=4.37rad/sec. The time step chosen, with respect to the loading 
period TL=1.44sec and the system’s period TS=0.48sec, is �t�TL/300�TS/100=0.005sec. In the charts 
of Figure 4-9, the comparison of the results between the analytical and numerical analyses is shown. 
In Table 4-5 the maximum deflection of the central node, the maximum tension of the cable segments 
1 and 3 and the difference between the two analyses are tabulated, which is null.  
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Figure 4-9: Dynamic response for P=(1.0kN)cos(�z0t/3) and �t=0.005sec, (a) central node deflection time-history 
diagram, (b) phase plane plot of the central node movement, (c) tension time-history diagram of segment 1,  

(d) tension time-history diagram of segment 3 

Table 4-5: Maximum deflection and cable tension for P=(1.0kN)cos(�z0t/3) 

Procedure �t=0.005sec
 w (m) tension of segment (kN) 
  1 3 

analytical (A) 0.08 17.00 17.00 
numerical (N) 0.08 17.02 17.02 

(A-N)/A 0 % -0.1% -0.1% 

From the above results it is obvious that the specific load amplitude results in small amplitudes of the 
displacement of the central node and the cable tension. If a dynamic load with larger amplitude is 
taken into consideration, such as P=(10kN)cos(�z0t/3), the results for time step �t=0.005sec are 
shown in the charts of Figure 4-10 and in Table 4-6. Even for the larger load amplitude the difference 
between the numerical and the analytical results is very small. This means that the appropriate time 
step depends on the system’s period and not on the loading amplitude.  
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Figure 4-10: Dynamic response for P=(10kN)cos(�z0t/3) and �t=0.005sec, (a) central node deflection time-
history diagram, (b) phase plane plot of the central node movement, (c) tension time-history diagram of segment 

1, (d) tension time-history diagram of segment 3 

Table 4-6: Maximum deflection and cable tension for P=(10kN)cos(�z0t/3) 

Procedure �t=0.005sec
 w (m) tension of segment (kN) 
  1 3 

analytical (A) 1.16 86.00 86.00 
numerical (N) 1.16 85.91 85.98 

(A-N)/A 0 % 0.1% 0 % 

Subsequently, a loading frequency larger than the eigenfrequency is assumed, namely 
?=3�z0=39.30rad/sec, while the amplitude of the load remains equal to 10kN. The time step chosen, 
with respect to the loading period TL=0.16sec and the system’s period TS=0.48sec, is 
�t�3TL/100�TS/100=0.005sec. In the charts of Figure 4-11, the comparison of the results between 
the analytical and numerical analyses is plotted. The difference is larger than the previous cases, 
especially regarding the phase plane plot of the central node movement. Thus, a smaller time step is 
chosen, equal to �t�TL/100�TS/300=0.0015. The results are plotted in Figure 4-12 and listed in Table 
4-7, proving that this time step is more appropriate.  
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Figure 4-11: Dynamic response for P=(10kN)cos(3�z0t) and �t=0.005sec, (a) central node deflection time-history 
diagram, (b) phase plane plot of the central node movement, (c) tension time-history diagram of segment 1,  

(d) tension time-history diagram of segment 3 
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Figure 4-12: Dynamic response for P=(10kN)cos(3�z0t) and �t=0.0015sec, (a) central node deflection time-
history diagram, (b) phase plane plot of the central node movement, (c) tension time-history diagram of segment 

1, (d) tension time-history diagram of segment 3 
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Table 4-7: Maximum deflection and cable tension for P=(10kN)cos(3�z0t)

Procedure �t=0.0015sec
 w (m) tension of segment (kN) 
 1 1 3 

analytical (A) 0.09 17.52 17.52 
numerical (N) 0.09 17.55 17.55 

(A-N)/A 0 % -0.2% -0.2% 

4.3.5 Dynamic response with damping 

Adding damping in the system, the numerical results are compared with the analytical ones, using the 
same assumptions of section 4.3.4 regarding the loading frequencies. The time step remains equal to 
�t=0.005sec. Two damping ratios are considered ]=0.5% and ]=2%. For �z0=13.10sec-1, the 
Rayleigh damping coefficients �0 and �1 are calculated as: 

a) ]=0.5%, �0=2]�=0.131 and �1=0

b) ]=2%, �0=2]�=0.524 and �1=0
(4-9)

Thus, for P0=1kN and ?=�z0, the response of the system is plotted for damping ratio ]=0.5% (Figure 
4-13) and ]=2% (Figure 4-14). The maximum deflection of the central node and the maximum cable 
tension of segments 1 and 3 are tabulated in Table 4-8. Again, very small difference is observed 
between the analytical and the numerical solutions, for both damping ratios.  
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Figure 4-13: Dynamic response for P=(1kN)cos(�z0t), damping ratio ]=0.5% and �t=0.005sec, (a) central node 
deflection time-history diagram, (b) phase plane plot of the central node movement, (c) tension time-history 

diagram of segment 1, (d) tension time-history diagram of segment 3 
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Figure 4-14: Dynamic response for P=(1kN)cos(�z0t), damping ratio ]=2% and �t=0.005sec, (a) central node 
deflection time-history diagram, (b) phase plane plot of the central node movement, (c) tension time-history 

diagram of segment 1, (d) tension time-history diagram of segment 3 

Table 4-8: Maximum deflection and cable tension for P=(1kN)cos(�z0t) and damping ratios ]=0.5% and ]=2%

Procedure �t=0.005sec
]=0.5% ]=2%

 w (m) tension of segment (kN) w (m) tension of segment (kN) 
  1 3  1 3 

analytical (A) 0.82 61.58 61.47 0.61 48.16 48.17 
numerical (N) 0.81 61.38 61.29 0.61 48.07 48.07 

(A-N)/A 1% 0.3% 0.3% 0% 0.2% 0.1% 

For damping ratio ]=0.5%, loading amplitude P0=10kN, loading frequency equal to ?=�z0/3 and time 
step �t=0.005sec, the response of the system is illustrated in the charts of Figure 4-15, while the 
maximum response is listed in Table 4-9. The results do not show important differences between the 
analytical and the numerical procedures.  
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Figure 4-15: Dynamic response for P=(10kN)cos(�z0t/3), damping ratio ]=0.5% and �t=0.005sec, (a) central 
node deflection time-history diagram, (b) phase plane plot of the central node movement, (c) tension time-history 

diagram of segment 1, (d) tension time-history diagram of segment 3 

Table 4-9: Maximum deflection and cable tension for P=(10kN)cos(�z0t/3) and damping ratio ]=0.5%

Procedure �t=0.005sec
 w (m) tension of segment (kN) 
  1 3 

analytical (A) 1.01 74.97 75.10 
numerical (N) 1.01 75.00 75.19 

(A-N)/A 0% 0% -0.1% 

Keeping constant the loading amplitude and the damping ratio, while the loading frequency takes the 
value ?=3�z0, the response of the net calculated by the two procedures for time step �t=0.0015sec 
is plotted in Figure 4-16 and the maximum magnitudes of the response are listed in Table 4-10. The 
difference between the numerical and the analytical results is insignificant.  
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Figure 4-16: Dynamic response for P=(10kN)cos(3�z0t), damping ratio ]=0.5% and �t=0.0015sec, (a) central 
node deflection time-history diagram, (b) phase plane plot of the central node movement, (c) tension time-history 

diagram of segment 1, (d) tension time-history diagram of segment 3 

Table 4-10: Maximum deflection and cable tension for P=(10kN)cos(3�z0t) and damping ratio ]=0.5%

Procedure �t=0.0015sec
w (m) tension of segment (kN) 

  1 3 
analytical (A) 0.09 17.41 17.42 
numerical (N) 0.09 17.52 17.54 

(A-N)/A 0% -0.6% -0.7% 

4.3.6 Dynamic response under resonance 

As shown in chapter 3, the maximum steady-state response for load amplitude P0=1kN and damping 
ratio ]=0.5% is observed for frequency ratio ?/�z0=1.09, considering initial deflection 1m and initial 
velocity 20m/sec, while for zero initial conditions the oscillation amplitude is small. The same problem 
is solved numerically, considering infinitely linear material regarding the tension branch. In Figure 
4-17 the response for zero initial conditions is illustrated, while in Figure 4-18 the corresponding 
diagrams are plotted taking into account initial conditions. Aiming at superharmonic resonance, a 
numerical analysis is performed for loading amplitude P0=5kN, damping ratio ]=0.5% and frequency 
ratio ?/�z0=0.32. The numerical results, compared with the analytical ones, are illustrated in Figure 
4-19. Finally, as proved in the previous chapter, subharmonic resonance occurs for ]=0.5%, P0=15kN,
?/�z0=3.09 and initial conditions by means of deflection 1m and velocity 20m/sec. The numerical 
results for these assumptions are shown in Figure 4-20. In all cases the results obtained by the two 
approaches are compared, showing very good agreement.  
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Figure 4-17: Dynamic response for P=(1kN)cos(1.09�z0t), damping ratio ]=0.5%, �t=0.004sec and zero initial 
conditions: (a) central node deflection time-history diagram, (b) phase plane plot of the central node movement, 

(c) tension time-history diagram of segment 1, (d) tension time-history diagram of segment 3 
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Figure 4-18: Dynamic response for P=(1kN)cos(1.09�z0t), damping ratio ]=0.5%, �t=0.004sec and initial 
conditions: (a) central node deflection time-history diagram, (b) phase plane plot of the central node movement, 

(c) tension time-history diagram of segment 1, (d) tension time-history diagram of segment 3 
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Figure 4-19: Dynamic response for P=(5kN)cos(0.32�z0t), damping ratio ]=0.5%, �t=0.004sec: (a) central node 
deflection time-history diagram, (b) phase plane plot of the central node movement, (c) tension time-history 

diagram of segment 1, (d) tension time-history diagram of segment 3 
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Figure 4-20: Dynamic response for P=(15kN)cos(3.09�z0t), damping ratio ]=0.5%, �t=0.0015sec and initial 
conditions: (a) central node deflection time-history diagram, (b) phase plane plot of the central node movement, 

(c) tension time-history diagram of segment 1, (d) tension time-history diagram of segment 3 
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4.4 CONCLUSIONS 

The finite element analysis software ADINA, which is chosen to be used for this work, gives results 
with minor differences compared with the analytical ones regarding the eigenfrequencies and the 
dynamic response to a harmonic load. The damping ratio introduced as Rayleigh damping, the 
nonlinear material, the distributed cable masses assumed as lumped and the initial conditions are 
proved to be taken into account correctly. Assuming small strains but large displacements, for 
common values of Young modulus of the cable material and for the permissible limits of cable 
stresses, the numerical solution does not differ substantially from the analytical one that takes into 
consideration large displacements and strains. Hence, the assumption of small strains adopted by the 
finite element software, gives sufficiently accurate results, for the allowable maximum values of the 
cable stresses. In addition, assuming as the initial length of the cables, the one under pretension and 
not the unstretched one, the results do not differ significantly. Concerning time-history analysis, the 
time step is an important parameter for the accuracy of the system’s response. From the cases 
analysed in this chapter, the appropriate time step for accurate results is proved to be dependent on 
the system’s period, but not on the loading amplitude. In order to achieve a compromise between the 
computational time required and a satisfactory accuracy of the results, the time step Tmin/100 is 
chosen, where Tmin is the smaller period between the system’s period TS and the loading period TL.
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5 EIGENFREQUENCIES AND EIGENMODES OF 
SADDLE-FORM CABLE NETS 

5.1 INTRODUCTION 

As shown in the previous chapters, the nonlinearity of cable structures may produce intense nonlinear 
phenomena, such as nonlinear resonances, bending of the response curve, hysteresis loops and jump 
phenomena. The natural frequencies of the cable system, although calculated by a modal analysis, 
which is a linear procedure, play an important role in the nonlinear dynamic behaviour, because they 
are used to define nonlinear resonances. The relation between the eigenfrequencies defines eventual 
internal resonances, which lead to a continuous exchange of energy among the corresponding 
vibration modes, even in free vibrations. The relation between the loading frequency and the natural 
frequencies defines fundamental, superharmonic and subharmonic resonances for a forced vibration. 
All these phenomena, related to the linear natural frequencies as well as the loading frequency, 
render the dynamic response of a nonlinear system unpredictable [5-1]. 

Many researchers have focused their interest on the vibration modes and natural frequencies of 
individual cables, starting from Pugsley [5-2] who gave semi-empirical formulae for the three in-plane 
frequencies of a suspended sagged chain. Gambhir and Batchelor [5-3] explored parametrically the 
influence of the cable mass, the sag, the span, and the vertical distance of the cable ends, on the 
natural frequencies of a sagged inclined cable. Irvine and Caughey [5-4] introduced an important 
parameter for simple cables. This parameter, named λ2, collects the geometrical and mechanical 
characteristics of a sagged suspended cable, defines crossover points, at which modal transition and 
internal resonances occur between the first symmetric and the first antisymmetric in-plane modes, 
and governs the symmetric in-plane modes. When this parameter is very large, the cable may be 
considered as inextensible, and when it is very small, the cable profile approaches that of a taut 
string. This parameter is defined as: 
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where mgA is the cable weight per unit length, E is the elastic modulus of the cable material, A is the 
cable cross-sectional area, L is the cable span, H is the horizontal component of the tension, and Le is 
approximately equal to the cable length, defined as: 
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where f is the sag. Assuming that for small sag-to-span ratios, L≈Le and taking into account the 
expression of the horizontal component of tension, constant along the cable, which is given from the 
static equilibrium as: 
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the above expression of Eq. (5-1) becomes: 
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In their study Irvine and Caughey considered the cable as extensible, with a sag-to-span ratio up to 
1/8 and they compared their results with experimental ones. They verified that the first symmetric 
mode has a natural frequency smaller than the one of the first antisymmetric mode for λ2<4π2. These 
two frequencies become equal when λ2=4π2, corresponding to a crossover point, while for larger 
values of this parameter the first antisymmetric mode becomes the first mode of the system, having 
the smallest natural frequency. The authors also reported that the shape of the cable’s first symmetric 
mode changes with respect to this parameter. Thus, for λ2<4π2, the vertical component of this mode 
has no internal nodes with zero displacements, for λ2=4π2 the vertical component is tangential to the 
profile at the supports, while for λ2>4π2, two internal nodes with zero displacements appear (Figure 
5-1).  

λ2<4π2 λ2=4π2 λ2>4π2

Figure 5-1: Profile of the deformed cable for the first symmetric mode 

The parameter λ2 was used by other researchers for further investigation of simple sagged cables 
([5-5], [5-6], [5-7]), or inclined cables ([5-8], [5-9]). For the latter, instead of crossover points, 
avoidance points were detected, meaning that, while in frequency crossover two natural frequencies 
become close, in frequency avoidance they always remain apart and never coincide.  

Regarding multi-degree-of-freedom cable networks, in [5-10] the authors presented a finite element 
method for the analysis of prestressed cable networks, based on Hamilton’s principle and modelling
the cables with curved elements. The fundamental frequency was calculated and compared with the 
results of other methods, as well as with experimental data, showing good agreement. In [5-11] they 
studied the natural frequencies of 3D saddle-form cable nets with respect to various parameters, such 
as the cable cross-sectional area, the initial pretension, the sag-to-span ratio, and the surface 
curvature. In [5-12] a transfer matrix method was presented in order to carry out vibration analyses 
of orthogonal cable nets without initial sag. They showed that the frequencies of the net are 
independent of the number of cables in each direction. A computational scheme for calculating the 
eigenvalues and eigenvectors of cable nets was presented in [5-13].  
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In [5-14] the influence of the boundary ring on the static response of the cable net was proved to be 
significant. Talvik [5-15] mentioned that, if the flexibility of the contour ring of a cable network is 
taken into consideration, the first vibration mode involves mostly the contour ring, while the next four 
modes are determined only by cable net deformations. Seeley et al. [5-16] investigated the 
eigenfrequencies and eigenmodes of a concave cable network with a circular plan view, consisting of 
circular and radial cables. The sag of the net was obtained by the static loading and the range of sag-
to-span ratio was between 1/9 and 1/15. They noticed that only the higher order frequencies depend 
on the extensibility of the network, expressed by a parameter in terms of the elastic modulus of the 
cable material, the cable cross-sectional area, the number of radial cables, the diameter of the 
network and the uniformly distributed dead load. They derived an approximate formula of the 
fundamental circular frequency of the net, involving only the sag and the sag-to-span ratio,
concluding that the first natural frequency of the concave cable net is close to the average of the 
uncoupled in-plane and out-plane fundamental frequencies of an individual cable with the same 
sag/span ratio. Buchholdt [5-17] mentioned that cable sags between 4% and 6% of the span results 
in satisfactory structural behaviour, if the level of pretension is high enough so that no cable 
slackening occurs under any combination of loading. He also suggested that in order to calculate with 
accuracy the eigenfrequencies of a cable roof, the deformed state under permanent loads and the 
wind load produced by the mean wind velocity should be taken into account. He reported measured 
frequencies of a saddle-shaped net roof, with a circular plan of 125m diameter, between 0.74Hz and 
1.12Hz for the first seven modes.  

In this chapter the dynamic behaviour of saddle-form cable networks is analysed, regarding the 
natural frequencies and vibration modes. The cable ends are considered either as fixed or anchored to 
a boundary ring. This ring is usually made of prestressed concrete, having a closed box cross-section. 
It is much stiffer than the cable net, but not stiff enough to neglect its elastic deformability, which 
influences significantly the net’s behaviour, as proved in [5-18], during the early stages of this work.

5.2 MODELLING ISSUES AND ASSUMPTIONS 

The model adopted is a three-dimensional symmetric cable net, having the geometry of a hyperbolic 
paraboloid surface and a circular plan view of diameter L. The network consists of N cables in each 
direction, arranged in a quadratic grid. The sag of the longest main and secondary cables is equal to f, 
which is also considered as the sag of the roof. In Figure 5-2 the geometry of the cable net is defined. 
In this Figure, an auxiliary coordinate system x’y’ is also shown, which will be used further on. All 
cables have a circular cross-section with diameter D and area A and their material is assumed 
infinitely linearly elastic with Young modulus E. They are simulated by truss elements that can sustain 
only tension. Each part of a cable between two adjacent net intersection points is modelled with one 
straight truss element, with no flexural stiffness. The initial cable pretension is N0, which is introduced 
as initial strain in all cables, equal to ε0=N0/EA. The cable mass density is equal to m and an additional 
concentrated nodal mass M may also be considered. A lumped mass matrix is used for the analysis. All 
three translational degrees of freedom are considered as free for all internal nodes of the net. For the 
net with rigid supports, the cable ends are modelled as pinned (Figure 5-3).  
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Figure 5-2: Geometry of the cable net with rigid supports 

Figure 5-3: Model of the cable net with fixed ends 

Without loss of generality, the edge ring, if considered, has a square box cross-section of width b, wall 
thickness b/10, with cross-sectional area Ar, moment of inertia Ir, unit weight ρr and elastic modulus Er

(Figure 5-4). The z-displacement of the ring’s nodes is restrained. The displacement in the x-direction 
is not permitted for the two nodes of the ring with coordinate x=0, and, respectively, the y-
displacement is not permitted for the two ring nodes with coordinate y=0, in order to avoid rigid body 
motion. Thus, the radial deformation of the ring is allowed, but not the overall rotation about the z 
global axis. The local y-axes of the beams modelling the boundary ring are oriented towards the 
central node of the net. The model of this cable net is shown in Figure 5-5. 
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Figure 5-4: Geometry of the cable net with flexible edge ring 

Figure 5-5: Model of the cable net with the boundary ring 

The net is uniformly prestressed. Linear modal analyses are performed to calculate the eigenmodes 
and eigenfrequencies. It should be mentioned that the concentrated nodal masses, whenever they are 
taken into account, are applied only on the free nodes of the cable net and not on the ring nodes,
because the ring’s mass is already much larger and any additional mass is considered as negligible.
For the calculation of the natural frequencies of the system, the geometry and stiffness of the state 
under prestressing are considered, as will be explained further on. All analyses have been carried out 
with the finite element software ADINA ([5-19] and [5-20]).  

5.3 INITIAL STATE UNDER PRETENSION 

Two typical cable nets are studied in the state of pretension, without a boundary ring. In these cable 
nets, there are 25 cables in each direction, their diameter in plan view is L=100m, the material of the 
cables has an elastic modulus E=165GPa and the cable mass density is equal to 10.0kN/m4·sec2. The 
cables have a diameter D=50mm. The initial pretension is assumed to be equal to 500kN for all cable 
segments, introduced as initial strain. The sag-to-span ratio for the first cable net is equal to 1/20 
(Figure 5-6) while for the second one it is 1/10 (Figure 5-7). In this case, the first four natural 
frequencies are tabulated in Table 5-1 for both nets. 
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Figure 5-6: Cable tension for the cable net with f/L=1/20, considering initial pretension N0=500kN 

Figure 5-7: Cable tension for the cable net with f/L=1/10, considering initial pretension N0=500kN 

Table 5-1: Eigenfrequencies of the nets considering a uniform cable tension 

f/L=1/20 f/L=1/10
ω1[sec-1] 11.57 11.22
ω2[sec-1] 12.32 13.80
ω3[sec-1] 12.32 13.80
ω4[sec-1] 13.23 15.82

A nonlinear static analysis is performed next, considering only the pretension, in ten steps. The 
change of pretension, which corresponds to each cable segment when all nodes are in equilibrium, is 
illustrated in Figure 5-8 for the first cable net and in Figure 5-9 for the second one. This analysis is 
considered as equivalent to the stage of form-finding. 
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Figure 5-8: Cable tension at the static equilibrium state for the cable net with f/L=1/20 

Figure 5-9: Cable tension at the static equilibrium state for the cable net with f/L=1/10 

It is worth mentioning that the equilibrium is obtained already from the first step of the analysis, as 
shown in Figure 5-10. The maximum tensions are 508kN and 554kN and the minimum ones 497kN 
and 485kN for the two cable nets with f/L=1/20 and f/L=1/10, respectively. It is noted that as the 
curvature increases, the tension variation along the cable also increases.  
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Figure 5-10: Maximum and minimum cable tension for the cable net with f/L=1/20 and f/L=1/10 
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The level of pretension variance is compared with results obtained with the finite element software 
EASY [5-21], which is a program for the integrated analysis and design of lightweight surface 
structures. The cable tension distribution for the net with f/L=1/20 is shown in Figure 5-11 and for 
f/L=1/10 in Figure 5-12, as calculated with EASY at the stage of form-finding. 

(a) (b)

(c) (d)

(e) (f)

Figure 5-11: (a) Schematic diagram of cable tensions after form-finding obtained with EASY for the cable net with 
f/L=1/20, (b) detail A, (c) detail B, (d) detail C, (e) detail D, (f) detail E 
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(a) (b)

(c) (d)

(e) (f)

Figure 5-12: (a) Schematic diagram of cable tensions after form-finding obtained with EASY for the cable net with 
f/L=1/10, (b) detail A, (c) detail B, (d) detail C, (e) detail D, (f) detail E 

Assuming a horizontal component of pretension equal to the minimum cable tension calculated by 
ADINA, that is 497kN for f/L=1/20 and 485kN for f/L=1/10, the form-finding obtained with EASY 
results in a maximum cable tension equal to 507kN and 523kN, respectively. For the cable net with 
f/L=1/20 the difference between the results of ADINA and EASY is almost 0.2%, while for the second 
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cable net with f/L=1/10, the difference arises to 6%. However, the difference is considered as small in 
both cases. 

The new cable tensions, after equilibrium is obtained, are inserted in the ADINA model and the 
deformed state under pretension is considered as the initial state in order to calculate again the 
eigenfrequencies of the two cable nets. In this case the natural frequencies are tabulated in Table 5-2. 
Comparing them with the ones of Table 5-1, it is observed that the difference is larger for the deep 
cable net, but can be considered as negligible, for both cable networks. Hence, for simplicity, in what 
follows, a uniform strain will be inserted in all cable segments for the first step of the analysis. 

Table 5-2: Eigenfrequencies of the nets considering the cable tension at the static equilibrium state 

f/L=1/20 f/L=1/10
ω1 [sec-1] 11.57 11.21
ω2 [sec-1] 12.31 13.77
ω3 [sec-1] 12.31 13.77
ω4 [sec-1] 13.22 15.78

5.4 CABLE NET WITH RIGID SUPPORTS 

5.4.1 The vibration modes 

In order to investigate the vibration modes of a cable net with rigid supports, parametric analyses 
were performed for a large number of cable net models with different geometrical and mechanical 
characteristics, regarding the number of cables in each direction N, the projected diameter L, the sag-
to-span ratio f/L, the initial pretension N0, the elastic modulus of the cable material E, the cable mass 
density m, the nodal concentrated mass M, the cable diameter D and thus the cross-sectional area A.

The cable net’s eigenmodes can be distinguished in symmetric and antisymmetric ones. The former 
ones consist of symmetric vertical components and antisymmetric horizontal components with respect 
to both horizontal axes x and y, while the latter ones consist of antisymmetric vertical components 
and symmetric horizontal components with reference to one, or to both horizontal axes. In this work, 
the first four modes are thoroughly studied, which are (i) the first symmetric mode of the net, 
denoted as 1S, (ii) the first antisymmetric modes with respect to x’ or y’ axis (Figure 5-2), 
respectively, which, due to the symmetry of the model, are similar, with equal eigenfrequencies and 
thus are treated as one mode, denoted, both of them, as 1A and finally (iii) the first antisymmetric 
mode with respect to both horizontal axes, which is denoted as 2A. In Figure 5-13 the z-eigenvector 
of the first four modes are shown, indicating the z-displacements of the net nodes, as well as the axes 
of symmetry, while in Figure 5-14 the deformed structure according to these four modes is illustrated. 
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(a) (b)

(c) (d)

Figure 5-13: Z-eigenvectors of the first four vibration modes of a cable net with rigid supports,
a) mode 1S, b) and c) modes 1A, d) mode 2A 

Figure 5-14: The first four vibration modes of a cable net with rigid supports 

Looking into the eigenmodes and eigenfrequencies of the cable nets, frequency crossovers and modal 
transitions, similar to those occurred for the simple suspended cable, were also observed, meaning
that the eigenmodes do not appear necessarily in a specific sequence. To describe these phenomena, 
a parameter λ2 is herein introduced for cable nets, similar to that for a simple cable, which is 
expressed as: 
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where N0 is the mean value of the pretension of all cables. Small values of this parameter are noted 
for shallow cable nets, or deep cable nets with low levels of pretension. Accounting for realistic 
structures, with the Young modulus taking values between 140GPa and 170GPa, the initial cable 
stress varying between 0.10 and 0.35 of the yield stress, with a yield stress 1570MPa or 1670MPa, 
considering the two most common categories of steel for cables 1570/1770MPa and 1670/1860MPa, 
respectively, the minimum and maximum values of parameter λ2 with respect to the sag-to-span ratio 
are shown in Figure 5-15.  
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Figure 5-15: Variation of the parameter λ2 with respect to sag/span ratio f/L 

The modes of the cable net are found to depend on the parameter λ2, in a similar manner as for the 
simple cable. More specifically: 

a) For λ2≤0.80 the first eigenmode of the system is mode 1S, while the second and third eigenmodes 
are modes 1A. The fourth eigenmode is mode 2A. Mode 1S has a natural frequency smaller than the 
one of modes 1A, which in turn, is smaller than the frequency of mode 2A, that is ω1S<ω1A<ω2A. For 
λ2=0.80 the first three eigenmodes have equal natural frequencies, which means ω1S=ω1A, accounting 
for the first crossover point. The first four eigenmodes have the sequence shown in Figure 5-16. 

Figure 5-16: The first four eigenmodes of a cable net with rigid supports for λ2≤0.80 

b) For 0.80<λ2≤0.98 the natural frequencies of the first two eigenmodes, which are modes 1A, are 
equal and smaller than that of mode 1S, which is the third cable net eigenmode, followed by mode 
2A. This means ω1A<ω1S<ω2A. For λ2=0.98 the natural frequencies of the 3rd eigenmode – which is 
mode 1S – and the fourth eigenmode – which is mode 2A – are equal, that is ω1S=ω2A (second 
crossover point). The sequence of the first four eigenmodes is shown in Figure 5-17. 

Figure 5-17: The first four eigenmodes of a cable net with rigid supports for 0.80<λ2≤0.98 
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c) For 0.98<λ2≤1.17 (Figure 5-18) a transition between the 3rd and 4th eigenmodes occurs. Thus, 
mode 1S becomes the 4th cable net eigenmode, while modes 1A remain the first two eigenmodes. 
This means ω1A<ω2A<ω1S. For λ2=1.17 the natural frequencies of the 1st, 2nd and 3rd eigenmodes are 
equal, that is ω1A=ω2A (third crossover point). 

Figure 5-18: The first four eigenmodes of a cable net with rigid supports for 0.98<λ2≤1.17 

d) For 1.17<λ2 (Figure 5-19) a transition between the 3rd and the first two eigenmodes occurs. Mode 
2A becomes the first mode of the system, modes 1A become second and third, while 1S remains the 
fourth mode. This means ω2A<ω1A<ω1S. 

Figure 5-19: The first four eigenmodes of a cable net with rigid supports for 1.17<λ2

The above limits of λ2 refer to the first four eigenmodes of a cable net with rigid supports. Transitions 
among higher modes also occur for different values of λ2. 

The shape of the first symmetric mode changes with respect to parameter λ2, as also occurs for 
simple suspended cables. Thus, for small values, smaller than 1.17, the vertical component of this 
mode has no internal nodes with zero displacements (Figure 5-20), for values near 1.17 the vertical 
modal component is tangential to the horizontal plane at the cable ends (Figure 5-21), while for large 
values, larger than 1.17, internal nodes with zero displacements are observed (Figure 5-22). 

(a) (b)

Figure 5-20: First symmetric mode of a cable net with rigid supports for λ2=0.70 (<<1.17),
a) perspective view, b) Z-eigenvector 
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(a) (b)

Figure 5-21: First symmetric mode of a cable net with rigid supports for λ2=1.17,  
a) perspective view, b) Z-eigenvector 

(a) (b)

Figure 5-22: First symmetric mode of a cable net with rigid supports for λ2=2.60 (>>1.17),
a) perspective view, b) Z-eigenvector 

5.4.2 The natural frequencies 

In this section parametric analyses are presented for the ten characteristic cases of Table 5-3, in order 
to illustrate the relation between the natural frequencies and the characteristics of the cable net, and 
especially parameter λ2. Keeping the characteristics of Table 5-3 constant and varying the cable cross-
sectional area between 10mm and 80mm, parameter λ2 changes. The 1S, 1A and 2A modes are 
considered again.

Table 5-3: Characteristic cases for eigenfrequency investigation 

Cases
1 2 3 4 5 6 7 8 9 10

N 25 25 25 25 25 25 25 35 25 11
L [m] 100 100 100 100 100 100 50 50 100 100
f/L 1/20 1/20 1/35 1/35 1/20 1/20 1/20 1/20 1/20 1/20

N0 [kN] 400 600 400 400 400 400 400 400 400 400
E [GPa] 165 165 165 165 165 148.5 165 165 165 165

m [kN·sec2·m-4] 10 10 8 10 8 9 10 10 0 0
M [kN·sec2·m-1] 0 0 0 0 0 0 0 0 0.5 0.5
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The analysis results are shown in the charts of Figure 5-23, where the parameter λ2 is plotted on the 
horizontal axis and the normalised frequency )L/g(/ω  on the vertical axis for the ten cable nets of 

Table 5-3, where g is the gravitational constant, considered equal to 10m/sec2. 
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Figure 5-23: Normalised natural frequencies of a cable net with rigid supports vs. λ2

From the charts some important remarks can be elicited: 

� As λ2 increases resulting in a stiffer net, the natural frequencies decrease when distributed mass is 
considered (cases 1-8). 

� If λ2, m, E, L and f/L are kept constant, changing the level of pretension does not alter the natural 
frequencies (cases 1, 2). 

� Keeping λ2, m, E, N0 and L constant, the natural frequencies decrease as the sag-to-span ratio f/L 
decreases (cases 1, 4 and 3, 5). 

� Keeping λ2, m, E, N0 and f/L constant, the natural frequencies increase as L decreases (cases 1, 7). 
� On the other hand, if λ2, N0 and f/L remain constant, the natural frequencies increase with respect 

to m/1  (cases 1, 5). 
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� Moreover, if λ2, N0 and f/L remain constant, the natural frequencies do not change if the ratio 
)m/E(  remains the same (cases 1, 6). 

� When only the cable mass density m is taken into consideration and no concentrated mass M is 
considered, the number of cables in each direction has no effect on the natural frequencies and 
eigenmodes (cases 7, 8). Considering concentrated nodal masses M instead, the number of cables 
in each direction influences the frequencies significantly (cases 9, 10). In the latter case the 
eigenfrequencies increase with respect to 1N/1 � . 

� If only concentrated mass M is considered, but no cable mass density m, changing the cable cross-
sectional area, the frequencies of modes 1S and 1A increase, but the one of mode 2A does not 
change (cases 9, 10). 

� Finally, the frequency crossovers occur at the same values of the parameter λ2 for all cable nets, as 
mentioned before. 

5.4.3 Empirical formulae 

In order to quantify the above observations and to elicit empirical formulae, which can be used to 
estimate the eigenfrequencies of the net, almost six hundred runs have been performed for the cable 
nets with geometrical and mechanical characteristics listed in Table 5-4. Considering cases that 
approximate realistic structures, the cable diameter was chosen in such a way as to keep the 
pretension level between 10% and 35% of the steel yield stress, taking into account the steel 
categories St 1570/1770 and St 1670/1860. Thus, the initial cable stress, introduced by the initial 
strain, meaning the pretension, is calculated between 0.10·1570MPa=157MPa and 
0.35·1670MPa=585MPa. 

Table 5-4: Characteristics of the cable nets with rigid supports 

N L [m] f/L N0 [kN] E [GPa] D [mm] m [kN·sec2·m-4] M [kN·sec2·m-1]
25 100 1/10-1/20-1/35 400 165 30-55 10 0-0.5-1
25 100 1/10-1/20-1/35 600 165 37-69 10 0-0.5-1
25 100 1/10-1/20-1/35 800 165 42-80 10 0-0.5-1
25 100 1/10-1/20-1/35 400 165 30-55 8 0-0.5-1
25 100 1/10-1/20-1/35 600 165 37-69 8 0-0.5-1
25 100 1/10-1/20-1/35 800 165 42-80 8 0-0.5-1
25 100 1/20 400 165 30-55 0 0.5-1
25 100 1/20 600 165 37-69 0 0.5-1
25 100 1/20 800 165 42-80 0 0.5-1
19 100 1/20 400 165 30-55 0-8 0-0.5-1
19 100 1/20 600 165 37-69 0-8 0-0.5-1
19 100 1/20 800 165 42-80 0-8 0-0.5-1
11 100 1/20 400 165 30-55 0-8 0-0.5-1
11 100 1/20 600 165 37-69 0-8 0-0.5-1
11 100 1/20 800 165 42-80 0-8 0-0.5-1
25 100 1/20 400 150 30-55 10 0-0.5-1
25 100 1/20 600 150 37-69 10 0-0.5-1
25 100 1/20 800 150 42-80 10 0-0.5-1
25 50 1/20 400 165 30-55 10 0-0.5-1
25 50 1/20 600 165 37-69 10 0-0.5-1
25 50 1/20 800 165 42-80 10 0-0.5-1
25 200 1/20 600 165 37-67 10 0-0.5-1
25 200 1/20 800 165 42-80 10 0-0.5-1
25 200 1/20 1000 165 47-90 10 0-0.5-1

A new non-dimensional parameter β is introduced, in order to include all the above information in one 
chart. This parameter represents the non-dimensional cable net frequencies. 
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In the charts of Figure 5-24, plotting on the horizontal axis the parameter λ2 and on the vertical one 
the parameter β for each one of the frequencies of the net, it is noted that each natural frequency 
follows the same curve for all cable nets.  
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Figure 5-24: Parameter β for the 1S, 1A and 2A modes of a cable net with rigid supports vs. λ2

Based on the results of the modal analyses, it is possible to produce approximate mathematical 
formulae estimating the natural frequencies of the cable nets. According to the above charts, there is 
a relation between the two non-dimensional parameters β and λ2, for each of the three modes, which 
can be expressed as follows: 
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where the subscript e denotes that this is an empirical expression of the eigenfrequencies, n=n1S=3 
for mode 1S, n=n1A=2.5 for modes 1A and n=n2A=2 for mode 2A. Thus, Eq. (5-7) becomes, for the 
three modes, respectively: 
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In order to compare the numerical results with the ones provided by these formulae, the above charts 
are shown again in Figure 5-25, including the curves represented by Eqs. (5-8) – (5-10). 
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Figure 5-25: Parameter β vs. λ2 (studied cases and empirical formulae) 

The accuracy of the empirical formulae is also illustrated in Figure 5-26, where ωi,n and ωi,e are the 
net’s frequencies calculated by numerical methods and by Eqs. (5-8) – (5-10), respectively and i 
stands for 1S, 1A or 2A. The results are considered as satisfactory. 
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Figure 5-26: Empirical formulae for natural frequencies vs. numerical data 

The error of the above formulae is calculated for all the results obtained from the parametric modal 
analyses performed, as the ratio (ωi,n-ωi,e)/ωi,n. The charts of Figure 5-27 show the mean absolute 
value of the error for different values of the non-dimensional parameter λ2.
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Figure 5-27: Error of the empirical formulae for natural frequencies with respect to λ2

The error of the formula providing the frequency of the first symmetric mode (1S), arises at 16% for 
very low values of the parameter λ2. These values of λ2 correspond to the shallowest cable net, with a
sag/span ratio equal to 1/35 and to the highest levels of initial stress, up to 35% of the yield stress 
1670MPa, considering a cable diameter 30mm for pretension 400kN, 37mm for 600kN and 42mm for 
800kN. These cable diameters are very small for such spans, so these low values of the parameter λ2

do not represent actual designs. The error of the same formula for values of λ2 larger than 0.4, arises 
at maximum 10%, which is considered as satisfactory for preliminary design. The error of the 
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formulae giving the frequencies of the antisymmetric modes 1A and 2A is very small, not more than 
5% for the former and 2.5% for the latter. 

5.5 BOUNDARY RING 

5.5.1 The natural mode 

In order to extend the above investigation into the natural frequencies of a cable net anchored to a 
deformable edge ring, at first, the ring itself is analysed, without the cables. Conducting a parametric 
linear modal analysis, the fundamental frequency of such a structure is calculated, considering 
different geometrical and mechanical characteristics, regarding the projected diameter, the sag/span 
ratio, the elastic modulus of the ring’ material, the geometry of its cross-section and its unit weight. 
The first vibration mode is characterised by an in-plane breathing motion of the ring (Figure 5-28).

Figure 5-28: Ring’s first vibration mode (in-plane mode) 

5.5.2 The fundamental natural frequency 

More than two hundred cases have been taken into consideration for the parametric analysis, in which 
the ring modulus of elasticity Er varies between 30GPa, 34GPa, 37GPa and 39GPa, accounting for the 
concrete categories B25, B35, B45 and B55, respectively, according to DIN codes. The ring’s cross-
section has the shape of a square box, as shown in Figure 5-4, with width b taking the values 
b=5.00m, b=6.50m, b=8.00m or b=10.00m for the models with diameter L=100m, and, respectively 
b=8.00m, b=10.0m, b=12.00m or b=14.00m for the models with diameter L=200m, while for the 
model with diameter L=50m the width b varies with values b=2.00m, b=3.50m, b=5.00m or
b=7.00m. In all cases, the unit weight of the ring ρr takes the values 25kN/m3, 35kN/m3 or 45kN/m3,
considering eventual electromechanical equipment. The geometrical and mechanical characteristics of 
the considered cases are listed in Table 5-5. 

Table 5-5: Characteristics of the edge ring 

L [m] f/L Er [GPa] b [m] ρr [kN/m3]
100 1/20 30-39 5-10 25-45
100 1/35 30-39 5-10 25-45
100 1/15 30-39 5-10 25-45
100 1/10 30-39 5-10 25-45
200 1/20 30-39 8-14 25-45
50 1/20 30-39 2-7 25-45

The calculated fundamental frequencies for all the above cases are plotted in Figure 5-29 where on 
the vertical axis the non-dimensional eigenfrequency )L/g(ωr  is represented and on the horizontal 

axis the non-dimensional parameter γ, defined as:
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From the above chart, one can conclude that the relation between the non-dimensional natural 
frequency of the edge ring without cables and the parameter γ is the same for all cases. In [5-22] the 
expression of the natural frequency for any mode of vibration is provided, concerning the flexural 
vibration of a plane circular ring: 
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When i=1, ωr=0 and the ring moves as a rigid body. For i=2, the ring performs the fundamental 
mode of flexural vibration and Eq. (5-12) becomes: 
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When i=3, the calculated frequency corresponds to the ring’s second mode, which is the first 
antisymmetric vibration mode, being 2.8 times larger than the first eigenfrequency of the ring. This 
mode is not taken into account, because it cannot influence the vibration of the net, as will be shown 
next. 

Although, the above formula refers to a plane ring, it can also be used for the boundary ring of a 
hyperbolic paraboloid roof. The error of the above formula is calculated for all results obtained from 
the parametric modal analyses performed for each case, as the ratio (ωrn-ωre)/ωrn, where ωrn and ωre

are the ring’s frequency calculated by numerical methods and by Eq. (5-13), respectively. The chart of 
Figure 5-30 shows the absolute value of the error for different values of the sag-to-span ratio. The 
error is very small for the shallow rings of small sag/span ratios, but as the ratio increases and the 
ring becomes deeper, with large curvatures, the error increases.  



186  Chapter 5 

Doctoral Thesis of Isabella Vassilopoulou  N.T.U.A. 2011 

error ωr

0%

1%

2%

3%

4%

5%

6%

7%

1/35 1/20 1/15 1/10
f/L

Figure 5-30: Error of the empirical formula for the fundamental frequency of the ring with respect to the sag-to-
span ratio 

5.5.3 Empirical formula 

In order to calibrate this error, an improved formula is proposed for the estimation of the frequency of 
the ring’s mode, considering also the sag-to-span ratio, as follows: 
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In order to compare the numerical results with the ones estimated by the empirical formula, the chart 
of Figure 5-29 is plotted again in Figure 5-31, including the curve represented by Eq. (5-14). 
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Figure 5-31: Normalised fundamental frequency of the ring vs. γ (studied cases and empirical formula) 

The error of this improved formula with respect to the ratio (ωrn-ωre)/ωrn is illustrated in Figure 5-32,
where ωrn and ωre are the ring’s frequency calculated by numerical methods and by Eq. (5-14),
respectively, which shows that the mean absolute value of the error for all sag-span ratios is not more 
than 1%. The accuracy of the improved empirical formula is also illustrated in Figure 5-33, and is 
considered as sufficient for all practical purposes. 
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Figure 5-32: Error of the improved empirical formula for the fundamental frequency of the ring with respect to 
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Figure 5-33: Formula for the ring’s fundamental frequency vs. numerical data 

5.6 CABLE NET WITH BOUNDARY RING 

5.6.1 The natural modes 

Continuing the investigation of cable networks regarding their natural frequencies, both components 
of the suspended roof are now considered, namely the cable net and the deformable edge ring. The 
remark of Talvik [5-15] is verified. He noticed that in case the flexibility of the boundary ring is taken 
into account, among the first natural modes there are the ones concerning the cable net, modes 1S, 
1A and 2A as described before, but there is also the in-plane mode of the ring, which produces a 
symmetric vertical vibration of the cable net. These modes are shown in Figure 5-34. 

Figure 5-34: First five eigenmodes of the cable net with the flexible edge ring 
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For illustration purposes, two cable nets are considered with geometrical characteristics L=50m, 
f/L=1/20, cable characteristics N0=100kN, D=30mm, m=10kN·sec2·m-4, E=165GPa, and ring
characteristics Er=39GPa, ρr=25kN/m3, while the width b of the square box takes the values b=2.00m,
for the first one, representing a flexible ring and b=5.00m, for the second one, representing a stiffer 
ring. The two models are illustrated in Figure 5-35 and Figure 5-36, respectively. 

(a) (b)

Figure 5-35: The cable net with ring cross-section width b=2.00m (a) plan view, (b) perspective view 

(a) (b)

Figure 5-36: The cable net with ring cross-section width b=5.00m (a) plan view, (b) perspective view 

For the first structure, the first mode of the combined system is the ring in-plane mode and the 
vibration modes of the net follow (Figure 5-37), while for the second one, the ring in-plane mode is 
the eighth mode of the system and the net modes appear as the first ones (Figure 5-38). 
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Figure 5-37: The first eight eigenmodes of the cable net with ring cross-section width b=2.00m 
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Figure 5-38: The first eight eigenmodes of the cable net with ring cross-section width b=5.00m 

Hence, for common values of the ring’s stiffness and cable net stiffness in terms of pretension and 
cable cross-sectional area, the ring’s in-plane mode is the first eigenmode of the system and the 
corresponding frequency can be estimated by Eq. (5-14), with negligible influence of the cable net. In 
this case, the following four eigenmodes are the same vibration modes of the cable net analysed in
section 5.4.1 with negligible influence of the ring, and their frequencies can be expressed by Eqs. 
(5-8) – (5-10) with small errors. For high values of the ring’s stiffness, its in-plane mode becomes of 
higher order, while the corresponding eigenfrequency still follows the law of Eq. (5-14). In this case 
the first four modes of the system are the vibration modes of the net studied previously, with 
frequencies that still follow Eqs. (5-8) – (5-10). Between these first four modes and the ring’s one, 
other vibration modes appear, most of them higher order net’s modes, but also hybrid ones, involving 
the ring and the net into the vibration.  

For intermediate values of the ring’s stiffness, the symmetric vibration of the net and the in-plane one 
of the ring are not distinct; it is not possible to distinguish which mode represents a pure vibration of 
the net involving also the ring and which one is mainly a vibration of the ring that produces a 
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symmetric oscillation to the net. Consequently, in what follows, the 1st symmetric mode of the system 
is investigated, whether this is produced mainly due to a net symmetric vibration or a ring in-plane 
one. The corresponding frequency will be named as ω1SS. 

5.6.2 The natural frequencies 

For the sake of simplicity, the frequencies of a sample of cable nets are calculated and discussed, with 
characteristics listed in Table 5-6. Parametric analyses are performed in order to evaluate the 
contribution of the edge ring deformability to the net’s vibration modes, by varying the ring stiffness 
ErIr and the ring mass ρrAr. The frequencies of this system are compared with those of the cable net 
with rigid supports. In Table 5-7 the parameter λ2 and the numerically calculated eigenfrequencies are 
listed for each net with rigid supports, which will be used to compare them with the corresponding 
ones of the combined system. 

Table 5-6: Characteristics of the cable nets with the flexible edge ring 

Cases
1 2 3 4 5 6 7 8 9 10

N 25 25 25 25 25 25 25 35 25 11
L [m] 100 100 100 100 100 100 50 50 100 100
f/L 1/20 1/20 1/20 1/20 1/35 1/20 1/20 1/20 1/20 1/20

D [mm] 40 40 60 60 40 63.2 40 40 40 40
N0 [kN] 400 600 600 600 400 600 400 400 400 400
E [GPa] 165 165 165 165 165 148.5 165 165 165 165

m [kN·sec2·m-4] 10 10 10 8 10 9 10 10 0 0
M [kN·sec2·m-1] 0 0 0 0 0 0 0 0 0.5 0.5

Table 5-7: Eigenfrequencies of cable nets with rigid supports 

Cases
1 2 3 4 5 6 7 8 9 10

λ2 1.30 0.86 1.94 1.94 0.42 1.94 1.30 1.30 1.30 1.30
ω1S[sec-1] 14.01 15.85 12.54 14.02 9.98 12.54 28.02 28.05 6.16 9.00
ω1A[sec-1] 13.21 15.02 11.61 12.90 11.16 11.61 26.41 26.42 5.81 8.48
ω2A[sec-1] 12.94 15.22 10.57 11.81 13.01 10.57 25.88 25.87 5.70 8.25

Keeping the ring unit weight constant and equal to 25kN/m3, the ring’s effect on the system’s 
frequency of the first symmetric mode (ω1SS) is studied, by varying the elastic modulus Er and the ring 
cross-section width b as in section 5.5.2, accounting for realistic values of the ring’s stiffness and 
cross-sectional area. The charts of Figure 5-39 show the variation of the non-dimensional first four 
natural frequencies of the system (including the double 1A frequency) with respect to the ring 
stiffness represented by the non-dimensional parameter γ, defined in Eq. (5-11). In these charts, ω1A,
ω2A are the frequencies of 1A and 2A modes of the net, respectively, while ω1SS is the frequency of the 
first symmetric mode of the system. 

The change of the combined system’s non-dimensional frequency ω1SS of the first symmetric mode 
with respect to the ring stiffness is shown in the charts of Figure 5-40. In these charts, the 
frequencies of three systems are compared, the ring without the cables, the cable net without the ring 
(supported rigidly) and the cable net with the ring. In Figure 5-41 the change of the ratio of the 
ω1SS/ω1S, with respect to the ratio ωr/ω1S is depicted. In these two Figures, ωr is the frequency of the 
ring without the cables, as calculated from Eq. (5-14), ω1S is the frequency of the first symmetric 
mode for the cable net with rigid supports, and ω1SS is the frequency of the first symmetric mode of 
the cable net with the elastic ring, both calculated numerically. 
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Figure 5-39: Normalised natural frequencies of the cable net with ring vs. γ
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Figure 5-40: Normalised natural frequencies vs. γ of the combined system and its separated components



194  Chapter 5 

Doctoral Thesis of Isabella Vassilopoulou  N.T.U.A. 2011 

Case 1

0

0.5

1

1.5

0 1 2
ωr/ω1S

ω
1S

S
/ω

1S
Case 2

0

0.5

1

1.5

0 1 2
ωr/ω1S

ω
1S

S
/ω

1S

Case 3

0

0.5

1

1.5

0 1 2
ωr/ω1S

ω
1S

S
/ω

1S

Case 4

0

0.5

1

1.5

0 1 2
ωr/ω1S

ω
1S

S
/ω

1S

Case 5

0

0.5

1

1.5

0 1 2
ωr/ω1S

ω
1S

S
/ω

1S

Case 6

0

0.5

1

1.5

0 1 2
ωr/ω1S

ω
1S

S
/ω

1S

Case 7

0

0.5

1

1.5

0 1 2
ωr/ω1S

ω
1S

S
/ω

1S

Case 8

0

0.5

1

1.5

0 1 2
ωr/ω1S

ω
1S

S
/ω

1S

Case 9

0

0.5

1

1.5

0 1 2 3
ωr/ω1S

ω
1S

S
/ω

1S

Case 10

0

0.5

1

1.5

0 1 2
ωr/ω1S

ω
1S

S
/ω

1S

Figure 5-41: Change of the frequency of the combined system, with respect to the ratio of the frequencies of the 
separated components 

For all cases, as the mass of the ring increases, the frequency ω1SS, decreases, as expected. As a 
representative example, the variation of the non-dimensional frequency ω1SS of the system with 
respect to the mass of the ring is shown in Figure 5-42, for the first case of Table 5-6. Keeping the 
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elastic modulus Er and the cross-section width b constant and equal to 37GPa and 5.00m, 
respectively, the ring unit weight ρr varies between 25kN/m3~50kN/m3. 
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Figure 5-42: Normalised natural frequency ω1SS vs. ρrAr

From the above charts some important conclusions can be drawn: 

� As the stiffness of the ring increases the frequency ω1SS increases. 
� If m, E, L, f/L and the stiffness of the ring are kept constant, an increase of the level of pretension 

increases slightly the frequency ω1SS (cases 1, 2). 
� Keeping m, E, N0, L, f/L and the ring stiffness constant, the frequency ω1SS increases as the cable 

diameter D increases (cases 2, 3). 
� Moreover, if λ2, N0 and f/L remain constant, for the same levels of the ring’s stiffness, the frequency 

ω1SS does not change, if the ratio )m/E(  remains the same (cases 3, 6).  

� Keeping m, E, N0, L and the ring stiffness constant, the frequency ω1SS slightly decreases as the 
sag-to-span ratio f/L decreases (cases 1, 5).  

� For the same levels of the ring’s stiffness and keeping f/L, N0, E, m constant, the frequency ω1SS

increases as L decreases (cases 1, 7) 
� On the other hand, if the ring stiffness, E, N0, L, and f/L remain constant, the frequency ω1SS

increases slightly as the cable mass density m decreases (cases 3, 4). 
� If only the cable mass density is taken into account, the frequency ω1SS does not depend on the 

number of cables in each direction (cases 7, 8), but when concentrated nodal masses are 
considered instead, this frequency is influenced by the number of cables (cases 9, 10). 

� The frequency ω1SS, for low levels of the ring’s stiffness, is the frequency of the in-plane mode of 
the ring and can be calculated using Eq. (5-13), but as the stiffness increases the frequency 
diverges from the curve of the above equation and tends to become equal to ω1S of the net with 
rigid supports (Figure 5-40 and Figure 5-41).  

� The frequency of mode 2A (ω2A) remains unchanged in presence of the edge ring (Figure 5-39).  
� The frequency of modes 1A (ω1A) does not change more than 3.4% due to the deformability of the 

edge ring (Figure 5-39). This is the case because, for realistic values of ring flexural stiffness and 
cable axial stiffness, the antisymmetric vibration mode of the boundary ring is always much larger 
than the first four frequencies of the cable net. Thus, it cannot influence significantly the 
antisymmetric vibration mode of the net. 

� If the stiffness of the ring is kept constant, and the mass of the edge ring increases, the frequency 
ω1SS decreases (Figure 5-42).
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5.6.3 Empirical formulae 

Based on the aforementioned results, and on the charts of Figure 5-40 and those of Figure 5-41, it 
can be concluded that the first symmetric mode of a cable net with a flexible boundary ring, depends 
on the ratio of the stiffness of the ring and that of the cable net. If the ring is flexible enough with 
respect to the cable net, the first symmetric mode is the in-plane mode of the ring. On the other 
hand, when the ring is much stiffer than the cable net, it behaves as a rigid support to the cables, and 
its vibration mode is one of the higher order modes, while the first symmetric mode of the system is 
the one of the cable net. The stiffness ratio of the two components of such a system is expressed as 
the ratio of the natural frequencies of the two independent systems and constitutes the criterion that 
indicates whether the first symmetric mode of the system will be the in-plane mode of the ring or the 
first symmetric mode of the net.  

In order to find an approximate empirical formula calculating the frequency of the first symmetric 
mode of the combined system, more than one thousand cases were considered, combining the 
characteristics of the ring listed in Table 5-8, with those of the cable nets tabulated in Table 5-9. 

Table 5-8: Characteristics of the edge ring 

L [m] f/L Er [GPa] b [m] ρr [kN/m3]
100 1/20 30-39 5-8 25-35
100 1/35 30-39 5-8 25-35
100 1/10 30-39 5-8 25-35
200 1/20 30-39 10-12 25-35
50 1/20 30-39 3.5-5 25-35

Table 5-9: Characteristics of the cable nets with edge ring 

N L [m] f/L N0 [kN] E [GPa] D [mm] m [kN·sec2·m-4] M [kN·sec2·m-1]
25 100 1/10-1/20-1/35 400 165 30-50 0-10 0-0.5-1.0
25 100 1/10-1/20-1/35 600 165 40-60 0-10 0-0.5-1.0
25 100 1/10-1/20-1/35 800 165 50-80 0-10 0-0.5-1.0
19 100 1/20 400 165 30-50 0-10 0-0.5-1.0
19 100 1/20 600 165 40-60 0-10 0-0.5-1.0
19 100 1/20 800 165 50-80 0-10 0-0.5-1.0
25 100 1/20 400 165 30-50 8 0-0.5-1.0
25 100 1/20 600 165 40-60 8 0-0.5-1.0
25 100 1/20 800 165 50-80 8 0-0.5-1.0
25 100 1/20 400 150 30-50 0-10 0-0.5-1.0
25 100 1/20 600 150 40-60 0-10 0-0.5-1.0
25 100 1/20 800 150 50-80 0-10 0-0.5-1.0
25 50 1/20 400 165 30-50 0-10 0-0.5-1.0
25 50 1/20 600 165 40-60 0-10 0-0.5-1.0
25 50 1/20 800 165 50-80 0-10 0-0.5-1.0
25 200 1/20 600 165 37-67 10 0-0.5-1.0
25 200 1/20 800 165 42-80 10 0-0.5-1.0
25 200 1/20 1000 165 47-90 10 0-0.5-1.0

In the chart of Figure 5-43, plotting on the horizontal axis the ratio ωr/ω1S, and on the vertical one the 
ratio ω1SS/ω1S, where again ωr is the frequency of the ring without the cables, as calculated from Eq. 
(5-14) and ω1S is the frequency of the first symmetric mode for the cable net with rigid supports, a
large dispersion can be noticed, when the ratio ωr/ω1S takes values between 1 and 3, which means 
that any empirical formula assessing the frequency ω1SS will present large values of error.
Nevertheless, it can be noticed that if the ring’s frequency ωr is less than, approximately, 65% of ω1S,
then the first natural frequency of the combined system is close to the ring’s frequency and the first 
symmetric mode of the system is the in-plane mode of the ring. As the ring becomes stiffer and its 
frequency increases, the combined system’s first natural frequency approaches asymptotically the 
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frequency (ω1S) of the cable net with rigid supports and the first symmetric mode of the system is the 
symmetric mode of the net. 
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Figure 5-43: Change of the ratio ω1SS/ω1S with respect to the ratio ωr/ω1S (numerical data) 

Hence, if the ring’s frequency ωr, according to Eq. (5-14) is computed less than approximately 65% of 
ω1S, estimated by Eq. (5-8), then the frequency ω1SS of the first symmetric mode of the cable net with 
edge ring can be evaluated from this equation. If, on the other hand, it results to more than 65% of 
ω1S,, the frequency ω1SS depends on the value of ω1S. This can be expressed as follows: 

if ωr<0.65 ω1S, then 
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In order to evaluate the accuracy of the empirical formula calculating the frequency of the first 
symmetric mode of the combined system, a comparison of the numerical results with the ones of Eq. 
(5-15) is shown in Figure 5-44, which includes the chart of Figure 5-43 and the plot of the curve of 
the empirical formula.
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Figure 5-44: Change of the ratio ω1SS/ω1S with respect to the ratio ωr/ω1S (numerical data and empirical formula) 

The error of the above formula is calculated for all results obtained from the parametric modal 
analyses performed, as the ratio (ω1SS,n-ω1SS,e)/ω1SS,n, where ω1SS,n and ω1SS,e are the ring’s frequency 
calculated by numerical methods and by Eq. (5-15), respectively. Figure 5-45 illustrates the mean 
absolute value of the calculated error by the empirical formula, with respect to the ratio ωr/ω1S, which 
represents the ratio of the stiffnesses for the two separated components. As already mentioned, the 
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maximum error is observed for values of this ratio between 0.65 and 2.0, arising at 13% for stiffness 
ratios between 1-0 and 1.5.  
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Figure 5-45: Error of the empirical formula for the natural frequency ω1SS with respect to the ratio of the 
frequencies for the two separated systems 

The chart of Figure 5-46 shows the mean absolute value of the error for the three sag-span ratios 
considered, in which it is shown that the error becomes smaller as this ratio increases, with maximum 
error for the shallowest net with f/L=1/35, equal to 18%. In Figure 5-47 the mean absolute value of 
the error is again calculated with respect to the concentrated nodal mass. The formula results in more 
accurate results if only distributed mass is considered along the cables. The concentrated mass 
instead influences more the vibration of the ring. In Figure 5-48 it is shown that the error is larger for 
small values of the non-dimensional parameter λ2, because, as shown in section 5.4.3, the error of the 
empirical formula for the symmetric mode of the cable net with rigid supports presents also larger 
error for small values of this parameter. Finally the error of the empirical formula for the frequency 
ω1SS is larger for very small values of this frequency, between 2.0sec-1 and 5.0sec-1, as shown in 
Figure 5-49. 
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Figure 5-46: Error of the empirical formula for the natural frequency ω1SS with respect to the sag-to-span ratio 
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Figure 5-47: Error of the empirical formula for the natural frequency ω1SS with respect to the concentrated nodal 
mass M 
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Figure 5-48: Error of the empirical formula for the natural frequency ω1SS with respect to λ2
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Figure 5-49: Error of the empirical formula for the natural frequency ω1SS with respect to the numerically 
calculated natural frequency ω1SS

The accuracy of the empirical formulae is also shown in Figure 5-50. In any case, it is considered as 
satisfactory for preliminary design purposes. Since the presence of the edge ring does not influence 
significantly the frequencies of the net’s antisymmetric vibration modes, the empirical formulae of Eqs. 
(5-9) and (5-10) can also be used for the case of a cable net with cables anchored to a deformable 
edge ring. 
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Figure 5-50: Empirical formula for natural frequency ω1SS vs. numerical data 

5.7 CONCLUSIONS 

Symmetric saddle-shaped cable nets, having rigid supports, have been thoroughly investigated 
regarding the first natural frequencies and vibration modes. Many similarities with a simple suspended 
cable have been observed. The appearance sequence of the modes can be predicted by a non-
dimensional parameter λ2 for cable nets, similar to the one referring to simple suspended cables. 
Crossover points, at which modal transition occurs, depend also on this parameter. Semi-empirical 
formulae are proposed, which can assess the first four eigenfrequencies of such a structure, with 
satisfactory results. 

If the cable ends are considered as flexible, taking into consideration the deformability of the contour 
ring, the dynamic response of the system, regarding its frequencies and modes, becomes more 
complicated. The existence of the ring negligibly influences the antisymmetric modes of the cable net, 
but an in-plane mode of the ring produces a symmetric vertical oscillation of the net, influencing 
significantly the motion of the net. Exploring this system, it was concluded that in some cases, two 
symmetric modes appear among the first five vibration modes of the system, but in some others, 
there is only one symmetric mode among the first eigenmodes. This depends on the stiffness of the 
ring with respect to the one of the cable net. Another semi-empirical formula is proposed for 
estimating the frequency of the system’s 1st symmetric mode, either produced by the symmetric 
vibration of the net, involving the ring, or by the in-plane mode of the ring, involving also the net. 

The knowledge of the natural frequencies of a nonlinear system and the relations between them 
provides the designer with important information about the eventual occurrence of internal 
resonances. It is possible to use the proposed formulae to calculate the natural frequencies of a cable 
net, with either rigid or flexible supports, at a preliminary design stage of analysis, in order to design 
the structure, aiming at avoiding internal resonances between the first vibration modes, which may 
lead to oscillations of large amplitude, provoking also an unpredictable dynamic response, with a 
continuous exchange of energy between the modes involved in resonance. 

Part of the work developed in this chapter has been presented in [5-23], [5-24] and published in 
[5-25]. 
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Nonlinear dynamic response and design of cable nets 

6 INVESTIGATION OF A MDOF CABLE NET
USING AN EQUIVALENT SDOF CABLE NET

6.1 INTRODUCTION 

Nonlinear phenomena, such as superharmonic or subharmonic resonances, bending of the response 
curve and jump phenomena, instability regions, as well as response amplitudes dependent on the 
initial conditions, can be detected in simple models by exploring their equation of motion. In a multi-
degree-of-freedom system, for which no analytical solutions can be found, the only way to plot a 
response curve, which can show if the above phenomena may occur, is by conducting a large number 
of nonlinear time-history analyses, for different closely spaced load amplitudes and frequencies.  

The idea of solving an equivalent SDOF system to estimate the dynamic response of a complex 
structure has been adopted by many researchers ([6-1] – [6-8]). This method is based on equating 
the energy of the real structure to the one of the SDOF system. Ensuring equal displacements and 
velocities in both systems, the kinematic similarity is maintained. This approach has the advantage 
that the equation of motion for a SDOF oscillator can be solved analytically. Hence, it is possible to 
determine the range of the parameters that influence the dynamic response of the system. On the 
other hand, using this method, it is impossible to assess the overall response of the MDOF system, 
because the simulation is obtained only in the main direction of motion, neglecting the other two 
dimensions of the large structure. 

Another method of reducing the dimensions of a large-scale event, using a smaller one with similar 
characteristics, is a method based on the Buckingham Pi theorem [6-9]. This theorem states that if an 
equation involves a number of variables and n fundamental measurement units, then the equation can 
be expressed in terms of n fewer arguments that are non-dimensional ratios of the original variables. 
The concept is based on the notion that an equation must be dimensionally homogeneous, that is, its 
solution must be invariant to any change in the system of measurement units employed. This 
technique has been adopted to design small-scale experiments in order to simulate with accuracy 
large-scale phenomena. 

This theorem was adopted by Gero ([6-10], [6-11]). He presented a method to estimate the static 
behaviour of a large cable net, referred to as prototype, using charts that describe the behaviour of a 
smaller one, referred to as model, by means of the maximum deflection and cable tension. The 
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transformation of the large structure to the smaller one was obtained by similarity relations. The 
proposed method was restricted to nets with fixed cable edges. The two networks should have similar 
geometries, with the same sag-to-span ratio, so that their corresponding quantities could also be 
similar.

During the first steps of this work, the preliminary design method developed by Gero was extended to 
elastically supported cable network structures, by taking into consideration the characteristics of the 
edge ring, and more specifically its flexural stiffness ErIr ([6-12] - [6-14]). Thus, the ring was no 
longer considered as rigid, but elastically deformable, accounting for more realistic boundary 
conditions for the cables. Additional charts and similarity relations were provided for the preliminary 
design of the edge ring, including the sag-to-span ratio of the net as a variable in the transformation 
relations. This method was further developed for the case of dynamic response [6-15], providing 
additional similarity relations for the mass and the natural frequency of the system, for the case of 
fixed cable ends. 

In this chapter, this preliminary design method transforms a MDOF cable net into an equivalent SDOF 
cable net, in order to solve the equation of motion, as described in chapter 3 and thus have the 
possibility to detect nonlinear phenomena and estimate the nonlinear dynamic response of the large 
structure. The analytical solution, depicting the steady-state amplitude of the equivalent SDOF model, 
is compared with the steady-state response of the MDOF system, obtained numerically, evaluating the 
accuracy of the method. 

6.2 SIMILARITY RELATIONS 

The relations that are used in this work for the transformation of the large cable net, called prototype, 
to the smaller one, called model, are based on the ones provided in [6-15], for a cable net with fixed 
cable ends and are the following:  
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where < is the number of cables per direction, L is the maximum length of the cables, meaning the 
diameter of the circular plan view, f/L is the sag-to-span ratio, E the elastic modulus of the cables, 
while the subscripts m and p refer to the model and the prototype, respectively. Two more relations 
are added, describing the loading frequency and the damping ratio: 

?m=?p : loading frequency (6-12)

]m=]p : damping ratio (6-13)

6.3 PROTOTYPE AND MODEL  

6.3.1 Assumptions  

Two large cable nets are used as prototypes, having a diameter Lp=100m and sag-to-span ratios 
equal to fp/Lp=1/35 (fp=2.857m) and fp/Lp=1/20 (fp=5.00m), while the number of cables in each 
direction is Np=25 (Figure 6-1).  

Figure 6-1: Geometry of the prototype 
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The Young modulus is assumed equal to Ep=165GPa. The unit weight of the cables is taken equal to 
&p=100kN/m3. For the nonlinear dynamic analyses of the prototype that are conducted, in order to 
compare the numerical results of the large structure with the analytical ones of the small structure, 
harmonic loads, expressed as Pp(t)=(P0)pcos?pt, are exerted vertically on every node of the net, 
having the same amplitude and time variation. The oscillation of the central node of the net will 
describe the response of the net. 

Rayleigh damping [6-16] is introduced, being mass-proportional and stiffness-proportional, expressed 
as: 

 [C]=�0[M]+�1[K] (6-14)

where [C] is the damping matrix, [M] is the mass matrix of the system and [K] is the stiffness matrix 
corresponding to zero initial displacements. If two modes i and j have the same damping ratio ], the 
coefficients �0 and �1 can be calculated as: 
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In this investigation the damping ratio is considered equal for the first symmetric mode (1S) and for 
the first antisymmetric mode with respect to both horizontal axes (2A). Two alternative values of this 
ratio are assumed, ]p=2% and ]p=0.5%. 

The parameter 
2, which characterises the dynamic response of the cable net, controls the sequence 
of the vibration modes, as well as the shape of the first symmetric mode of the system, as reported in 
chapter 5. For 
2<1.17, the vertical component of this mode has no internal nodes with zero 
displacements, for 
2=1.17 the vertical modal component is tangential to the profile at the cable ends, 
while for 
2>1.17, two internal nodes with zero displacements are observed, on each horizontal axis. 

This parameter is expressed as: 
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Taking into account E=165GPa and initial cable stress equal to 0.10!y, with yield stress 1570MPa, the 
chart of Figure 6-2 shows that for sag-to-span ratio equal or larger than 1/30, this parameter is equal 
or larger than 1.17, respectively, meaning that internal nodes with zero displacements appear in the 
first symmetric mode. For levels of pretension higher than 0.20!y, the parameter 
2 is larger than 
1.17, for sag-to-span ratios equal or larger than 1/20, while for deeper cable nets this parameter is 
larger than this limit for initial cable stress between 0.10!y and 0.35!y. The same limits exist if a larger 
yield stress is assumed equal to 1670MPa, but in general, the parameter 
2 takes slightly smaller 
values (Figure 6-3). It will be shown than this limit influences the accuracy of the proposed method.  
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Figure 6-2: Variation of the parameter 
2 with respect to the sag-to-span ratio  
(E=165GPa, !y=1570MPa) 
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Figure 6-3: Variation of the parameter 
2 with respect to the sag-to-span ratio  
(E=165GPa, !y=1670MPa) 

The model utilised as the equivalent SDOF system is similar to the one described in chapter 3, 
consisting of two crossing cables (Nm=1), with a concentrated mass at the central node Mm. In order 
to minimise the scaling error, each model has the same sag-to-span ratio fm/Lm, cable span Lm, and 
Young modulus Em with the corresponding prototype (Figure 6-4a). A harmonic load, expressed as 
Pm(t)=(P0)mcos?mt, is exerted vertically on the central node (Figure 6-4b).  
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(a) (b) 

Figure 6-4: (a) Geometry of the model, (b) Load for the model 

The similarity relations, expressed by Eqs. (6-1)-(6-13), are reduced to the following: 
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�m=�p : natural frequency (6-27)

?m=?p=? : loading frequency (6-28)

]m=]p=] : damping ratio (6-29)

6.3.2 Analytical solution for the model 

The main expressions of the SDOF model, describing the dynamic response in resonant conditions, 
are reported and summarised here, based on the theory presented in chapter 3.  

6.3.2.1 Equation of motion 

The equation of motion of the SDOF cable net is: 
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where the eigenfrequency is expressed as: 
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6.3.2.2 Fundamental resonance 

For fundamental resonant conditions, the steady-state response is: 

)�(O)=t?cos(a)t(w ��� (6-35)

The loading frequency is expressed as: 

?=�m+�! (6-36)

where �! is the detuning, which, for a given amplitude of the response, is calculated by the following 
equation: 
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Taking into account Eqs. (6-33) and (6-34) and substituting �p with: 
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Eq. (6-37) can be rewritten as: 
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The peak amplitude of the free oscillation term is: 
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and the corresponding value of the detuning !:
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The backbone curve of the system is described by: 
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The unstable solutions are for values of frequency detuning !:
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where 
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6.3.2.3 Superharmonic resonance 

For superharmonic resonant conditions, the steady-state response is: 
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The loading frequency is expressed as: 

3?=�m+�! (6-46)

For a given amplitude of the free oscillation term a, the frequency detuning is calculated by: 
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where 
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The peak amplitude of the free oscillation term is expressed as: 
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and the corresponding value of the detuning �!:
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6.3.2.4 Subharmonic resonance 

In case of subharmonic resonance, the loading frequency is expressed as: 

?=3�m+�! (6-51)

For a given detuning �!, subharmonic solutions with non-trivial amplitudes exist only if: 
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where { is defined by Eq. (6-48), while for a given { subharmonic solutions exist if: 



212 Chapter 6 

Doctoral Thesis of Isabella Vassilopoulou   N.T.U.A. 2011 

2

3
m

2

m

3
mm

3
mm

m

m

2

2

2
m2

m
2

2
m2

m

{

�]
)EA(8

LM

LM

)EA(
�

{126
�!

{

)��(
��
�2

{
�8
��63

�!
{

�
�
�2

{
�8

�63
!

��)

��)��)

(6-53)

with amplitude calculated by: 
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In case no subharmonic resonant conditions exist, the response at steady state depends only on the 
external load: 
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while, for the non-trivial stable solution of response amplitude, the response of the nonlinear system 
at steady state is: 
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6.4 EXAMPLE 1: CABLE NET WITH SAG-SPAN RATIO f/L=1/35 

For this example, the cable diameter is assumed equal to Dp=50mm, with cross-sectional area 
Ap=0.00196m2. The concentrated mass on every node is equal to: 
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The pretension is (N0)p=600kN, corresponding to approximately 20% of the yield stress, which is 
considered equal to 1570MPa. 

6.4.1 Transformation of the prototype to the model 

The equivalent SDOF model for the cable net with sag-to-span ratio fp/Lp=1/35, has the following 
characteristics: 
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6.4.2 Analytical solution for the SDOF model 

6.4.2.1 Maximum static deflection 

The maximum cable tension is calculated as: 

Ncmax,m=Am!y=0.0255m2·157000kN/m2=40035kN (6-63)

The maximum permissible deflection is defined as: 
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6.4.2.2 Maximum static load 

Based on the theory of chapter 3 regarding the static analysis of the simple cable net, the load that 
causes the maximum permissible deflection is equal to: 

Pmax,m=10939kN (6-66)
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The diagram of the applied load with respect to the deflection of the central node is depicted in Figure 
6-5: 
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Figure 6-5: Load – displacement curve 

6.4.2.3 Eigenfrequency of the model 

The eigenfrequency of the SDOF model is calculated from Eq. (6-31): 
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6.4.2.4 Fundamental resonance for damping ratio ]=2%

The maximum amplitude of the steady-state response, defined by Eq. (6-40), cannot be larger than 
the maximum permissible deflection. Thus, the threshold of the load amplitude can be calculated:
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which corresponds to load amplitude for the MDOF cable net: 
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Taking into consideration that during the transient response the deflection of the net cannot exceed 
the maximum permissible one, a smaller load amplitude is chosen for the prototype equal to 
(P0)p=1.30kN, corresponding to a nodal load for the SDOF model, equal to: 
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For this load amplitude the maximum amplitude of the steady-state response is: 
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and the corresponding value of the detuning !:
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Hence, the peak steady-state response amplitude occurs for loading frequency: 

?=�m+�!=8.22sec-1+1.22sec-1=9.44sec-1=1.15�m (6-73)

The response curve is based on Eq. (6-39): 
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while the frequency ratio is calculated as: 
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The backbone curve of the system is calculated according to Eq. (6-42): 
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The instability region is defined by the expression (6-43) taking into consideration Eqs. (6-44) and 
(6-76): 
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The amplitude of the steady-state response with respect to the ratio of the loading frequency over the 
eigenfrequency is plotted in Figure 6-6. The bending of the curve indicates the intense nonlinearity of 
the system. This bending means that jump phenomena are expected to characterise the response of 
the prototype, multiple response amplitudes dependent on the initial conditions, existence of unstable 
solutions, while the maximum steady-state amplitude is predicted for frequency ratio larger than 1. 
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Figure 6-6: Fundamental resonance: response curve of the SDOF model for ]=2% and load amplitude 
(P0)m=219.7kN

6.4.2.5 Superharmonic resonance for damping ratio ]=2%

In case of superharmonic resonant conditions, the peak amplitude of the free oscillation term is 
expressed by Eq. (6-49): 
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Assuming that the maximum steady-state amplitude must not exceed the maximum permissible 
deflection: 
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leads to the solution of { satisfying Eq. (6-80): 
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where: 
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Considering that the loading frequency is equal to: 

?=�m/3=8.22/3=2.74sec-1 (6-83)

the threshold of the load amplitude can be obtained from Eq. (6-48), taking into account the 
expression of Eq. (6-81): 
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which corresponds to load amplitude for the MDOF cable net: 
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A smaller load amplitude is chosen for the prototype equal to (P0)p=14kN, corresponding to a nodal 
load for the SDOF model, equal to: 
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The amplitude of the free oscillation term for this nodal load is: 
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peak ����� � (6-88)

occurring for frequency detuning: 
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The maximum steady-state amplitude is: 
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The diagram of the steady-state response is defined by Eq. (6-47): 
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and the frequency detuning is calculated for a given response amplitude. The total response 
amplitude is: 

{2awm �� (6-92)

where { this time is calculated as: 
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with 
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The response diagram is plotted in Figure 6-7. 
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Figure 6-7: Superharmonic resonance: response curve of the SDOF model for ]=2% and load amplitude 
(P0)m=2366kN

6.4.2.6 Subharmonic resonance for damping ratio ]=2%

Subharmonic solutions, with non-trivial amplitudes of the free oscillation term, exist only if: 
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for a given value of {. The load amplitude is calculated from Eq. (6-48): 
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for a frequency detuning satisfying inequality (6-95), while the amplitude of the oscillation is obtained 
by Eq. (6-54): 
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where 
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Thus, Eq. (6-98) becomes: 
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Figure 6-8 illustrates the curve that defines the region of the subharmonic solutions, by means of {
and (P0)m with respect to the frequency ratio and to the response amplitude, according to Eq. (6-102). 
In Figure 6-9 the same charts are plotted for values of load amplitude up to the maximum permissible 
static one. In Figure 6-10 the response amplitude is plotted with respect to the frequency ratio and 
the loading amplitude. In Figure 6-11 the response amplitude is again plotted for values up to the 
maximum permissible one. It is noted that in Figure 6-9a the amplitude { is much smaller with respect 
to the one of the free oscillation term, shown in Figure 6-11a, confirming that subharmonic 
resonances can suddenly develop vibrations with very large amplitudes leading to catastrophic results. 
The frequency ratios that could cause subharmonic resonance without cable failure are between 3.18 
and 3.70 (Figure 6-11a), resulting in oscillation amplitudes larger than 1.77m (Figure 6-11), while the 
load amplitude should be larger than 4732kN (Figure 6-9b and Figure 6-11b), corresponding to 28kN 
for the prototype. 
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Figure 6-8: Subharmonic resonance of the SDOF model for ]=2%: (a) { vs. frequency ratio, (b) (P0)m vs. 
frequency ratio 
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Figure 6-9: Subharmonic resonance of the SDOF model for ]=2% for loads up to the maximum permissible static 
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Figure 6-10: Subharmonic resonance of the SDOF model for ]=2%: (a) response amplitude vs. frequency ratio,  
b) load amplitude (P0)m vs. response amplitude 
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Figure 6-11: Subharmonic resonance of the SDOF model for ]=2% for loads up to the maximum permissible 
static one: (a) response amplitude vs. frequency ratio, (b) load amplitude (P0)m vs. response amplitude 

A parametric analysis, changing the load amplitude, the frequency ratio and the initial deflection, 
keeping the initial velocity of the central node equal to 16m/sec, shows that as the load amplitude 
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increases, the minimum initial deflection and the frequency ratio that can cause subharmonic 
resonance decrease (Figure 6-12).  

8000

9000

10000

11000

3.2 3.3 3.4 3.5 3.6
?/�m

lo
ad

 a
m

pl
itu

de
 (

P 0
) m

 (
kN

)

0

1

2

3

4

3.2 3.3 3.4 3.5 3.6
?/�m

in
iti

al
 d

ef
le

ct
io

n 
(m

)

(a)  (b) 

Figure 6-12: Subharmonic resonant conditions for the SDOF model with ]=2%: (a) (P0)m vs. frequency ratio,  
b) initial deflection vs. frequency ratio 

If, for example, the load amplitude is equal to (P0)m=10140kN, which corresponds to a load amplitude 
(P0)p=60kN for the MDOF prototype, the minimum initial deflection required in order to have a 
subharmonic resonance is 1.06m with a loading frequency equal to ?=3.26�m, assuming an initial 
velocity equal to 16m/sec. The time-history diagrams of the central node deflection, for these initial 
conditions and for zero initial conditions, are shown in Figure 6-13.  
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Figure 6-13: Time-history diagrams of the central node deflection for ?/�m=3.26 and (P0)m=10140kN: (a) with 
zero initial conditions, (b) with initial displacement and velocity 

If the load amplitude is equal to (P0)m=9464kN, corresponding to 56kN for the MDOF prototype, an 
initial velocity 16m/sec, a minimum initial deflection 1.49m and a loading frequency ?=3.32�m are 
required for subharmonic resonance. The deflection time-history diagrams, for these initial conditions 
and for zero initial conditions, are shown in Figure 6-14. 
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Figure 6-14: Time-history diagrams of the central node deflection for ?/�m=3.32 and (P0)m=9464kN: (a) with 
zero initial conditions, (b) with initial displacement and velocity 

For a load amplitude equal to (P0)m=8619kN, corresponding to 51kN for the MDOF prototype, an initial 
velocity 16m/sec, a minimum initial deflection 2.28m and a loading frequency ?=3.44�m constitute 
the conditions for subharmonic resonance. The time-history diagrams of the central node deflection, 
for these initial conditions and for zero initial conditions, are shown in Figure 6-15.  
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Figure 6-15: Time-history diagrams of the central node deflection for ?/�m=3.44 and (P0)m=8619kN: (a) with 
zero initial conditions, (b) with initial displacement and velocity 

If the load amplitude is equal to (P0)m=8281kN, (corresponding to (P0)p=49kN), subharmonic 
resonance occurs for an initial velocity equal to 16m/sec, a minimum initial deflection 2.99m and a 
loading frequency ?=3.57�m. The time-history diagrams of the central node deflection, for these 
initial conditions and for zero initial conditions, are shown in Figure 6-16. In this case, the load 
amplitude is smaller, the initial deflection required in order to have subharmonic resonant conditions is 
larger and, during the resonant phenomenon, the dynamic deflection of the central node reaches 
almost the maximum permissible one. 
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Figure 6-16: Time-history diagrams of the central node deflection for ?/�m=3.57 and (P0)m=8281kN: (a) with 
zero initial conditions, (b) with initial displacement and velocity 

6.4.2.7 Fundamental resonance for damping ratio ]=0.5% 

Similarly, for damping ratio ]=0.5%, the threshold of the load amplitude can be calculated:  

kN54.68m975.3)sec22.8(005.0mseckN52.252)P( 2112
peak,m0 �����, �� (6-103)

which is much smaller that in the case of damping ratio ]=2%. This load corresponds to load 
amplitude for the MDOF cable net: 
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A smaller load amplitude is chosen for the prototype equal to (P0)p=0.31kN, corresponding to a nodal 
load for the SDOF model, equal to: 
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For this load amplitude the maximum amplitude of the steady-state response is: 

m04.3
)sec22.8(005.0mseckN52.252

kN39.52
a

2112peak �
���

�
�� (6-106)

and the corresponding value of the detuning �!:
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almost equal to the one for damping ratio ]=2%. Hence, the peak steady-state response amplitude 
occurs for loading frequency: 

?=�m+�!=8.22sec-1+1.11sec-1=9.33sec-1=1.14�m (6-108)

The response curve is based on Eq. (6-39): 
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The backbone curve of the system, independent of the damping ratio, remains: 

)(seca12.0�! 12 �� (6-110)

The instability region is now defined by: 

212212

212212

2
m

22
m

2

)sec0411.0(BB2�!)sec0411.0(BB2

)sec22.8005.0(BB2�!)sec22.8005.0(BB2

)]�(

2�!)]�(

2

��

��

��--��

����--���

���--��

(6-111)

where B is calculated by Eq. (6-44). The amplitude of the steady-state response with respect to the 
ratio of the loading frequency over the eigenfrequency is plotted in Figure 6-17. The bending of the 
curve is the same as in case of ]=2%, because the backbone curve, defining this bending, is 
independent of the damping ratio. In the case of smaller damping ratio, though, the perturbation from 
the equilibrium state is smaller, meaning that the response curve approaches more the backbone 
curve, which represents the equilibrium state. 
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Figure 6-17: Fundamental resonance: response curve of the SDOF model for ]=0.05% and load amplitude 
(P0)m=52.39kN

6.4.2.8 Superharmonic resonance for damping ratio ]=0.5% 

In case of superharmonic resonant conditions, the peak amplitude of the free oscillation term is 
calculated from Eq. (6-49): 
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The value of { that causes a deflection equal to the maximum permissible one is: 

m69.0{0 � (6-113)

and the threshold of the load amplitude can be calculated as: 
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which corresponds to load amplitude for the MDOF cable net: 
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A smaller load amplitude is chosen for the prototype equal to (P0)p=10kN, corresponding to a nodal 
load for the SDOF model, equal to: 
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meaning:
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The amplitude of the free oscillation term for this nodal load is: 
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occurring for frequency detuning: 
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The maximum steady-state amplitude is: 

m40.2m552.02m30.1)m)({2{82.7({2aw 3
m,ersupmax, ��������� (6-120)

The diagram of the steady-state response is defined as: 
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and the frequency detuning is calculated for a given response amplitude. The total response 
amplitude is: 

{2awm �� (6-122)

where { this time is: 
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The response diagram is plotted in Figure 6-18. 
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Figure 6-18: Superharmonic resonance: response curve of the SDOF model for ]=0.5% and load amplitude 
(P0)m=1690kN

6.4.2.9 Subharmonic resonance for damping ratio ]=0.5% 

Subharmonic solutions exist only if: 
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for a given quantity of {. The amplitude of the oscillation is calculated as: 
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where c and D are taken from Eqs. (6-99) and (6-100), respectively, and 

�  )(sec015.0{89.2�!E

)sec22.8005.0(9

)m100(mseckN52.25

kN6.421169716

sec22.8

{9
�!E

222

21

2

3121

2

�

�

��

��
�

��
� ����

����

��
�
�

�
�
�
�

�

�

�
���

(6-127)

Thus, Eq. (6-126) becomes: 
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In Figure 6-19, the curve defining the region of the subharmonic solutions is plotted, by means of {
and (P0)m with respect to the frequency ratio, while in Figure 6-20 the same charts are plotted for 
values of load amplitude up to the maximum permissible static one. Figure 6-21 shows the response 
amplitude with respect to the frequency ratio and the loading amplitude, while in Figure 6-22 the 
same charts are plotted for values of the response amplitude up to the maximum permissible one.  

0

2

4

6

0 5 10 15
?/�m

R
es

po
ns

e 
am

pl
itu

de
 |

{
| 

(m
)

subharmonic
solutions

0

100000

200000

0 5 10 15
?/�m

Lo
ad

 a
m

pl
itu

de
 (

P 0
) m

 (
kN

)

subharmonic
solutions

(a)  (b) 

Figure 6-19: Subharmonic resonance of the SDOF model for ]=0.5%: (a) { vs. frequency ratio, (b) (P0)m vs. 
frequency ratio 
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Figure 6-20: Subharmonic resonance of the SDOF model for ]=0.5% for loads up to the maximum permissible 
static one: (a) { vs. frequency ratio, (b) (P0)m vs. frequency ratio 
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Figure 6-21: Subharmonic resonance of the SDOF model for ]=0.5%: (a) response amplitude vs. frequency ratio, 
(b) load amplitude (P0)m vs. response amplitude 
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Figure 6-22: Subharmonic resonance of the SDOF model for ]=0.5% for loads up to the maximum permissible 
static one: (a) response amplitude vs. frequency ratio, (b) load amplitude (P0)m vs. response amplitude 
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For this damping ratio and for an initial deflection smaller than the maximum permissible one equal to 
wmax,m=3.975m, the load amplitude that can cause a subharmonic resonance must be larger than 
1180kN. A load amplitude, almost equal to the maximum permissible for superharmonic resonance, 
i.e. (P0)m=2500kN and a frequency ratio larger than 3.15, may cause subharmonic resonance. Taking 
into account initial deflection 1.50m and an initial velocity 25.50m/sec, for (P0)m=2535kN, which 
corresponds to a load for the MDOF system equal to 15kN, the frequency ratio that causes a 
subharmonic resonance is ?/�m=3.37, giving an amplitude of steady-state oscillation equal to 2.98m, 
which is smaller than the maximum permissible one, meaning that no cable tensile failure occurs. For 
zero initial conditions the steady-state amplitude is only 0.14m (Figure 6-23). 
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Figure 6-23: Time-history diagrams of the central node deflection for ?/�m=3.37 and (P0)m=2535kN: (a) with 
zero initial conditions, (b) with initial displacement and velocity 

6.4.3 Numerical results for the MDOF prototype 

In order to evaluate the accuracy of this method, numerical analyses are conducted to calculate the 
dynamic response of the MDOF cable net, being the prototype for this example.  

6.4.3.1 Static response 

The maximum cable tension for the prototype is: 

Ncmax,p=Ap!y=0.00196m2·157000kN/m2=3082kN (6-129)

Loading uniformly the structure and conducting a numerical analysis of the MDOF prototype, the load 
that leads to tensile failure of the cables is calculated equal to Pmax=55.68kN, causing also a maximum 
static deflection at the central node equal to 3.20m. The load-displacement curve for the central node 
of the net is plotted in Figure 6-24 and the tension distribution at the cables when the load reaches 
the maximum value, is illustrated in Figure 6-25, where the slackening of the cables is noted. The 
magnified deformed shape is also shown in Figure 6-25. 
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Figure 6-24: Load-displacement diagram for the central node 

Figure 6-25: Cable tension of the deformed structure 

The maximum permissible load for the SDOF model of Eq. (6-66) is transformed to the load for the 
MDOF prototype according to similarity relation (6-18):  
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and the maximum permissible deflection of Eq. (6-64), calculated for the model, is transformed to the 
one for the prototype according to similarity relation (6-26):  

wp=wm=3.975m (6-131)

The permissible load and deflection of the MDOF prototype provided by the method of the equivalent 
SDOF model is, respectively, 16% and 24% larger than the magnitudes obtained by the numerical 
simulation. The difference is rather large, because the difference between the model and the 
prototype, regarding the number of cables is also large. Nevertheless, this method is not used here to 
calculate with accuracy the maximum deflection and cable tension, but it is proposed to detect the 
occurrence of nonlinear phenomena. 

6.4.3.2 Eigenfrequencies and eigenmodes of the prototype  

For this example, the non-dimensional parameter 
2 is: 
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which means that the first mode of the system is the symmetric mode with a vertical component 
having no internal nodes with zero displacements. A modal analysis is performed to calculate the 
vibration modes and the natural frequencies of the system. The first twelve vibration modes are 
shown in Figure 6-26, while the symmetric ones among the first 55 vibration modes are shown in 
Figure 6-27. The first vibration mode is the first symmetric mode (1S) with frequency �p=9.902sec-1.

Figure 6-26: The first twelve vibration modes of the prototype 

Figure 6-27: Symmetric vibration modes of the prototype 

According to similarity relation (6-27) the natural frequency of the model should be equal to the 
prototype’s one. The natural frequency of mode 1S, obtained by the equivalent SDOF model, is 17% 
smaller than the one calculated by modal analysis of the MDOF system. The difference is considered 
again as large. 
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6.4.3.3 Fundamental resonance for damping ratio ]=2%

A dynamic load Pp(t)=(P0)pcos(?t) is applied on every node. The load amplitude is chosen in section 
6.4.2.4, equal to (P0)p=1.30kN. The load frequency varies between 0.90�p and 1.30�p. The damping 
ratio, according to similarity relation (6-29), is equal to ]p=]m=]=2%. Considering equal damping 
ratios for the first four modes, the coefficients for the Rayleigh damping are calculated, taking into 
consideration the first and the fourth eigenfrequencies, as also explained in chapter 2: 
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The amplitude of the steady-state response for the central node of the MDOF prototype with respect 
to the ratio of the loading frequency over the eigenfrequency is plotted in Figure 6-28. In the same 
diagram the response of the SDOF model of Figure 6-6 is also illustrated for comparison reasons. In 
this diagram each dot corresponds to the steady-state deflection amplitude of the central node, 
obtained by one numerical analysis with zero initial conditions. The circles define the steady-state 
response of one numerical analysis considering initial conditions. It is noted that the equivalent SDOF 
model can predict with very good accuracy the response of the MDOF system. 
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Figure 6-28: Fundamental resonance: response curve of the MDOF prototype for ]=2% and load amplitude 
(P0)p=1.30kN

According to similarity relation (6-25), the nodal dynamic deflection of the prototype should be equal 
to the one of the model. For frequency ratios between ?/�p=0.90 and ?/�p=1.10, the error of the 
calculation is not more than 10%, which is considered as satisfactory. After the peak amplitude and as 
the frequency ratio increases, the error increases too, arising at 45% for ?/�p=1.30. This occurs 
because the sixth mode of the MDOF system is another symmetric mode, having a frequency 
�6=14.655sec-1=1.48�1=1.48�p. Thus, as the loading frequency approaches the frequency of this 
mode, the amplitude increases, leading to a fundamental resonance for the sixth mode. Using the 
equivalent SDOF model, which has a unique frequency, is not possible to predict this second 
fundamental resonance. 
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The bending of the response curve for the MDOF system is obvious from the diagram of Figure 6-28. 
If zero initial conditions are assumed, when the frequency ratio is ?/�p=1.07 the steady-state 
amplitude is 2.52m, while for ?/�p=1.08, the amplitude drops suddenly to 1.06m, verifying the jump 
phenomenon. However, if initial conditions are assumed, the amplitude of the steady-state deflection 
for ?/�p=1.08 is 2.62m, verifying that the dynamic response of the MDOF prototype depends on the 
initial conditions. The initial conditions are deformations and velocities with respect to the three global 
axes, applied on every node, taken from the response of the MDOF system for ?/�p=1.07 (Figure 
6-29).
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Figure 6-29: Time-history response of the central node for ?/�p=1.07: (a) deflection diagram and  
b) vertical velocity diagram 
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Figure 6-30: Time-history response of the central node for ?/�p=1.07 at time interval 49sec-50sec:
a) deflection diagram and (b) vertical velocity diagram 

At time t=49.58sec, both vertical displacement and velocity are considerable (Figure 6-30), thus the 
deflection (Figure 6-31) and the velocity (Figure 6-32) at that time are chosen as initial conditions for 
the next frequency step. 
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Figure 6-31: Vertical initial deflection for ?/�p=1.08

Figure 6-32: Vertical initial velocity for ?/�p=1.08

The time-history diagrams for ?/�p=1.08, for these two cases of initial conditions, are plotted in 
Figure 6-33. It is worth mentioning that for ?/�p=1.12, taking into account initial conditions, the 
steady-state deflection of the central node for the first 15 seconds is 2.87m, but after t=20sec, it 
becomes much smaller (Figure 6-34). For larger frequency ratios, the initial conditions do not play an 
important role in the steady-state response of the system. 
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Figure 6-33: Time-history diagrams of the central node deflection for ?/�p=1.08: (a) with zero initial conditions,  
b) with initial displacement and velocity 
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Figure 6-34: Time-history deflection diagram of the central node for ?/�p=1.12

These phenomena, namely the maximum steady-state amplitude occurring for frequency ratio larger 
than 1, leading to the bending of the curve, the jump and the multiple response amplitudes 
dependent on the initial conditions, also verified by the numerical simulation, confirm the intense 
nonlinearity of the MDOF cable net, which was predicted by the SDOF model. Using the equivalent 
SDOF model, it is possible to estimate, for specific load amplitudes, the frequency ratio for which the 
maximum dynamic response of the MDOF system is expected. 

6.4.3.4 Superharmonic resonance for damping ratio ]=2%

In case of superharmonic resonance the load amplitude for the MDOF prototype is chosen in section 
6.4.2.5, equal to (P0)p=14kN. The load frequency varies between 0.30�p and 0.60�p. The amplitude 
of the steady-state response for the central node of the MDOF prototype with respect to the 
frequency ratio, and the response of the equivalent SDOF model of Figure 6-7, are plotted together in 
Figure 6-35. The steady-state amplitudes, estimated by the method of the SDOF model, are between 
25% and 48% larger than the ones obtained by numerical analysis. This estimation cannot be 
considered as satisfactory. 
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Figure 6-35: Superharmonic resonance: response curve of the MDOF prototype for ]=2% and load amplitude 
(P0)p=14kN

On the other hand, the peak amplitude for frequency ratio ?/�p=0.36, predicted by the equivalent 
SDOF model, is verified for the prototype, confirming the occurrence of the order-three superharmonic 
resonance for the first symmetric mode. In Figure 6-36 the response of the central node is depicted 
by means of time-history diagrams and response spectra, verifying this nonlinear resonance. The 
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steady-state response, obtained after 20sec, is an oscillation of at least two different frequencies. This 
is also illustrated in the response spectrum, where two peaks are noted for frequencies 0.56Hz 
(3.52sec-1), which is close to the loading frequency (?=0.36·�p=3.56sec-1) and 1.68Hz (10.56sec-1),
which is almost equal to the frequency of the first symmetric mode (�1=�1S=�p=9.902sec-1).
However, in Figure 6-35, a second peak of the amplitude is observed for frequency ratio ?/�p=0.53
for the MDOF system, corresponding to an order-two superharmonic resonance for the same mode. In 
this case, the loading frequency is ?=0.53·�p=5.525sec-1=0.36�6, where �6 is the frequency of the 
sixth mode equal to �6=14.655sec-1. Hence, this second peak indicates also an order-three 
superharmonic resonance for the sixth mode being the second symmetric mode of the system.  
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Figure 6-36: Response diagrams of the central node deflection for ?/�p=0.36: (a) time-history diagram,
b) response spectrum 

In Figure 6-37a, the time-history diagram of the central node deflection is plotted. In Figure 6-37b, 
the response spectrum of the central node deflection illustrates that the oscillation of the central node 
is characterised by three frequencies: at 0.84Hz (5.28sec-1), which is close to the loading frequency 
(?=0.53·�p=5.25sec-1), at 1.72Hz (10.81sec-1), being close to the frequency of the first symmetric 
mode (�1=�1S=�p=9.902sec-1) and at 2.52Hz (15.83sec-1), which is close to the frequency of the 
second symmetric mode (�6=14.655sec-1).
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Figure 6-37: Response diagrams of the central node deflection for ?/�p=0.53: (a) time-history diagram,
b) response spectrum 

Thus, both modes are activated and the occurrence of the order-three superharmonic resonance and 
order-two for the first and the second symmetric mode, respectively, is verified. With the equivalent 
SDOF model having only one frequency, it is not possible to predict this second superharmonic 
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resonance for the mode of higher order. In addition, the SDOF model, having only a cubic nonlinear 
term, cannot detect order-two superharmonic resonances. 

6.4.3.5 Subharmonic resonance for damping ratio ]=2%

Based on the parametric analysis of section 6.4.2.6, a load amplitude equal to (P0)p=51kN applied on 
every node, with a load frequency equal to ?=3.44�p and initial conditions that correspond to an 
initial deflection of the central node 2.28m and initial velocity of the same node 16m/sec, should 
cause subharmonic resonance. In order to apply the initial conditions the diagram of Figure 6-31 is 
scaled so that the deflection of the central node is 2.28m, while the one of Figure 6-32 is magnified so 
that the central node velocity results in 16m/sec. Conducting a numerical analysis for the prototype, 
before the first cycle of the oscillation concludes, the nodal deflection reaches the maximum 
permissible one, causing cable tensile failure. The same also occurs for load amplitude (P0)p=56kN,
loading frequency ?=3.32�p and initial conditions, corresponding to a deflection and velocity for the 
central node, 1.48m and 16m/sec, respectively (Figure 6-38). For smaller load amplitudes, larger 
initial deflection is required, and for smaller initial deflection, only larger load amplitude can cause 
subharmonic resonance. Both cases lead to cable tensile failure. Thus, for this cable net, with 
damping ratio 2%, it is impossible for the subharmonic resonance to evolve, because the large load 
amplitude and the large initial conditions required for such a resonance, cause cable tensile failure as 
soon as the vibration starts. 
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Figure 6-38: Time-history response of the central node for: (a) (P0)p=51kN and ?/�p=3.44, (b) (P0)p=56kN and 
?/�p=3.32 

6.4.3.6 Fundamental resonance for damping ratio ]=0.5% 

For damping ratio ]=0.5%, the load amplitude is chosen in section 6.4.2.7, equal to (P0)p=0.31kN.
The load frequency varies again between 0.90�p and 1.40�p. The coefficients for the Rayleigh 
damping are calculated, taking into consideration the first and the fourth eigenfrequencies: 
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The amplitude of the steady-state response for the central node of the MDOF prototype with respect 
to the ratio of the loading frequency over the eigenfrequency is plotted in Figure 6-39, along with the 
response diagram of the SDOF model of Figure 6-17. In this case the error of the estimated response 
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amplitude, based on the method of the equivalent SDOF model, is approximately 10%, which is 
considered as satisfactory. In addition, the instability region, the jump phenomenon, the double 
response dependent on the initial conditions and the frequency ratio for which the maximum steady-
state response occurs are predicted by the SDOF model. The diagram is narrower than the one for 
damping ratio ]=2%, approaching the backbone curve. As a consequence, the existence of the sixth 
mode will increase the steady-state amplitude of the response for frequency ratios near ?/�p=1.48,
causing a divergence between the results of the equivalent model with the ones obtained numerically, 
due to the fundamental resonance for this second symmetric mode. But for values up to ?/�p=1.30,
this mode does not influence the response curve, resulting in very good agreement between the 
analytical solution for the SDOF model and the numerical one for the MDOF prototype. For frequency 
ratios between ?/�p=1.04 and ?/�p=1.06, two response amplitudes are obtained, depending on the 
initial conditions. 
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Figure 6-39: Fundamental resonance: response curve of the MDOF prototype for ]=0.5% and load amplitude 
(P0)p=0.31kN

The deflection distribution at the nodes considered as initial condition is shown in Figure 6-40, while 
the vertical initial velocity distribution, in Figure 6-41. The time-history diagrams of the response for 
?/�p=1.04, taking into account initial conditions or not, are plotted in Figure 6-42. 

Figure 6-40: Vertical initial deflection for ?/�p=1.04
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Figure 6-41: Vertical initial velocity for ?/�p=1.04

?/�p=1.04

-4.0

-2.0

0.0

2.0

4.0

0 25 50 75 100
time (sec)

de
fle

ct
io

n 
(m

)

?/�p=1.04

-4.0

-2.0

0.0

2.0

4.0

0 25 50 75 100
time (sec)

de
fle

ct
io

n 
(m

)

(a)  (b) 

Figure 6-42: Time-history diagrams of the central node deflection for ?/�p=1.04: (a) with zero initial conditions,  
b) with initial displacement and velocity 

For ?/�p=1.07, taking into consideration initial conditions, the steady-state deflection of the central 
node for the first 20sec is 2.13m, but then it drops with beat phenomenon until the steady-state 
amplitude corresponding to zero initial conditions is reached (Figure 6-43). For frequency ratios larger 
than ?/�p=1.07, the initial conditions do not influence the steady-state response of the system. 
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Figure 6-43: Time-history deflection diagram of the central node for ?/�p=1.07

6.4.3.7 Superharmonic resonance for damping ratio ]=0.5% 

For superharmonic resonant conditions, the load amplitude for the MDOF prototype is chosen in 
section 6.4.2.8, equal to (P0)p=10kN. The amplitude of the steady-state response for the central node 
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of the MDOF prototype with respect to the frequency ratio, varying between 0.30�p and 0.60�p, and 
the response of the equivalent SDOF model of Figure 6-18, are plotted together in Figure 6-44. The 
estimation of the steady-state amplitudes by the method of the SDOF model, is again non satisfactory, 
being 16%-45% larger than the ones obtained by numerical analysis. Two peaks of the steady-state 
amplitude are noted for the prototype. The first one occurs for frequency ratio ?/�p=0.35, as 
predicted by the equivalent SDOF model, confirming the order-three superharmonic resonance for 
mode 1S. In Figure 6-45 the deflection time-history and response spectrum are plotted, verifying the 
phenomenon of this nonlinear resonance. In the second chart, two peaks are noted for frequencies 
0.55Hz (3.45sec-1), which is almost equal to the loading frequency (?=0.35·�p=3.47sec-1) and 1.66Hz 
(10.43sec-1), which is close to the frequency of mode 1S (�1S=�p=9.902sec-1).
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Figure 6-44: Superharmonic resonance: response curve of the MDOF prototype for ]=0.5% and load amplitude 
(P0)p=10kN
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Figure 6-45: Response diagrams of the central node deflection for ?/�p=0.35: (a) time-history diagram,
b) response spectrum 

The second peak of the steady-state amplitude is observed for ?/�p=0.52, corresponding to order-
two superharmonic resonance for mode 1S and an order-three superharmonic resonance for the sixth 
mode, verified also by the charts of Figure 6-46, which present the time-history diagram and the 
response spectrum of the central node deflection. In the second chart three frequencies of the 
oscillation are noted: at 0.82Hz (5.15sec-1), which is equal to the loading frequency 
(?=0.52·�p=5.15sec-1), at 1.66Hz (10.43sec-1), being close to the frequency of the first symmetric 
mode (�1=�1S= �p=9.902sec-1) and at 2.47Hz (15.52sec-1), which is close to the frequency of the 
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sixth mode (�6=14.655sec-1). None of these two nonlinear resonances can be predicted by the 
method of the equivalent SDOF model. 
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Figure 6-46: Response diagrams of the central node deflection for ?/�p=0.52: (a) time-history diagram,
b) response spectrum 

6.4.3.8 Subharmonic resonance for damping ratio ]=0.5% 

In order to detect subharmonic resonance, the conditions of section 6.4.2.9 are adopted. Thus, the 
load amplitude takes the value (P0)p=15kN, while the frequency ratio is ?/�p=3.37. The time-history 
diagram of the central node deflection for zero initial conditions is shown in Figure 6-47a, while in 
Figure 6-47a the diagram of the central node motion is plotted, taking into account the initial 
deflection shown in Figure 6-40 and the initial velocity illustrated in Figure 6-41, which are close to the 
corresponding ones, assumed in section 6.4.2.9. 
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Figure 6-47: Time-history diagrams of the central node deflection for ?/�m=3.37 and (P0)p=15kN: (a) with zero 
initial conditions, b) with initial displacement and velocity 

For these diagrams, an infinitely linear material is assumed, in order to avoid the end of the 
calculation due to cable tensile failure. Indeed, in case initial conditions are considered, the maximum 
deflection measured is 3.71m at time 1.215sec, exceeding the maximum permissible one, which is 
3.20m, leading to a maximum cable tension equal to 3077kN (Figure 6-48). For a material 
1670/1860MPa though, the maximum permissible cable tension would be equal to: 

Ncmax,p=Ap!y=0.00196m2·167000kN/m2=3273kN (6-137)

which means that, for this steel category, the deflection of 3.71m would be possible to occur without 
causing cable tensile failure. 
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Figure 6-48: Maximum cable tension of the deformed structure 

Comparing the diagrams of Figure 6-47 with the ones of Figure 6-23, it is obvious that the response of 
the MDOF prototype is not well predicted by the equivalent SDOF model. For zero initial conditions, 
the steady-state amplitude of the prototype is almost 1.00m, while for the SDOF model it is 0.14m. 
Considering initial conditions, the steady-state amplitude of the prototype does not differ from the one 
calculated with zero initial conditions, in contrast to the response of the SDOF model, for which, due 
to the subharmonic resonance, the oscillation amplitude arises at 2.98m.  

Plotting the response spectra of the central node deflection in Figure 6-49, it is noted that for zero 
initial conditions, the vibration of the central node has only one dominant frequency, equal to 5.31Hz, 
which is the loading frequency, corresponding to �=33.36sec-1, which is near the frequency of the 
51st mode (�51=35.931sec-1), shown in Figure 6-27. This means that a fundamental resonance for this 
mode occurs, which explains the large amplitude of the MDOF prototype, with respect to the one of 
the SDOF model. The SDOF model, having only one eigenmode, cannot predict this fundamental 
resonance. In case initial conditions are assumed, two vibration frequencies are noted, one at 1.71Hz 
(�=10.74sec-1) and one at 5.31Hz (�=33.36sec-1). The first one is very close to the frequency of the 
first symmetric mode (�1S=9.902sec-1), while the second one is the loading frequency. 
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Figure 6-49: Response spectra of the central node deflection for ?/�p=3.37: (a) with zero initial conditions, 
(b) with initial displacement and velocity 

In Figure 6-50, the time-history diagram of the central node amplitude is plotted again, zoomed at the 
time interval from the beginning of the analysis until 20sec. In this chart, the amplitude of the motion 
is almost 3.00m until the time of 6sec, when, with a beat phenomenon, it begins to reduce. This 
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means that for the first 6sec, a subharmonic resonance occurs with steady-state amplitude equal to 
3.00m, as predicted by the SDOF model, but then the fundamental resonance for the 51st mode 
prevails.
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Figure 6-50: Time-history diagram of the central node deflection for ?/�p=3.37 with initial displacement and 
velocity 

6.5 EXAMPLE 2: CABLE NETS WITH SAG-SPAN RATIO f/L=1/20 

6.5.1 Characteristics of the cable nets 

Another cable net is assumed, with sag-to-span ratio equal to f/L=1/20, Young modulus E=165GPa, 
and four different cases of cable diameter D and initial pretension N0, accounting for three different 
levels of initial cable stress. The cable diameter, the initial pretension and the yield stress are chosen 
appropriately resulting in characteristic values of the non-dimensional parameter 
2. The load 
amplitude in each case is chosen large enough to cause bending of the response curve, but small 
enough to avoid cable tensile failure. The characteristics of the nets for these cases are tabulated in 
Table 6-1. 

Table 6-1: Characteristic cases for cable net with f/L=1/20 and E=165GPa 

Cases P0 [kN] D [mm] N0 [kN] !y [MPa] N0/(�!y) 
2

1 1.3 40 735 1670 0.35 0.70 
2 1.2 40 600 1570 0.30 0.86 
3 2.0 50 600 1570 0.20 1.35 
4 5.0 80 800 1570 0.10 2.59 

6.5.2 Eigenfrequencies 

The first five symmetric modes of the cable nets are illustrated in Figure 6-51, where it is noted that 
the shapes of these modes are similar for all cases but do not follow always the same sequence of 
appearance.  
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Figure 6-51: Eigenmodes and eigenfrequencies of the cable nets with sag-to-span ratio f/L=1/20 

The relation between the frequencies of these modes is tabulated in Table 6-2. In all cases the second 
and third symmetric modes (2S and 3S) have frequencies close to the one of mode 1S, while the 
frequencies of the fourth and fifth symmetric modes (4S and 5S) are considered close to the previous 
three symmetric modes only in the last two cases. This, as will be shown, influences the response of 
the system, for loading frequencies close to the one of the second and third symmetric modes. 

Table 6-2: Relation between the eigenfrequencies of the first symmetric modes 

Cases �2S/�1S �3S/�1S �4S/�1S �5S/�1S

1 1.32 1.33 1.73 1.92 
2 1.28 1.28 1.64 1.82 
3 1.21 1.22 1.49 1.64 
4 1.25 1.25 1.44 1.54 

6.5.3 Fundamental resonance 

Following the same procedure, as described in section 6.4, a damping ratio ]=2% is considered and 
the case of fundamental resonance for the first symmetric mode (1S) is addressed. The diagrams of 
the steady-state amplitude of the central node deflection of the MDOF system, along with the ones of 
the equivalent SDOF cable net, for different frequency ratios, are illustrated in Figure 6-52. In all 
charts, two peaks appear in the response curve of the MDOF system. The first one, for frequency ratio 
close to 1, corresponds to the fundamental resonance of the first symmetric mode, while the second 
peak describes the fundamental resonance for the second symmetric mode.  
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Figure 6-52: Fundamental resonance: response curve of the MDOF prototype and SODF model for ]=2%

For the first two cases, the maximum steady-state response of the central node of the MDOF system, 
as well as the frequency ratio for which this occurs, are predicted with satisfactory accuracy by the 
method of the SDOF system. For the third case, the response diagram bends more than the one of 
the equivalent SDOF cable net, while for the fourth case the method does not provide accurate 
results. In this case, the bending of the response curve for the MDOF system is more intense and the 
maximum steady-state amplitude of the central node is smaller than the one predicted by the method. 
This occurs because for the third and fourth cases the parameter 
2 is larger than 1.17, meaning that 
the fist symmetric mode presents internal nodes with zero displacements, as explained in chapter 5. 
Thus, the vibration mode of the SDOF cable net cannot describe well the one of the MDOF system, 
and the results do not agree. The analysis of the equivalent SDOF cable net, having only one degree 
of freedom, cannot predict the fundamental resonance for the second symmetric mode. In the last 
two cases, following fundamental resonance for the first symmetric mode a beat phenomenon 
characterises the time-history diagrams of the central node deflection, meaning that more than one 
modes participate in the motion of the node. This occurs for frequency ratios between ?/�p=1.14 and 
?/�p=1.20 for the third case and between ?/�p=1.20 and ?/�p=1.40 for the fourth case. The beat 
phenomenon is very intense in the fourth case, in which all five symmetric modes have frequencies 
close to the loading frequencies, resulting in the irregular increase of the response amplitude, as 
shown in Figure 6-52. For example, the time-history diagram and the response spectrum of the 
central node deflection for frequency ratio ?/�1S=1.25 are plotted in Figure 6-53. The beat 
phenomenon is obvious in the time-history diagram during the 100 seconds of the analysis, which 
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does not decay, although damping is included. In the response spectrum, several peaks are 
distinguished, corresponding to each one of the symmetric modes illustrated in Figure 6-51, proving 
that all symmetric modes are activated during the oscillation of the net. 
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Figure 6-53: Response diagrams of the central node deflection for ?/�p=1.25 (case 4): (a) time-history diagram, 
(b) response spectrum 

Observing the diagrams of Figure 6-52, it is worth mentioning that in order to obtain similar 
oscillations amplitudes, the load amplitude for the fourth case is much larger than the one of the other 
cases, as listed in Table 6-1. Thus, for the same load amplitude, larger parameters 
2 lead to smaller 
oscillation amplitudes. In the next chapter, the response of the second case is thoroughly 
investigated.

6.6 EVALUATION OF THE METHOD 

The pros of this method are the following: 

� The intensity of the geometrical nonlinearity of the MDOF system can be estimated very 
satisfactorily, by means of the bending of the response curve, the jump phenomena and the 
existence of double response amplitude due to the initial conditions. 

� The loading frequency detuning, for which fundamental, superharmonic or subharmonic resonances 
for the first symmetric mode occur, can be estimated with good accuracy. 

� The load amplitude, for which cable tensile failure occurs under fundamental, superharmonic or 
subharmonic resonant conditions, can be estimated with small error. 

� The occurrence of subharmonic resonance can be excluded if the system is highly damped or 
weakly nonlinear. 

� The computational time required to solve the equation of motion and have an assessment of the 
response of the MDOF system is minimal. On the contrary, the creation of a response diagram for 
the MDOF system requires a large number of nonlinear dynamic analyses. 

The cons of this method are the following: 

� The solution of the equation of motion, derived for the SDOF cable net, cannot consider cable 
slackening or cable tensile failure during the dynamic motion.  

� The equivalent SDOF model, having only one eigenfrequency and eigenmode, can detect neither 
resonances for higher modes for a MDOF cable net, nor internal resonances.  

� The equivalent SDOF model, having only a cubic nonlinear term, cannot predict superharmonic or 
subharmonic resonances of order two for the large system.  
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� The analytical solution of the SDOF cable net is provided for the vertical load applied on the central 
node, causing a vertical vibration. Thus, only the oscillation amplitude of the central node of the 
MDOF system can be estimated. 

� In addition, this vertical motion corresponds to the first symmetric mode of the cable net. Hence, 
the method of the equivalent SDOF model cannot estimate the response of the MDOF cable net for 
other modal shapes, or for other spatial loading distributions, such as antisymmetric ones. 

� The analytical solution of the SDOF cable net describes the steady-state amplitude of the response 
but not the maximum transient one, for which a cable tensile failure is possible to occur, before the 
steady-state response is reached. 

� The results of this method are not satisfactory when the parameter 
2 is larger than 1.17 for the 
MDOF system. In this case, the first symmetric mode of the cable net presents internal nodes with 
zero displacements and cannot be simulated with accuracy by the one of the SDOF model. Thus, 
this method is not recommended for cable nets with sag-to-span ratio between 1/30 and 1/20, with 
low levels of initial cable stress or for deep cable nets with sag-to-span ratio larger than 1/20, 
independently of the initial cable stress. 

� The accuracy of the response amplitude assessment is not satisfactory when, for the MDOF system, 
two or more modes with similar shapes have commensurable frequencies, leading to internal 
resonance. 

6.7 SUMMARY AND CONCLUSIONS 

A method of using an equivalent single-degree-of-freedom cable net is introduced in this chapter, in 
order to predict the nonlinear dynamic response of a multi-degree-of-freedom cable net. The 
geometrical and mechanical characteristics of the large cable net are transformed to the 
corresponding ones of the small cable net, using similarity relations. The analytical solution of the 
SDOF model is explored, in order to detect nonlinear phenomena, such as the bending of the 
response curve, the occurrence of superharmonic and subharmonic resonances, instability regions, 
jump phenomena and the double response amplitude with respect to the initial conditions. The results 
of the SDOF model, by means of the maximum load, the maximum deflection and the loading 
frequency, are transformed to the ones of the MDOF system, by using the inverse similarity relations. 
Conducting nonlinear dynamic analyses and numerical simulation of the MDOF cable net, the 
nonlinear phenomena are verified. 

This investigation verifies that the saddle-form cable nets have cubic nonlinearities, but also quadratic 
ones. Near resonances, although damping exists, a small change of the loading frequency may cause 
large difference in the oscillation amplitude. The initial conditions influence significantly the response 
of the cable net, as occurs in nonlinear systems. Jump phenomena, superharmonic resonances are 
also confirmed. Concerning the subharmonic resonances, it is difficult to detect them for a MDOF 
system, because they require specific load amplitude, load frequency and initial conditions. It is 
impossible to know which load amplitude and frequency and which initial deflection and velocity can 
cause this kind of nonlinear resonance, because no analytical solutions are available. The investigation 
of the SDOF model showed that subharmonic resonances may occur under certain conditions, but for 
the MDOF they are unlikely to occur, because the large initial conditions and the large load amplitude 
required for this phenomenon lead to cable tensile failure at the beginning of the vibration. If this is 
avoided, the subharmonic resonance appears only in the first few seconds of the vibrations and then 
the energy is transmitted to other modes, leading to fundamental resonances for modes of higher 
order. 

The numerical investigation of the overall nonlinear dynamic behaviour of a MDOF system can be 
obtained by a large number of nonlinear time-history analyses, for different load amplitudes and for 
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very small time steps and frequency steps. This method can detect the loading amplitudes and 
frequencies for which nonlinear phenomena occur, constituting a useful guideline for the design of 
such cable structures, in order to avoid nonlinear phenomena. 

Part of the work developed in this chapter has been presented in [6-17]. 
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7 DYNAMIC RESPONSE OF MDOF CABLE NETS
UNDER HARMONIC LOAD

7.1 INTRODUCTION 

Tensile structures are much lighter than any other conventional steel or concrete structure, designed 
to span the same area and to carry the same permanent loads. This is their main advantage, but, on 
the other hand, their lightness renders them particularly susceptible to dynamic oscillations due to 
fluctuating loads. Their response under dynamic excitation may become unpredictable, as, apart from 
the primary resonance phenomena, secondary resonances may emerge as well, endangering the 
system’s stability causing cable slackening, fatigue problems at the cable anchorages or even tensile 
failure of some cables. 

Several researchers have investigated such phenomena for individual cables, with many applications 
in cable stayed or suspension bridges, electrical overhead transmission lines or guyed masts, but only 
a few have dealt with such phenomena for cable suspended roofs. Most of the pertinent publications 
present new computerised methods of analysis and other numerical techniques to calculate the 
nonlinear static or dynamic response of cable networks and membranes, by solving the governing 
equations of motion ([7-1] – [7-11]), several of them compared with experimental results. In [7-12] 
the authors, presenting several time-history analyses of a cable network oscillation, concluded that 
symmetric uniform loading produces an almost linear dynamic response, whilst for antisymmetric 
loads, the nonlinearity of the system is more intense. Lazzari et al. [7-13] studied the free vibrations 
of a real saddle-form cable net, its resonant behaviour and its dynamic response under wind action. 
They interpreted the beat phenomenon of the displacement time-history diagram, in case of primary 
resonance, as the change of stiffness due to increase of deformation, producing also a change of the 
resonance frequency and avoiding the well-known continuously increasing amplitude of vibration, 
which occurs for linear systems.  

During the initial stage of the present work, the dynamic behaviour of an undamped cable net with 
fixed supports under fundamental resonance was explored in [7-14] and internal resonances were 
detected, indicated by the beat phenomena in the oscillation of the net. On the other hand, in [7-15] 
a damped cable net with rigid supports subjected to a uniform symmetric load was analysed for a 
wide range of values of the loading frequency, concluding that it is never sufficient to take into 
consideration only the first natural modes, as fundamental resonances of higher modes may lead to 
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cable nets’ oscillations of large amplitudes, comparable to those generated by the fundamental 
resonance of the first symmetric mode. Moreover, in [7-16], some similarities and differences between 
a network with rigid cable supports and one with the cables anchored to a flexible edge ring were 
highlighted.

In this chapter, the nonlinear nature of a cable net is investigated through the occurrence of nonlinear 
dynamic phenomena, in order to ascertain whether it can be treated as a weakly nonlinear system. 
The net is subjected to harmonic excitations, considering three different spatial distributions regarding 
the sign of the dynamic nodal loads. Diagrams of nodal displacements and cable tension variation, 
obtained by nonlinear transient analyses, delineate the response of the system. The boundary 
conditions of the cables are also studied, underlining similarities and differences between a network 
with rigid cable supports and one with the cables anchored to a deformable edge ring, proving that 
simplifying assumptions lead in some cases to completely different results. 

7.2 MODELLING ISSUES AND ASSUMPTIONS 

The 3-dimensional cable network system, described in chapter 6, is utilised again for the investigation 
of the dynamic response under harmonic excitation. The cable net forms the surface of a hyperbolic 
paraboloid, with circular plan view of diameter L=100m. The net consists of N=25 cables in each 
direction, arranged in a quadratic grid. The sag of the roof is equal to f=L/20=5m. All cables have a 
circular cross-section with the same diameter D=50mm and area A=0.0019635m2, and mass density 
of the cables is m=10kN·sec2·m-4, while no concentrated additional masses are assumed. The 
influence of the edge ring on the cable net response under harmonic load is also investigated, using 
the cable net described above, as far as the cable characteristics are concerned, with a contour ring 
having a square box cross-section of width b=6.00m, wall thickness b/10=0.60m, unit weight 
&r=25kN/m3 and elastic modulus Er=39GPa. The eventual cable slackening is taken into account 
assuming a constant modulus of elasticity E=165GPa in the tension branch and zero compression 
branch. The initial cable pretension is N0=600kN, which is introduced as initial strain in the cable, 
equal to N0/EA=0.001852. The maximum cable stress is considered equal to the yield stress 1570MPa 
corresponding to a strain equal to 0.009515 and a maximum cable tension Nmax=3082.68kN.

Regarding the boundary conditions, the cable ends are considered either as fixed or anchored to a 
boundary ring, as described in chapter 5. The state under prestressing is taken into consideration as 
the initial state. As proved in chapter 5, the equilibrium at every node under pretension is reached at 
the first step of the analysis. Hence, introducing the same strain in all cable segments does not entail 
errors in the results. A lumped mass matrix is used and a damping ratio equal to ]=2% is assumed. 
The damping is introduced in the system as mass and stiffness proportional Rayleigh damping [7-17]. 
Linear modal analyses are performed to calculate the eigenfrequencies and the eigenmodes, while the 
dynamic response of the cable net is represented by nodal displacement and cable tension response 
diagrams, conducting time-history analyses, considering also the geometric nonlinearity of the 
structure. The geometry and the mechanical characteristics of this system are very close to the ones 
of the cable net roof of the Peace and Friendship Stadium in Athens, Greece [7-18]. 

The difference between the dynamic response and the static one is defined by the ratio of the 
dynamic magnitudes of the response over the static ones corresponding to the same load: 

st

d
dyn M

M
R � (7-1)

where M stands for the nodal deflection or the cable tension and the subscripts d and s denote 
dynamic and static results, respectively. 



Dynamic Response of MDOF Cable Nets under Harmonic Load 253

Nonlinear dynamic response and design of cable nets 

7.3 LOAD DESCRIPTION 

Equal concentrated loads expressed as P=P0cos(?t), are exerted vertically on all nodes of the net, 
having the same amplitude and time variation. No permanent loads are taken into consideration. The 
frequency of the harmonic load ? takes several values, aiming at resonance conditions. Two load 
amplitudes are considered for dynamic analysis, equal to P0=2kN and P0=24kN, for loading 
frequencies near the natural frequency of the system, aiming at fundamental resonance, or smaller 
than that, aiming at superharmonic resonance, respectively. Thus, for P0=2kN the loading frequency 
? varies between 0.90� and 1.40�, and for P0=24kN, ? varies between 0.30� and 0.60�, where � is 
the eigenfrequency of the cable net. The same loads are applied statically, in order to compare the 
static response with the dynamic one. These amplitudes are chosen so that phenomena of 
fundamental and superharmonic resonances appear, respectively, without cable tensile failure; thus, 
for load amplitudes larger than 2kN with loading frequencies close to the eigenfrequency of the 
system, and for load amplitudes larger than 24kN with loading frequencies smaller than the natural 
frequency, the cables reach the yield stress.  

The spatial load distribution is assumed either uniform, signed according to the first symmetric mode 
(1S), or antisymmetric, signed either according to the first antisymmetric mode with respect to one 
horizontal axis (1A), or to both horizontal axes (2A). The nodes that exhibit the maximum deflection 
for each loading spatial distribution are node 15 (central node) for mode 1S (Figure 7-1), node 202 for 
mode 1A and node 458 for mode 2A (Figure 7-2). The deflection diagrams for these nodes will 
describe the response of the system. 

Figure 7-1: Uniform spatial load distribution and characteristic node 

Figure 7-2: Antisymmetric spatial load distributions and characteristic nodes 

7.4 CABLE NET WITH RIGID SUPPORTS 

7.4.1 Eigenmodes and eigenfrequencies 

The non-dimensional parameter 
2 is: 
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This value of the parameter 
2 does not imply any crossover point. The first mode of the system is the 
antisymmetric mode with reference to both horizontal axes, (2A). The second and third modes are 
both antisymmetric with respect to y’ or x’ axis, respectively, with equal eigenfrequencies and similar 
shapes (1A). The auxiliary coordinate system with axes x’ and y’ is shown in Figure 7-3.  

Figure 7-3: Auxiliary axes x’ and y’ 

The first symmetric mode of the system (1S) is the fourth mode. The first twelve vibration modes and 
the corresponding natural frequencies are shown in Figure 7-4. The appearance sequence of the 
eigenmodes is as expected, based on the value of parameter 
2 (see Chapter 5).

Figure 7-4: Vibration modes and natural frequencies of the cable net with rigid supports 

7.4.2 Uniform spatial load distribution (1S) – Static response 

For spatial load distribution signed according mode 1S, the load-deflection diagram for the central 
node as well as the variation of the maximum tension in the longest cable, are plotted in Figure 7-5 
for load up to 24kN. The response appears to be practically linear up to a load level of 18.5kN but 
then, the stiffness of the system decreases, due to the slackening of some cables. The geometric 
nonlinearity of the system is proved to be weak for this load level, causing almost linear diagrams, 
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instead of curved ones as in highly nonlinear systems. The two loads that are considered for dynamic 
analysis, equal to P=2kN and P=24kN, cause a maximum static deflection at node 15 equal to 0.067m 
and 0.838m, respectively. In addition, these two loads cause maximum static cable tension, equal to 
676kN and 1433kN, respectively, developed in cable segment 40 (Figure 7-6). The magnified 
deformed shape of the net for P=24kN is shown in Figure 7-7.  

0

5

10

15

20

25

0.0 0.2 0.4 0.6 0.8 1.0

deflection of  node 15 (m)

st
at

ic
 lo

ad
 (

kN
)

24kN

0.612m
2kN

0.067m

0.838m

18.5kN

0

500

1000

1500

0 5 10 15 20 25

static load (kN)

m
ax

 c
ab

le
 te

ns
io

n 
(k

N
)

24kN

1433kN

676kN

2kN

Figure 7-5: Static response of the cable net with rigid supports for uniform spatial load distribution (1S) 

Figure 7-6: Cable segment 40 developing the maximum tension 

Figure 7-7: Magnified deformed shape for uniform spatial load distribution (1S) 

7.4.3 Uniform spatial load distribution (1S) – Dynamic response 

For a uniform spatial load distribution of the dynamic loads, the steady-state response amplitude of 
node 15 with respect to the ratio of the loading frequency over the frequency of mode 1S is illustrated 
in Figure 7-8, for loading amplitude P0=2kN and loading frequency between 0.90�1S and 1.40�1S,
where �1S=�4=13.875sec-1 (f4=2.208Hz, T4=0.45sec).
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Figure 7-8: Steady-state response of the cable net with rigid supports under fundamental resonance for mode 1S 
(P0=2kN)

The maximum steady-state oscillation amplitude occurs for ?/�1S=1.07, equal to 2.18m, which is 
much larger (Rdyn=32.54) than the static one caused by a load of the same amplitude P=2kN. For 
?/�1S=1.08, the steady-state amplitude drops to 1.14m, indicating the bending of the curve and the 
jump phenomenon. The time-history diagrams and response spectra of the central node deflection are 
illustrated in Figure 7-9 for these frequency ratios. It is noted that the response for ?/�1S=1.07 is 
larger than the one corresponding to ?/�1S=1.08. From the response spectra it is confirmed that only 
one frequency characterises the oscillation of node 15, equal to 2.37Hz, which is the loading 
frequency and close to the frequency of mode 1S. The maximum tension is calculated for cable 
segment 129, shown in Figure 7-10. The tension time-history diagrams for these frequency ratios are 
illustrated in Figure 7-11. The maximum cable tension of the longest cable is 2410kN (Rdyn=3.56) for 
?/�1S=1.07.
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Figure 7-9: Deflection diagrams for node 15 of the cable net with rigid supports under fundamental resonance for 
mode 1S (P0=2kN)



Dynamic Response of MDOF Cable Nets under Harmonic Load 257

Nonlinear dynamic response and design of cable nets 

Figure 7-10: Cable segment 129 developing the maximum tension 
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Figure 7-11: Tension diagrams of the cable net with rigid supports under fundamental resonance for mode 1S 
(P0=2kN)

The initial conditions influence the response only when ?/�1S=1.31, meaning ?=18.18sec-1 (2.89Hz). 
For this frequency ratio another peak of the response is observed in Figure 7-8. This loading 
frequency corresponds to a frequency ratio ?/�5=1.08 (�5=16.838sec-1) for the fifth mode, which is 
the second symmetric mode of the system, as illustrated in Figure 7-4. Thus, the second peak 
indicates a fundamental resonance for this mode. The response diagrams for this frequency ratio, 
considering initial conditions, are plotted in Figure 7-12. It is verified that the main peak in the 
response spectrum corresponds to the fifth mode. For larger values of this frequency ratio, the 
response amplitude suddenly decreases, indicating again jump phenomena.  
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Figure 7-12: Deflection diagrams for node 15 of the cable net with rigid supports under fundamental resonance 
for mode 1S (P0=2kN, ?/�1S=1.31, initial conditions) 

For loading amplitude P0=24kN and frequencies between 0.30�1S and 0.60�1S, the steady-state 
response is shown in Figure 7-13. In this chart, two peaks of the response are noted: one for 
?=0.33�1S=4.57sec-1 (0.73Hz), and one for ?=0.42�1S=5.83sec-1 (0.93Hz). The first one, equal to 
1.203m, indicates an order-three superharmonic resonance for the fourth mode, while the second 
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one, equal to 1.257, corresponds to an order-three superharmonic resonance for the fifth node. This 
is verified by the frequency ratio ?/�5=0.35 where �5=16.838sec-1. For frequency ratios between 
0.33 and 0.42 smaller steady-state amplitudes are observed. Thus, a small change of the loading 
frequency results in significantly different response amplitudes, due to the superharmonic resonance. 
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Figure 7-13: Steady-state response of the cable net with rigid supports under superharmonic resonance for mode 
1S (P0=24kN) 

The deflection diagrams of node 15 for these two frequency ratios are illustrated in the diagrams of 
Figure 7-14. The maximum oscillation amplitude is observed during the transient response and it is 
equal to -2.13m for ?/�1S=0.33 and -2.72m for ?/�1S=0.42, with Rdyn=2.54 and Rdyn=3.25, 
respectively. The response spectrum for the first frequency ratio shows two significant frequencies, 
one at 0.75Hz, being the loading frequency, and another one at 2.20Hz, being equal to the one of 
mode 1S, verifying the order-three superharmonic resonance for this mode. The frequencies of the 
oscillation for ?/�1S=0.42, shown in the response spectrum, are 0.95Hz, being close to the loading 
frequency, 2.25Hz, near the frequency of mode 1S, and 2.80Hz, which is close to the frequency of the 
fifth mode, confirming the order-three superharmonic resonance for these two modes.  
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Figure 7-14: Deflection diagrams for node 15 of the cable net with rigid supports under order-three 
superharmonic resonance for mode 1S (P0=24kN)
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The cable tensions of the segments presenting the maximum magnitude for these two frequency 
ratios are plotted in Figure 7-15. For ?/�1S=0.33 and 0.42, the maximum tension is 2117kN 
(Rdyn=1.48) and 2470kN (Rdyn=1.72), respectively. In these diagrams it is noted that cable slackening 
and re-tensioning take place.  
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Figure 7-15: Tension diagrams for the cable net with rigid supports under order-three superharmonic resonance 
for mode 1S (P0=24kN)

Two other smaller peaks are also observed in Figure 7-13 for ?/�1S=0.50 and ?/�1S=0.57 
corresponding to order-two superharmonic resonances for the same two symmetric modes. The 
deflection diagrams of node 15 for these two frequency ratios are plotted in Figure 7-16, with 
maximum deflection -2.96m for ?/�1S=0.50 and -3.00m for ?/�1S=0.57, with Rdyn=3.53 and 
Rdyn=3.58, respectively. The response spectra show that in case of ?/�1S=0.50, the two frequencies 
characterising the oscillation of node 15 are the loading frequency and the one of mode 1S, verifying 
the order-two superharmonic resonance for this mode, while for ?/�1S=0.57, three frequencies are 
noted, the loading one, and the frequencies for mode 1S and the fifth mode, confirming this time the 
order-two superharmonic resonance not only for the fourth mode but also for the fifth one.  
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Figure 7-16: Deflection diagrams for node 15 of the cable net with rigid supports under order-two superharmonic 
resonance for mode 1S (P0=24kN)
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The cable tension diagrams for these two frequency ratios are illustrated in Figure 7-17. For 
?/�1S=0.50 and 0.56, the maximum tension is 2077kN (Rdyn=1.45) and 2457kN (Rdyn=1.71),
respectively. In these diagrams cable slackening and re-tensioning are noted again.  
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Figure 7-17: Tension diagrams for the cable net with rigid supports under order-two superharmonic resonance for 
mode 1S (P0=24kN)

The same conclusions are drawn if smaller load amplitude is assumed, in order to avoid cable 
slackening if the load is applied statically. Thus, for loading amplitude P0=18kN the steady-state 
response is shown in Figure 7-18. Within the range of ?/�1S=0.30 and ?/�1S=0.60, three peaks are 
observed for frequency ratios 0.34, 0.42, 0.53. As expected, they are smaller than the ones of Figure 
7-13. As explained in chapter 3, for small load amplitudes, superharmonic resonances cannot cause 
large oscillation amplitudes.  
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Figure 7-18: Steady-state response of the cable net with rigid supports under superharmonic resonance for mode 
1S (P0=18kN) 

Although based on the static response the system could be considered as weakly nonlinear, the 
response to dynamic loads is proved to be highly nonlinear, characterised by superharmonic 
resonances, bending of the response curve, dependence on the initial conditions and jump 
phenomena. 

7.4.4 Antisymmetric spatial load distribution (1A) – Static response 

The net is now uniformly loaded with a vertical static nodal load equal to P=2kN, applied on every 
node. The sign of the nodal loads follows mode 1A. The maximum vertical displacement is observed 
for node 202 (Figure 7-2), while the maximum tension develops in cable segment 217 (Figure 7-19). 
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Figure 7-19: Cable segment 217 developing the maximum tension 

The load-deflection diagram for node 202, as well as the variation of the maximum tension are 
illustrated in Figure 7-20 for load up to P=24kN. The first diagram is slightly curved, meaning that for 
this spatial load distribution the nonlinearity of the cable system is stronger with respect to the 
previous consideration of uniform load. The two load amplitudes P=2kN and P=24kN, which will be 
considered for dynamic analysis, cause maximum deflection 0.10m and 1.01m, respectively, and 
maximum cable tension 665kN and 1349kN, respectively. No cable slackening occurs for this load 
level. The magnified deformed shape of the net is shown in Figure 7-21. 
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Figure 7-20: Static response of the cable net with rigid supports for antisymmetric spatial load distribution (1A) 

Figure 7-21: Magnified deformed shape for antisymmetric spatial load distribution (1A) 

7.4.5 Antisymmetric spatial load distribution (1A) – Dynamic response 

For a dynamic load with loading amplitude P0=2kN, and spatial antisymmetric distribution signed 
according to mode 1A, the steady-state response amplitude of node 202 (Figure 7-2) with respect to 
the ratio of the loading frequency over the frequency of mode 1A is plotted in Figure 7-22 for loading 
frequency between 0.90�1A and 1.40�1A, where �1A=�2=�3=13.039sec-1, corresponding to 
f2,3=2.075Hz and T2,3=0.48sec.  
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Figure 7-22: Steady-state response of the cable net with rigid supports under fundamental resonance for mode 
1A (P0=2kN)

For frequency ratios between ?/�1A=1.12 and ?/�1A=1.19, two steady-state responses are calculated. 
Considering as initial deflection and initial velocity the ones calculated for ?/�1A=1.12, the large 
vibration amplitudes are obtained, while the small ones are obtained with zero initial conditions. The 
maximum steady-state oscillation amplitude occurs for ?/�1A=1.17 and it is equal to 1.972m 
(Rdyn=19.72), much larger than the static deflection for the same load amplitude. The maximum 
steady-state deflection of the net for this load distribution is smaller than the one of the uniform 
distribution for the same load amplitude. On the other hand, the bending of the response curve for 
the antisymmetric spatial load distribution is more intense than the one for the uniform load shown in 
Figure 7-8, signifying a more intense nonlinear behaviour, as was also observed for static loads. 

For ?/�1A=1.18, considering initial conditions, the steady-state amplitude is 1.88m, but suddenly it 
decreases to 0.33m, which corresponds also to the steady-state amplitude for zero initial deflection 
and velocity. The response for this frequency ratio is shown in Figure 7-23, for the two assumptions 
regarding the initial conditions. The response spectra show that only one oscillation frequency exists, 
2.45Hz, equal to the loading frequency.  
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Figure 7-23: Deflection diagrams for node 202 of the cable net with rigid supports under fundamental resonance 
for mode 1A (P0=2kN)
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The maximum cable tension is 895kN for cable segment 121 and zero initial conditions, while taking 
into account initial conditions the maximum cable tension develops in cable segment 524, equal to 
2155kN with Rdyn=3.24. The aforementioned cable segments are illustrated in Figure 7-24, while the 
corresponding diagrams are plotted in Figure 7-25.  

Figure 7-24: Cable segments 121 and 524 developing the maximum tension 
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Figure 7-25: Tension diagrams for the cable net with rigid supports under fundamental resonance for mode 1A 
(P0=2kN)

The deflection diagram of the net for loading amplitude P0=24kN and loading frequency between 
0.30�1A and 0.60�1A is plotted in Figure 7-26. The maximum steady-state amplitude is 1.803m for 
?=0.40�1A=5.22sec-1 (0.83Hz), indicating an order-three superharmonic resonance for mode 1A. The 
deflection diagrams of node 202 are illustrated in Figure 7-27, while the time-history diagram of the 
maximum cable tension is plotted in Figure 7-28.  
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Figure 7-26: Steady-state response of the cable net with rigid supports under superharmonic resonance for mode 
1A (P0=24kN)
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Figure 7-27: Deflection diagrams for node 202 of the cable net with rigid supports under superharmonic 
resonance for mode 1A (P0=24kN)
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Figure 7-28: Tension diagram for the cable net with rigid supports under superharmonic resonance for mode 1A 
(P0=24kN)

The response spectrum shows two significant frequencies of oscillation, one at 0.85Hz, being close to 
the loading frequency, and another one at 2.50Hz, which corresponds to the one of mode 1A, 
verifying the occurrence of order-three superharmonic resonance for this mode. The maximum cable 
tension is 2091kN presenting a ratio Rdyn=1.55.

7.4.6 Antisymmetric spatial load distribution (2A) – Static response 

For an antisymmetric spatial load distribution signed according to mode 2A, the maximum tension 
develops in cable segment 405, shown in Figure 7-29. The load-deflection diagram for node 458, as 
well as the variation of the maximum tension, are shown in Figure 7-30, for load amplitude up to 
P=24kN.

Figure 7-29: Cable segment 405 developing the maximum tension 
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Figure 7-30: Static response of the cable net with rigid supports for antisymmetric spatial load distribution (2A) 

The first diagram is more curved than the corresponding ones for the uniform load (Figure 7-5) and 
the antisymmetric spatial load distribution (1A) (Figure 7-20), meaning that in this case the geometric 
nonlinearity of the cable system is more intense than in any other consideration of load distribution. 
The two load amplitudes considered for dynamic analysis, P=2kN and P=24kN, cause maximum static 
deflection 0.11m and 0.892m, respectively and maximum static cable tension 613kN and 990kN, 
respectively. This level of load does not cause any cable slackening. The magnified deformed shape of 
the net is shown in Figure 7-31. 

Figure 7-31: Magnified deformed shaped for antisymmetric spatial load distribution (2A) 

7.4.7 Antisymmetric spatial load distribution (2A) – Dynamic response 

Assuming now an antisymmetric spatial load distribution signed according to mode 2A and applied 
dynamically, the steady-state response amplitude of node 458 (Figure 7-2), with respect to the ratio 
of the loading frequency over the frequency of the antisymmetric mode 2A, is plotted in Figure 7-32, 
for loading amplitude P0=2kN and loading frequency between 0.90�2A and 1.40�2A, where 
�2A=�1=12.679sec-1 (f1=2.018Hz, T1=0.50sec). For frequency ratios between ?/�2A=1.17 and 
?/�2A=1.33, there are two steady-state responses depending on the initial conditions. The large 
amplitudes are obtained taking into consideration as initial deflection and initial velocity the ones 
calculated for ?/�2A=1.16, while the small amplitudes are obtained without initial conditions. The 
maximum steady-state oscillation amplitude occurs for ?/�2A=1.33 and it is equal to 1.461m with 
ratio Rdyn=13.28. The deflection diagrams for these two responses are shown in Figure 7-33.  
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Figure 7-32: Steady-state response of the cable net with rigid supports under fundamental resonance for mode 
2A (P0=2kN)
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Figure 7-33: Deflection diagrams for node 458 of the cable net with rigid supports under fundamental resonance 
for mode 2A, for ?/�2A=1.33 (P0=2kN)

The maximum cable tension is 651kN for cable segment 121 and zero initial conditions, while taking 
into account initial conditions the maximum cable tension develops in cable segment 222, equal to 
1706kN corresponding to Rdyn=2.78. These cable segments are illustrated in Figure 7-34. The tension 
diagrams for both assumptions regarding the initial conditions are shown in Figure 7-35. The different 
oscillation and tension amplitudes are noted, according to the assumed initial conditions. The main 
vibration frequency is the loading frequency, but in case zero initial conditions are considered, there is 
another frequency at 2.05Hz, which is almost equal to the frequency of mode 2A. For zero initial 
conditions the amplitude for the same frequency ratio is only 0.18m. The maximum cable tension for 
this frequency ratio, considering initial conditions, is 1706kN for which the ratio Rd results equal to 
Rdyn=2.78.
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Figure 7-34: Cable segments 121 and 222 developing the maximum tension 
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Figure 7-35: Tension diagrams for the cable net with rigid supports under fundamental resonance for mode 2A 
(P0=2kN, ?/�2A=1.33)

For larger frequency ratios the initial conditions do not influence the steady-state response. For 
example, for ?/�2A=1.34, the steady-state response is the same with or without initial deflection and 
velocity, but not the transient response. In Figure 7-36 these two responses are plotted, by means of 
time-history diagrams of the deflection for node 458.  
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Figure 7-36: Deflection diagrams for node 458 of the cable net with rigid supports under fundamental resonance 
for mode 2A (P0=2kN, ?/�2A=1.34)

Considering a loading amplitude P0=24kN and loading frequency between 0.30�2A and 0.60�2A, the 
steady-state response of the net is plotted in Figure 7-37. The maximum steady-state amplitude is 
1.588m for ?=0.47�2A=5.96sec-1 (0.95Hz), indicating an order-three superharmonic resonance for 
mode 2A.  
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Figure 7-37: Steady-state response of the cable net with rigid supports under superharmonic resonance for mode 
2A of the net (P0=24kN) 

The deflection diagrams of node 458 are illustrated in Figure 7-38, while the time-history diagram of 
the maximum cable tension is shown in Figure 7-39. The maximum oscillation amplitude for 
?/�2A=0.47 is 1.774m (Rdyn=1.99), while in the response spectrum two significant frequencies 
appear, one at 0.95Hz, being the loading frequency, and another one at 2.85Hz, which is close to the 
one of mode 2A, indicating the order-three superharmonic resonance for this mode. The maximum 
cable tension is 1979kN with Rdyn=2.00.
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Figure 7-38: Deflection diagrams for node 458 of the cable net with rigid supports under superharmonic 
resonance for mode 2A (P0=24kN)

?/�2A=0.47

0

500

1000

1500

2000

2500

0 5 10 15 20
time (sec)

ca
bl

e 
te

ns
io

n 
(k

N
) dynamic max static

Figure 7-39: Tension diagram for the cable net with rigid supports under superharmonic resonance for mode 2A 
(P0=24kN)

This load distribution results in smaller response with respect to the other two for the same load 
amplitude, but for a large range of frequency ratio ?/�2� the initial conditions influence the response 
of the net, in contrast to the other two spatial load distributions. Hence, among the three spatial load 
distribution considerations, this case leads to the most intense bending of the response curve and 
thus to the highest nonlinearity. 
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7.5 CABLE NET WITH BOUNDARY RING 

7.5.1 Eigenmodes and eigenfrequencies 

For the cable net with a deformable boundary ring, the first twelve vibration modes of the system, 
with the corresponding natural frequencies, are shown in Figure 7-40. 

Figure 7-40: Vibration modes and natural frequencies of the cable net with deformable boundary ring 

The first mode of the system is the ring’s in-plane mode, the second is mode 2A, the third and fourth 
are modes 1A and the fifth one is mode 1S. Comparing these eigenfrequencies with the ones of the 
first cable net with rigid supports (Figure 7-4), it is noted that the 2A frequency remains unaltered 
whether the ring is taken into account or not, the 1A frequencies decrease by about 1%, while the 
presence of the ring increases the 1S frequency by about 6%. 

7.5.2 Uniform spatial load distribution (1S) – Static response 

For a uniform spatial distribution, the load-deflection diagram for node 15 as well as the variation of 
the maximum cable tension, are illustrated in Figure 7-41, for load amplitude up to P=24kN. The 
deformability of the ring renders the system more flexible, thus, the deflection is larger and the cable 
tension is smaller than the corresponding ones calculated for the cable net with fixed ends (Figure 
7-5). For the two load amplitudes assumed, P=2kN and P=24kN, the maximum static deflection at 
node 15 is equal to 0.105m and 1.21m, respectively. Moreover, these two loads cause maximum static 
cable tension equal to 667kN and 1411kN, respectively.  



270 Chapter 7 

Doctoral Thesis of Isabella Vassilopoulou  N.T.U.A. 2011 

0

5

10

15

20

25

0.0 0.5 1.0 1.5

deflection of node 15 (m)

st
at

ic
 lo

ad
 (

kN
)

24kN

2kN

0.105m
1.21m

0

500

1000

1500

0 5 10 15 20 25

static load (kN)

m
ax

 c
ab

le
 te

ns
io

n 
(k

N
)

24kN

1411kN

667kN

2kN

Figure 7-41: Static response of the cable net with flexible supports for uniform spatial load distribution (1S) 

7.5.3 Uniform spatial load distribution (1S) – Dynamic response 

For a dynamic load, P(t)=P0cos(?t), having a uniform spatial load distribution, the steady-state 
response amplitude of node 15 with respect to the ratio of the loading frequency over the frequency 
of mode 1S is given in Figure 7-42, for loading amplitude P0=2kN and loading frequency between 
0.90�5 and 1.40�1S, where �1S=�5=14.690sec-1 (f5=2.338Hz, T5=0.43sec). In the same chart, the 
response of the cable net with rigid supports is also plotted, for comparison reasons.  
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Figure 7-42: Steady-state response under fundamental resonance for mode 1S (P0=2kN)

As for the cable net with rigid supports, two peaks of the response are noted, one occurring for 
?=1.03�1S=15.13sec-1 (2.41Hz), corresponding to the fundamental resonance for the mode 1S, and 
one for ?=1.26�1S=18.51sec-1 (2.95Hz), for which a fundamental resonance for the ninth mode 
occurs, which is also a symmetric one (Figure 7-40). It should be mentioned that, in contrast to the 
static response, smaller dynamic deflection is observed for the cable net with the boundary ring, 
although this cable net is more flexible than the one with fixed cable ends. This is explained next. 

For frequency ratio ?/�1S=1.03 the deflection diagrams of node 15 are illustrated in Figure 7-43 and 
the time-history diagram of the maximum tension in Figure 7-44. The maximum net deflection is 
0.814m (Rdyn=7.75), being only 37% of the one calculated for the cable net with rigid cable ends 
(Figure 7-9). The response spectrum shows that the main oscillation frequency is 2.42Hz, which is the 
loading frequency and close to the frequency of mode 1S. The maximum cable tension, developed in 
cable segment 40 (Figure 7-6), is 1031kN (Rdyn=1.55), which is 43% of the corresponding one for the 
cable net with rigid cable ends (Figure 7-11). 



Dynamic Response of MDOF Cable Nets under Harmonic Load 271

Nonlinear dynamic response and design of cable nets 

?/�1S=1.03

-1.5

-0.5

0.5

1.5

0 10 20 30 40 50 60
time (sec)

de
fle

ct
io

n 
(m

)
dynamic max static

?/�1S=1.03

0.0

0.2

0.4

0.6

0 2 4 6 8 10
frequency (Hz)

de
fle

ct
io

n 
(m

)

Figure 7-43: Deflection diagrams for node 15 of the cable net with flexible supports under fundamental resonance 
for mode 1S (P0=2kN)
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Figure 7-44: Tension diagram of the cable net with flexible supports under fundamental resonance for mode 1S 
(P0=2kN)

Two more time-history diagrams are plotted; one for the highest ring node 563, with coordinates (0, -
L/2) (Figure 7-45) and one for the lowest ring node 318, with coordinates (L/2, 0) (Figure 7-46). In 
the response spectra diagrams of the horizontal displacement of the ring nodes, the highest peak is 
for the loading frequency, but a much smaller one, for f1=1.38Hz which is the frequency of the ring 
in-plane mode, indicates that the symmetric loading activates also the symmetric in-plane ring mode, 
even though there is no internal resonance between the two first symmetric modes.  
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Figure 7-45: Response of the ring’s highest node 563 under fundamental resonance for mode 1S 
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Figure 7-46: Response of the ring’s lowest node 318 under fundamental resonance for mode 1S 

A detail of the above time-history diagram of the net deflection is shown in Figure 7-47, while for the 
ring’s nodes in Figure 7-48, zooming at the last second of the analysis. Observing the diagrams, it can 
be explained why the ring oscillation influences favourably the system, by decreasing the net vibration 
amplitude and the cable tension. When the net deflection is positive (upwards), the horizontal 
displacements of nodes 563 and 318 are also positive, which means that the highest nodes of the ring 
approach each other, while the lowest ones are moving apart. Both motions of the ring generate a net 
deflection downwards, as illustrated in Figure 7-49. Hence, an in-plane vibration of the ring of several 
centimetres may cause a vertical oscillation to the net of opposite sign with respect to the one 
produced by the external load, reducing the absolute magnitude of the net deflection and the cable 
tension. 
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Figure 7-47: Detail of the deflection time-history diagram for the central node of the net under fundamental 
resonance for mode 1S 
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Figure 7-48: Detail of the horizontal displacement time-history diagrams for the (a) highest node of the ring, 
(b) lowest node of the ring under fundamental resonance for mode 1S 
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Figure 7-49: Deformation of the ring and the net under fundamental resonance for mode 1S 

For loading amplitude P0=24kN and loading frequency between 0.30�1S and 0.60�1S, where 
�1S=�5=14.690sec-1, the steady-state response is shown in Figure 7-50, for both cable nets, with rigid 
or flexible supports. In case the boundary ring is considered, the response is larger. The maximum 
steady-state amplitude is calculated for loading frequency ?=0.53�1S=7.786sec-1 (1.24Hz).  
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Figure 7-50: Steady-state response under superharmonic resonance for mode 1S (P0=24kN)

For frequency ratios larger than ?/�1S=0.53, cable tensile failure occurs during the transient vibration 
of the first steps of the numerical analysis. The response of the system for this frequency ratio is 
plotted by means of deflection diagrams of node 15 (Figure 7-51), time-history diagrams of the 
maximum cable tension (Figure 7-52), and diagrams of the horizontal displacement for the ring’s 
highest node 563 (Figure 7-53) and lowest one 318 (Figure 7-54).  
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Figure 7-51: Deflection diagrams for node 15 of the cable net with flexible supports under superharmonic 
resonance for mode 1S (P0=24kN)
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Figure 7-52: Tension diagram for the cable net with flexible supports under superharmonic resonance for mode 
1S (P0=24kN) 
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Figure 7-53: Response of the ring’s highest node 563 under superharmonic resonance for mode 1S 
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Figure 7-54: Response of the ring’s lowest node 318 under superharmonic resonance for mode 1S 

Both ring and net oscillate with the loading frequency, which is close to the frequency of the first in-
plane mode of the ring (1.381Hz). Thus, for larger loading frequencies, the cable failure occurs due to 
the fundamental resonance for the first mode of the system. Zooming at the last second of the 
analysis, a detail of the time-history diagrams is drawn again for the net deflection in Figure 7-55, and 
for the ring’s nodes in Figure 7-56. In this case, when the net deflection is negative (downwards), the 
horizontal displacement of nodes 563 and 318 are positive. The highest nodes approach each other, 
while the lowest ones are moving apart. Both motions generate a net deflection downwards, 
reinforcing the deflection of the net. 
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Figure 7-55: Detail of the deflection time-history diagram for the central node of the net under superharmonic 

resonance for mode 1S 
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Figure 7-56: Detail of the horizontal displacement time-history diagrams for the (a) highest and  
(b) lowest node of the ring under superharmonic resonance for mode 1S 

7.5.4 Antisymmetric spatial load distribution (1A) – Static response 

For a load distribution signed as mode 1A, the load-deflection diagram for node 202 as well as the 
variation of the maximum cable tension for nodal load up to P=24kN are shown in Figure 7-57. For 
P=2kN and P=24kN the maximum deflection calculated for node 202 is 0.10m and 1.02m, 
respectively, while the maximum cable tension is 659kN and 1336kN, respectively, being slightly 
different with respect to the ones for the cable net with rigid supports.  
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Figure 7-57: Static response of the cable net with flexible supports for antisymmetric spatial load distribution (1A) 

7.5.5 Antisymmetric spatial load distribution (1A) – Dynamic response 

The dynamic response of the cable net with boundary ring, subjected to a dynamic load 
P(t)=P0cos(?t) with a spatial load distribution signed according to mode 1A does not differ 
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significantly from the one of the net with fixed cable ends, meaning that the ring does not influence 
the response of the net for this load distribution. The steady-state response amplitude of node 202 
with respect to the ratio of the loading frequency over the frequency of mode 1A, for both systems, is 
shown in Figure 7-58, where two charts are plotted: one for load amplitude P0=2kN and fundamental 
resonance for mode 1A, meaning that the frequency ratio varies between ?/�1�=0.90 and 
?/�1�=1.40, where �1A=�3=�4=12.924sec-1, and one for P0=24kN and frequency ratio between 
?/�1�=0.30 and ?/�1�=0.60, leading to superharmonic resonance for the same mode.  
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Figure 7-58: Steady-state response under fundamental and superharmonic resonance for mode 1A 

7.5.6 Antisymmetric spatial load distribution (2A) – Static response 

For a static load up to P=24kN, having a spatial distribution signed according mode 2A, the load-
deflection diagram for node 458 as well as the variation of the maximum cable tension are plotted in 
Figure 7-59. For P=2kN and P=24kN the maximum deflection calculated for node 458 is 0.11m and 
0.897m, respectively, while the maximum cable tension is 608kN and 986kN, respectively. The 
difference with the corresponding magnitudes of the cable net with rigid supports is negligible.  
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Figure 7-59: Static response of the cable net with flexible supports for antisymmetric spatial load distribution (2A) 

7.5.7 Antisymmetric spatial load distribution (2A) – Dynamic response 

In case the dynamic load P(t)=P0cos(?t) has spatial load distribution signed according to mode 2A, 
the ring does not influence the response of the net. The steady-state response amplitude of node 458 
with respect to the ratio of the loading frequency over the frequency of mode 2A, is plotted in Figure 
7-60 for both systems: (i) for load amplitude P0=2kN and frequency ratio between ?/�2�=0.90 and 
?/�2�=1.40, where �2A=�2=12.679sec-1, accounting for fundamental resonance for mode 2A, and (ii) 
for P0=24kN and frequency ratio between ?/�2�=0.30 and ?/�2�=0.60, concerning the 
superharmonic resonance for the same mode.  
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Figure 7-60: Steady-state response under fundamental and superharmonic resonance for mode 2A 

7.6 PARAMETRIC ANALYSES 

7.6.1 Influence of the initial cable stress 

In the example presented in section 7.2, the initial strain assumed causes an initial cable stress equal 
to 19% of the yield stress. Changing the initial pretension and the cable cross-sectional area, but 
keeping the sag-to-span ratio equal to 1/20 as well as all other parameters of section 7.2, the 
influence of the initial cable stress on the nonlinearity of the dynamic behaviour is studied. 
Considering cable nets that approximate realistic structures, two more cases are studied. In the first 
one, the cables have diameter D=80mm, initial pretension N0=800kN, corresponding to an initial cable 
stress equal to 10% of the yield stress, while in the second one, the cable diameter is D=40mm, and 
the initial pretension N0=600kN, corresponding to 30% of the yield stress. The natural frequencies of 
the cable nets for the first symmetric mode are listed in Table 7-1. The load amplitude is chosen 
appropriately to cause nonlinear phenomena, without cable tensile failure. 

Table 7-1: Characteristics and frequencies of the cable nets for the first symmetric mode �1S

D [mm] N0 [kN] !y [MPa] N0/(�!y) 
2 �1S [sec-1] f1S [Hz] 
80 800 1570 0.10 2.59 11.422 1.818 
40 600 1570 0.30 0.86 15.221 2.423 

The steady-state response of both systems for uniform spatial load distribution and loading 
frequencies close to the frequency of mode 1S is shown in Figure 7-61, accounting for fundamental 
resonance.  
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Figure 7-61: Steady-state response of the cable nets with initial cable stress 10%!y and 30%!y under 
fundamental resonance for mode 1S 



278 Chapter 7 

Doctoral Thesis of Isabella Vassilopoulou  N.T.U.A. 2011 

It is noted that small levels of initial cable stress lead smaller eigenfrequencies and to intense 
nonlinear phenomena, such as jump phenomena and dependence on the initial conditions, while large 
initial cable stresses, rendering the system stiffer, lead to an almost linear behaviour. However, the 
maximum steady-state amplitude is observed in both cases for frequency ratio larger than 1, meaning 
that even for large values of initial stress the bending of the response curve characterises the dynamic 
behaviour of the cable net. Fundamental resonances for the second symmetric mode occur for both 
cable nets.  

For loading frequencies smaller than the frequency of mode 1S (Figure 7-62), superharmonic 
resonances occur for the system with low levels of initial cable stress, as explained in section 7.4.3, 
while for high levels of initial cable stress the peaks observed in the diagram are very small. This 
investigation leads to the conclusion that high levels of pretension render the system stiff enough to 
respond in an almost linear way.  
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Figure 7-62: Steady-state response of the cable nets with initial cable stress 10%!y and 30%!y under 
superharmonic resonance for mode 1S 

7.6.2 Influence of the sag-to-span ratio 

In order to investigate the influence of the sag-to-span ratio on the nonlinearity of the dynamic 
response of such systems, two more cable nets are considered with f/L=1/35 and f/L=1/10, 
representing a shallow and a deep cable net, respectively. The number of cables in each direction, the 
diameter of the circular plan view L, the cable diameter D, cross-sectional area A and unit weight &,
the Young modulus E, the initial pretension N0, and the damping ratio ] remain as given in section 7.2. 
The natural frequencies of the cable nets for the first symmetric mode are listed in Table 7-2. 

Table 7-2: Characteristics and frequencies of the cable nets for the first symmetric mode �1S

f/L 
2 �1S [sec-1] f1S [Hz] 
1/35 0.44 9.902 1.576 
1/10 5.40 17.061 2.715 

For a uniform harmonic load with amplitude that is large enough to cause resonant phenomena 
without cable failure, and a loading frequency close to the frequency of the first symmetric mode, the 
response diagrams of the central nodes of these two cable nets are illustrated in Figure 7-63. 
Comparing these diagrams with the one of Figure 7-8 it is noted that as the sag-to-span ratio 
decreases, the eigenfrequency decreases and the system becomes more flexible leading to an intense 
bending of the response curve. As a consequence, for small values of the sag-to-span ratio, the initial 
conditions play an important role in the steady-state amplitude. Thus, for the cable net with f/L=1/35, 
for a wide range of frequency ratios, two responses are expected, depending on the initial conditions, 
while for f/L=1/20 the corresponding range of the frequency ratio is limited, as shown in Figure 7-8 
and explained in section 7.4.3. For the cable net with f/L=1/10 the response is more linear, with a 
slight bending of the curve and no dependence on the initial conditions, while the fundamental 
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resonance for the second symmetric mode causes larger oscillation amplitudes than the ones 
corresponding to the fundamental resonance for mode 1S.  
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Figure 7-63: Steady-state response of the cable nets with sag-to-span ratio f/L=1/35 and f/L=1/10 under 
fundamental resonance for mode 1S 

Superharmonic resonances occur for both systems when the loading frequency is equal to one third or 
half of the frequency of mode 1S (Figure 7-64), even for the second system, which could be 
considered as weakly nonlinear.  
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Figure 7-64: Steady-state response of the cable nets with sag-to-span ratio f/L=1/35 and f/L=1/10 under 
superharmonic resonance for mode 1S 

7.7 SUMMARY AND CONCLUSIONS 

The nonlinear dynamic response of two saddle-shaped cable net systems is studied in this chapter. 
The first system is a net with fixed cable ends and the second one takes into consideration the 
deformability of the edge ring. In order to compare the results, the systems have the same geometry, 
a circular plan view with diameter L=100m and a sag-to-span ratio equal to f/L=1/20, similar to the 
geometry of the Peace and Friendship Stadium in Athens, Greece. The cable nets are subjected to a 
harmonic excitation, considering three different spatial load distributions, regarding the sign of the 
load, which is determined by the first symmetric and antisymmetric vibration modes of the net. The 
loading frequency varies, in order to trace several kinds of resonances in the response of the net, such 
as fundamental and superharmonic resonances. A nonlinear static analysis is also conducted, in order 
to compare the dynamic response with the static one. 

The present investigation proves that cable networks having the shape of a hyperbolic paraboloid 
exhibit strongly nonlinear dynamic behaviour, in spite of their significant stiffness compared to simple 
cables, even for low levels of loading amplitude, which, applied statically, would lead to an almost 
linear behaviour. Bending of the response curve, jump phenomena, sudden drops of the response 
amplitude, response peaks for small loads confirm the nonlinearity of the system and the occurrence 
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of secondary resonances. In addition, fundamental resonance occurs for frequency ratio larger than 1, 
indicating the hardening nonlinear behaviour of the system. Such systems cannot be characterised as 
weakly nonlinear systems, even if their static response is almost linear. Their analysis should not be 
approached by linear or quasi-static methods, but only by nonlinear dynamic methods, such as time 
domain analysis, considering the geometric nonlinearity of the system. In addition, response curves 
should be plotted in order to detect the loading frequency for which nonlinear phenomena take place. 
All these phenomena occur for both shallow and deep cable nets and for medium or low levels of 
initial pretension. Only for high levels of initial cable stress does the response of the cable net 
approach the linear one. 

This work also proves the sensitivity of cable nets with respect to the assumptions regarding their 
boundary conditions. Modelling the edge ring is indispensable, because it inserts new vibration modes, 
which may transform the entire behaviour of the net and modify the results with respect to the ones 
referring to the net with rigid supports. It is verified that the existence of the in-plane mode of the 
ring influences significantly the amplitude of the net oscillation for uniform spatial distribution of the 
load, while for antisymmetric spatial load distribution the presence of the ring does not alter the 
dynamic response of the net.  

It is finally noted that the dynamic response of the net, regarding its oscillation amplitude and the 
tension developed in the cables, depends on the spatial load distribution. It is important to determine 
a realistic spatial distribution of dynamic loads, in order to proceed in a correct design, without either 
very conservative or unsafe assumptions, especially if the dynamic load is due to wind, with a 
pressure distribution over the roof surface depending on its inclination and the wind direction. 

Part of this work has been published in [7-19]. 
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8 WIND PRESSURE DISTRIBUTION ON 
SADDLE-FORM ROOFS

8.1 INTRODUCTION 

The two most important dynamic actions acting on structures are due to wind and earthquake, but 
suspended cable structures may exhibit large deformations mostly due to wind, rather than 
earthquake, because of their small mass. In order to analyse correctly such structures subjected to 
wind pressures, it is important to know the spatial distribution of these pressures over the surface of 
the structure, as well as the frequency spectrum and magnitude of wind velocity.  

The wind pressure on a surface can be expressed as: 

w=0.5cp&V2 (8-1)

where & is the air density, V is the wind velocity at the surface altitude and cp is the pressure 
coefficient, which depends on the geometry and the orientation of the surface with respect to the 
wind flow. The wind pressure coefficient is usually obtained experimentally. Eurocode 1, Part 1.4 
[8-1], constitutes a useful guideline for wind pressures on roofs, proposing the coefficients of wind 
internal and external pressures for flat, duopitch, monopitch, hipped and vaulted rectangular roofs 
and domes, considering also eventual wall openings. Each surface is divided in zones according to 
their location as well as their orientation with respect to the wind direction and the external pressure 
coefficients are provided, which include local coefficients and global ones, named as overall 
coefficients. Local coefficients, defined as cpe,1, refer to loaded areas of A=1m2 or less e.g. for the 
design of small elements and fixings, while for loaded areas larger than A=10m2, overall coefficients, 
denoted as cpe,10, can be used. For 1m2<A<10m2, the pressure coefficient is calculated as: 

cpe = cpe,1 - (cpe,1 -cpe,10) log10 A (8-2)

However, Eurocode 1 does not cover roofs with circular plan view or with unusual shapes, such as 
hyperbolic paraboloids. Thus, cable nets having the shape of hyperbolic paraboloids cannot be 
designed for wind according to Eurocode 1. For these structures wind tunnel experiments are 
recommended as the only reliable technique for calculating wind pressures. 
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Results from wind tunnel experiments can be found in the literature, concerning simple suspended 
cables ([8-2], [8-3]), unique geometries of actual design projects, such as stadium roofs ([8-4] – 
[8-7]), hangars [8-8], or roofs with common shapes ([8-9] – [8-19]). Few publications refer to roofs 
with hyperbolic paraboloid surface. Tabarrok and Qin in [8-20] and [8-21] proposed an approximate 
procedure to estimate the wind pressure distribution upon saddle roofs, by assuming the wind 
pressure coefficient to be equal to the minus cosine of the angle � between the wind direction and the 
outward normal to the element surface.  

cp=-cos� (8-3)

This model gives zero pressures on horizontal surfaces (�=90�), positive values (wind pressure) on 
windward surfaces (cos�<0) and negative values (wind suction) on leeward surfaces (cos�>0). 
However, this approach has not been proved experimentally and cannot be considered as accurate. A 
wind tunnel study of cable roofs was described in [8-22], where the Calgary Olympic Coliseum in 
Canada was used as the prototype. In this study, the frequency and damping ratios were measured, 
and found to be dependent on the area of lateral openings. The maximum deflection of the net was 
also reported, but no pressure coefficients were given. Buchholdt [8-23] referred to a wind tunnel 
study carried out by Beutler [8-24], as the most comprehensive one and he reported some pressure 
distribution diagrams for a rhomboid saddle-form roof with rectilinear or curvilinear boundaries and for 
different directions of the wind. Buchholdt also gave a diagram of the pressure coefficient for an open 
saddle-shaped cable roof, with circular plan view, very similar to the ones under investigation in this 
work. Wind tunnel test results were also summarised in [8-25] – [8-27] referring to saddle-shaped 
suspended roofs of rhomboid plan view. Rizzo et al. in ([8-28] – [8-30]) referred to wind tunnel 
experiments on tension roofs of hyperbolic paraboloid shape with rectangular, square and circular plan 
view. Although several geometries were considered, they only presented diagrams with the wind 
pressure coefficients of roofs with a square plan view. In [8-31] though, several results were 
presented regarding all three shapes of plans. 

This chapter includes an attempt to compare the very few reported experimental data offered by wind 
tunnel tests and the proposed pressure coefficients, which are recommended by Eurocode 1 for 
similar shapes. Several simplifying assumptions are made, in order to apply these recommendations 
on a surface of a hyperbolic paraboloid. Firstly, circular flat roofs are considered confirming that the 
pressure coefficients given by Eurocode 1 for rectangular roofs can be applied also for circular ones. 
Secondly, the comparison between the wind tunnel results for a vaulted roof and the coefficients 
proposed by Eurocode 1 are discussed. Subsequently, the wind tunnel results of hyperbolic paraboloid 
surfaces are compared with Eurocode 1, using the pressure coefficients for duopitch and vaulted 
roofs. Finally, evaluating the conclusions of the above comparisons, a spatial distribution of the wind 
pressure upon saddle-form cable nets is proposed, which will be used next for an investigation of their 
dynamic behaviour under wind loads. 

8.2 CIRCULAR FLAT ROOFS 

8.2.1 Wind tunnel experiment 

Stefanou in [8-17] gave a wind pressure diagram on a circular roof, but no further information was 
provided about the dimensions of this roof, the height of the building, or whether it referred to a 
closed building or to a structure with lateral openings. More information is available, instead, from the 
wind tunnel test of circular flat roofs, reported in [8-19]. The geometry of the model used in the 
experiment is shown in Figure 8-1a. It represents a cylindrical building without wall openings. The 
diameter D of the model was 267mm and the height-to-span ratio H/D varied between 1/16 and 
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16/16. The wind pressure coefficient was determined with respect to the velocity pressure at the roof 
height H. A diagram of the mean fluctuating wind pressure coefficient is illustrated in Figure 8-1b. 

(a) (b) 

Figure 8-1: (a) Geometry of the wind tunnel circular flat roof model, (b) Pressure coefficient diagram for 
H/D=4/16, (from [8-19]) 

8.2.2 Comparison with Eurocode 1 

Eurocode 1 provides the pressure coefficients for flat rectangular roofs with parapets, sharp, curved or 
mansard eaves. In the case of the circular building described in section 8.2.1 the eaves are sharp. The 
surface is divided in zones according to the dimensions and the height of the building (Figure 8-2).  

Figure 8-2: Key for flat roofs (from [8-1]) 
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Values for the pressure coefficients cpe,10, which may be used for the overall loaded structure, are 
listed for each zone of the surface in Table 8-1. The positive values correspond to wind pressure and 
the negative ones to wind suction. Applying these coefficients to a circular roof inscribed in a 
rectangular flat roof, taking into account the regions defined in Figure 8-2, the corresponding diagram 
of the pressure coefficients will be as shown in Figure 8-3, which is very close to the diagram of Figure 
8-1b, if the negative value of region I is considered. Thus, the methodology proposed by Eurocode 1 
can be adopted for circular flat roofs. 

Table 8-1: External pressure coefficient for flat roofs (from [8-1]) 

Roof type 
Zone

F G H I 
cpe,10 cpe,10 cpe,10 cpe,10

Sharp eaves -1.8 -1.2 -0.7 
+0.2
-0.2 

Figure 8-3: Pressure coefficient diagram for H/D=4/16 according to Eurocode 1 

8.3 VAULTED ROOFS 

A comparison between the coefficients suggested by Eurocode 1 for vaulted or curved roofs and the 
ones obtained by wind tunnel experiments was discussed in [8-16]. The models tested in the wind 
tunnel had rise/width ratios (r/d) from 0.05 to 0.5 and wall height/width ratios (h/d) from 0.06 to 1.0. 
That study also included a range of building length/width (L/d) ratios from 1 to 10 in order to study 
the effect of two-dimensional flow at L/d=10 and three-dimensional flow at L/d=1. Figure 8-4 shows a 
schematic representation of the model used for the wind tunnel test. Averaged pressure coefficients 
were obtained for each of the zones defined in Figure 8-5. The authors concluded that the suggested 
pressure coefficients by Eurocode 1 (Figure 8-6) do not match with the experimental results in all 
cases considered and they proposed some amendments in the diagram of the recommended 
coefficients. The modified pressure diagram proposed by the authors is illustrated in Figure 8-7. 

Figure 8-4: Geometry of the wind tunnel vaulted roof model [8-16] 
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Figure 8-5: Definition sketch with key to loaded areas (from [8-16]) 

Figure 8-6: External pressure coefficients cpe,10 for vaulted roofs with rectangular base according to Eurocode 1, 
(from [8-1]) 

Figure 8-7: Proposed revision to Eurocode 1 diagram for pressure coefficients on vaulted roofs, (from [8-16]) 
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Eurocode 1 does not give any guidance for wind blowing onto the eaves of vaulted roofed buildings, 
but the authors in [8-16] proposed that, for the purposes of codification, the data for duopitch roofs 
may approximate wind pressures, assuming that the effective pitch angle � of the vaulted roofs is 
taken as �=arctan(2f/d). A comparison between the experimental data and those referred to 
Eurocode 1 is plotted in Figure 8-8. 

Roof pitch (average roof pitch for vaulted roofs) 

Figure 8-8: Comparison between vaulted roof measurements and duopitch data for wind direction 90o

(from [8-16]) 

8.4 SADDLE-FORM CANOPY 

8.4.1 Wind tunnel experiment 

Buchholdt [8-23] gave some wind tunnel results for a cable net, having the surface of a hyperbolic 
paraboloid, with 100% wall openings. The model had a circular plan view of diameter L=120m (Figure 
8-9) and a sag-to-span ratio equal to f/L=3% for both main and secondary cables. The mean height 
of the roof was 20m. The self-weight of the roof, including the net and the cladding, was equal to 
0.6kN/m2, and an additional air mass was assumed to be vibrating with the roof, only in resonant 
conditions, equal to 60kg/m2. The rigid model was tested in the wind tunnel and the resulted pressure 
coefficients are illustrated in Figure 8-10. 
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Figure 8-9: Plan view of the model used in the wind tunnel (LP: Low Points, HP: High Points) (from [8-23]) 

Figure 8-10: Diagram of wind pressure coefficient (LP: Low Points, HP: High Points) (from [8-23]) 

8.4.2 Comparison with Eurocode 1 

Provided that Eurocode 1 does not give values for the pressure coefficients for this kind of structure, 
the ones suggested for an open canopy will be used and compared with the experimental results. The 
maximum angle of the canopy, at the lowest points of the boundary, which lie on the windward of the 
canopy, is assumed to be equal to �=arctan(2f/L)=arctan(0.06)=3.4o. According to Eurocode 1, for 
pitch angles between �=-5o and �=+5o, the roof should be considered as flat. Thus, the values of 
Table 8-2 are adopted, for angle 0o and for blockage \ equal to zero, representing an empty canopy.  
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Table 8-2: Values of the coefficients cp,net and cf for flat canopies (from [8-1])

Net pressure coefficient cp,net

Roof angle � Blockage \
Overall force 
coefficient cf Zone A Zone B Zone C 

0° Min \ = 0 - 0.5 - 0.6 - 1.3 - 1.4 

Applying these coefficients to a circular canopy inscribed in a rectangular canopy, taking into 
consideration the regions defined in Table 8-2, the corresponding diagram of the pressure coefficients 
are those of Figure 8-11. The diagram for the overall force coefficient is very close to the one of 
Figure 8-10. The net pressure coefficient diagram can be considered again close to the experimental 
data, if the extreme zones B and C are neglected. In any case the wind pressure distribution 
according to Eurocode 1 is a little more conservative than the wind tunnel results.  

(a) (b) 

Figure 8-11: (a) Overall force coefficient cf (b) Net pressure coefficient diagram for flat canopy according to 
Eurocode 1 

8.5 SADDLE-FORM ROOFS 

8.5.1 Wind tunnel experiment 

Buchholdt again in [8-23] referred to a wind tunnel study, performed by Beutler [8-24]. A part of this 
work deals with rhomboid saddle-shaped surfaces. A parametric analysis was carried out for different 
curvatures, corresponding to H=A/2, A/3, A/4, A/6, A/8 and A/10 and for three different wind 
directions (Figure 8-12). 

wind
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Figure 8-12: Wind directions and geometry of the wind tunnel model (from [8-23]) 

Buchholdt in his book gave some pressure distribution diagrams, regarding only the case of H=A/2, as 
the most complete. The longest cable span is equal to A2L �  and the sag of the roof is f=H/2=A/4, 
corresponding to a sag-to-span ratio f/L equal to 17.7%. The diagrams for the wind pressure 
distribution presented in Figure 8-13, concern a closed roof for wind direction at 0o, 45o and 90o. In 
these diagrams, HP stands for the Highest Points and LP for the Lowest Points. 

(a) (b) (c) 

Figure 8-13: Saddle roof with edge beams and walls (from [8-23]): pressure distribution above the roof surface 
for wind direction at (a) 0o, (b) 45o and (c) 90o (HP: Highest Points, LP: Lowest Points) 

8.5.2 Comparison with Eurocode 1 

8.5.2.1 The roof modelled as duopitch roof in both directions 

For these structures, the recommended pressure coefficients for a duopitch roof will be adopted and 
compared with the experimental results. Four cases are distinguished and combined in Eurocode 1, 
regarding a duopitch roof: a) positive pitch angle of the roof, b) negative pitch angle of the roof, c) 
wind direction +=0� and d) wind direction +=90�. According to which case is considered, the zones are 
defined on the roof and the overall pressure coefficients cpe,10 are taken from the corresponding 
Tables of Eurocode 1. These four cases are illustrated in Figure 8-14. 
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Figure 8-14: Key for duopitch roofs (from [8-1]) 

In order to adopt the proposed methodology of Eurocode 1 to the saddle-form roof, the following 
assumptions are made: 

� The angle of the roof is assumed to be equal to �=arctan(2f/L)=arctan(0.354)=19.5o.
� The surface of the saddle-shaped roof is divided into four zones, as shown in Figure 8-15. 
� Two vertical sections A and B are defined, as shown in Figure 8-16. 
� Zones 1 and 2, referring to section A, have a positive pitch angle, and zones 3 and 4, referring to 

section B have a negative one. 
� For wind direction 0�, section A is parallel to the wind, and thus zones 1 and 2 refer to the Table of 

Eurocode 1 for +=0�, while the section B is perpendicular to the wind and zones 3 and 4 refer to 
the Table of Eurocode 1 for +=90�.

� Respectively, for wind direction 90�, section A is perpendicular to the wind, and thus zones 1 and 2 
refer to the Table of Eurocode 1 for +=90�, while section B is parallel to the wind and zones 3 and 4 
refer to the Table of Eurocode 1 for +=0�.

� For wind direction 45�, no pressure coefficients are available. In this case, the wind is analysed into 
two equal components, one at direction 0� and one at 90� and the above assumptions with the 
corresponding pressure coefficients multiplied by cos45o, are adopted again. Thus, the resultant of 
the two pressure diagrams produces the diagram for this wind direction. 

� Zone J of Figure 8-14 is not taken into account, because there is no acute ridge or trough. This 
zone is incorporated in zone I. Zone F cannot be defined, because of the rhomboid shape of the 
roof. Zone G is very small and it is not taken into consideration. 
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Figure 8-15: Zones on the hyperbolic paraboloid surface (HP: Highest Points, LP: Lowest Points) 

Figure 8-16: Vertical sections (HP: Highest Points, LP: Lowest Points) 

Table 8-3 and Table 8-5 give the pressure coefficient for wind direction +=0� and +=90�, respectively, 
reported from Eurocode 1. For pitch angle ��±20� a linear interpolation between the available values 
is proposed, tabulated in Table 8-4 and Table 8-6, respectively. 

Table 8-3: External pressure coefficient for wind direction +=0� (from [8-1]) 

pitch
angle

�

Zone for wind direction + = 0o

F G H I J 
cpe,10 cpe,10 cpe,10 cpe,10 cpe,10

 -30o -1.1 -0.8 -0.8 -0.6 -0.8 
 -15o -2.5 -1.3 -0.9 -0.5 -0.7 

 15o  -0.9 -0.8 -0.3 -0.4 -1.0 
+0.2 +0.2 +0.2 0 0 

 30o  -0.5 -0.5 -0.2 -0.4 -0.5 
+0.7 +0.7 +0.4 0 0 
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Table 8-4: External pressure coefficient for pitch angle ±20o and for wind direction +=0�

pitch
angle

�

Zone for wind direction + = 0o

F G H I J 
cpe,10 cpe,10 cpe,10 cpe,10 cpe,10

 -20o -2.0 -1.1 -0.9 -0.5 -0.7 

+20o  -0.8 -0.7 -0.2 -0.4 -0.8 
+0.4 +0.4 +0.3 0 0 

Table 8-5: External pressure coefficient for wind direction +=90� (from [8-1]) 

Pitch angle �
Zone for wind direction +=90�

F G H I 
 cpe,10  cpe,10  cpe,10  cpe,10

 -30o -1.5 -1.2 -1.0  -0.9 
 -15o -1.9 -1.2 -0.8  -0.8 
 15� -1.3 -1.3 -0.6 -0.5 
 30� -1.1 -1.4 -0.8 -0.5 

Table 8-6: External pressure coefficient for pitch angle ±20o and for wind direction +=90�

Pitch angle �
Zone for wind direction +=90�

F G H I 
 cpe,10  cpe,10  cpe,10  cpe,10

-20o -1.8 -1.2 -0.8  -0.8 
+20� -1.2 -1.3 -0.7 -0.5 

Hence the diagrams of Figure 8-17 are produced, regarding the three directions of the wind. 
Comparing these diagrams with the ones given in Figure 8-13, it is obvious that the consideration of 
dividing the roof into two vertical sections, and taking the values from Eurocode 1, retaining each 
section as a duopitch roof, with positive or negative pitch angle, results in 43% smaller values than 
the ones obtained by the experiments, at the centre of the roof, for wind direction 0o. At the corners 
of the roof for this wind direction, the pressures are not far from the ones obtained in the wind 
tunnel. For the other directions of the wind, the maximum pressure coefficients according to Eurocode 
1 are approximately 18% and 31% smaller for 45o and for 90o, respectively, than the ones from the 
wind tunnel. 

Figure 8-17: Diagrams of the wind pressure distribution taking into account the values suggested by Eurocode 1 
for duopitch roofs (HP: Highest Points, LP: Lowest Points) 

8.5.2.2 The roof modelled as vaulted and duopitch roof in the two directions 

For wind direction 0o, for which the largest difference is observed, the roof is assumed as vaulted. 
Thus, new zones are defined, shown in Figure 8-18. For zones 1’, 2’, 5, 6, 7 and 8 the pressure 
coefficients are calculated from the diagram of Figure 8-6 for h=0 and f/d=f/L=0.177, while zones 3 



Wind Pressure Distribution on Saddle-Form Roofs 295

Nonlinear dynamic response and design of cable nets 

and 4 remain as defined before. For the wind direction 90o, the assumptions made before regarding 
the zones remain the same.  

Figure 8-18: Zones for wind direction 0o on the hyperbolic paraboloid surface (HP: Highest Points, LP: Lowest 
Points) 

The new pressure diagrams are shown in Figure 8-19 for the three directions of the wind. In these 
diagrams, the pressure distribution is closer to the ones of Figure 8-13 and the difference for the wind 
direction 0o is smaller than before, arising at 36% for the maximum value. Thus, the assumption of 
treating the hyperbolic as vaulted roof, when the wind blows from the lowest parts, is considered as 
the most appropriate. 

Figure 8-19: Diagrams of the wind pressure distribution taking into account the values suggested by Eurocode 1 
for duopitch and vaulted roofs (HP: Highest Points, LP: Lowest Points) 

8.6 PROPOSED PRESSURE DISTRIBUTION 

Based on the above investigation concerning the wind tunnel results on circular, flat, vaulted or saddle 
roofs, several assumptions are made in order to apply the wind pressure coefficients, recommended 
by Eurocode 1, to a symmetric cable net with circular plan view, having the geometry of a hyperbolic 
paraboloid, in order to represent a more realistic wind pressure distribution. The global coordinate 
system and the geometry of the model is shown in Figure 8-20, in which L is the projected diameter, f 
is the sag and z is the height of the roof’s centre. The angle � of the roof is defined as �=arctan(2f/L) 
and it is positive for a vertical section at y=0 and negative for a vertical section at x=0. These vertical 
sections are chosen because they correspond to the two main wind directions 0o (parallel to axis x) 
and 90o (parallel to axis y) as illustrated in Figure 8-21. 
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Figure 8-20: Geometry of the cable net under investigation 

Figure 8-21: Pitch angles for the vertical sections at x=0 and y=0 

For pitch angles �<-5o and �>+5o, corresponding to f/L>1/22, the roof is divided in eight zones 
(Figure 8-22). Each zone is treated differently, according to the wind direction. Three wind directions 
are studied, at 0o, at 90o and at 45o with respect to axis x. The third one, as explained already, is 
considered to be analysed into the two main directions of 0o and 90o, thus, no pressure coefficients 
are provided, but it is recommended to apply the resultant of the values given for the other two wind 
directions.
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 Figure 8-22: Zones on the hyperbolic paraboloid surface with circular plan view and f/L>1/22 (HP: Highest 
Points, LP: Lowest Points) 

For wind direction parallel to x-axis (direction 0o), zones 2 – 7 refer to a vaulted roof and correspond 
to zones A, B and C of a vaulted roof given by Eurocode 1, as defined in Figure 8-6. Zones 1 and 8, 
instead, correspond to zone I of a duopitch roof according to Eurocode 1, for wind direction parallel to 
the trough (+=90o), as shown in Figure 8-14. The correspondence of the eight zones with the ones of 
Eurocode 1 is listed in Table 8-7.  

Table 8-7: Cable nets considered as vaulted and duopitch roofs for wind direction 0o

Hyperbolic Paraboloid 
Eurocode 1 

Duopitch roof Vaulted 
roof Zone Pitch angle Zone Wind direction +

1 (-) I 90o (parallel to the trough)  
2    B 
3    A 
4    B 
5    B 
6    C 
7    B 
8 (-) I 90o (parallel to the trough)  

For wind direction parallel to y-axis (direction 90o), zones 3, 4, 5 and 6, represented by section B 
(Figure 8-21), correspond to a duopitch roof with positive pitch angle �. Thus, the pressure 
coefficients for these zones are derived from Eurocode 1 for wind direction parallel to the ridge 
(+=90�), as shown in Figure 8-14. Zones 1, 2, 7 and 8, instead, represented by section A, correspond 
to a duopitch roof with negative pitch angle �, with pressure coefficients, derived from Eurocode 1, 
which refer to a wind direction perpendicular to the trough (+=0�), as also shown in Figure 8-14. The 
correspondence of the eight zones with the ones of Eurocode 1 is tabulated in Table 8-8. In these 
tables, zones G and J, and in some cases zone H shown in Figure 8-14, are not included. As they are 
dependent on the parameter e, which is equal to the minimum of the values L, or 2h, where h is the 
height of the structure in the windward wall, usually small with respect to the span L, the parameter 
e/10 defines zones of very small areas, which can be neglected. Zones F are also neglected, because 
they are not included in the circular plan view of the structure. 
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Table 8-8: Zones of cable nets considered as duopitch roofs for wind direction 90o

Hyperbolic Paraboloid 
Eurocode 1 

Duopitch roof 
Vaulted roof 

Zone Pitch angle Zone Wind direction +
1 (-) I 0o (perpendicular to the trough) 
2 (-) I 0o (perpendicular to the trough) 
3 (+) I 90o (parallel to the ridge) 
4 (+) I 90o (parallel to the ridge) 
5 (+) I 90o (parallel to the ridge) 
6 (+) I 90o (parallel to the ridge) 
7 (-) H 0o (perpendicular to the trough) 
8 (-) H 0o (perpendicular to the trough) 

The values of the pressure coefficients given by Eurocode 1 are reported here for the zones used. 
Hence, Table 8-9 provides the coefficients of zone I, needed for zones 1 and 8 with negative pitch 
angle when the wind direction is 0o and for the central zones 3 – 6 with positive pitch angle when the 
wind direction is 90o. In Table 8-10 the pressure coefficients for zones I and H are tabulated, needed 
for zones 1, 2, 7 and 8 with negative pitch angle for wind direction 90o.

Table 8-9: External pressure coefficient for duopitch roofs for wind direction parallel to the ridge or the trough 
(+=90� Eurocode 1)

Zone for wind direction +=90�

pitch angle  � � I 
 -45o -0.9 
 -30o -0.9 
 -15o -0.8 
 -5� -0.6 
 5� -0.6 
 15� -0.5 
 30� -0.5 
 45� -0.5 
 60� -0.5 
 75� -0.5 

Table 8-10: External pressure coefficient for duopitch roofs for wind direction perpendicular to the ridge or the 
trough (+=0� Eurocode 1) 

Zone for wind direction + = 0o

pitch angle � H I 
 -45o -0.8 -0.7 
 -30o -0.8 -0.6 
 -15o -0.9 -0.5 

 -5o -0.8 
+0.2
-0.6 

For pitch angles -5o<�<+5o, corresponding to f/L<1/22, the roof can be considered as flat. Having in 
both directions equal sag-to-span ratios, the pressure coefficients depend only on the wind direction. 
Thus, the roof is divided in two zones, as shown in Figure 8-23. Zones H and I of Figure 8-2 for flat 
roofs with sharp eaves correspond to zones 1 and 2 of Figure 8-23, respectively, as listed in Table 
8-11. The pressure coefficients are listed in Table 8-12. 
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 Figure 8-23: Zones on the hyperbolic paraboloid surface with circular plan view and f/L<1/22 

Table 8-11: Cable nets considered as flat roofs

Hyperbolic Paraboloid 
Eurocode 1 

Flat roof 
Zone Zone 

1 H 
2 I 

Table 8-12: External pressure coefficient for flat roofs 

Roof type 
Zone

H I 
cpe,10 cpe,10

Sharp eaves -0.7 -0.2 

8.7 VALIDATION OF THE PROPOSED PRESSURE DISTRIBUTION 

The results of the only wind tunnel test found in the literature concerning saddle-form cable nets with 
circular plan view are studied in order to evaluate the accuracy of the proposed pressure distribution. 

8.7.1 Wind tunnel experiment 

Rizzo et al. in [8-31] presented a summary of their work, regarding wind tunnel experiments on 
tension roofs of hyperbolic paraboloid shape with rectangular, square and circular plan view, 
performed in the CRIACIV’s (Interuniversity research Centre of Aerodynamic and Wind Engineering) 
wind tunnel in Prato (Italy). Fourteen different geometries were considered, regarding the shape and 
the dimensions L1 and L2 of the plan, the sags in the direction of the main and stabilising cables f1 and 
f2, respectively, the height of the roof, defined as H=f1+f2, and the height of the walls from the base 
to the lowest point or the roof, noted as Hb (Figure 8-24). In order to simplify the three-dimensional 
problem, they assumed a two-dimensional model, represented by two zones C1 and C2, which refer to 
the dimension L1 and L2, respectively (Figure 8-25).  
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Figure 8-24: Wind tunnel models (from [8-31]) 

Figure 8-25: Defined zones (from [8-31]) 

Regarding the wind direction, the results of three angles were reported, at 0o, 45o and 90o. The wind 
direction at 0o was parallel to C2 cable zone, denoted as direction 1, while the 90o wind direction was 
parallel to C1 cable zone, named as direction 2 (Figure 8-26).  

Figure 8-26: Wind direction according to the roof’s orientation (from [8-31]) 
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The six examples of the roofs with circular plan view, presented in this work, had the characteristics of 
Table 8-13. Two of the models (P.9 and P.10) have two different degrees of side roughness in order 
to include the influence of the Reynolds number. The results of P.11 are reported here (Figure 8-27). 

Table 8-13: Characteristics of the roofs with circular plan view (from [8-31]) 

Model number L (m) f1 (m) f2 (m) H (m) Hb (m) 
P.9/P.9 w.r. 80.00 4.44 8.89 13.33 13.33 

P.10/P.10 w.r. 80.00 4.44 8.89 13.33 26.66 
P.11 80.00 2.67 5.33 8.00 13.33 
P.12 80.00 2.67 5.33 8.00 26.66 

Figure 8-27: Wind tunnel test for a hyperbolic paraboloid with circular plan view (from [8-31]) 

For wind direction 0o, parallel to the stabilising cables (direction 1 – zone C2) the mean pressure 
coefficient distribution over the surface is illustrated in Figure 8-28, varying between -0.85 and -0.15. 
The diagrams of Figure 8-29 show the variation of the maximum, minimum and mean value of the 
coefficients cp along the zones C1 and C2. For wind direction 90o, parallel to the main cables (direction 
2 – zone C1) the mean pressure coefficient distribution over the surface is presented in Figure 8-30, 
ranging between -1.20 and 0.00. In Figure 8-31 the charts demonstrate the variation of the 
maximum, minimum and mean value of the coefficients cp along zones C1 and C2. Finally, for wind 
direction at 45o the mean pressure coefficient distribution varies between -1.50 and -0.11 (Figure 
8-32), while the charts of Figure 8-33, plotting the variation of the maximum, minimum and mean 
value of the coefficients cp only along zones C1 and C2, do not provide sufficient information about 
the maximum absolute values of the wind pressure, which is observed at 45o.
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Figure 8-28: Mean pressure coefficients over a circular plan view for wind direction 0o (from [8-31]) 
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Figure 8-29: Pressure coefficient variation over a circular plan view for wind direction 0o (a) direction 1 parallel to 
C2, (b) direction 2 parallel to C1 (from [8-31]) 
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Figure 8-30: Mean pressure coefficients over a circular plan view for wind direction 90o (from [8-31]) 
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Figure 8-31: Pressure coefficient variation over a circular plan view for wind direction 90o (a) direction 1 parallel 
to C2, (b) direction 2 parallel to C1 (from [8-31]) 
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Figure 8-32: Mean pressure coefficients over a circular plan view for wind direction 45o (from [8-31]) 
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Figure 8-33: Pressure coefficient variation over a circular plan view for wind direction 45o (a) direction 1 parallel 
to C2, (b) direction 2 parallel to C1 (from [8-31]) 

A comparison between all models with circular plan view studied in this work show that for wind 
direction 0o the mean pressure coefficients are negative, indicating wind suction all over the roof 
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(Figure 8-34), while for wind direction 90o, only a small central part of the surface presents small wind 
pressure (positive pressure coefficient cp), while, in the rest of the surface, wind suction occurs.  
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Figure 8-34: Mean pressure coefficient variation over a circular plan view for wind direction 0o for all models: 
(a) direction 1 parallel to C2, (b) direction 2 parallel to C1 (from [8-31]) 
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Figure 8-35: Mean pressure coefficient variation over a circular plan view for wind direction 90o for all models: 
(a) direction 1 parallel to C2, (b) direction 2 parallel to C1 (from [8-31]) 

8.7.2 Comparison with the proposed pressure distribution 

8.7.2.1 Geometry 

The sag-to-span ratio of the main cables (zone C1) is f1/L=1/30 and the angle of the roof is assumed 
to be equal to �=-arctan(2f1/L)=-arctan(0.067)=-3.81o. In this direction the roof is considered either 
as flat, or as duopitch with pitch angle �=-5o. The sag-to-span ratio of the stabilising cables (zone C2) 
is f2/L=1/15 which corresponds to a pitch angle �=arctan(2f2/L)=arctan(0.13)=7.59o. The height of 
the walls is Hb=L/6 and Hb/f2=15/6=2.5. 

8.7.2.2 Wind direction 0o

When the wind direction is parallel to the stabilising cables, the roof is modelled as duopitch or flat 
roof in direction C1 and as vaulted in direction C2. According to Figure 8-6, for h/d=Hb/f2=2.5>0.5 
and f2/L=1/15=0.067, the pressure coefficients for zones A, B and C of the vaulted roof are -1.2, -
0.85 and -0.4, respectively. According to Table 8-12 the pressure coefficient for zone I is -0.6 if it is 
considered as duopitch roof and -0.2, if it is considered as flat roof. The pressure coefficient 
distribution over the surface is illustrated in Figure 8-36. Comparing these diagrams with the one of 
Figure 8-28 it is noted that the proposed pressure distribution results in a correct distribution 
regarding the peaks of the wind suction. Regarding the direction of the stabilising cables, the pressure 
coefficients are between cp,m and cp,min, while near the highest points of the surface, where the main 
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cables are anchored, the values approach cp,m for a duopitch roof assumption, or cp,max considering a 
flat roof (Figure 8-29).  

(a) (b) 

Figure 8-36: Pressure coefficient distribution for wind direction 0o with C1 zone (y-direction) considered as 
(a) duopitch roof, (b) flat roof 

8.7.2.3 Wind direction 90o

When the wind direction is parallel to the main cables, the roof is modelled as flat or duopitch roof in 
direction C1 and as duopitch with positive pitch angle �=7.59o in direction C2. According to Table 8-10 
the pressure coefficient for zone I and for pitch angle 7.59o is -0.60 or +0.20. According to Table 8-12 
the pressure coefficient for zones H and I of a flat roof are -0.7 and -0.2, respectively. The pressure 
coefficient distribution over the surface is illustrated in Figure 8-37.  

(a) (b) 

Figure 8-37: Pressure coefficient distribution for wind direction 90o with C1 zone (y-direction) considered as  
(a) duopitch roof, (b) flat roof 

Comparing this diagram with the one of Figure 8-30 it is noted that the proposed pressure distribution 
predicts again a correct distribution, while a comparison with the charts of Figure 8-31 shows that the 
pressure coefficients are close to cp,min regarding the direction of the stabilising cables. If a duopitch 
roof is considered along the main cables, the pressure coefficients of the leeward side vary between 
cp,min and cp,max. If instead a flat roof is assumed, they approach cp,m. The values of the windward side 
in both cases are between cp,max and cp,m.
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8.7.2.4 Wind direction 45o

Considering as the two components of the wind direction 45o the ones given for wind direction 0o

(Figure 8-36) and 90o (Figure 8-37) the resultant creates pressure coefficient distributions as the ones 
shown in Figure 8-38, considering as duopitch or flat the zone C1. Comparing this diagram with the 
one of Figure 8-32 and the values of pressure coefficients for the two characteristic zones C1 and C2 
(Figure 8-33), it can be noted that the proposed approach predicts a satisfactory distribution of the 
wind suction, but the pressure coefficients are more conservative regarding the central zone.  

(a) (b) 

Figure 8-38: Pressure coefficient distribution for wind direction 45o with C1 zone (y-direction) considered as  
(a) duopitch roof, (b) flat roof 

In all cases, the use of the pressure coefficients suggested by Eurocode leads to a satisfactory 
distribution of the wind pressure and can be adopted to assess the pressure coefficients. 

8.8 NUMERICAL EXAMPLES 

The cable nets that will be used in the next chapter have a circular plan view of diameter L=100m and 
sag-to-span ratio for both main and stabilising cables f/L, corresponding to a pitch angle 
�=arctan(2f/L), being positive for the direction of the stabilising cables and negative for the direction 
of the main cables. The height of the central node of the roofs is equal to z=25m and the smallest 
height of the lateral walls is h=z-f. The ratio h/L, which will be needed to assess the pressure 
coefficients for the vaulted roof, is equal to h/L=0.2. The characteristics of these cable nets are 
tabulated in Table 8-14. 

Table 8-14: Characteristics of the numerical examples 

L (m) f/L f (m) � (degrees) h/L 
100 1/10 10.00 11.31�10o 0.15 
100 1/20 5.00 5.71�5o 0.20 
100 1/35 2.86 3.27�0o - 

According to the pressure distribution presented in section 8.6, the distribution of the pressure 
coefficients over the roofs, taking into consideration the maximum and minimum values suggested by 
Eurocode 1, are illustrated in Figure 8-39 for the first example and in Figure 8-40 for the second and 
third examples, for three wind directions. 
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Figure 8-39: Pressure coefficients for the cable net with f/L=1/10 

Figure 8-40: Pressure coefficients for the cable net with f/L=1/20 

Figure 8-41: Pressure coefficients for the cable net with f/L=1/35 

8.9 SUMMARY AND CONCLUSIONS 

In this chapter, wind tunnel test results providing wind pressure distribution on roofs are compared 
with the pressure coefficients recommended by Eurocode 1, Part 1-4 for wind actions on structures. 
The experiments concerning circular flat roofs, vaulted roofs and saddle-form canopies with circular 
plan view and good agreement between the tests and Eurocode 1 is observed. In case of a saddle-
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form roof with rhomboid plan view, several assumptions are made in order to obtain a 
correspondence between the pressure coefficients from Eurocode 1 and the ones measured for the 
hyperbolic paraboloid surfaces. Eight different zones are defined on a saddle-shaped roof with circular 
plan view and a relation between these zones and the pressure coefficients of Eurocode 1 is 
delineated, with respect to the wind direction and the sag-to-span ratio of the roof. The only data 
found in the literature, concerning wind tunnel tests of similar structures, are compared with the 
results of the proposed approach, giving satisfactory agreement with the proposed pressure 
coefficients and wind pressure distribution over the surface. 
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9 DYNAMIC RESPONSE OF CABLE NETS UNDER 
WIND ACTION

9.1 INTRODUCTION 

Wind action is the main load dominating the dynamic response of lightweight structures. The main 
concern of the researchers dealing with wind actions on such structures is to find an equivalent static 
procedure for estimating the nonlinear dynamic response, avoiding the large computational time 
required for nonlinear dynamic analyses. For example in [9-1] a simplified frequency domain approach 
was proposed to estimate the maximum probable wind response of a weakly nonlinear cable roof 
network. In [9-2] it was concluded that the dynamic deflections of cable structures due to wind might 
exceed twice the static deflections. A review covering cantilevered, enclosed, free edged, arched and 
suspended roof systems subjected to wind load was presented in [9-3]. It was proved that for 
relatively conventional configurations of cantilevered, enclosed and free edged roofs the code leads to 
reasonable design loads. However, it was proposed that for arched and suspended roofs complex 
static design loads are required to achieve equivalent displacements. In [9-4] the dynamic response of 
cable-stayed masts to wind action was compared with the one calculated by assuming the patch load 
method, proposed by Eurocode 3 [9-5], which is an equivalent static analysis. It was concluded that 
the nonlinearity considerably influences the dynamic response of the tower. In [9-6] an actual cable 
net structure was analysed, considering a time-history diagram of the wind velocity. Large oscillation 
amplitudes were calculated, concluding that larger curvatures could improve the dynamic response, 
while larger values of the initial pretension would not alter the results significantly. 

The nonlinear dynamic behaviour of saddle-shaped cable nets subjected to wind actions is studied in 
this chapter. Time-history analyses are performed, considering the geometric nonlinearity of the 
system. The maximum dynamic response, expressed by means of the maximum nodal amplitude and 
cable tension, is compared with the response provided by quasi-static analysis methods. The static 
wind loads are calculated according to the quasi-static analysis for wind loads proposed by Eurocode 1 
[9-7], while the dynamic ones are based on measured wind velocity records [9-8] as well as artificial 
ones. Modal analyses are also conducted in order to calculate the natural frequencies of the cable net, 
taking into account additional masses due to permanent loads. The wind direction, the sag-to-span 
ratio, the initial cable stress, and the boundary conditions are parameters that influence the dynamic 
response. Three different geometries and three different levels of initial cable stress are assumed, 
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thus covering the range between deep and shallow, overstressed and under-stressed cable nets. The 
influence of the deformability of the boundary ring is also investigated. 

9.2 MODELLING ISSUES 

The cable net utilised for the investigation of the dynamic response under wind action is the one 
described in section 7.2 It has a hyperbolic paraboloid surface with a circular plan view of diameter 
L=100m and sag-to-span ratio f/L=1/20. The height of the central node is assumed equal to z=25m. 
The angle of the roof is defined as �=arctan(2f/L) (Figure 9-1). The net consists of 25 cables in each 
direction, arranged in a quadratic grid; thus, the distance of the cables is 3.846m. Both carrying and 
stabilising cables have a circular cross-section of diameter D=50mm, mass density m=7.85kN·sec2·m-4

and initial pretension N0=600kN. The cable material has a constant modulus of elasticity E=165GPa in 
the tension branch and zero compression branch. The maximum permissible cable stress is assumed 
equal to the yield stress of the material, !y=1570MPa. Rayleigh damping is also introduced for the 
dynamic analysis [9-9] with damping ratio ]=2%. No openings at the lateral walls of the roof are 
considered. 

Figure 9-1: Geometry of the cable net 

9.3 INITIAL STATE UNDER PERMANENT LOADS 

9.3.1 Nonlinear static analysis 

Firstly, the deformed state under pretension, self-weight of the cables and additional permanent loads 
equal to 0.36kN/m2 is calculated, in order to be used as the initial state for the subsequent analyses. 
These permanent loads, corresponding to cladding and electromechanical equipment, were also 
considered for the design of the Peace and Friendship Stadium in Greece [9-10]. In this case the 
maximum negative (downward) deflection of the net is -0.22m, the minimum cable tension is 388kN 
and the maximum one 826kN. The deformed shape of the net is shown in Figure 9-2, where the 
maximum and minimum cable tensions are also plotted. 



Dynamic Response of Cable Nets under Wind Action 315

Nonlinear dynamic response and design of cable nets 

Figure 9-2: Deformed state and cable tensions under permanent loads 

9.3.2 Modal analysis 

Modal analysis is conducted in order to calculate the natural frequencies for the cable net considering 
as initial state the one under permanent loads. Additional masses are assumed, corresponding to the 
additional permanent loads. The mass matrix is considered as lumped. The first mode of the system is 
an antisymmetric one with respect to both horizontal axes with natural frequency 0.976Hz. The 
second and third modes are antisymmetric with reference to y and x axes, respectively, with natural 
frequencies 0.991Hz and 1.013Hz, respectively. The fourth vibration mode is a symmetric one with 
frequency 1.059Hz. The subsequent modes have symmetric or antisymmetric shapes. The modal 
shapes and the corresponding natural frequencies of the first nine modes are shown in Figure 9-3. 

Figure 9-3: First nine vibration modes and natural frequencies 



316 Chapter 9 

Doctoral Thesis of Isabella Vassilopoulou  N.T.U.A. 2011 

9.4 WIND DIRECTION AND SPATIAL DISTRIBUTION 

A wind direction towards +x axis and parallel to the secondary cables (wind 0o) is considered, shown 
in Figure 9-4a. In chapter 8 the pressure coefficients were defined for this example and for this wind 
direction, illustrated in Figure 9-4b, where HP stands for High Points and LP for Low Points. The 
negative values of cpe indicate suction all over the surface of the roof.  

(a) (b) 

Figure 9-4: (a) Wind direction 0o, (b) Pressure coefficients 

9.5 WIND ACTION 

9.5.1 Wind velocities 

According to Eurocode 1 [9-7], the mean wind velocity Vm(z) at a height z above the terrain depends 
on the terrain roughness (expressed by cr) and orography (expressed by co, taken as 1) and on the 
basic wind velocity, vb. Considering a basic wind velocity vb=vb,0=30m/sec, terrain category III with 
z0=0.3m, z0,II=0.05m and zmin=5m, and height of the roof z=25m, the coefficients kr and cr are 
calculated: 

kr=0.19(z0/z0,II)0.07=0.19(0.3m/0.05m)0.07=0.215 (9-1)

cr(z)=kr ln(z/z0)� cr(25m)=0.215 ln(25m/0.3m)=0.953 (9-2)

and the mean velocity is: 

Vm(z)=cr(z) co(z) vb � Vm(25m)=0.953.1.00.30m/sec=28.58m/sec (9-3)

9.5.2 Wind velocity variation with time 

Finding a real wind record with a small recording time step is proved to be difficult. A common time 
step of such measurements is one or two minutes, usually obtained for meteorological purposes. Such 
time steps though are very large for analysing cable nets with eigenfrequencies close to 1.00Hz, 
because if a structure is subjected to a dynamic load with frequency much smaller than the lowest 
eigenfrequency, the response is practically static in nature and no dynamic motions are observed 
[9-11].

The wind velocity time-history diagram used for the nonlinear dynamic analyses of the cable net is 
retrieved from an experiment during the program Long-term Inflow and Structural Test (LIST) [9-8]. 
This program is collecting long-term, continuous inflow and structural response data to characterise 
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the extreme loads that drive the design of wind turbines. A heavily instrumented Micon 65/13M 
turbine is being used as the test turbine for this program (Photo 9-1, [9-12]). The experiment 
included measurements on three similar turbines, called the central tower, the north and the south 
ones, located in Bushland, Texas (Photo 9-2, [9-12]). Three components of wind velocity, U, V, and 
W, were recorded, referring to the along, across, and vertical components of the wind velocity, 
respectively. Data from the various instruments are sampled at a rate of 30Hz, using a newly 
developed data acquisition system that features a time-synchronised continuous data stream that is 
telemetered from the turbine rotor [9-13]. The data, taken continuously, are divided into 10-minute 
segments and archived for analysis. 

Photo 9-1: LIST test turbine, reported from [9-12] 

Photo 9-2: LIST turbines in Bushland, Texas, reported from [9-12] 

The location of the measurement instruments are shown in Figure 9-5, reported from [9-12]. On the 
central tower, there were recordings at three different heights: at 14.4m (Figure 9-6), at 22.9m 
(Figure 9-7), and at 31.4m (Figure 9-8); on the north (Figure 9-9) and south (Figure 9-10) towers, 
recordings were only at height of 22.9m.  
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Figure 9-5: LIST turbines: location of measurement instruments, reported from [9-12] 
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Figure 9-6: Central tower recording at height 14.4m: (a) time-history diagram of the along velocity, (b) Fourier 
diagram of the along velocity, (c) time-history diagram of the across velocity, (d) Fourier diagram of the across 

velocity 
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Figure 9-7: Central tower recording at height 22.9m: (a) time-history diagram of the along velocity, (b) Fourier 
diagram of the along velocity, (c) time-history diagram of the across velocity, (d) Fourier diagram of the across 

velocity 
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Figure 9-8: Central tower recording at height 31.4m: (a) time-history diagram of the along velocity, (b) Fourier 
diagram of the along velocity, (c) time-history diagram of the across velocity, (d) Fourier diagram of the across 

velocity 
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Figure 9-9: North tower recording at height 22.9m: (a) time-history diagram of the along velocity, (b) Fourier 
diagram of the along velocity, (c) time-history diagram of the across velocity, (d) Fourier diagram of the across 

velocity 
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Figure 9-10: South tower recording at height 22.9m: (a) time-history diagram of the along velocity, (b) Fourier 
diagram of the along velocity, (c) time-history diagram of the across velocity, (d) Fourier diagram of the across 

velocity 

It is noted that there are no significant differences between the records. For all diagrams the values of 
wind velocity are smaller than 15m/sec. Moreover, their main frequencies are smaller than 0.50Hz, 
while no significant amplitudes of wind velocity are observed for frequencies larger than 1.00Hz. The 
velocity diagram used in this chapter is the one of the along velocity recorded on the south tower 
(Figure 9-10a) presenting the maximum value of the wind velocity. The actually measured values are 
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scaled so that the mean value of the diagram equals to Vm(25m)=28.58m/sec, which is the mean 
velocity calculated by Eq. (9-3). The time-history of the scaled wind velocity, as well as its spectrum 
are plotted in Figure 9-11. The minimum and maximum values of the wind velocity are 14.35m/sec 
and 47.41m/sec, respectively.
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Figure 9-11: Wind velocity diagrams: (a) time-history diagram, (b) Fourier diagram 

9.5.3 Static wind pressure and nodal force 

The peak velocity pressure qp(z) at height z includes mean and short-term velocity fluctuations. The 
turbulence intensity of the wind is defined as [9-7]: 

Iv(z)=1/{ln(z/z0).co(z)}� Iv(25m)=1/{ln(25m/0.3m).1.00}=0.23 (9-4)

According to Eurocode 1 [9-7], taking into account the air density equal to &=1,25kg/m3 at height 
z=25m, the peak velocity pressure is calculated as: 

qp(z)=1/2[1+7Iv(z)]&(Vm(z))2 �
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Applying the quasi-static analysis method of Eurocode 1 [9-7], the wind pressure acting on the 
external surface of the roof is expressed as: 

w(z)=qp(z)cpe � w(25m)=1.32cpe(kN/m2) (9-6)

where cpe is the pressure coefficient. The size factor is defined as: 

)z(I71
B)z(I71

c
ev

2
ev

s ��
���

� (9-7)

Assuming the background factor B2=1, on the safe side as recommended by Eurocode 1, cs=1. The 
turbulent length scale at height z=25m>zmin=5m is: 
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Considering that the main vibration mode of the net is the first symmetric one, with eigenfrequency 
n=1.059Hz, the non-dimensional frequency of the wind velocity is defined as: 
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Taking into consideration the turbulence factor equal to kI=1.00 as recommended in Eurocode 1 and 
kr=0.215, as calculated from Eq. (9-1), the standard deviation of the turbulence is: 

!v=kr·vb·kI=0.215·30m/sec·1.00=6.45m/sec (9-10)

The non-dimensional power spectral density suggested by Eurocode 1 is expressed as: 
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Considering that the height and the width of the structure are h=25m and b=100m, respectively, the 
reference height ze for the external pressure is equal to the height of the central node of the roof, that 
is ze=z=25m, and that the frequency of the first symmetric mode represents the frequency 
n1,x=1.059Hz, the aerodynamic admittance functions are calculated as: 
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The resonance response factor R2 is defined as: 
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where � is the total logarithmic decrement of damping, taken equal to 2%. The up-crossing frequency 
� is expressed as:  
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The peak factor kp is obtained by: 
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where T is the averaging time for the mean wind velocity and is equal to T=600 seconds. Thus, the 
dynamic factor cd is: 
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Considering a reference area for each node Aref=(3.846m)2 and taking into consideration the external 
wind pressure calculated from Eq. (9-6), the force applied on every node of the cable net is: 

F= cscd w(z)Aref=1.054.1.32.(3.846m)2cpe =20.58cpe (kN/node) (9-20)

Since no openings are considered, the internal wind pressure is equal to zero. In addition, friction 
forces are not taken into account.  

9.5.4 Dynamic wind pressure and nodal force 

Considering the wind velocity time variation V(t) of Figure 9-11, the wind pressure acting on the 
external surface is a function of time: 

w(t)= q(t)cpe=0.000625.V(t)2.cpe (9-21)

where:

q(t)=1/2&V(t)2 22
2

3

p )t(V000625.0)t(V
sec/m10

m/kN0125.0
2
1

)t(q ������ (9-22)

and the load applied on every node of the cable net is: 

F(t)=w(t)Aref=0.000625.V(t)2.(3.846m)2.cpe=0.00924cpe[V(t)]2 (kN/node) (9-23)

The time-history diagram of the wind load is plotted in Figure 9-12. The maximum load on the nodes 
of the cable net is Fmax=20.78cpe (kN/node), which is very close to the one caused by the static wind 
pressure, given by Eq. (9-20). 
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Figure 9-12: Time-history diagram of the wind force acting on every node of the net 

9.6 RESPONSE TO COMBINED PERMANENT LOADS AND WIND ACTION 

9.6.1 Nonlinear static analysis 

The static wind load is applied on every node of the net, considering also the short-term velocity 
fluctuations, as calculated in section 9.5.3. The loads applied on every node are shown in Figure 9-13, 
according to the zones with different pressure coefficients. The load direction is assumed vertical, 
while the negative sign denotes wind suction. It is worth mentioning that the wind load considered for 
the static analysis of the Peace and Friendship Stadium was -1.10kN/m2, uniformly distributed, 
corresponding to nodal loads -16.30kN, which is very close to the values of Figure 9-13.  
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Figure 9-13: Static wind load on the nodes of the cable net for wind direction 0o

As initial state, the one under pretension and permanent loads is considered. Since the pressure 
coefficients define wind suction all over the surface, the wind load causes an upward z-displacement 
of the net equal to 0.306m. The minimum cable tension is 329kN and the maximum one 909kN. The 
deformed shape of the net is shown in Figure 9-14, where the maximum and minimum cable tensions 
are also plotted. 

Figure 9-14: Deformed state and cable tensions under permanent and wind loads 

9.6.2 Nonlinear dynamic analysis 

Taking into account the velocity diagram of Figure 9-11 and applying the wind action on the net as 
described in section 9.5.4, the dynamic response of the cable net is calculated, considering again 
additional nodal masses due to permanent loads. Assuming that the damping ratio is the same for the 
first four modes, the Rayleigh damping coefficients [9-9] are calculated taking into consideration the 
first and fourth natural frequencies. The frequency of the first and fourth vibration modes are 
�1=6.134sec-1 and �4=6.654sec-1, respectively. For damping ratio ]=2%, the Rayleigh damping 
coefficients are: 
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The difference between the dynamic response and the static one is defined by the ratio of the 
dynamic magnitudes of the response over the static ones corresponding to the same load, denoted in 
chapter 7 as Rdyn. Thus, node 15, which is the central node of the net, exhibits the maximum 
deflections, which are -0.649m (downwards) and 0.302m (upwards). The maximum negative 
deflection is not predicted by the static analysis, while the maximum positive one is accurately 
assessed by the static one. The deflection diagrams of node 15 are plotted in Figure 9-15.  
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Figure 9-15: Deflection of the central node: (a) time-history diagram, (b) response spectrum 

Cable segments 418 and 40, shown in Figure 9-16, develop the minimum and maximum tension, 
respectively. The minimum cable tension is 137kN, being 42% of the minimum static one (Rdyn=0.42)
and the maximum cable tension is 1117kN, with Rdyn=1.23. The tension diagrams are shown in Figure 
9-17. It is noted that the tension response spectra present two main frequencies, one at 1.04Hz, 
being close to the natural frequency of the system of the first symmetric mode, and one at 1.20Hz for 
the minimum cable tension and 1.38Hz for the maximum one, corresponding to the fifth mode with 
natural frequency 1.23Hz and the eighth one with 1.37Hz, respectively, being both symmetric modes, 
as shown in Figure 9-3. Significant amplitudes are also observed for frequencies smaller than 1.00Hz, 
while, for frequencies larger than 2.00Hz, the amplitudes are very small.  

Figure 9-16: Cable segments 418 and 40 
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Figure 9-17: Minimum cable tension: (a) time-history diagram, (b) response spectrum,  
Maximum cable tension: (c) time-history diagram, (d) response spectrum 

Some snapshots of the dynamic motion, where the three symmetric modes appear, are illustrated in 
Figure 9-18, in which the deformation is magnified. Although the spectrum of the wind velocity 
presents large amplitudes for frequencies much smaller than the eigenfrequencies and much smaller 
amplitudes for frequencies close to the natural frequencies, the symmetric modes of the system are 
activated. This occurs because even small amplitudes of the wind velocity cause fundamental 
resonances with large oscillation amplitudes, despite the presence of damping. In addition, due to the 
small frequencies of the wind, superharmonic resonances evolve, triggering the oscillation of the net 
with small frequencies, as the ones of the wind, but also with frequencies larger than the ones of the 
external excitation. Both kinds of resonances lead to larger dynamic response with respect to the 
static one, as observed from the cable tension time-histories.  

Figure 9-18: Snapshots of the dynamic motion for wind direction 0o
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9.7 PARAMETRIC ANALYSES 

9.7.1 Influence of the wind direction 

The wind direction towards +y axis and parallel to the main cables (wind 90o) is considered, shown in 
Figure 9-19a. The pressure coefficients are illustrated in Figure 9-19b, retrieved from chapter 8. In 
two leeward zones the coefficient cpe takes two values, one positive (cpe=+0.20) and one negative 
(cpe=-0.60). The negative one corresponds to a spatial distribution of the wind pressure similar to the 
one for wind direction 0o, thus only the positive value is taken into account in this section resulting in 
an antisymmetric spatial distribution.  

(a) (b) 

Figure 9-19: (a) Wind direction 90o, (b) Pressure coefficients 

In this case the main vibration mode is assumed to be the third one, which is antisymmetric with 
respect to x-axis, with eigenfrequency 1.013Hz. Following the procedure described in section 9.5.3, 
considering n=1.013Hz, the dynamic factor cd results equal to 1.06. Thus, according to Eq. (9-20), the 
wind force on every node is: 

F= cscd w(z)Aref=1.06.1.32.(3.846m)2cpe =20.70cpe (kN/node) (9-26)

Taking into consideration the pressure coefficients of Figure 9-19b, the loads applied on every node 
are shown in Figure 9-20. The positive sign denotes a downward direction, while the negative sign an 
upward one. The load direction is assumed again as vertical. The state under pretension and 
permanent loads is considered again as initial state, calculated in section 9.3.1. Node 27 exhibits the 
maximum downward z-displacement, with negative value, equal to -0.502m, while the maximum 
upward one, with positive value, is for node 35 and it is equal to 0.470m, as plotted in Figure 9-21, 
being both larger than the deflection calculated in section 9.6.1. The minimum cable tension is 291kN 
and the maximum one 972kN. 
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Figure 9-20: Static wind load on the nodes of the cable net for wind direction 90o

Figure 9-21: Vertical nodal displacements due to the static wind load for wind direction 90o

The dynamic response of the cable net is calculated considering the velocity diagram of Figure 9-11. 
The maximum negative vertical nodal displacement is -0.772m (downwards) for node 27, with 
Rdyn=1.54. The maximum positive one is 0.394m (upwards) for node 35, with Rdyn=0.84. The 
diagrams for the two nodes exhibiting the maximum negative and positive deflections are plotted in 
Figure 9-22. Cable segments 35 and 40 develop the minimum and maximum tension, respectively, 
shown in Figure 9-23. The minimum cable tension is 157kN with Rdyn=0.54 (Figure 9-24) and the 
maximum cable tension is 1060kN with Rdyn=1.09 (Figure 9-25). These differences are smaller than 
the corresponding ones for wind direction 0o, rendering the wind direction parallel to the secondary 
cables more unfavourable than the one parallel to the main cables. 
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Figure 9-22: Wind direction 90o: maximum negative deflection: (a) time-history diagram, (b) response spectrum, 
maximum positive deflection: (c) time-history diagram, (d) response spectrum 

Figure 9-23: Cable segments 35 and 40 
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Figure 9-24: Wind direction 90o: minimum cable tension: (a) time-history diagram, (b) response spectrum 
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Figure 9-25: Wind direction 90o: maximum cable tension: (a) time-history diagram, (b) response spectrum 

All response diagrams verify that the main vibration frequency of the cable net is close to the 
eigenfrequency of the system for the antisymmetric mode with respect to x-axis (1.013Hz), confirming 
once again the fundamental resonance caused by small loading amplitudes and the superharmonic 
one, due to the small frequencies of the wind. As a result of these two kinds of resonances, the 
dynamic response of the net is larger than the static one. The snapshots of the dynamic motion with 
magnified deformations, shown in Figure 9-26, confirm the antisymmetric deformed shape.  

Figure 9-26: Snapshots of the dynamic motion for wind direction 90o

The maximum absolute values of the net deflection and cable tension for both assumptions regarding 
the wind direction are tabulated in Table 9-1.  

Table 9-1: Static (st) and dynamic (d) response with respect to the wind direction 

Max net deflection Max tension 
wind direction wst (m) wd (m) wd/wst Nst (kN) Nd (kN) Nd/Nst

0o 0.306 0.649 2.12 909 1117 1.23 
90o 0.502 0.772 1.54 972 1060 1.09 

A comparison of the maximum deflection diagrams for the two wind direction assumptions is shown in 
Figure 9-27. The maximum deflection is noticed for wind direction 90o, but the maximum variance of 
the response, which can cause fatigue problems, is observed for wind direction 0o, verified also by the 
larger oscillation amplitude in the response spectra. 
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Figure 9-27: Maximum nodal deflection according to the wind direction: (a) time-history diagrams, (b) response 
spectra

9.7.2 Influence of the parameter #2

In this section the influence of the non-dimensional parameter 
2 on the dynamic response of the 
cable nets is investigated. The initial pretension of the cable net described in section 9.2 corresponds 
to an initial cable stress, equal to 19% of the yield stress !y, which is a common level of prestressing 
for this kind of structures. In this section, two more cases are studied regarding the initial pretension 
and the cable cross-sectional area for the same geometry, accounting for different levels of stiffness 
due to the initial prestressing. Considering cable nets that approximate realistic structures, in the first 
case the cables have diameter D=80mm and initial pretension N0=800kN, corresponding to an initial 
cable stress equal to 10%!y, while in the second one, the cable diameter is D=40mm, and the initial 
pretension N0=600kN, corresponding to initial cable stress 30%!y.

Changing the initial cable stress, the non-dimensional parameter 
2 and the natural frequencies of the 
nets change too, as well as the sequence of the corresponding vibration modes, as proved in chapter 
5. For the first cable net, although the initial stress is smaller than the one of the previous example, 
the frequency of the first symmetric mode is larger, due to the large cable diameter, axial stiffness EA 
and cable mass. The cable net with cable diameter D=40mm and initial stress 30%!y, instead, has 
smaller eigenfrequency and parameter 
2 than both other systems. A comparison between the 
different characteristics of the three systems is provided in Table 9-2. 

Table 9-2: Characteristics of the nets with different cable diameters and initial cable stress 

Cable net D [mm] N0 [kN] N0/(A!y) [%] 
2 �1S [sec-1] f1S [Hz] 
1 80 800 10 2.59 7.696 1.225 
2 50 600 19 1.35 6.654 1.059 
3 40 600 30 0.86 6.085 0.968 

For the first cable net the dynamic factor cd results equal to 1.038 taking into account the frequency 
of the first symmetric mode. Considering wind direction parallel to x-axis (wind 0o), the static response 
due to the wind load results in a maximum upward z-displacement 0.095m, a minimum cable tension 
515kN and a maximum one 1097kN. The maximum and minimum dynamic deflection is observed for 
node 182, shown in Figure 9-28. The dynamic load of the wind causes maximum negative z-
displacement of the net (downwards) equal to -0.273m and a positive one (upwards) equal to 
0.069m. The deflection diagrams are illustrated in Figure 9-29. The static analysis gives conservative 
results regarding the maximum upward displacement, but it still cannot predict the maximum 
downward one.  
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Figure 9-28: Node 182 
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Figure 9-29: Cable net with 
2=2.59: maximum and minimum nodal deflection: (a) time-history diagram,  
(b) response spectrum 

The minimum and maximum cable tensions are 253kN (Rdyn=0.49) and 1385kN (Rdyn=1.26),
respectively, leading to larger differences between the static and dynamic responses, with respect to 
the ones of the first example given in section 9.6.2. Cable segment 27 exhibits the minimum tension, 
while the maximum one develops in cable segment 40 (Figure 9-30).  

Figure 9-30: Cable segments 27 and 40 

The tension diagrams are plotted in Figure 9-31. In the response spectra of the cable tensions 
significant tension amplitudes are observed again for small frequencies due to superharmonic 
resonances. The three peaks, at 1.18Hz, 1.53Hz, and 1.93Hz, confirm resonances for at least three 
modes.
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Figure 9-31: Cable net with 
2=2.59: minimum cable tension: (a) time-history diagram, (b) response spectrum, 
maximum cable tension: (c) time-history diagram, (d) response spectrum 

Similar differences between static and dynamic results arise for the cable net with the smallest 
parameter 
2. The dynamic factor cd is equal to 1.067 taking into account again the frequency of the 
first symmetric mode. For wind direction parallel to x-axis (wind 0o), the maximum static upward z-
displacement is 0.492m, the minimum cable tension 331kN and the maximum one 916kN. The 
dynamic wind load causes a maximum negative (downward) z-displacement of the central node of the 
net equal to -0.990m and a positive (upward) one 0.621m (Figure 9-32). The maximum downward 
deflection cannot be calculated by the static analysis while the maximum upward dynamic deflection is 
close to the static one.  
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Figure 9-32: Cable net with 
2=0.86: maximum and minimum nodal deflection: (a) time-history diagram,  
(b) response spectrum 
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The minimum and maximum cable tensions, observed in cable segments 418 and 40, respectively 
(Figure 9-16), are 208kN (Rdyn=0.63) and 1105kN (Rdyn=1.21), respectively. The tension time-history 
diagrams and response spectra are plotted in Figure 9-33. Superharmonic and fundamental 
resonances are verified again by the response spectra.  
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Figure 9-33: Cable net with 
2=0.86: minimum cable tension: (a) time-history diagram, (b) response spectrum, 
maximum cable tension: (c) time-history diagram, (d) response spectrum 

The maximum absolute values of the results for the three cable nets are listed in Table 9-3. A 
comparison of the maximum deflection diagrams for the three cable nets is illustrated in the charts of 
Figure 9-34. The largest difference between static and dynamic results is noted for the first cable net 
with the minimum initial cable stress. However, the maximum response is noticed for the cable net 
with the minimum cable diameter and the maximum initial cable stress, having the smallest parameter 

2. The maximum variance of the response is also observed for the same cable net. This parametric 
analysis shows that, although the larger initial stress increases the system’s stiffness, it does not result 
in smaller dynamic oscillation amplitudes and in general in a smaller dynamic response of the net. The 
cable diameter is also important, which as proved in chapter 3 influences the nonlinear term. In 
addition, a smaller cable diameter decreases the axial stiffness of the system and the total mass. As 
2

increases the oscillation amplitudes decrease. For the first cable net, parameter 
2 equals to 2.59 
indicating that the first symmetric mode has internal nodes with zero vertical displacements, resulting 
thus in smaller oscillation amplitudes. 

Table 9-3: Static (st) and dynamic (d) response with respect to parameter 
2

  Max net deflection Max tension 
Cable net 
2 wst (m) wd (m) wd/wst Nst (kN) Nd (kN) Nd/Nst

1 2.59 0.095 0.273 2.87 1097 1385 1.26 
2 1.35 0.306 0.649 2.12 909 1117 1.23 
3 0.86 0.492 0.990 2.01 916 1105 1.21 
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Figure 9-34: Maximum nodal deflection according to parameter 
2: (a) time-history diagrams, (b) response 
spectra

9.7.3 Influence of the sag-to-span ratio 

In order to investigate the influence of the roof’s curvature on the dynamic response of such systems, 
two more cable nets are considered with f/L=1/35 and f/L=1/10, representing a shallow and a deep 
cable net, respectively. The number of cables in each direction, the diameter of the circular plan view 
L, the height of the central node of the net z, the cable diameter D and mass density m, the Young 
modulus E, the initial pretension N0 and the damping ratio ] remain as defined in section 9.2. The 
wind direction is parallel to the secondary cables (wind 0o). The equivalent pitch angle for the cable 
net with f/L=1/35 is �=3.27o, which is smaller than 5o. According to Eurocode 1, this roof can be 
considered as flat and it can be divided in two zones regarding the pressure coefficients. For f/L=1/10, 
this angle is �=11.31o and the roof is divided in the eight zones. The pressure coefficients cpe for both 
cable nets are given in chapter 8.  

The first vibration mode of the shallow cable net with f/L=1/35 is the first symmetric one with 
frequency 0.777Hz, and the second one is the antisymmetric with respect to x-axis, with frequency 
0.836Hz, being both closer to the wind frequencies. Due to the wind spatial distribution, it is expected 
that the antisymmetric mode will be the main vibration mode, thus the dynamic coefficient, taking into 
consideration the frequency of this antisymmetric mode, results in cd=1.093. For the deep cable net 
with f/L=1/10, the frequency of the first symmetric mode is 1.306Hz, which is away from the 
frequencies of the excitation, leading to a dynamic coefficient cd=1.032. For comparison reasons, the 
parameter 
2 and the eigenfrequencies of the main vibration modes for these two systems and the 
one with f/L=1/20 described in section 9.3.2 are listed in Table 9-4. 

Table 9-4: Characteristics of the nets with different f/L 

Cable net f/L 
2 �1S [sec-1] f1S [Hz] �1A [sec-1] f1A [Hz] 
1 1/35 0.44 - - 5.253 0.836 
2 1/20 1.35 6.654 1.059 - - 
3 1/10 5.40 8.205 1.306 - - 

Applying the dynamic load of the wind on the shallow cable net, the maximum dynamic positive 
(upward) and negative (downward) deflections are observed for node 109 and 367, respectively, 
shown in Figure 9-35. The maximum positive deflection is 0.408m (with Rdyn=0.70 where the 
maximum static one is equal to 0.587m) and the maximum negative one is -1.635m (with Rdyn=9.97
where the corresponding static one is equal to -0.164m). The deflection diagrams for nodes 109 and 
367 are plotted in Figure 9-36.  
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Figure 9-35: Cable net with f/L=1/35: nodes 109 and 367 
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Figure 9-36: Cable net with f/L=1/35: maximum positive deflection: (a) time-history diagram, (b) response 
spectrum, maximum negative deflection: (c) time-history diagram, (d) response spectrum 

The minimum and maximum tensions, due to the static wind load, are 334kN and 804kN, respectively, 
while the corresponding dynamic ones are 61kN and 1513kN, leading to large differences between the 
two analyses and thus unsafe estimation of the response if the analysis is based on equivalent static 
methods. The minimum and maximum cable tensions are observed for cable segments 97 and 297, 
respectively, shown in Figure 9-37. The tension diagrams for both cable segments are plotted in 
Figure 9-38. Snapshots of the dynamic motion with magnified deformed shapes are illustrated in 
Figure 9-39, where symmetric and antisymmetric motions are noted. 



Dynamic Response of Cable Nets under Wind Action 337

Nonlinear dynamic response and design of cable nets 

Figure 9-37: Cable net with f/L=1/35: cable segments 97 and 297 
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Figure 9-38: Cable net with f/L=1/35: minimum cable tension: (a) time-history diagram, (b) response spectrum, 
maximum cable tension: (c) time-history diagram, (d) response spectrum 

Figure 9-39: Snapshots of the dynamic motion for the cable net with f/L=1/35 

The wind load is also applied on the deep cable net statically and dynamically and the two responses 
are compared again. Node 400 oscillates with the maximum amplitude, shown in Figure 9-40. As 
expected, due to the high level of stiffness obtained by the large sag-to-span ratio, the amplitudes of 
the deflection are very small with respect to the cable nets with smaller curvatures. The maximum 
upward deflection is 0.10m, equal to the static one, while the maximum downward deflection equals 
to -0.16m. The deflection diagrams of node 400 are illustrated in Figure 9-41. In the deflection 
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response diagram, it is shown that the main vibration frequencies are close to 1.70Hz and 2.00Hz, 
meaning that higher modes than the first symmetric one are activated. This is verified by the motion 
of the net, snapshots of which are shown in Figure 9-42 with magnified deformed shapes, while the 
corresponding vibration modes are illustrated in Figure 9-43.  

Figure 9-40: Cable net with f/L=1/10: node 400 
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Figure 9-41: Cable net with f/L=1/10: maximum and minimum nodal deflection: (a) time-history diagram,  
(b) response spectrum 

Figure 9-42: Snapshots of the dynamic motion for the cable net with f/L=1/10 
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Figure 9-43: Activated vibration modes and natural frequencies for the cable net with f/L=1/10 

Cable segments 6 and 59 develop the minimum and maximum tension, respectively. These segments 
are shown in Figure 9-44. The minimum dynamic cable tension is 347kN (Figure 9-45), with Rdyn=0.83 
where the static one is 418kN. The maximum dynamic cable tension arises at 870kN (Figure 9-46), 
while the static one is 782kN, leading to a ratio Rdyn=1.11. These differences are small with respect to 
the corresponding ones of the previous examples. The main vibration frequencies close to 2.00Hz are 
also verified by the tension response diagrams. 

Figure 9-44: Cable net with f/L=1/10: cable segments 6 and 59 

dynamic static

segment 6

0

400

800

1200

1600

0 200 400 600
time (sec)

te
ns

io
n 

(k
N

)

segment 6

0

10

20

30

40

0 1 2 3 4
frequency (Hz)

te
ns

io
n 

am
pl

itu
de

 (
kN

)

(a) (b) 

Figure 9-45: Cable net with f/L=1/10: minimum cable tension: (a) time-history diagram, (b) response spectrum 
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Figure 9-46: Cable net with f/L=1/10: maximum cable tension: (a) time-history diagram, (b) response spectrum 

The maximum absolute values of the results for all three sag-so-span ratios are listed in Table 9-5. 

Table 9-5: Static (st) and dynamic (d) response with respect to the sag-so-span ratio 

   Max net deflection Max tension 
Cable net f/L 
2 wst (m) wd (m) wd/wst Nst (kN) Nd (kN) Nd/Nst

1 1/35 0.44 0.587 1.635 2.78 804 1513 1.88 
2 1/20 1.35 0.306 0.649 2.12 909 1117 1.23 
3 1/10 5.40 0.100 0.160 1.60 782 870 1.11 

The maximum nodal deflection diagrams for all three sag-to-span ratios are compared in the charts of 
Figure 9-47. As expected, the shallow cable net, being more flexible than the other systems, exhibits 
the maximum variance of the response, which can cause severe fatigue problems to the cable 
anchorages. Comparing also the response of these cable nets with the ones of section 9.7.2, it is 
verified that as parameter 
2 becomes larger, the cable nets exhibit smaller oscillation amplitudes. 
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Figure 9-47: Maximum nodal deflection according to the sag-to-span ratio: (a) time-history diagrams,  
(b) response spectra 

9.7.4 Influence of the boundary conditions 

In all previous examples, the cable ends are considered as fixed. In this section the influence of the 
cable supports on the net’s dynamic response is compared with respect to the one of section 9.6.2. 
Thus, keeping the same geometry and mechanical characteristics of the net given in section 9.2, a 
boundary ring is added in the model having a square box cross-section, with width b=6.00m, wall 
thickness 0.60m and unit weight &r=25kN/m3. The Young-modulus of the ring’s material is assumed 
equal to Er=37GPa. The boundary conditions are assumed as described in chapter 5, in such way that 
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the radial deformation of the ring is allowed, but not the overall rotation about the z global axis. The 
ring’s first vibration mode is the first mode of the system with eigenfrequency �r=5.54sec-1 (0.882Hz), 
while the first symmetric mode of the cable net is the fifth mode of the system with eigenfrequency 
�1S=7.358sec-1 (1.171Hz). Considering the first vibration mode, as the main vibration mode for the 
wind action the dynamic coefficient cd is calculated equal to 1.083. The static load of the wind causes 
a maximum upward deflection equal to 0.496m. The minimum and maximum cable tensions are 
345kN and 921kN, respectively. The dynamic load of the wind is also applied, calculated as described 
in section 9.5.4. The central node oscillates with the maximum amplitude, assuming a maximum 
negative value equal to -1.109m (downward deflection) and a positive one 0.502m (upward 
deflection), being both almost 170% of the corresponding ones calculated in section 9.6.2. The 
diagrams of the central node deflection are plotted in Figure 9-48.  
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Figure 9-48: Cable net with boundary ring: maximum and minimum nodal deflection: (a) time-history diagram, 
(b) response spectrum 

Both static and dynamic deflections are larger than the ones of the system with fixed cable ends, due 
to the activation of the ring’s vibration mode and the first symmetric mode of the cable net. This is 
shown in the response spectrum, in which two main peaks are observed corresponding to these two 
symmetric modes. Even for this system the upward maximum deflection is estimated with accuracy by 
the quasi-static method, but not the downward one.  

Cable segments 416 and 40 develop the minimum and maximum cable tension, respectively (Figure 
9-49). The minimum cable tension is 140kN and the maximum cable tension is 1177kN (Figure 9-50), 
which are both very close to the ones calculated for the system with fixed cable ends, but the 
difference from the static corresponding ones is larger.  

Figure 9-49: Cable net with boundary ring: cable segments 416 and 40 
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Figure 9-50: Cable net with boundary ring: minimum cable tension: (a) time-history diagram, (b) response 
spectrum, maximum cable tension: (c) time-history diagram, (d) response spectrum 

As proved in chapter 7, fundamental resonance for the first symmetric mode of the net, results in 
smaller response for the cable net with the edge ring than for the one with rigid supports, because 
the vibration of the ring suppresses the net’s oscillation amplitude, while superharmonic resonance 
has opposite results. For the wind load considered, both kinds of resonances occur, resulting in similar 
responses for both models regarding the cable tensions. The response diagrams verify that the main 
vibration mode is the one of the ring, with frequency 0.882Hz. Modes of higher order, with 
frequencies close to 2.00Hz, also appear. In Figure 9-51, some snapshots of the cable net dynamic 
motion are illustrated with magnified deformed shapes, where it is evident that several symmetric 
modes are activated. Table 9-6 gives the maximum absolute values of the results for the two 
assumptions regarding the boundary conditions. 

Figure 9-51: Snapshots of the dynamic motion of the cable net with boundary ring  

Table 9-6: Static (st) and dynamic (d) response with respect to the boundary conditions 

Max net deflection Max tension 
Cable net with wst (m) wd (m) wd/wst Nst (kN) Nd (kN) Nd/Nst

rigid supports 0.306 0.649 2.12 909 1117 1.23 
ring 0.496 1.109 2.23 921 1177 1.28 
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In Figure 9-52 a comparison of the nodal deflections is given for the two boundary assumptions, 
where it is shown that the cable net with the ring experiences larger deflection than the one with fixed 
cable ends. The maximum variance of the response is also observed for the same system.  
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Figure 9-52: Maximum nodal deflection according to the boundary assumptions: (a) time-history diagrams,  
(b) response spectra 

9.7.5 Artificial wind function 

An artificial function of the turbulent wind velocity is created as described in chapter 2, based on the 
procedure proposed in [9-14]. For a mean value of the wind velocity equal to 28.58m/sec, as 
calculated from Eq. (9-3), the diagrams of an artificial wind velocity function are plotted in Figure 
9-53.
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Figure 9-53: Artificial wind velocity: (a) time-history diagram, (b) Fourier diagram 

The maximum and minimum values of the time-history diagram are 48.01m/sec and 8.47m/sec, 
respectively. The maximum value is very close to the corresponding one of the real record of Figure 
9-11a, while the minimum one is smaller than the one of the real record, causing more intense 
variance. The main frequencies of the wind velocity are smaller than 1.00Hz as in the Fourier diagram 
of Figure 9-11b. Thus, this artificial wind velocity diagram approaches very satisfactorily real records 
of the wind. Two cable nets are subjected to this wind load; the first one is the cable described in 
section 9.2 and the second one is the cable net with a boundary ring having the characteristics of 
section 9.7.4. 

The deflection diagrams of the central node of the cable net with rigid supports are plotted in Figure 
9-54. The maximum negative deflection (downwards) is -0.898m, while the positive one (upwards) is 
0.674m, being both larger than the corresponding ones of the analysis with the real wind record, 
shown in Figure 9-15, although the response diagram of the deflection do not present significant 
differences. The ratio Rdyn for the maximum upward deflection is Rdyn=2.20. Thus, not only the 
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maximum and minimum values of the wind velocity, but also its fluctuations play an important role in 
the dynamic response of the net.  
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Figure 9-54: Cable net with rigid supports and artificial wind diagram: maximum and minimum nodal deflection: 
(a) time-history diagram, (b) response spectrum 

Cable segments 368 and 40, shown in Figure 9-55, develop the minimum and maximum cable 
tension, respectively. The minimum cable tension is 43kN (Figure 9-56) and the maximum one is 
1296kN (Figure 9-57), being more conservative than the corresponding ones for the real wind record, 
given in Figure 9-17, causing thus larger differences from the static results. However, the response 
frequencies for both wind considerations are the same. In Table 9-7 the maximum absolute values of 
the results for the real and the artificial wind diagrams are listed. 

Figure 9-55: Cable net with rigid supports: cable segments 368 and 40 
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Figure 9-56: Cable net with rigid supports and artificial wind diagram: minimum cable tension: (a) time-history 
diagram, (b) response spectrum 
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Figure 9-57: Cable net with rigid supports and artificial wind diagram: maximum cable tension: (a) time-history 
diagram, (b) response spectrum 

Table 9-7: Static (st) and dynamic (d) response of the cable with rigid supports with respect to the wind diagram 

Max net deflection Max tension 
Wind diagram wst (m) wd (m) wd/wst Nst (kN) Nd (kN) Nd/Nst

real 0.306 0.649 2.12 909 1117 1.23 
artificial 0.306 0.898 2.93 909 1296 1.43 

In the charts of Figure 9-58 the maximum nodal deflection is compared for this cable net subjected to 
the wind action of the real record, plotted in Figure 9-11 and the artificial one of Figure 9-53. The 
amplitude of the response is larger for the artificial wind but the main vibration frequencies are the 
same for both wind diagrams. 
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Figure 9-58: Maximum nodal deflection for a cable net with rigid supports considering real and artificial wind 
diagrams: (a) time-history diagrams, (b) response spectra 

Regarding the cable net with boundary ring, the deflection diagrams of the central node are plotted in 
Figure 9-59, with maximum negative value -1.606m (downward deflection) and a positive one 0.984m 
(upward deflection), leading to larger response amplitudes with respect to the ones caused by the real 
wind record. The minimum and maximum cable tension diagrams are plotted in Figure 9-60 for cable 
segments 416 and 40, respectively, shown in Figure 9-49. The minimum one is 104kN and the 
maximum one is 1420kN. In this case, the boundary ring influences significantly the response of the 
net, not only in terms of the net deflection but also in terms of the cable tension. The difference of 
the results between this analysis and the one of section 9.7.4 is also considerable. This difference is 
attributed to the intense fluctuations of the produced wind. The ring’s vibration mode prevails again 
during the dynamic motion, as proved by the main oscillation frequency of the response diagrams. In 
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Table 9-8 the maximum absolute values of the results for the real and the artificial wind diagrams are 
listed.
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Figure 9-59: Cable net with boundary ring and artificial wind diagram: maximum and minimum nodal deflection: 
(a) time-history diagram, (b) response spectrum 
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Figure 9-60: Cable net with boundary ring and artificial wind diagram: minimum cable tension: (a) time-history 
diagram, (b) response spectrum, maximum cable tension: (c) time-history diagram, (d) response spectrum 

Table 9-8: Static (st) and dynamic (d) response of the cable with boundary ring with respect to the wind diagram 

Max net deflection Max tension 
Wind diagram wst (m) wd (m) wd/wst Nst (kN) Nd (kN) Nd/Nst

real 0.496 1.109 2.23 921 1177 1.28 
artificial 0.496 1.606 3.24 921 1420 1.54 

The charts of Figure 9-61 compare the maximum nodal deflection diagram for the cable net with rigid 
supports or with boundary ring for the artificial wind function. The response of the cable net with the 
deformable boundary ring is again the larger one. The response spectra show the different vibrations 
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frequencies for the two systems, corresponding to the first symmetric mode and the in-plane mode of 
the ring.  

with ring with rigid supports

-2.0

-1.0

0.0

1.0

0 200 400 600
time (sec)

m
ax

 d
ef

le
ct

io
n 

(m
)

0.00

0.05

0.10

0.15

0 1 2 3 4
frequency (Hz)

m
ax

 d
ef

le
ct

io
n 

am
pl

itu
de

 (
m

)

(a) (b) 

Figure 9-61: Maximum nodal deflection according to the boundary assumptions considering the artificial wind 
diagram: (a) time-history diagrams, (b) response spectra 

Figure 9-62 gives the comparison of the maximum nodal deflection diagram for the cable net with 
boundary ring for the real record and the artificial one. The artificial wind function results again in 
larger oscillation amplitudes, but the main vibration frequencies coincide for both wind diagrams. 
Thus, in the lack of real wind records, the creation of a wind diagram according to the procedure 
described in [9-14] gives reliable results.  
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Figure 9-62: Maximum nodal deflection for a cable net with boundary ring considering real and artificial wind 
diagrams: (a) time-history diagrams, (b) response spectra 

9.8 SUMMARY AND CONCLUSIONS 

In this chapter, the dynamic response of saddle-shaped cable nets under wind action is studied. 
Accounting for different stiffness levels, several cable nets with different characteristics are assumed. 
Two different wind directions are also considered, leading to different deformed shapes of the net. 
The influence of the boundary conditions of the cables on the dynamic response of the net is also 
investigated. The time-history of the wind velocity is obtained from real records and scaled so that the 
mean velocity equals the one suggested from Eurocode 1 for the height of the net’s central node. An 
artificial wind function is also created, taking into account the wind velocity spectrum proposed by 
Eurocode 1. Both velocity diagrams lead to similar results. Nonlinear dynamic analyses are performed 
considering the geometric nonlinearity of the system. Nonlinear static analyses are also conducted, 
based on the methodology proposed by Eurocode 1. The dynamic response of the cable nets is 
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compared with the static one, by means of the maximum deflection as well as the maximum and 
minimum cable tension.  

Although the wind main frequencies are much smaller than the natural frequencies of the cable nets, 
the response spectra indicate the occurrence of superharmonic and fundamental resonances, causing 
oscillations with large amplitudes and frequencies not only equal to the wind frequencies but also 
equal to the natural frequencies. Superharmonic resonances, which amplify the dynamic response, 
cannot be assessed by the quasi-static methods. The dynamic analysis results in larger response with 
respect to the static one. The difference is significant for shallow or medium cable nets. For deep 
cable nets, the difference arises at 10%. In addition, it is proved that as parameter 
2 increases, the 
oscillation amplitudes become smaller. The modelling of the boundary ring affects the maximum 
deflection of the net, leading to larger responses. Finally, artificial wind functions can reliably be used 
in the lack of real wind records. 

Part of this work has been presented in [9-15] and [9-16]. 
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10 SUMMARY AND CONCLUSIONS

10.1 SUMMARY

In the last decades many researchers have dealt with the dynamic response of simple suspended 
cables. Analytical solutions are provided in the literature describing the nonlinear phenomena that 
govern their behaviour and several experiments have been conducted to confirm the theory. A few 
publications refer to the nonlinear dynamic behaviour of larger cable structures such as cable nets. 
Most of them present innovative computerised methods of analysis and other numerical techniques to 
calculate their nonlinear dynamic response, or include results from parametric analyses concerning 
their eigenmodes and eigenfrequencies. Others draw their conclusions about the nonlinear manner in 
which such structures behave, either from isolated time-history analyses, or comparing the results 
obtained from linear and nonlinear analyses. Nevertheless, one can hardly find a systematic study of 
nonlinear dynamic phenomena in cable nets. 

The aim of this research is to investigate the response of cable nets to dynamic loads such as 
harmonic loads or wind actions, focusing on the dynamic phenomena that characterise nonlinear 
structures, such as hardening or softening behaviour, dependence of the dynamic response on the 
initial conditions, bending of the response curve, instability regions, jump phenomena, internal and 
secondary resonances.  

Firstly a simple cable net, consisting of two crossing cables, is studied and the equation of motion is 
derived. Neglecting small terms of its equation of motion, this single-degree-of-freedom (SDOF) 
system is proved to be similar to a Duffing oscillator with a cubic nonlinear term of the displacement. 
A thorough study of this oscillator can be found in the literature. The analytical solution of its steady-
state response is adopted for the simple cable net and the occurrence of fundamental and secondary 
resonances, such as superharmonic or subharmonic resonances, is verified for this system, as well. 
The response diagrams are plotted for different resonant conditions showing bending of the response 
curve, hardening behaviour and dependence on the initial conditions. This response is confirmed by 
solving numerically the equation of motion as well as using finite element software and performing 
time-history analyses considering also the geometric nonlinearity of the cable net. 

Proceeding to multi-degree-of-freedom (MDOF) systems, a saddle-form cable net with circular plan 
view is assumed. The boundary of the net is considered either as rigid, with cable ends modelled as 
pinned, or as flexible, modelling the deformable edge ring. The first symmetric and antisymmetric 
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vibration modes and the corresponding natural frequencies are calculated. A parametric analysis 
shows that changing the sag-to-span ratio of the net and the mechanical characteristics of the cables, 
regarding their axial stiffness and their pretension, the sequence of the first modes changes, as also 
occurs in simple cables. A non-dimensional parameter 
2, similar to the one used for simple cables to 
describe this phenomenon, is also introduced for cable nets in this study. It is confirmed that this 
parameter determines the sequence of their vibration modes, as in simple cables. For specific values 
of this parameter two or more vibration modes have equal frequencies although they have different 
shapes, leading to internal resonances. Based on a wide range of parametric analyses, semi-empirical 
formulae are proposed to estimate the frequencies of the first vibration modes of the system. 

Regarding MDOF systems, nonlinear dynamic phenomena cannot be detected by performing single 
numerical analyses. The hardening behaviour of simple cable nets confirms that such systems 
experience fundamental resonances for loading frequencies slightly larger than the natural frequency 
of the system. For specific load amplitudes, the exact value of loading frequency causing the 
maximum response depends on the characteristics of the system and the initial conditions. On the 
other hand, secondary resonances occur for loading frequencies away from the eigenfrequency. 
Although, it is well-known that a frequency ratio ?/� (?: loading frequency, �: natural frequency) 
close to 1/3 or/and 1/2 for a system having cubic or/and quadratic nonlinear terms may lead to 
superharmonic resonance, the exact frequency of the load is not known and it is not sure whether the 
load amplitude under consideration is large enough to cause this phenomenon. Subharmonic 
resonance may also evolve for frequency ratios close to 2 or/and 3, but the exact loading frequency 
and amplitude and the initial conditions, which play the most important role in this phenomenon, are 
unknown. Only a specific combination of these parameters forces a certain system to nonlinear 
resonances, but obtaining this combination numerically is a time consuming procedure. 

Having the analytical solution of the simple cable net, the idea of an equivalent SDOF system to 
assess the dynamic response of a MDOF system is introduced. The transformation of the 
characteristics from the large system to the smaller one is obtained by similarity relations adopted 
from a preliminary method used at the first steps of this research, which is extended here for this 
purpose. Response diagrams are plotted for both SDOF and MDOF systems, based on the analytical 
solutions and conducting time-history analyses, respectively. The two responses are compared for 
several geometries and cable initial stresses in order to define the field of application of this method, 
concluding that this method can be used for flexible cable nets with sag-to-span ratio between 1/30 
and 1/20 and with high levels of initial cable stress. 

Next, the influence of the spatial load distribution on the response of a cable net subjected to 
harmonic loads is investigated. Three different spatial load distributions are assumed: a symmetric 
one, and two antisymmetric ones with respect to one or both horizontal axes. Response diagrams are 
plotted for loading frequencies either close to the natural frequency, leading to fundamental 
resonances, or smaller than the eigenfrequency, aiming at superharmonic resonances. The influence 
of the boundary ring on the net oscillation is also investigated for the same spatial load distributions. 

In order to analyse the behaviour of such structures subjected to actual dynamic loads such as wind 
actions, the wind pressure distribution on surfaces of this type is defined, based on the 
recommendations of Eurocode 1. The saddle-form roof is divided into eight zones and pressure 
coefficients are provided for each zone according to the wind direction. The proposed wind pressure 
distribution is also compared with experimental results in order to verify the accuracy of the 
assumptions made. It is proved that the approach adopted in this thesis results in slightly larger 
pressure coefficients in some cases, but the spatial distribution of the wind pressure is satisfactory.  
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Finally, an actual wind record and an artificial one are considered, resulting in a time-history diagram 
of the wind load, and nonlinear time-history analyses are performed to detect nonlinear resonant 
phenomena for the wind action, as well, using the spatial distribution proposed before. The dynamic 
behaviour of the cable nets is compared with the static one, which is calculated according to the 
quasi-static procedure recommended by Eurocode 1. 

10.2 CONCLUDING REMARKS 

Exploring the equation of motion of the simplest cable net with two crossing cables is an important 
first step towards understanding the dynamic response of cable nets. The opposite curvatures 
between the two cables, which is the main difference between cable nets and simple cables, double 
the stiffness of the system but they do not render it stiff enough so as to behave as a weakly 
nonlinear system. Nonlinear dynamic phenomena, established for simple cables, are also detected for 
cable nets. Although the Duffing oscillator with a cubic nonlinear term describes a simplified cable net 
model, providing only the steady-state response and not the transient one, and neglecting an eventual 
cable slackening, it is found to be reliable regarding the frequency and the amplitude of the load for 
which nonlinear phenomena take place.  

Regarding MDOF cable net systems, the non-dimensional parameter 
2, which depends on the sag-to-
span ratio of the cable net and the initial strain of the cable, is an important parameter that can be 
used to indicate internal resonances and modal transition, while it also determines the sequence of 
the modes. Knowing the importance of this parameter, it is possible to choose appropriately the 
mechanical and geometric characteristics of the cable net in order to avoid internal resonances, which 
increase the oscillation amplitude activating more than one vibration modes. The semi-empirical 
formulae, proposed to be used for the preliminary design stage, estimate satisfactorily the first natural 
frequencies of the cable net and the boundary ring. The modelling of the boundary ring influences 
significantly the symmetric vibration mode of the net, due to the ring’s in-plane mode, which induces 
a symmetric oscillation to the net, while the antisymmetric modes of the net remain unaltered 
whether the cable supports are considered as fixed or as flexible. 

The method of the equivalent SDOF model is proved to estimate satisfactorily the response of a MDOF 
cable net for common geometries of cable nets. The main advantage of this method is that it can 
define with small error and minimum computational time the loading amplitude and frequency for 
which nonlinear phenomena develop. It is also noted that, in order to have a superharmonic or a 
subharmonic resonance, large amplitudes of the load are required. Especially for subharmonic 
resonances, large initial conditions are also required. The combination of these two conditions leads to 
cable tensile failure during the transient response at the beginning of the analysis. Thus, it is unlikely 
for a cable net to experience a subharmonic resonance.  

Applying a harmonic load on every node of a MDOF cable net, nonlinear phenomena are also verified 
for different spatial load distributions. The bending of the response curve, which indicates a hardening 
nonlinear behaviour, is more intense when the net is loaded antisymmetrically rather than 
symmetrically. As a result, the initial conditions influence the response for a large range of the loading 
frequency. The behaviour of the net, when it is uniformly loaded, is altered significantly if the 
deformability of the boundary ring is also taken into consideration in the simulation, while, for 
antisymmetric loading, it remains unchanged. It is concluded that the harmonic load, following any 
spatial distribution, causes nonlinear phenomena to shallow and deep cable nets, with medium or low 
levels of initial pretension. High levels of initial cable stress, instead, lead to a more weakly nonlinear 
response. 
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These nonlinear phenomena are clear and can be identified when the external excitation has only one 
frequency, as in case of harmonic loads. If large oscillation amplitudes are observed, the relation 
between the loading frequency and the natural frequency of the system defines the kind of resonance 
that occurs. The response spectra show the activated modes and confirm internal, fundamental or 
secondary resonances. Changing the frequency of the load by small steps and plotting the steady-
state response, bending of the response curve may appear, leading to the conclusion that probably 
the initial conditions influence the response amplitude. Thus, the results of many numerical analyses 
indicate the nonlinear behaviour.  

Although loading a structure with a harmonic load, having the spatial distribution of a mode of 
vibration as well as the appropriate frequency to cause resonances, provides substantial information 
about the behaviour of the system, it is an ideal situation and a very conservative assumption for the 
design of such structures. The actual dynamic load that affects this kind of structures is due to wind 
and they should be designed for this load. Hence, if a wind load acts on a structure, including many 
frequencies, it is impossible to detect such phenomena, because a single analysis cannot show the 
evolution of the hardening response, or a jump phenomenon. Only the response spectra that plot the 
oscillation frequencies can provide information about nonlinear phenomena such as internal or 
secondary resonances.  

Regarding real or artificial wind velocity diagrams, the nonlinear dynamic analyses result in large 
oscillation amplitudes with respect to the static ones produced by the equivalent static method 
proposed by Eurocode 1. Large oscillation amplitudes are also observed in the response spectra for 
frequencies equal to the eigenfrequencies, although the main frequencies of the wind are much 
smaller than the eigenfrequencies of the cable nets, even though for frequencies close to the natural 
frequencies, the amplitude of the wind load is small. This leads to the conclusion that the small 
frequencies with large amplitudes of the wind load cause superharmonic resonances to the net, while 
a weak excitation with frequency near the eigenfrequency enforces the system to experience 
fundamental resonance, although damping is considered. Quasi-static methods cannot predict these 
nonlinear dynamic phenomena and thus they cannot be considered as accurate for the analysis and 
design of such structures. Large differences between static and dynamic responses are observed for 
all cable nets, while decreasing the parameter 
2, the oscillation amplitudes become larger, proving 
that this parameter influences not only the vibration modes but also the response of the cable nets to 
dynamic loads. 

10.3 CONTRIBUTION OF THE RESEARCH 

Cable nets are routinely considered as much stiffer structures than simple cables due to the opposite 
curvatures and in many cases they are treated as weakly nonlinear systems. However, this study 
shows that they present many similarities with simple cables and exhibit an intense nonlinear dynamic 
behaviour under certain conditions. Their response to static loads can be calculated with accuracy 
performing static analyses, which take into account geometric nonlinearity, but their overall dynamic 
behaviour cannot be approached by single numerical analyses. Knowing how the simple cable net 
responds to harmonic loads, a similar behaviour is expected from MDOF systems. The study of the 
simple cable net, thus, provides insight and useful guidelines for investigating the strong nonlinearity 
of a cable net, as well as detecting and interpreting the phenomena that characterise nonlinear 
systems.  

It is of utmost importance to know the natural frequencies of a cable net before the final design stage 
of analysis, because they provide valuable information about the system’s dynamic response, although 
they are calculated by linear modal analyses. The relation between the eigenfrequencies of a system 
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and the ratio of the loading frequency over the natural frequency determines whether nonlinear 
resonances should be expected or not. The semi-empirical formulae proposed for the estimation of 
the first natural frequencies of the cable net and the boundary ring can be useful in preliminary design 
stage. With these formulae it is possible to choose appropriately the mechanical characteristics of the 
cable net in order to avoid internal resonances, which may increase the oscillation amplitude. 

The method of the equivalent SDOF cable net constitutes an important tool in order to confirm the 
occurrence of nonlinear phenomena for specific values of the loading characteristics. Otherwise, 
detecting numerically the conditions that cause a nonlinear phenomenon requires a large number of 
nonlinear time-history analyses changing in very small steps the load amplitude and frequency, as well 
as the initial conditions. Knowledge of the exact loading frequency and amplitude that may cause a 
nonlinear response can lead to better design of such structures. 

For weakly nonlinear systems equivalent static methods, using dynamic coefficients, can estimate with 
satisfactory accuracy the response under dynamic loads, but for intensely nonlinear systems, the time-
history analysis, considering also geometric nonlinearity, is the only reliable method. 

Designers who deal with conventional structures presenting linear behaviour are not familiar with 
nonlinear dynamic phenomena. Being aware of the nature of such phenomena, they can detect and 
interpret them. Changing the parameters that influence the dynamic response of a nonlinear system, 
they can design such structures knowing what to look for, what to expect from a cable net system 
subjected to dynamic loads and what to avoid.  

10.4 SUGGESTIONS FOR FUTURE RESEARCH 

Closing this thesis, some suggestions for future research are summarised: 

� Parametric analyses of Computational Fluid Dynamics (CFD) are suggested to evaluate with more 
accuracy the wind pressure coefficient on such roofs, changing the height of the roof, the sag-to-
span ratio, the diameter of the plan view, the basic wind velocity and the wind direction. 

� It would be interesting to investigate the influence of these nonlinear phenomena on the fatigue at 
the cable anchorages. 

� In this research it is shown that the presence of the edge ring plays an important role in the 
vibration of the net. Simulating the exact boundary conditions is necessary in order to have 
accurate results. This study is based on the structure of the Peace and Friendship Stadium in 
Athens, Greece, including a ring, which is seated on the pylons, being free to vibrate in-plane. 
Other assumptions regarding the ring’s support (e.g. fixed on the pylons) or shape (e.g. arches 
similar to the ones of the Raleigh Arena in North Carolina, U.S.A.) are expected to influence more 
or less the net’s behaviour and they should also be considered. 

� In this study, due to the small angles of the roof, the wind is applied vertically on each node of the 
net. However, the actual direction of the wind load is perpendicular to the surface. It would be 
interesting to compare the results of both assumptions, in order to evaluate the error introduced by 
the vertical direction adopted. 

� The main analytical solution of the simplified cable net described as a Duffing oscillator cannot 
consider an eventual cable slackening. It is proposed to be studied whether this drawback could be 
eliminated by considering this system as a non-smooth one, whose solution is not everywhere 
differentiable, and may possess discontinuities. 
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